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A B S T R A C T 

Electromagnetic fundamental and harmonic emission is ubiquitously observed throughout the heliosphere, and in particular 
it is commonly associated with the occurrence of type II and III solar radio bursts. Classical analytic calculations for the 
plasma-emission process, though useful, are limited to idealized situations; a conclusive numerical verification of this theory is 
still lacking, with earlier studies often providing contradicting results on e.g. the precise parameter space in which fundamental 
and harmonic emission can be produced. To accurately capture the chain of mechanisms underlying plasma emission – from 

precursor plasma processes to the generation of electromagnetic waves over long times – we perform large scale, first-principles 
simulations of beam–plasma instabilities. By employing a very large number of computational particles we achieve very low 

numerical noise, and explore (with an array of simulations) a wide parameter space determined by the beam–plasma density 

ratio and the ion-to-electron temperature ratio. In particular, we observe direct evidence of both fundamental and harmonic 
plasma emission when the beam-to-background density ratio ≤0.005 (with beam-to-background energy ratio ∼0.5), tightly 

constraining this threshold. We observe that, asymptotically, in this regime ∼ 0 . 1 per cent of the initial beam energy is converted 

into harmonic emission, and ∼ 0 . 001 per cent into fundamental emission. In contrast with previous studies, we also find that 
this emission is independent of the ion-to-electron temperature ratio. In addition, we report the direct detection of third-harmonic 
emission in all of our simulations, at power levels compatible with observations. Our findings have important consequences 
for understanding the viable conditions leading to plasma emission in space systems, and for the interpretation of observed 

electromagnetic signals throughout the heliosphere. 

Key w ords: w aves – Sun: radio radiation – fast radio bursts. 
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 I N T RO D U C T I O N  

he production of electromagnetic waves is frequently observed 
uring energetic outbursts from the solar surface, e.g. as type II
nd III radio bursts (e.g. Dulk 1985 ; Stanislavsky et al. 2022 ).
uch observ ations allo w us to probe the plasma conditions of solar
rupti ve e vents (e.g. Wild & Smerd 1972 ; Reid & Ratcliffe 2014 ;
dacyayisenga et al. 2023 and references therein), and commonly 

eport the presence of waves at a frequency equal to and/or double
he local electron plasma frequency ω p e = 

√ 

4 π | q e | 2 n e /m e (where 
 e and m e are the electron charge and mass, and n e is the local
lectron density). Despite decades of research, ho we ver, it is still
ather unclear how exactly such ‘fundamental’ (at ω ∼ ω p e ) and 
harmonic’ (at ω = 2 ω p e ) emission originates from collective plasma
echanisms. 
Theoretical work on the subject spans several decades and has 

onverged on the widely accepted three-wave-interaction model 
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2024 The Author(s). 
ublished by Oxford University Press on behalf of Royal Astronomical Society. Th
ommons Attribution License ( https:// creativecommons.org/ licenses/ by/ 4.0/ ), whic
rovided the original work is properly cited. 
Ginzburg & Zhelezniakov 1958 ; Zheleznyakov & Zaitsev 1970 ; 
elrose 1970a , b , 2017 ). The latter considers a two-stage process

nitiated by the excitation of forward-propagating Langmuir (L) 
aves, e.g. via the non-linear evolution of a precursor electrostatic 

nstability. Fundamental emission can then directly originate from 

he decay of L waves (found along the Langmuir dispersion curve,
 

2 = ω 

2 
p e + 3 k 2 v 2 th e , with v th e the electron thermal speed) into ion

coustic waves (IAWs; labelled S 1 ) and electromagnetic waves (T 1 ,
ound along the plasma dispersion curve ω 

2 = ω 

2 
p e + k 2 c 2 , where

 is the speed of light) at approximately the local ω p e . Forward-
ropagating electrostatic waves can also coalesce with, or decay into, 
AWs (labelled S 2 , which are distinct from S 1 ) to produce backward-
ropagating (L 

′ ) modes; the subsequent L–L 

′ interaction results in 
armonic electromagnetic emission (T 2 waves). The whole process 
an be summarized as 

L → T 1 + S 1 (Fundamental emission) {
L ± S 2 → L 

′ 

L + L 

′ → T 2 
(Harmonic emission) 
is is an Open Access article distributed under the terms of the Creative 
h permits unrestricted reuse, distribution, and reproduction in any medium, 
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1 Only surpassed in domain size by the slightly larger run presented in Krafft & 

Sa v oini ( 2022a ). 
2 Note that our equation ( 1 ) e xpresses e xactly the same scaling shown in 
equation (7) of Cairns ( 1989 ). 
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nd this three-wave interaction satisfies conservation of momentum
nd energy in the weak-turbulence limit (e.g. Tsytovich 1972 ).
ence, each step of the process directly translates into frequency

nd wavenumber sums. 
Despite general agreement on the mechanism originating plasma

mission, no direct numerical simulation of the whole process
starting from the initial instability to the non-linear w ave–w ave
nteraction) has provided conclusive results supporting analytic
alculations. This is mainly due to the tremendous computational
esources involved: fully kinetic simulations are necessary, with large
ion-scale) system sizes evolved for long times (much longer than
he instability relaxation time) while fully resolving the electron
hysics. Additionally, the modes involved are expected to grow
nd saturate only up to a small fraction of the input kinetic energy,
mplying that numerical noise must be kept very lo w. Pre vious works
ttempting such simulations have focused on fully kinetic particle-in-
ell (PIC) methods applied to the interaction of dilute electron beams
ith a cold plasma background, which ideally initiates the plasma-

mission process (e.g. Cairns & Robinson 1998 ). These simulations
re very demanding, and involve specific choices of the ion-to-
lectron temperature ratio and very low beam-to-background density
atios. The latter results in very long quasi-linear relaxation times and
arge computational costs. A low-density ratio is ho we ver absolutely
ecessary: the Langmuir dispersion relation can be severely modified
y the beam when the density ratio is � 10 −4 (see Cairns 1989 ),
roducing unstable modes at frequencies ω L substantially different
rom the electron plasma frequency ω p e . This is detrimental for
lasma emission, since these modified L waves cannot participate
n the L ± S 2 → L 

