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Abstract Alfvénic turbulent cascade perpendicular and parallel to the background magnetic ﬁeld is
studied accounting for anisotropic dispersive eﬀects and turbulent intermittency. The perpendicular
dispersion and intermittency make the perpendicular-wave-number magnetic spectra steeper and speed
up production of high ion cyclotron frequencies by the turbulent cascade. On the contrary, the parallel
dispersion makes the spectra ﬂatter and decelerate the frequency cascade above the ion cyclotron
frequency. Competition of these factors results in spectral indices distributed in the interval [−2, −3], where
−2 is the index of high-frequency space-ﬁlling turbulence and −3 is the index of low-frequency intermittent
turbulence formed by tube-like ﬂuctuations. Spectra of fully intermittent turbulence ﬁll a narrower range
of spectral indices [−7/3, −3], which almost coincides with the range of indexes measured in the solar
wind. This suggests that the kinetic-scale turbulent spectra are mainly shaped by the dispersion and
intermittency. A small mismatch with measured indexes of about 0.1 can be associated with damping
eﬀects not studied here.

1. Introduction
Alfvénic turbulence, measured in situ by satellites in the Earth’s space environment [Chaston et al., 2008, 2009;
Huang et al., 2012, 2014] and in the solar wind [Sahraoui et al., 2010; He et al., 2011, 2013; Alexandrova et al.,
2012; Horbury et al., 2012; Salem et al., 2012; Podesta, 2013; Roberts et al., 2013, 2015], extends from magnetohydrodynamic (MHD) scales down to ion and even electron kinetic scales. Turbulence at kinetic scales is often
referred to as kinetic Alfvén turbulence. Theoretical models have shown that kinetic Alfvén turbulence is generated naturally through an anisotropic Alfvén wave cascade produced by interactions among counterstreaming Alfvén wave packets [e.g., Kraichnan, 1965; Goldreich and Sridhar, 1995; Quataert and Gruzinov, 1999;
Cranmer and van Ballegooijen, 2003; Schekochihin et al., 2009; Bian et al., 2010; Howes et al., 2011b; Zhao et al.,
2013]. Alfvén wave turbulence can also arise from nonlinear wave-particle and wave-wave interactions involving Alfvén as well as others, such as sound waves [Vedenov, 1968; Sagdeev and Galeev, 1969; Vladimirov and
Yu, 2004; Shukla et al., 2006; Brodin et al., 2006; Brodin and Stenﬂo, 2015]. Transition of Alfvénic turbulence from
MHD to kinetic scales depends strongly on the plasma thermal to magnetic pressure ratio (𝛽 ). For example,
the low-frequency turbulent cascade ﬁrst arrives to the ion gyroradius scale in 𝛽>Q plasmas and to the
electron inertial scale in 𝛽 < Q plasmas, where Q = me ∕mi is the electron to ion mass ratio [e.g., Zhao et al., 2013].
−5∕3
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When the cascade reaches kinetic scales, the Kolmogorov-like spectrum k⟂ of perpendicular magnetic and
−7∕3
−1∕3
electric ﬂuctuations transforms into the steeper k⟂ for the magnetic spectrum and the ﬂatter k⟂ for the
2∕3
electric spectrum [e.g., Schekochihin et al., 2009]. The anisotropic scaling kz ∝ k⟂ at MHD scales becomes
1∕3
7∕3
kz ∝ k⟂ (for 𝛽>Q) and kz ∝ k⟂ (for 𝛽 < Q) at kinetic scales [Zhao et al., 2013], where kz and k⟂ are the
wave numbers parallel and perpendicular to the background magnetic ﬁeld B0 , respectively. Therefore, with
increasing k⟂ the parallel wave number kz and the Alfvén wave frequency 𝜔(∼ VA kz ) are also increasing,
where VA is the Alfvén speed. When the parallel wave scale approaches the ion inertial length 𝜆i , the Alfvén
wave frequency approaches the ion cyclotron frequency 𝜔ci , 𝜔∕𝜔ci ∼ 𝜆i kz ∼ 1. At this point the low-frequency
𝜔 < 𝜔ci kinetic Alfvén turbulence transforms into the high-frequency 𝜔 > 𝜔ci kinetic Alfvén (sometimes called
“quasi-perpendicular whistler”) turbulence. Observations support the idea that high-frequency Alfvén waves
KINETIC ALFVÉN TURBULENCE
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can be generated by low-frequency Alfvén waves via turbulent cascade [Huang et al., 2012]. Linear theories
also agree that the kinetic Alfvén branch can extend from low- to high-frequency domain [Sahraoui et al.,
2010; Vásconez et al., 2014; Zhao et al., 2014b].
It is not yet certain what eﬀects make the observed turbulent spectra ∝ k⟂−2.8 [Alexandrova et al., 2012;
−7∕3
Sahraoui et al., 2013] steeper than the regular turbulent spectrum of kinetic Alfvén waves (KAWs) ∝ k⟂ [see
Schekochihin et al., 2009, and references therein]. Two possible mechanisms discussed recently are Landau
damping [Howes et al., 2011a] and intermittency [Boldyrev and Perez, 2012]. If the turbulent cascade generates high-frequency KAWs, the spectra can be modiﬁed by dispersive eﬀects of ﬁnite 𝜆i kz . High-frequency
KAWs undergo also ion cyclotron wave-particle interactions [e.g., Voitenko and Goossens, 2002], which can contribute to the turbulent spectra in addition to Landau damping. Kinetic damping leads to the plasma heating
and particles acceleration both along and across B0 ∥ z, connecting particles to waves in the solar-terrestrial
environments [Marsch, 2006]. High-frequency eﬀects in Alfvénic turbulence are understood much less than
the low-frequency ones.
Here we use a two-ﬂuid plasma model to investigate dispersive eﬀects (in particular, of ﬁnite 𝜔∕𝜔ci ∼ 𝜆i kz )
and intermittency in Alfvénic turbulence and explore the wave number and frequency spectra from MHD
to kinetic scales. Inﬂuence of damping on the turbulent spectra is not taken into account, which restricts
applicability of our results to the cases where spectral modiﬁcations due to damping are weak in comparison
to the modiﬁcations due to dispersion and intermittency. In section 6 we argue that this is often the case in
the solar wind.
In the next section we introduce a model for anisotropic Alfvénic turbulence and corresponding wave number spectra. The steady spectra in the frequency space are presented in section 3. Eﬀects introduced by the
turbulent intermittency are described in section 4. Section 5 presents the spectral distributions in solar ﬂare
loops and in solar wind at 1 AU. Section 6 discusses impacts of the injection scales, intermittency, and dissipative eﬀects. The last section presents a summary of obtained results. In Appendix A the analytical expressions
of the wave variables and their spectral distributions are derived for low-𝛽 plasmas, and in Appendix B the
analytical results are extended to the case of intermittent turbulence.