′ process discussed abo v e due to a violation
f matc hing conditions : S 2 wav es cannot e xist at frequencies much
arger or smaller than the corresponding IAW frequency ω S 2 , and
herefore they cannot compensate for the smaller or larger ω L 

btained in this case. Low-density ratios are therefore essential to
aintain the coupling between beam and Langmuir unstable modes

t (approximately) ω p e , resulting in electrostatic L fluctuations that
an initiate the three-wave interaction. 

In simulations, harmonic emission has been reportedly observed
n one- and two-dimensional set-ups with a single electron beam,

ultiple counterstreaming beams, and with and without background
agnetic fields (e.g. Kasaba, Matsumoto & Omura 2001 ; Sakai,
itamoto & Saito 2005 ; Umeda 2010 ; Tsiklauri 2011 ; Thurgood &
siklauri 2015 , 2016 ; Henri et al. 2019 ; Lee et al. 2019 , 2022 ;
rafft & Sa v oini 2022a ; Lazar et al. 2023 ). Thurgood & Tsiklauri

 2015 ) provided a first decisive demonstration of plasma emission
n numerical calculations. That work showed that the possibility
f plasma emission is contingent upon the frequency of the initial
lectrostatic waves generated by the beam–plasma instability, and
hat these waves may be prohibited from participating in the
ecessary three-wave interactions due to frequency conservation
equirements. Ho we ver, strong e vidence for clearly distinguishable
undamental emission (expected to arise with much smaller power
han the harmonic signal) was not ubiquitously detected. In addition,
he precise plasma conditions (particularly the threshold beam-
o-background density ratio and ion-to-electron temperature ratio)
nder which harmonic emission occurs have yet to be conclusively
dentified in simulations. In essence, a thorough quantification of
he saturated energy level of different modes and of the parameter
pace in which the three-wave interaction occurs is still missing.
his information is ho we ver not only fundamental to understand

he origin of commonly observed radio signals in space, but also
or experiments attempting to reproduce space–plasma conditions
e.g. Marqu ̀es et al. 2020 and references therein). We also note that,
NRAS 529, 169–177 (2024) 
uring the development of this work, a first conclusive detection
f fundamental modes in PIC simulations of beam–plasma systems
as reported by Zhang et al. ( 2022 ), providing numerical evidence

o support the three-wave-interaction model of plasma emission. 
In this letter, we build on past groundwork by performing an array

f PIC simulations of beam–plasma interaction, with the aim to ob-
erve and quantify the subsequent plasma emission and the saturated
nergy levels of each mode involved in the process. Our multidimen-
ional simulations are of very large size 1 and unprecedented duration,
o accurately capture the non-linear evolution of the system o v er long
ime-scales and to comfortably fit all the wave modes involved in the

echanisms of interest; to obtain converged and reliable results, in
ur runs, we achieve very low levels of numerical noise by employing
arge numbers of particles per cell. With this approach, we explore the
ependence of plasma emission on the initial plasma conditions by
arying the beam-to-background density ratio and the ion-to-electron
emperature ratio. This parameter scan allows us to converge on
he quantification of plasma-emission processes directly applicable
o specific astrophysical situations, particularly for unmagnetized
ystems with freely streaming electron beams. 

 N U M E R I C A L  M O D E L  A N D  PA R A M E T E R S  

e perform two-dimensional, high-resolution PIC simulations with
RISTAN-MP (Buneman 1993 ; Spitko vsk y 2005 ; Hakobyan et al.
023 ). Our numerical set-up consists of a square periodic box of
ize L × L , where we initialize a single electron beam with bulk
elocity v b = v b ̂  e x , a background thermal electron population with
ear-zero (see below) mean velocity, and a thermal ion population
ith mass ratio m i / m e = 1836. The beam and background electrons

re assigned different numerical weights to achieve a specific beam-
o-background density ratio α = n b / n 0 . To impose charge neutrality at
 = 0, the ion density is set to n i = n b + n 0 . Initial current neutrality is
btained by adding a small bulk velocity v 0 = v 0 ̂  e x to the background
lectron population, such that n b v b + n 0 v 0 = 0. Finally, each electron
pecies is initialized with a specific thermal speed v th e to achieve a
hosen ratio v b / v th e ; ions are assigned a different temperature based
n a specific choice of the ion-to-electron temperature ratio T i / T e .
he free parameters in the simulation are thus α = n b / n 0 , v b / v th e , and
 i / T e , as well as the system size L and final simulation time t f . 
To choose the free parameters in our simulations, we consider the

ollowing requirements: 

(i) Transition of the initial beam–plasma instability to the kinetic
egime 2 (e.g. O’Neil & Malmberg 1968 ; Cairns 1989 ): We impose
hat 