2. Anisotropic Alfvénic Turbulence
The steady state spectral properties of Alfvénic turbulence can be investigated phenomenologically using a
model developed by, e.g., Schekochihin et al. [2009], where turbulence is stirred initially through collisions of
counterstreaming Alfvén wave packets at the (spatial as well as temporal) MHD scales. In the collisions, the
local wave-wave interaction condition as well as the critical balance condition are assumed to be satisﬁed.
The latter corresponds to strong Alfvénic turbulence where the nonlinear timescale becomes as short as the
linear timescale.
To obtain the steady state spectrum, one makes use of linear responses of the Alfvén mode, namely, the
quasi-linear premise [Schekochihin et al., 2009; Howes et al., 2011a; Zhao et al., 2013]. Therefore, for the
spectrum of the high-frequency kinetic-scale Alfvénic turbulence, one needs the linear relations for highfrequency KAWs. Recently, Zhao et al. [2011b] derived the linear KAW responses for parallel length scales
extending down to the ion inertial length and below, with corresponding frequencies extending to 𝜔 ∼ 𝜔ci
and above. Below we use these results to obtain the high-frequency Alfvénic turbulent spectra and scalings.
For local nonlinear interactions, the spectral energy ﬂux can be written as [Zhao et al., 2013]
−3∕2

𝜖 = C1

k⟂ 𝛿ve⟂ 𝛿b2⟂ ,

(1)

where C1 is of the order unity, 𝛿ve⟂ is the perpendicular electron velocity ﬂuctuation, and 𝛿b⟂ is the perpendicular magnetic ﬂuctuation in velocity units, 𝛿b⟂≡ VA 𝛿B⟂ ∕B0 . Using the relation
𝛿ve⟂ = 𝜔𝛿b
̄
⟂,

we get
1∕2

−1∕3

𝛿b⟂ = C1 𝜖 1∕3 𝜔̄ −1∕3 k⟂
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where the normalized frequency of oblique Alfvén waves is [Zhao et al., 2014b]
√
)]1∕2
(
[
 + 2𝛽
′ + 2 𝛽
1
+
𝜔̄ ≡
1
−
4𝛽
,
2 (′ + 2 𝛽)
( + 2𝛽)2

(3)

(
) (
)
with√ the deﬁnitions 𝛽 = kB Ti + Te ∕ mi VA2 ,  ≡ 1 + 𝜌2 k⟂2 ,  ≡ 1 + 𝜆2e k⟂2 , ′ ≡ 1 + 𝜆2e k⟂2 + 𝜆2i kz2 ,
√
(
)
𝜌 = kB Ti + Te ∕mi ∕𝜔ci , 𝜆i = VA ∕𝜔ci , and 𝜆e = me ∕mi 𝜆i . The Alfvén wave dispersion 𝜔 = VA kz 𝜔̄ is valid
at the quasi-perpendicular propagations, k⟂2 ∕kz2 ≫1, in the MHD and kinetic ranges without restrictions
on 𝜔∕𝜔ci .