 ‖ v th e � γbp = ω p e 

√ 

3 

2 4 / 3 
α1 / 3 , (1) 

here γ bp is the maximum growth rate of the beam–plasma insta-
ility in the cold (i.e. fluid) limit. We are therefore demanding that
he transit time 1 / ( k ‖ v th e ) of the beam particles o v er one wav elength
where the most-unstable wavenumber is k ‖ = ω p e / v b ) be shorter
han the typical fluid-instability growth time 1/ γ bp . In this regime,
 significant fraction of the beam particles cannot interact with the
av es e xcited in the cold beam regime. In terms of our simulation



Plasma emission in fully kinetic simulations 171 

p

�

T
b

e
e  

ω  

k  

a  

T  

k  

I
c  

o  

s  

i

2  

t
t
w  

b
a

w  

k  

a
(  

I  

a  

L  

d
o  

u
a

r
t

α

o  

o
c

b
a  

a

L

3

s
s
i
s

w  

p
t

r  

c  

m  

s  

c
v  

a
t  

s  

a
s
i
e
t
m
m  

p
t  

a
r  

t  

G

s  

0  

p  

s  

d  

e  

q  

a
b  

w
d  

o
t
a
T  

r
g  

t  

l
 

t
w  

a  

s  

d
t
m

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/529/1/169/7611712 by Belgian R
oyal O

bservatory user on 04 M
arch 2024
arameters, we thus search for the condition 

 k = 

v th e /v b √ 

3 α1 / 3 / 2 4 / 3 
� 1 . (2) 

o fit the fastest growing instability wavelength into the simulation 
ox, we also require L > L k = 2 π /( ω p e / v b ). 
(ii) Existence of T 1 waves: The wavelength of fundamental 

mission can be found by using conservation of momentum and 
nergy for the L → T 1 + S 1 decay (e.g. Cairns 1989 ), i.e. ω L =
 S 1 + ω T 1 and k L = k S 1 + k T 1 . From the latter, since we know that
 T 1 � k S 1 , we obtain k S 1 	 k L 	 k ‖ = ω p e /v b . Furthermore, from
 Taylor expansion of the dispersion curves, we have the L and
 1 frequencies ω L 	 ω p e [1 + 3 k 2 L v 

2 
th e / (2 ω 

2 
p e )] and ω T 1 	 ω p e [1 +

 

2 
T 1 

c 2 / (2 ω 

2 
p e )]. The IAW frequency is given by the approximate

AW dispersion ω 	 kv th e 
√ 

m e /m i 

√ 

1 + 3 T i /T e ; knowing k S 1 , we 
an find ω S 1 and therefore ω T 1 . Finally, in the limit m e / m i � 1, we
btain the T 1 wavenumber k T 1 	 

√ 

3 ω p e v th e / ( v b c). Therefore, we
earch for L > L T 1 = 2 π/ ( 

√ 

3 ω p e v th e / ( v b c)), such that T 1 waves fit
nto the simulation box. 

(iii) Existence of T 2 waves: Knowing the T 2 frequency ω T 2 = 

 ω p e , from the plasma dispersion curve ω 

2 
T 2 

= ω 

2 
p e + k 2 T 2 

c 2 , we find

he corresponding wavenumber, k T 2 = 

√ 

3 ω p e /c. We thus require 
he simulation box to fit the wavelength of harmonic emission, i.e. 
e search for L > L T 2 = 2 π/ ( 

√ 

3 ω p e /c). Note that since L 

′ is a
ackground mode with frequency ω L ′ 	 ω p e , conservation of energy 
lso gives the S 2 frequency ω S 2 	 | ω L − ω p e | . 

(iv) Existence of S waves: The simulation box must fit the 
avelength of S 1 and S 2 IAWs. The former ha ve wa venumber
 S 1 	 ω p e /v b (see abo v e). The S 2 wav enumber can be found by
pplying conservation of momentum to the L → L 

′ + S 2 mechanism 

i.e. k L = k L ′ + k S 2 ), which gives k S 2 	 2 ω p e /v b . To fit both types of
AWs in the simulation box, we search for L > L S 1 = 2 π/ ( ω p e /v b )
nd L > L S 2 = 2 π/ (2 ω p e /v b ) (hence, S 1 waves guide the choice of
 ). In addition, IAWs can only develop if T i / T e is sufficiently low
ue to otherwise strong Landau damping and subsequent vanishing 
f the IAW growth rate (e.g. Fried & Gould 1961 ). This imposes an
pper limit on the admissible ion temperature (see discussion below 

nd in Section 3 ). 
(v) Regime of weak turbulence : For the validity of quasi-linear 

elaxation, we require that the beam energy be much smaller than 
he background thermal energy, i.e. 

� 2 

(
v th e 

v b 

)2 

, (3) 

r equi v alently � QL = α/ (2 v 2 th e /v 
2 
b ) � 1. Taking into account high-

rder corrections in the Langmuir dispersion gives even stringent 
onditions, which ho we ver do not appear to affect our results. 3 

These considerations thus identify the following requirements: (i) 
eam-to-background density and velocity ratios such that � k ∼ 1 
nd also � QL � 1; (ii) a simulation box that is larger than the largest
mong the wavelengths of interest, i.e. 

 S 2 < L S 1 ∼ L k < L T 2 < L T 1 < L, (4) 
 Demanding that non-linear corrections to the Langmuir frequency be much 
maller than thermal corrections gives α � 3( v th e / v b ) 4 , i.e. a much more 
tringent condition on the simulation parameters. Although this requirement 
s not respected in our runs, we do not find evidence that our results are 
ignificantly affected by this violation. 

4

e
o
n

hose ordering is valid when v b / v th e 
 1 and α � 1; and (iii) in
rinciple, an ion-to-electron temperature ratio that is small enough 
o allow for the production of IAWs. 

It is not straightforward to choose simulation parameters that 
espect all constraints. From the length-scale ordering abo v e, it is
lear that we require L > L T 1 , since we want to capture funda-
ental emission. 4 Ho we ver, a compromise must be made when

etting v th e / v b and α: increasing or decreasing one of the two
orrespondingly increases or decreases � k and � QL , potentially 
iolating one of our constraints. Moreo v er, α cannot be decreased
rbitrarily, mainly because to observe plasma emission we need 
o evolve the system over time-scales much larger than the in-
tability quasi-linear time t QL = ω 

−1 
p e ( v b /v th e ) 

2 /α (where we can
ssume v th e ∼ v b after the transition to kinetic regime). With 
maller α, simulations thus become increasingly more e xpensiv e; 
n these long simulations, PIC codes (in particular those employing 
xplicit schemes) will also accumulate larger numerical errors in 
he energy, progressively invalidating the results. A compromise 

ust then be found between affordable computational costs, nu- 
erical accuracy, and appropriate values of α and v th e / v b producing

hysically interesting results. A final point of interest stems from 

he need, in principle, to ensure the development of IAWs to
chieve harmonic emission via three-wave interaction: the growth 
ate of the IAW mode indeed decreases with the increase of the
emperature ratio T i / T e due to electron Landau damping (e.g. Fried &
ould 1961 ). 
Bearing in mind all these constraints, we set-up a reference 

imulation with the following parameters: v b / v th e = 10, α = αref =
.005, L = 84 c / ω p e , T i / T e = 0.1 (with the normalized electron tem-
erature kT e /( m e / c 2 )/ c = 0.0025 and v th e /c = 

√ 

kT e /m e /c = 0 . 05,
ee Table 1 ). With this choice, we marginally respect all guidelines
etailed abo v e. We are subsequently interested in studying the
f fect of v arying α and T i / T e on the plasma-emission process, to
uantify the parameter thresholds at which the three-wa ve inter -
ction is impeded. This parameter-space exploration is moti v ated 
y the fact that, at fixed v b / v th e and L > L T 1 (to ensure that all
avelengths of interest fit into the box), the beam-to-background 
ensity ratio α is the determining factor to control how well most
ther constraints are respected. In particular, it can be observed 
hat smaller α values translate into better achieving the kinetic 
nd weak-turbulence regimes. In addition, exploring a range of 
 i / T e allows us to verify the expectation that a reduced temperature
atio is a necessary condition to obtain harmonic emission (Thur- 
ood & Tsiklauri 2015 ; Zhang et al. 2022 ). We will in fact show
hat substantial T 2 emission can be measured even when T i / T e is
arge. 

In the next sections, we first present and analyse in detail
he reference run; we then discuss two series of simulations, 
here we explore the effect of varying α and T i / T e . Our runs

re summarized in Table 1 . With this parameter scan, we as-
ess how the process of plasma emission depends on the un-
erlying plasma conditions, and we determine which simula- 
ions can be reliably employed to draw conclusions on this 

echanism. 
MNRAS 529, 169–177 (2024) 

 We note that the runs presented in Thurgood & Tsiklauri ( 2015 ) do not 
mploy a system size that can fit T 1 modes, which likely explains their 
bservation of a lack of fundamental emission. In addition, their run #2 does 
ot respect � QL � 1. 
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M

Table 1. In all cases, kT e /( m e c ) = 0.0025, v b / v th e = 10, and m i / m e = 1836; L = 84 c / ω p e and the grid spacing � x = (1/32) c / ω p e . We al w ays emplo y 
2560 particles per cell for each species (beam electrons, background electrons, and background ions). 

Run α T i / T e L/L S 2 L/L S 1 L / L k L/L T 2 L/L T 1 � k � QL 

Reference 0.005 0.1 53.34 26.67 26.67 23.10 2.31 0.85 0.25 
DR1 0.1 0.1 50.99 25.49 25.49 22.08 2.21 0.31 5 
DR2 0.025 0.1 52.82 26.41 26.41 22.87 2.29 0.5 1.25 
DR3 0.001 0.1 53.45 26.72 26.72 23.14 2.31 1.45 0.05 
TR1 0.005 1 53.34 26.67 26.67 23.10 2.31 0.85 0.25 
TR2 0.005 0.66 53.34 26.67 26.67 23.10 2.31 0.85 0.25 
TR3 0.005 0.33 53.34 26.67 26.67 23.10 2.31 0.85 0.25 
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 REFER ENCE  RU N  A N D  D E P E N D E N C E  O F  

LASMA  EMISSION  O N  DENSITY  RATIO  

n this section, we analyse the plasma-emission mechanism by
onsidering our reference run (see Table 1 ) as well as a varying
ensity ratio α. Our reference simulation employs v b / v th e = 10, α =
ref = 0.005, T i / T e = 0.1, and L = 84 c / ω p e . Our numerical grid has

esolution � x = (1/32) c / ω p e (i.e. 2688 2 cells), with 2560 particles per
ell for each particle species (beam electrons, background electrons,
nd background ions). 5 

.1 Reference run: development of electrostatic and 

lectromagnetic modes 

n Fig. 1 (panel a), we show the time history of the v olume-a veraged
nergy in each component of the electric and magnetic field ( E 

nd B , respectively). The system’s evolution is divided in two
istinct phases: during t ∈ [0 , 500] ω 

−1 
p e (blow-up inset in panel a),

e observe the development of the initial electrostatic beam–plasma
nstability, which feeds off the input beam energy reservoir. This
hase corresponds to the excitation of L waves 6 appearing in the
patial distribution of the electrostatic field E x , shown at t = 500 ω 