From the critical balance condition that the linear Alfvén time is equal to the nonlinear turnover time,
)−1
(
𝜔−1 = C2 𝛿ve⟂ k⟂
,
we present the anisotropy scaling relation as
1∕2

2∕3

kz = C1 C2 VA−1 𝜖 1∕3 𝜔̄ −1∕3 k⟂ 2∕3 ,

(4)

where C2 is a constant of the order unity. Note that since the magnetic ﬁeld is frozen into the electron species
before the turbulence cascade reaches the electron gyroradius scale, the electron velocity 𝛿ve⟂ is used to
estimate the nonlinear turnover time.
Linear relations between electric and magnetic ﬂuctuations are given by
𝛿e⟂ = 𝜔Γ𝛿b
̄
⟂

and

)
(
𝛿ez = 𝜔̄ (Γ − 1) kz ∕k⟂ 𝛿b⟂ ,

where 𝛿e⟂ ≡ 𝛿E⟂ ∕B0 and 𝛿ez ≡ 𝛿Ez ∕B0 . Together with equations (2) and (4) one can then obtain the scaling
relations for the electric components:
1∕2

−1∕3

𝛿e⟂ = C1 𝜖 1∕3 k⟂

𝜔̄ 2∕3 −1∕3 Γ,

(5)

and
−2∕3

𝛿ez = C1 C2 VA−1 𝜖 2∕3 k⟂

𝜔̄ −1∕3 1∕3 (Γ − 1) ,

(6)

)
)
(
(
where Γ ≡ T̃ i + 1∕𝜔̄ 2 − 𝜆2i kz2 T̃ e and T̃ e,i ≡ Te,i ∕ Te + Ti . The parallel electric ﬁeld 𝛿ez in equation (6) is
usually much smaller than the perpendicular electric ﬁeld 𝛿e⟂ in equation (5), but 𝛿ez can play an important
role in the particles’ energization along B0 .

From equations (2) and (5) we obtain the following magnetic and electric power spectra:
P𝛿b⟂ = k⟂−1 𝛿b2⟂
−5∕3

= C1 𝜖 2∕3 𝜔̄ −1∕3 k⟂

−1∕3 ,

(7)

−2∕3 Γ2 .

(8)

P𝛿e⟂ = k⟂−1 𝛿e2⟂
−5∕3

= C1 𝜖 2∕3 𝜔̄ 4∕3 k⟂

The physical quantities and spectra (2)–(8) reduce to their MHD counterparts when the kinetic factors 𝜌k⟂ ,
𝜆e k⟂ , and 𝜆i kz vanish. In low-𝛽 (𝛽 ≪ 1) plasmas, expressions (2)–(8) can be simpliﬁed (see Appendix A). Note
that the turbulence scalings in plasmas 𝛽 ∼ 1 is nearly the same as that in Q ≪ 𝛽 ≪1 due to the similar properties
of KAWs in these plasma environments.
Properties of the spectral scalings and physical quantities are summarized in Table 1 for three 𝛽 regimes:
inertial (𝛽 ≪Q), transition (𝛽 ∼Q), and kinetic (Q ≪√𝛽 <1). Electron and ion temperatures are assumed
to be
√
equal, Ti =Te , so that 𝜌 ≃ 1.4𝜌i ≃ 1.4𝜌s , where 𝜌i = kB Ti ∕mi ∕𝜔ci is the ion gyroradius and 𝜌s = kB Te ∕mi ∕𝜔ci
is the ion-acoustic gyroradius.
ZHAO ET AL.
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Table 1. Turbulence Scalingsa
Inertial Regime (𝛽 ≪ Q)
Parameter
( )
P𝛿b⟂ k⟂
( )
P𝛿e⟂ k⟂
( )
𝛿ez k⟂
( )
kz k ⟂
( )
𝜔 k⟂

1∕k⟂ ≫ 𝜆e
−5∕3

k⟂

−5∕3

k⟂

4∕3

k⟂

2∕3

k⟂

2∕3

k⟂

Transition Regime (𝛽 ∼ Q)

𝜆e ≫ 1∕k⟂ ≫ 𝜌
−7∕3 ( −1 )
k⟂
k⟂
(
)
−1∕3
−3 b , k 9 c
k⟂
k⟂
⟂
(
)
5∕3
7c
k ⟂ b , k⟂
k⟂
7∕3 ( 3 )
k⟂ k⟂
)
4∕3 (
k⟂ 𝜔 → 𝜔ci

1∕k⟂ ≫ 𝜆e ∼ 𝜌
−5∕3

k⟂

−5∕3

k⟂

4∕3

k⟂

2∕3

k⟂

2∕3

k⟂

P𝛿b⟂ (𝜔)

𝜔−2

𝜔−2

𝜔−2

P𝛿e⟂ (𝜔)

𝜔−2

𝜔−1∕2

𝜔−2

𝜆e ∼ 𝜌 ≫ 1∕k⟂
( )
−3 k −2
k⟂
⟂
( 5)
k⟂ k⟂
(
)
2 k 9∕2
k⟂
⟂
(
)
2 k 5∕2
k⟂
⟂
( )
2 k
k⟂
⟂
(
)
𝜔−2 𝜔−2
(
)
𝜔0 𝜔5

Kinetic Regime (Q ≪ 𝛽 ≪ 1)
1∕k⟂ ≫ 𝜌

𝜔−2

𝜌 ≫ 1∕k⟂ ≫ 𝜆e
−7∕3 ( −2 )
k⟂
k⟂
−1∕3 ( )
k⟂
k⟂
(
)
−1∕3
1∕2
k⟂
k⟂
(
)
1∕3
1∕2
k⟂
k⟂
4∕3 ( )
k⟂ k⟂
(
)
𝜔−2 𝜔−2

𝜔−2

𝜔−1∕2 (𝜔)

−5∕3

k⟂

−5∕3

k⟂

4∕3

k⟂

2∕3

k⟂

2∕3

k⟂

a Scalings above the ion cyclotron frequency are shown in parentheses.
b The turbulence scale at 𝜆

1∕2
e k⟂(< 𝜆i kz ≪ (Q∕𝛽)) .
c The turbulence scale at max 𝜆 k , (Q∕𝛽)1∕2 ≪ 𝜆 k .
e ⟂
i z

At MHD scales, where all 𝜌k⟂ , 𝜆e k⟂ , and 𝜆i kz are small, the scalings shown in Table 1 are consistent with those
described by Goldreich and Sridhar [1995] for the strong MHD Alfvénic turbulence. As the turbulence cascades
into the kinetic scales, there can be two cases: (i) for the large perpendicular kinetic eﬀect 𝜆e k⟂ >𝜆i kz in the
inertial and transition regimes and 𝜌k⟂ >1 and 𝜆i kz ≲ 1 in the kinetic regime (outside the parenthesis), and
(ii) for the large parallel kinetic eﬀect 𝜆i kz > 𝜆e k⟂ in the inertial and transition regimes and 𝜆i kz > 𝜌k⟂ in the
kinetic regime (inside the parenthesis). In the latter case, the wave frequency is larger than the ion cyclotron
frequency, and two limits 𝜆e k⟂ < 𝜆i kz ≪ (Q∕𝛽)1∕2 and 𝜆i kz ≫ max(𝜆e k⟂ , (Q∕𝛽)1∕2 ) are used to consider two
7∕3
diﬀerent eﬀects in contributing the parallel electric ﬁeld 𝛿ez in equation (A3). We see that kz ∝ k⟂ (k⟂3 ) in the
2 5∕2
inertial regime, where 𝜆e k⟂ ≫1≫𝜌k⟂ and kz ∝ k⟂ (k⟂ ) in the transition regime, where 𝜆e k⟂ ∼ 𝜌k⟂ ≫1, which
means that the turbulence cascade proceeds mainly toward the B0 direction. We found several new scalings,
i.e., P𝛿b⟂ ∝ k⟂−1 in the inertial regime and P𝛿b⟂ ∝ k⟂−2 in the kinetic regime. We also note that the scalings in the
inertial regime at 𝜌k⟂≫ 1 and in the kinetic regime at 𝜆e k⟂≫ 1 are the same as that in the transition regime.

3. Frequency Spectra
Accounting for the anisotropy relation (4), we can write the scaling of the wave frequency as
1∕2

2∕3

𝜔 = C1 C2 𝜖 1∕3 𝜔̄ 2∕3 k⟂ 2∕3 ,

(9)

whose asymptotic forms in low-𝛽 plasmas are given in Table 1. The power spectra P𝛿b⟂ (𝜔) and P𝛿e⟂ (𝜔) are
( )
found from the energy balance condition k⟂ P𝛿b⟂ ,e⟂ k⟂ = 𝜔P𝛿b⟂ ,e⟂ (𝜔), which is also presented in Table 1. Note
that in the inertial regime the wave frequency approaches 𝜔ci as 𝜆i kz > 𝜆e k⟂ > 1. It shows that the universal
spectrum P𝛿b⟂ (𝜔) ∝ 𝜔−2 arises in all ranges, whereas P𝛿e⟂ (𝜔) varies in diﬀerent limits. The universal frequency
spectrum of magnetic power is not a surprising result, it is rather a direct consequence of the constant energy
ﬂux and critical balance that we assume here.

4. Impact of Intermittency on Turbulent Spectra and Production
of High Frequencies
Our previous analysis assumed a space-ﬁlling turbulence where the turbulent ﬂuctuations of any particular scale cover all the volume occupied by the turbulence. However, Alfvénic turbulence observed in
solar-terrestrial plasmas often exhibits a non space ﬁlling, i.e. intermittent character [e.g., Chaston et al., 2008;
Huang et al., 2012; Wu et al., 2013; Chen et al., 2014]. Recent particle-in-cell simulations also suggest a non
space-ﬁlling Alfvénic turbulence at kinetic scales [Wu et al., 2013]. Two-ﬂuid simulations by Boldyrev and Perez
[2012] and gyrokinetic simulations by TenBarge and Howes [2013] explored the intermittent KAW turbulence
extending from ion to electron scale. The spectral index ∼ −8∕3 obtained by Boldyrev and Perez [2012] is similar to the spectrum −2.8 obtained by TenBarge and Howes [2013] (see also Howes et al. [2011a]). Both above
studies suggest that intermittency aﬀects the spectral scalings in kinetic Alfvénic turbulence.
ZHAO ET AL.
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Table 2. Turbulence Scalings for Intermittent Kinetic Alfvén Turbulenceb
Inertial Regime (𝛽 ≪ Q)
Parameter
( )
P̃ 𝛿b⟂ k⟂
( )
P̃ 𝛿e⟂ k⟂
( )
𝛿 ẽ z k⟂
( )
k̃ z k⟂
( )
𝜔̃ k⟂
P̃ 𝛿b⟂ (𝜔)
P̃ 𝛿e⟂ (𝜔)

Sheet-Like
(
)
−8∕3
−4∕3
k⟂
k⟂
(
)
−2∕3
−10∕3 b 26∕3 c
k⟂
, k⟂
k⟂
(
)
7∕3
5∕3 b 23∕3 c
k⟂
k⟂ , k⟂
(
)
8∕3
10∕3
k⟂
k⟂
(
)
5∕3
1∕3
k⟂
k⟂
(
)
𝜔−2 𝜔−2
(
)
b
c
𝜔−4∕5 𝜔−8 , 𝜔28