−1 
p e 

n panel (b) of the same figure. Spatial fluctuations in E x can be
bserved throughout the domain; their wavelength is compatible
ith 2 π / k L (where k L = ω p e / v b ), which identifies them as L modes. 
Mode conversion of forw ard-propagating L w aves occurs between

 = 1000 ω 

−1 
p e and t = 2000 ω 

−1 
p e : in Fig. 2 (panel a with a zoomed-

n view in panel d), we observe the presence, at t = 2000 ω 

−1 
p e , of

patial fluctuations in the ion density corresponding to the S 2 IAW
avelength 2 π/k S 2 (where k S 2 	 2 k L ); simultaneously, the electro-
agnetic (out-of-plane) field B z develops coherent fluctuations that

an be observed (panel b with a zoomed-in view in panel e) to be
ompatible with the wavelength of harmonic emission 2 π/k T 2 (where
 T 2 = 

√ 

3 ω p e /c). Moreo v er, filtering out high-frequenc y wav es re-
eals underlying wave structures: by removing spectral modes with
 > k T 1 = 

√ 

3 ( ω p e /c)( v th e /v b ), the filtered field B 

′ 
z (panel c and cut-

n view in panel f) shows large-scale fluctuations that can be identified
s T 1 modes. 

Our results provide one among the few clear, direct identifications
f waves produced via fundamental and harmonic emission in a
NRAS 529, 169–177 (2024) 

 We find that such a large number of particles per cell is absolutely necessary 
o combat numerical noise and reach convergence: we verified that our 
esults are quantitatively unchanged when initializing ≥1280 particles per 
ell. Alternative approaches, such as the Delta-f method (e.g. Sydora 2003 ) 
ould be considered to combat numerical noise without the need for a large 
umber of computational particles. 
 Note that during this initial phase, B z also grows in energy simply as 
 result of the beam–plasma instability without yet developing coherent 
lectromagnetic waves at multiples of ω p e . 
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ully kinetic simulation of beam–plasma interaction. The detection
f these modes confirms that the criteria outlined in Section 2 produce
he e xpected three-wav e mechanism efficiently, accurately capturing
he dynamics of the corresponding mode conversion. During the
evelopment of this work, Zhang et al. ( 2022 ) also showed a similar
esult, and the analysis presented here broadly agrees with theirs. In
he following sections, we significantly expand this investigation by
nalysing more quantitatively the development of all waves involved
n the plasma-emission process and the dependence on the physical
arameters employed. 

.2 Reference run: spectral power in the three-wave modes 

n Fig. 3 , we show the spectral analysis of the modes of interest for the
eference run. Panels (a) and (b) show the isotropic (i.e. cylindrically
ntegrated in the k x k y -plane, via θ k = tan −1 ( k y / k x )) space–time FFT
f the electrostatic E x at t ∈ [500 , 1500] ω 

−1 
p e . The integration is per-

ormed separately for forward- ( k x > 0) and backward-propagating
 k x < 0) fluctuations, in order to diagnose counterpropagating L and
 

′ modes, respectiv ely. The c yan diamond in these plots indicates the
hase–space location ( k L , ω L ) of the L mode at the intersection of the

angmuir dispersion curve ω = 

√ 

ω 

2 
p e + 3 k 2 v 2 th e (orange line) with

he beam dispersion curve ω = kv b (green line). Panel (c) similarly
hows the isotropic space–time FFT of the magnetic field B z for
 ∈ [500 , 1500] ω 

−1 
p e , with the location of T modes indicated by cyan

iamonds along the plasma dispersion curve ω = 

√ 

ω 

2 
p e + k 2 c 2 (red

ine). The spectral power in electrostatic and electromagnetic modes
long the corresponding dispersion curves is shown at subsequent
imes in panels (d), (e), and (f); in all cases, the spectra are clearly
eaked around the wavenumbers of the modes involved in the three-
ave interaction (dashed vertical lines), i.e. L, T 1 , and T 2 , with the
ower in each mode increasing o v er time before stabilizing around
 saturated value. 

Interestingly, we note that an additional peak of spectral power
rises at ( k T 3 , ω T 3 ) = ( 

√ 

8 ω p e /c, 3 ω p e ) along the plasma dispersion
urve. This ‘third-harmonic’ emission (T 3 ) is weaker than both
armonic and fundamental signals, but it is clearly detectable as
 byproduct of the three-wave interaction process, as we will
emonstrate later. Higher-harmonic emission has been previously
tudied in fully kinetic simulations with a single parameter set (e.g.
hee et al. 2009 ; Krafft & Sa v oini 2022b ). We discuss this third-
armonic emission process more e xtensiv ely in the next sections. 
The evolution in time of the peak power in each mode of interest

measured at the corresponding ( k , ω)], including S modes from
on-density fluctuations, is plotted in panel (g) of Fig. 3 . We can
bserve that the evolution of the peak power in the forward-
ropagating L modes is clearly correlated with the energetics of
he primary beam–plasma instability that jump starts the plasma-
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Figure 1. Diagnostics for the reference simulation in Table 1 . Panel (a): evolution in time of the electromagnetic energy in each electric- and magnetic-field 
component. The inset in the top-right corner is a zoomed-in view of t ∈ [0 , 500] ω 

−1 
p e , showing the development of the initial beam–plasma instability. Panel 

(b): spatial distribution of the electrostatic field E x at t = 500 ω 

−1 
p e . Panel (c): zoomed-in view on to the region inside the black rectangle of panel (b). The wave 

structures in this region can be identified as L modes. 

Figure 2. Diagnostics for the reference simulation in Table 1 . Panels (a) and (d): spatial distribution of ion-density fluctuations at t = 1500 ω 

−1 
p e and zoomed-in 

view on to the region marked by the black rectangle, showing a wave structure identified as an S 2 mode. Similarly, for panels (b) and (e): distribution of the 
electromagnetic field B z and zoomed-in view on to the wave structure of a T 2 mode. Panel (c): distribution of the filtered magnetic field B 

′ 
z obtained by removing 

spectral modes with k > k T 1 from B z . Large-scale wave structures can be observed in the filtered field. Panel (f): a cut along y = L /2 (black line in panel c) 
shows that the visible waves in B 

′ 
z can be identified as T 1 modes. 
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mission process: power in the L waves sharply rises within the first
00 ω 

−1 
p e , reaching a maximum immediately followed by a slower 

ecrease. During this time, S modes also gain power as ion-density 
uctuations develop. The subsequent dynamics builds on the non- 

inear stage of the primary beam–plasma mode: power in L modes 
ecreases and backward-propagating L 

′ modes develop together with 
 2 , S 1 , and S 2 modes, reaching saturated values at t 	 1500 ω 

−1 
p e .

his is a clear indication that, at the very least, the L + L 

′ → T 2 

rocess is actively pumping energy from the electrostatic modes 
nto electromagnetic radiation. The resulting harmonic emission 
aturates at ∼ 0 . 1 per cent of the initial beam energy. In terms of
undamental emission, we observe that T 1 modes also steadily gain 
ower and saturate o v er the same time-scales of harmonic emission,
ut reach considerably lower saturation levels. This suggests that 
he conversion of electrostatic fluctuations into large scale T 1 waves 
s less efficient, with the latter reaching saturation at around 0.001
er cent of the initial beam energy. 
MNRAS 529, 169–177 (2024) 
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M

Figure 3. FFT diagnostics for the reference simulation in Table 1 . Panels (a), (b), and (c): space–time FFTs of E x (with time window t ∈ [750 , 1250] ω 

−1 
p e ) 

and B z (with time window t ∈ [500 , 1500] ω 

−1 
p e ). The FFTs are cylindrically integrated in the k x k y -plane; for E x , we perform the integration separately for the 

half-planes k x > 0 and k x < 0. The solid lines indicate the dispersion curves for the L mode (orange), the beam mode (green), and the plasma oscillation mode 
(red). Cyan diamonds indicate the ( k , ω)-locations of the electrostatic and electromagnetic modes involved in the three-wave interaction. Panels (d), (e), and 
(f): spectral power in E x and B z measured at subsequent times, respectively along the L dispersion curve (separately for k x > 0 and k x < 0) and the plasma 
dispersion curv e. Dashed v ertical lines indicate the wav enumber of L and T modes. Panel (g): e volution in time of the spectral po wer (normalized to the initial 
beam energy) in E x , B z , and ion-density fluctuations measured at the ( k , ω)-locations of all modes of interest. 
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Finally, measuring the power deposited into third-harmonic elec-
romagnetic waves reveals that T 3 modes also gain power and
aturate, although o v er longer time-scales and at much smaller
nergies than all other modes. Third-harmonic modes indeed receive
nly a small ( ∼10 −6 ) fraction of the initial beam energy, which
s ho we ver suf ficient to clearly distinguish T 3 emission from the
ackground noise. In the next sections, we will show that in all our
xperiments third-harmonic waves invariably arise. 

.3 Effect of density ratio 

ig. 4 shows the comparison of spectral power in the different modes
including T 3 ) o v er time, for variable initial beam-to-background
ensity ratios α = 0.1, 0.025, 0.005, and 0.001 (with αref = 0.005
or the reference simulation; all other parameters are kept fixed
cross runs, see Table 1 ). For each run, time is scaled by a factor
 

α/αref to account for the different time-scales of the beam–plasma
nstability that initiates the system’s evolution. As discussed in the
revious sections, a large density ratio is expected not to result
n the production of a strong T 2 signal due to the violation of
atching conditions. Here, we explicitly observe the suppression

f electromagnetic-wave production as α decreases. 
While the production of L waves (panel a) by the initial beam–

lasma instability is detected in all cases (albeit with different
ynamics for large α), we observe that for α > 0.005 the subse-
uent three-wave interaction is not triggered. Indeed, we measure
ignificant power in backw ard-propagating L 

′ w aves (see panel b)
NRAS 529, 169–177 (2024) 
nly when α ≤ 0.005, even though IAWs are developing in all runs
panels c1 and c2). The presence of counterpropagating L waves
t wavenumbers satisfying the three-wave interaction conditions is
n principle sufficient to ensure that T 2 emission occurs; we indeed
bserve growth and saturation of power in T 2 for the α ≤ 0.005 cases,
nd no such dynamics for larger density ratios (panel e). Similarly,
 clear, saturated T 1 signal (roughly 100 times weaker than the T 2 

ignal) develops for the low-density runs (panel e). T 1 emission
as not detected clearly in some previous works, particularly when

he system size was not taken large enough to fit T 1 wavelengths
Thurgood & Tsiklauri 2015 ; see Section 2 ). 