Kinetic Regime (Q ≪ 𝛽 ≪ 1)

Transition Regime (𝛽 ∼ Q)

Tube-Like
(
)
−3 k −5∕3
k⟂
⟂
(
)
b
c
−1 k −11∕3 , k 25∕3
k⟂
⟂
⟂
(
)
b
c
3 k 7∕3 , k 25∕3
k⟂
⟂
⟂
(
)
3 k 11∕3
k⟂
⟂
(
)
2 k 2∕3
k⟂
⟂
(
)
𝜔−2 𝜔−2
(
)
b
c
𝜔−1 𝜔−5 , 𝜔13

Sheet-Like
(
)
−7∕3
k⟂
(
)
2∕3
14∕3
k⟂
k⟂
(
)
8∕3
31∕6
k⟂
k⟂
(
)
7∕3
17∕6
k⟂
k⟂
(
)
7∕3
4∕3
k⟂
k⟂
(
)
𝜔−2 𝜔−2
(
)
𝜔−2∕7 𝜔13∕4
−10∕3

k⟂

Tube-Like
(
)
−8∕3
k⟂
(
)
1∕3
13∕3
k⟂
k⟂
(
)
10∕3
35∕6
k⟂
k⟂
(
)
8∕3
19∕6
k⟂
k⟂
(
)
8∕3
5∕3
k⟂
k⟂
(
)
𝜔−2 𝜔−2
(
)
𝜔−1∕2 𝜔11∕5
−11∕3

k⟂

Sheet-Like
(
)
−7∕3
k⟂
(
)
−2∕3
2∕3
k⟂
k⟂
(
)
1∕3
7∕6
k⟂
k⟂
(
)
2∕3
5∕6
k⟂
k⟂
(
)
5∕3
4∕3
k⟂
k⟂
(
)
𝜔−2 𝜔−2
(
)
𝜔−4∕5 𝜔1∕4
−8∕3

k⟂

Tube-Like
(
)
−3 k −8∕3
k⟂
⟂
(
)
−1 k 1∕3
k⟂
⟂
(
)
11∕6
k⟂ k⟂
(
)
7∕6
k ⟂ k⟂
(
)
2 k 5∕3
k⟂
⟂
(
)
𝜔−2 𝜔−2
(
)
𝜔−1 𝜔−1∕5

a Scalings above the ion cyclotron frequency are shown in parentheses.
b The turbulence scale at 𝜆

1∕2
e k⟂(< 𝜆i kz ≪ (Q∕𝛽) ) .
c The turbulence scale at max 𝜆 k , (Q∕𝛽)1∕2 ≪ 𝜆 k .
e ⟂
i z

Here we further assume that the Alfvénic turbulence is mostly space ﬁlling at the MHD scales but becomes
intermittent at kinetic scales. Adopting the same approach as was used by Boldyrev and Perez [2012], in
Appendix B we obtain analytical expressions and steady state spectra for diﬀerent kinds of the intermittent
Alfvénic turbulence. The corresponding turbulence scalings are presented in Table 2, where two kinds of intermittent structures are considered, sheet-like (𝛼 = 1) and tube-like (𝛼 = 2). The normalized wave numbers are
ordered as 𝜆e k⟂≫1≫𝜌k⟂ in the very low-𝛽 plasmas (𝛽 < Q), 𝜆e k⟂ ∼ 𝜌k⟂≫1 for the transition 𝛽 ∼Q and
𝜌k⟂≫1≫𝜆e k⟂ for 𝛽>Q.
The perpendicular wave number spectrum (P̃ 𝛿b⟂ in Table 2) is steeper in the intermittent turbulence than in
−𝛼∕3
the space-ﬁlling turbulence (P𝛿b⟂ in Table 1), such that P̃ 𝛿b⟂= k⟂ P𝛿b⟂ . The same concerns also electric spectra,
−𝛼∕3
P̃ 𝛿e⟂ = k⟂ P𝛿e⟂ . As 𝛼 varies between 1 and 2 depending on the fractional content of the sheet- and tube-like
[
]
intermittent ﬂuctuations, the magnetic spectral index spans the range Rint = −7∕3, −3 in the wave number
range 𝜌i k⟂ >1 and 𝜆i kz ≲ 1 at Q ≪ 𝛽 ≪ 1. We believe that the spectra are the same also in 𝛽 ∼ 1 plasmas where
KAW properties are similar to that at Q ≪ 𝛽 ≪ 1. Such 𝛽 values are typical for the solar wind at 1 AU.
It is interesting to note that the parallel wave number kz and frequency 𝜔 spectra of the intermittent turbulence (Table 2) are also steeper than the corresponding spectra of the space-ﬁlling turbulence (Table 1). It
means that the parallel turbulence scale and wave frequency in the intermittent turbulence approaches the
ion inertial length 𝜆i and ion cyclotron frequency 𝜔ci faster than in the space-ﬁlling turbulence. In other words,
turbulent intermittency facilitates generation of high-frequency KAWs by the turbulent cascade. Table 2 also
shows that the magnetic frequency spectrum retains its original form ∝ 𝜔−2 , while the electric frequency
spectrum varies depending on the 𝛽∕Q ratio.
Recently, Sahraoui et al. [2013] have analyzed magnetic spectra selected from 10 years of Cluster observations.
This analysis has shown that the spectral index at scales between ion and electron gyroradii is distributed in
the range [−2.5, −3.1] with a peak at about −2.8. This range is almost the same as the range Rint predicted
for the intermittent turbulence, which suggests that the kinetic-scale solar wind turbulence is intermittent.
A slight (about 0.1) downshift of the measured range as compared to Rint may be caused by the dissipative
eﬀects that are not taken into account in the present study.

5. Two Examples
5.1. Solar Flare Loops
Large nonthermal broadening of spectral lines, observed in the solar ﬂares, is supposed to have been produced by the plasma turbulence [e.g., Alexander at al., 1998, and references therein]. Let us consider excitation
of the Alfvénic turbulence in a solar ﬂare loop with the length L0z =5 × 106 m, width L0⟂=104 m, internal
magnetic ﬁeld B0 ≃ 5 × 10−2 T, number density n0 ≃ 1015 m−3 , and temperature Ti = Te ≃ 106 K [Zhao et al.,
2013]. We have then 𝛽 ≃ 1.4 × 10−5 , and the KAWs are in the inertial 𝛽 regime, 𝛽 < Q. It is reasonable to
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Figure 1. Steady state spectral distributions in a typical ﬂare loop plasma. (a) Normalized energy spectra for 𝛿b⟂ (solid
line) and 𝛿e⟂ (dashed line). (b) The anisotropy relation. (c) The wave frequency versus the perpendicular wave number.
(d) The parallel electric ﬁeld versus the perpendicular wave number. (e) Normalized energy spectra of 𝛿b⟂ (solid line)
and 𝛿e⟂ (dashed line) versus the wave frequency.

assume that the initial ﬂuctuations perturbing the loop have the scales that are close to the loop dimensions,
𝜆0⟂ ≃ L0⟂ and 𝜆0z ≃ L0z , such that k0z ∕k0⟂= 2 × 10−3 .
The nonthermal velocities Vnt = 100–200 km s−1 [Alexander et al., 1998, and references therein] deduced from
spectral observations allow estimating the turbulence amplitude 𝛿B0⟂ at the driving scale k0⟂ . Assuming that
−5∕3
2
2
≃ Vturb
the turbulence is driven at MHD scales and using the MHD turbulent spectrum ∼ k⟂ , the relation Vnt
gives
2
Vnt

VA2
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where the contribution originating from the dissipation scale kd⟂ can be neglected for a wide inertial range
kd⟂ ∕k0⟂ ≫1. Then, taking for certainty Vnt =140 km s−1 , we estimate 𝛿B0⟂ ∕B0 ≃ 2 × 10−3 and the perturbative approach is justiﬁed. In this case, the critical balance condition k0z ∕k0⟂ = 𝛿B0⟂ ∕B0 is satisﬁed already at
the driving scales. The initial wave frequency 𝜔 ≃ 43 rad s−1 is 5 orders below the ion cyclotron frequency
𝜔ci ≃ 5 × 106 rad s−1 .
Based on the above parameters, Figure 1 presents spectral scaling for the turbulence in the ﬂare loop. It is
seen that the turbulent cascade arrives to the high ion cyclotron frequencies at the perpendicular scales
that are already smaller than the ion gyroradius scale. Therefore, the scalings of the kinetic Alfvén turbulence are mainly deﬁned by the perpendicular dispersive eﬀects of ﬁnite 𝜆e k⟂ , which result in the magnetic
−7∕3
−1∕3
7∕3
spectrum ∝ k⟂ , electric spectrum ∝ k⟂ , anisotropic scale relation kz ∝ k⟂ , and frequency scaling
4∕3
𝜔 ∝ k⟂ . It is interesting to observe the increase of the parallel electric ﬁeld Ez as the wavelength decreases,
which attains large values Ez ∼0.1–1 V/m at kinetic scales. These values are larger than the Dreicer ﬁeld
ED = elnΛ(4𝜋𝜖0 𝜆2D ) ∼ 10−2 V/m, so that the turbulence-generated parallel electric ﬁelds may play an important role in the ﬁeld-aligned particle acceleration and/or plasma heating in ﬂare loops. One however should
keep in mind that our results are valid only in the wave number ranges where damping is relatively weak (see
section 6). At high wave numbers one may need to account for dissipative eﬀects (and for electron dispersive
eﬀects at 𝜌e k⟂≥1).
The parallel dispersive eﬀects are not expected to be signiﬁcant in the case considered here of the
low-frequency driver perturbing the whole loop. However, Alfvénic perturbations excited by kinetic instabilities may have high frequency from the very beginning [e.g. Voitenko and Goossens, 2002], in which case the
parallel dispersive eﬀects of ﬁnite 𝜆i kz must be taken into account. We also do not discuss here the intermittency eﬀects, because it is diﬃcult to deduce from the available observations if the turbulence in ﬂare loops
is intermittent.
5.2. Solar Wind at 1 AU
Typical plasma parameters are B0 ≃ 11 nT, N0 ≃ 9 × 106 m−3 , Ti ≃ 1.5 × 105 K, and Te ≃ 1.4 × 105 K in the solar
wind at 1 AU [Salem et al., 2012]. Here 𝛽 ∼ 0.4. We consider high-amplitude magnetic perturbations 𝛿B0⟂ ∼ B0 ,
at the isotropic initial (injection) scales L0z = L0⟂ =3 × 109 m, which imply that the critical balance is set up
at the very beginning. The corresponding initial wave frequency 𝜔 ≃ 1.7 × 10−4 rad s−1 is much less as compared to the ion cyclotron frequency 𝜔ci ≃ 1 rad s−1 . Based on above parameters, the spectral scalings are
presented in Figure 2.
From Figure 2 we see that the wave frequency reaches the ion cyclotron frequency well above the ion gyroradius scales. In this case kinetic eﬀects of ﬁnite 𝜌i k⟂ dominate kinetic spectral scalings and result in the
−7∕3
−1∕3
1∕3
magnetic spectrum ∝ k⟂ , electric spectrum ∝ k⟂ , anisotropy scale relation kz ∝ k⟂ , and frequency
4∕3
scaling 𝜔 ∝ k⟂ in the range 𝜌i k⟂ >1>𝜌e k⟂ . Although magnetic amplitudes are high at the injection scales,
they drop well below B0 as the turbulence cascades toward the small scales, such that 𝛿B⟂ ∕B0 ∼ 0.05 at the
ion gyroradius scale 𝜌i k⟂ =1 and 𝛿B⟂ ∕B0 ∼ 0.005 at the electron gyroradius scale 𝜌e k⟂ =1. The minus sign
in front of Ez in Figure 2d represents the phase shift between Ez and 𝛿B⟂ .
However, the above scalings disagree with the observed ones. Sahraoui et al. [2013] have found that magnetic
−7∕3
spectra ∝ k⟂ are unlikely in the kinetic-scale solar wind turbulence. Most of the observed kinetic-scale
spectra are signiﬁcantly steeper, with the spectral index distributed in the range [−2.5, −3.1]. The observed
range of spectral indices is very close to that predicted in the previous section for the intermittent turbulence,
[−7∕3, −3] (see also Table 2). This suggests that the kinetic-scale turbulence in the solar wind is intermittent,
with the steepest spectra dominated by the low-frequency tube-like ﬂuctuations, whereas the ﬂattest spectra
indicate the presence of sheet-like structures and/or high frequencies. The intermittent character of the solar
wind turbulence at kinetic scales has been supported by recent Cluster observations of magnetic [Wu et al.,
2013] and density [Chen et al., 2014] ﬂuctuations.