Our results provide a definitive confirmation that both fundamental
nd harmonic plasma emission can occur as a consequence of a
imple beam–plasma interaction; but to observe this mechanism in
imulations, it is necessary to perform large calculations of sufficient
ize and with suf ficiently lo w beam–plasma density ratio. Power in
he harmonic emission appears to asymptotically (for small enough
) saturate and converge to a fraction ( ∼ 0 . 1 –0 . 4 per cent ) of the

nitial beam energy; power in the fundamental emission saturates
o energies roughly 100 times smaller. The fact that harmonic
nd fundamental emission do not occur for large α, even though
echnically all basic ingredients (L and S waves) are present, is
ikely due to the violation in the matching conditions introduced in
ection 1 . This will be further discussed in Section 5 . 
Finally, we quantitatively confirm the presence of a third-harmonic

mission type in Fig. 4 (panel f). Power in T 3 waves clearly rises and
aturates similarly to that of other electromagnetic modes, although
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Figure 4. Evolution in time of the spectral power (normalized to the initial beam energy) measured at the ( k , ω)-location of the modes involved in the three-wave 
interaction process, for the reference run in Table 1 ( αref = 0.005) compared with runs DR1, DR2, and DR3. Time is scaled by a factor 

√ 

α/αref to account for 
the different instability time-scales imposed by the different density ratio α. 
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ith a visible delay and at significantly lower power levels. It is
nteresting to note that this third-harmonic emission only appears 
ith a suf ficiently lo w α, suggesting that the mechanism for T 3 pro-
uction may require conditions similar to those allowing harmonic 
nd fundamental emission. We will discuss such mechanisms in 
ection 5 . 

 D E P E N D E N C E  O F  PLASMA  EMISSION  O N  

EMPER A  T U R E  R A  TIO  

e conclude our parameter-space exploration by comparing the 
eference run from Table 1 ( T i / T e = 0.1) with a series of runs where
e vary T i / T e = 1, 0.66, 0.33. The results are shown in Fig. 5 , again

n terms of the spectral power in individual modes measured at the
orresponding ( k , ω) locations from the c ylindrically inte grated FFTs
f the field quantities. 
Qualitativ ely, we observ e no drastic change in the system’s

volution as the ion-to-electron temperature ratio varies between 
.1 and 1: the reference run attains saturated power levels in S and
 waves moderately lower than the other runs (up to a factor ∼10),
ut o v erall we observ e growth and saturation of power in all modes.
he only notable difference arises in the evolution of IAWs (panels 
1 and c2 in Fig. 5 ): for the reference T i / T e = 0.1 run, we observe
he power in S 2 modes growing and saturating, while for the other
uns we only see an initial growth in spectral po wer follo wed by
 steady decay. This is a signature that the production of IAWs is
uch less efficient for large temperature ratios, due to strong Landau 

amping, in accordance with linear theory (Fried & Gould 1961 ). 
t is then rather counterintuitive that the production of L 

′ modes 
panel b), and thus of fundamental and harmonic emission (panels 
 and e), remains acti ve e ven when S waves are scarcely excited.
e also notice that the growth rate of the power in L 

′ modes during
 ∈ [500 , 2000] ω 

−1 
p e is different for runs with different T i / T e , and is

arger when the temperature ratio is smaller. In runs with large T i / T e ,
he creation of L 

′ waves can be explained by the direct backscattering
f L waves off moving ions (e.g. Tsytovich & Kaplan 1969 ; Zlotnik
t al. 1998 ), which is a fundamentally different phenomenon from
he collision of L with S waves that can occur when the temperature
atio is small. We discuss this aspect more in detail in Section 5 . 

We conclude by noting that also for this parameter-space explo- 
ation, we invariably measure a clear growth in the power associated
ith T 3 modes. This supports the idea that third-harmonic emission 
ccurs under the same conditions that allow for harmonic and 
undamental modes, regardless of the presence (or absence) of 
aturated S modes. 

 DI SCUSSI ON  A N D  C O N C L U S I O N S  

n this letter, we presented conclusi ve e vidence for the efficient
roduction of fundamental and harmonic plasma emission (T 1 and 
 2 waves) in fully kinetic simulations of beam–plasma interactions. 
y performing an array of runs with different initial parameters, 
e observed that harmonic emission saturates asymptotically to 
0 . 1 –0 . 4 per cent of the initial beam energy, while fundamental

mission is roughly 100 times weaker. The emission process broadly 
ligns with theoretical expectations – i.e. it is only detected when 
he beam-to-background density ratio α [as well as the energy ratio 
( v b / v th e ) 2 ] is sufficiently small – but a few of our key results are
o v el and require further discussion. 
First, our series of simulations with variable density ratio shows 

hat, in all cases (also for large α), L and S waves are produced
rom the precursor electrostatic instability excited by our initial 
MNRAS 529, 169–177 (2024) 
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M

Figure 5. Evolution in time of the spectral power (normalized to the initial beam energy) measured at the ( k , ω)-location of the modes involved in the three-wave 
interaction process, for the reference run in Table 1 ( T i / T e = 0.1) compared with runs TR1, TR2, TR3. 
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onditions. According to linear theory, L and S modes are in principle
he building blocks for the production of backward-propagating
 

′ (at first) and T (as a second-order effect) waves, and thus it
s not obvious why plasma emission would not occur when α >

.005 (i.e. the beam energy is ≥50 per cent of the background
nergy). As shown by Cairns 1989 , when α � 10 −4 the power in L
odes peaks at a frequency significantly below ( ∼0.1 ω p e ) that of the
angmuir dispersion curve. As a consequence, matching conditions

n the frequency allowing for the interaction of L and S waves are
roken (S modes do not exist at frequencies that can compensate the
ismatch) and backward-propagating electrostatic modes are not

roduced, inhibiting the subsequent plasma emission. This fact was
lso considered by Thurgood & Tsiklauri ( 2015 ) and Zhang et al.
 2022 ), and we now provide solid evidence for its occurrence in a
eries of runs where α varies by two orders of magnitude. In our α
 0.005 runs (relatively close to the α ∼ 10 −4 limit calculated by
airns 1989 ), L modes firmly sit on the Langmuir dispersion curve
nd matching conditions are met, allowing for plasma emission. 