6. Discussion
6.1. Impact of the Injection Scales on the Excitation of High-Frequency KAWs
To further understand the frequency cascade in Alfvénic turbulence, it is of interest to estimate the time
required for the wave frequency to cascade from the initial driving frequency 𝜔 = 𝜔0 to the ion cyclotron
frequency 𝜔 = 𝜔ci . Assume that the perpendicular wave number doubles at each (jth) cascade step,
ZHAO ET AL.
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Figure 2. Steady state Alfvén wave spectra in a typical solar wind plasma. (a) Normalized energy spectra for 𝛿b⟂ (solid
line) and 𝛿e⟂ (dashed line). (b) The anisotropy relation. (c) The wave frequency versus the perpendicular wave number.
(d) The parallel electric ﬁeld versus the perpendicular wave number. (e) Normalized energy spectra of 𝛿b⟂ (solid line)
and 𝛿e⟂ (dashed line) versus the wave frequency.

k⟂(j) = 2k⟂(j−1) . The time of the jth cascade step is tj = 2𝜋∕𝜔(k⟂j ). If after n cascades, at the critical wave number
∑n
k⟂c = k⟂(n) the wave frequency reaches 𝜔ci , the time required is 𝜏 ∼ j=1 2𝜋∕𝜔(k⟂j ). Figure 3 shows the nor∑n
malized time scale 𝜏c ≡ 𝜏∕(2𝜋∕𝜔ci ) = j=1 (𝜔ci ∕𝜔(k⟂j )) and the corresponding perpendicular wave number
k⟂c as functions of the initial anisotropy k0⟂ ∕k0z , for diﬀerent injection scales 𝜆i k0z . We see that the wave
frequency can reach 𝜔ci in the vicinity of the plasma kinetic scales. Figure 3 also shows that larger 𝜆i k0z and
k0z ∕k0⟂ leads to shorter time 𝜏c and smaller wave number k⟂c at which the ion cyclotron frequency is reached.
Thus, detailed comparison of our theoretical predictions with the satellite observations would require more
deﬁnite information on 𝜆i k0z and k0⟂ ∕k0z , which are not certain at present.

Earlier studies have shown that the ions of the solar atmosphere can be accelerated by Alfvén waves at the
ion cyclotron frequency. It is therefore of interest to consider the generation of such Alfvén waves by the
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Figure 3. The (a1, a2) spatial, 𝜏c , and (b1, b2) temporal, kc , scales for diﬀerent initial energy injection scale and
anisotropy ratio. The solid, dashed, and dash-dotted lines represent 𝜆i k0z = 10−5 , 10−4 and 10−3 , respectively. The
plasma parameters used in Figures 3a1 and 3b1 are the same as that in Figure 1; the plasma parameters in Figures 3a2
and 3a2b2 are the same as that in Figure 2.