A second point requiring clarification concerns our runs with
ariable T i / T e . In all these simulations, plasma emission is invariably
etected, even though IAWs are less efficiently produced for T i / T e 

 0.1, preventing the interaction of L and S waves that results in L 

′ 

nd then T waves. The fact that across all runs (even for T i / T e =
) we measure comparable saturated po wer le vels for L 

′ and T
odes can thus be explained by considering direct backscattering

ff moving ions. In the absence of S waves, a forward-propagating
 wave can directly collide with an ion moving in the opposite
irection (e.g. Tsytovich & Kaplan 1969 ): the electrostatic wave
nteracts with the surrounding cloud of electrons, which re-emits the
ave while transferring momentum to the ion. This causes a recoil in

he ion motion and the emission of a backw ard-propagating L 

′ w ave.
lthough further work is required to provide more evidence linking
ur simulations with this mechanism, these results firmly establish
NRAS 529, 169–177 (2024) 
hat plasma emission is essentially insensitive of the ion-to-electron
emperature ratio, and is instead uniquely dependent on the beam-
o-background energy ratio (in our study, expressed by the density
atio). This is in contrast with previous multidimensional simulation
tudies where values T i / T e � 0.1 were assumed to produce no
lasma emission. We note that analytic works and one-dimensional
imulations (e.g. Rha, Ryu & Yoon 2013 and references therein) have
entioned the possibility of producing plasma emission at T i / T e ∼
 due to highly efficient ion scattering compensating for the lack of
nteraction with S waves. 

As an additional result, we emphasize that in all our runs where
lasma emission occurs, we also invariably detected a clear, peaked
ignal at ( k T 3 , ω T 3 ) = ( 

√ 

8 ω p e /c, 3 ω p e ), indicating the presence of
hird-harmonic modes along the plasma dispersion curve. Analytic
alculations have suggested that interactions T 2 + L 

′ → T 3 occurring
s a byproduct of harmonic emission can give rise to this third-
armonic signal (e.g. Zlotnik et al. 1998 ); a second possibility is
he direct coalescence of multiple electrostatic modes, i.e. L +
 

′ + L → T 3 (Kliem, Kr ̈uger & Treumann 1992 ). Ho we ver, the
atter is more likely for slow electron beams coupled with strong
lectron density gradients (Yi, Yoon & Ryu 2007 ), which does not
orrespond to the conditions of our simulations. Higher-harmonic
lasma emission has been observed in the past in PIC simulations (in
he case of a homogeneous-density background which we employ)
onsidering a single set of parameters: Rhee et al. ( 2009 ) and Krafft &
a v oini ( 2022b ) ha ve reported the detection of third-harmonic (and
igher) emission, relating it to the Zlotnik et al. ( 1998 ) mechanism
f T 2 + L coalescence. Our array of runs explores a broad range
f simulation parameters (in terms of beam-to-background density
nd ion-to-electron temperature ratios) with uniform background
ensity, where we detected third-harmonic emission in all cases
here T 2 emission occurred. Our results thus appear to support

he T 2 + L 

′ → T 3 hypothesis, implying that the growth of third-
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armonic modes may be feeding off the harmonic emission process. 
he power we measure in third-harmonic emission is roughly 100–
000 times smaller than the power in harmonic modes, which appears 
o align with observations of type II (e.g. Kliem, Kr ̈uger & Treumann
992 ; Zlotnik et al. 1998 ) and III (e.g. Takakura & Yousef 1974 ;
einer & MacDowall 2019 ) radio bursts; still, a broader array of data

numerical and experimental) would be required to firmly establish 
his correspondence. Even though more in-depth investigation is 
eeded, our results provide the unambiguous direct detection of third- 
armonic plasma emission in a large array of kinetic simulations 
f beam–plasma interaction which explore very different parameter 
egimes. This allows us to claim that third-harmonic emission could 
e an invariable byproduct of the three-wave-interaction process even 
hen physical conditions vary considerably. 
Our work demonstrates efficient production of coherent emission 

n a relatively simple setting where a single beam interacts with 
 uniform background, leaving ample ground for further develop- 
ents. In particular, it would be important to consider the effect 

f background magnetic fields and/or density inhomogeneities, as 
ell as the presence of counterstreaming beams (Tsiklauri 2011 ; 
hurgood & Tsiklauri 2015 , 2016 ; Lazar et al. 2023 ). Furthermore,

t is known that the emission efficiency for different modes can 
ave strong dependence on other parameters such as heliocentric 
istance, background-wind speed, and ambient-density fluctuations 
e.g. Robinson & Cairns 1998a , b , c ; Voshchepynets et al. 2015 ;
rafft & Sa v oini 2021 , 2022a ). Another possibility is the production
f plasma emission without three-wave interaction when a mag- 
etized electron beam encounters a density shear (e.g. Schmitz & 

siklauri 2013 ). In all these cases, a rigorous parameter-space 
xploration akin to the one performed here would reveal under which 
onditions coherent emission can be expected, relating directly to 
arious astrophysical scenarios where electron beams are present, 
uch as coronal loops, shock waves from coronal mass ejections, etc. 
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