turbulent cascade. We consider a plasma in the solar active region [Gary, 2001], where B0=10−3 T, n=1015 m−3 ,
T = 3 × 106 K, 𝛽 ≃ 0.1, and 𝜔ci ≃ 105 rad/s. The times for the turbulent cascade to generate Alfvén waves at
the ion cyclotron frequency are 𝜏 ∼ 0.1 s, 1 s, and 10 s for 𝜆i k0z = 10−3 , 10−4 , and 10−5 , respectively. The
corresponding spatial scales are L ∼ VA 𝜏 ∼ 105 m, 106 m, and 107 m, respectively. These scales are smaller than
the global spatial scales ∼108 –109 m (temporal scales, approximately tens of minutes) of the active regions.
Therefore, ion cyclotron Alfvén waves may be easily excited by the Alfvénic turbulence cascade in the solar
active regions, where sources of the initial Alfvén waves can be convective motions of the magnetic foot
points, particle ﬂuxes, and/or magnetic reconnection.
6.2. Impact of Intermittency and Spectra Contamination by High Frequencies
Recent results on solar wind turbulence reported by Sahraoui et al. [2013] indicate steep spectra at kinetic
scales, with spectral indices distributed in the interval [−2.5, −3.1]. Such spectra can be formed by the
intermittent Alfvénic turbulence, which is supported by the high intermittency measured in the solar wind turbulence at kinetic scales [Wu et al., 2013; Chen et al., 2014]. Extending analysis below electron gyroradius scale,
−8∕3
Alexandrova et al. [2012] proposed a complex spectral form ∝ k⟂ exp(−k⟂ 𝜌e ) which is nearly the power
−8∕3
law ∝ k⟂ between the ion and electron gyroradius and mostly exponential below the electron gyroradius.
−8∕3
The power law part of the spectrum (∝ k⟂ ) may be formed by the intermittent turbulence with sheet-like
structure [Boldyrev and Perez, 2012], and steeper-observed spectra can be formed by adding tube-like structures. The exponential spectrum drop at k⟂ 𝜌e > 1 implies the appearance of the dissipation range and may
be caused by the strong electron Landau damping [TenBarge and Howes, 2013]. On the other hand, not exponential but steep power law spectra below the electron gyroradius scale were reported by Sahraoui et al.
[2010, 2013], who also suggested possible reasons for that. Further observations and analysis are needed to
distinguish the nature of turbulence at scales below 𝜌e and to resolve the above mentioned controversy.
Direct comparisons between spacecraft-frame frequency spectra and theoretical wave number spectra may
be complicated by violation of the Taylor hypothesis. Namely, as we have shown above, the KAW frequency
can increase to 𝜔 ≳ 𝜔ci , in which case the contribution of the term ∼𝜔 to the spacecraft-frame frequency
𝜔sc =𝜔 + k ⋅ vsw may become as important as the contribution of the Doppler term ∼k ⋅ vsw . Therefore, to
explain the broad index distribution observed by Sahraoui et al. [2013] (see also Huang et al. [2014]), one
needs further analysis of the possible production of high frequencies and their contribution to the frequency
2∕3
spectra measured in the spacecraft frame. It should also be noted that the anisotropy scaling is kz ∝ k⟂ for
intermittent low-frequency KAW turbulence formed by the sheet-like ﬂuctuations [Boldyrev and Perez, 2012].
The above mentioned problems call for further investigations of the role of intermittency in kinetic Alfvén
turbulence.
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6.3. Damping Eﬀects
In the low-frequency kinetic Alfvén turbulence, possessing parallel electric ﬁelds, the proton and electron
Landau damping may dissipate the turbulent energy and inﬂuence spectral transfer. In this study we
neglected these dissipative eﬀects, as well as the ion cyclotron resonant damping, which needs justiﬁcations.
To this end we note that even the strongest resonant damping, based on the Maxwellian velocity distributions,
does not prevent the super-ion-cyclotron KAWs from propagation. This can be directly seen from Figures 3–9
by Sahraoui et al. [2012] or Figure 4 by Vásconez et al. [2014] showing the KAW kinetic dispersion and damping. Even with ﬁxed Maxwellian velocity distributions, many dispersion curves corresponding to diﬀerent
propagation angles extend continuously from sub- to super-ion-cyclotron frequencies without being heavily
damped. Say, the relative damping rates in Figure 9 by Sahraoui et al. [2012] are low, 𝛾L ∕𝜔 ≲ 0.2, for supercyclotron KAWs at the propagation angles >80∘ . Hence, the critically balanced turbulent cascade, operating at
the wave period timescale 𝛾NL ≃ 𝜔, is still much faster than the dissipation of supercyclotron KAWs, 𝛾NL≫ 𝛾L .
The inﬂuence of damping on the turbulent spectra can be strong. Cranmer and Van Ballegooijen [2003] and
Podesta et al. [2010] have shown that the magnetic spectrum of low-frequency kinetic Alfvén turbulence experiences a fast fall-oﬀ between ion and electron scales if the Landau damping is accounted for. The frequency
spectrum ∝ 𝜔−3.2 , obtained in numerical simulations by TenBarge and Howes [2012] for 𝛽 = 1, is also much
steeper than our ∝ 𝜔−2 spectrum, which indicates a strong Landau damping in their simulations. Indeed,
Podesta et al. [2010] and TenBarge and Howes [2012] used the linear Landau damping (𝛾LMaxwellian ) assuming
Maxwellian velocity distributions of plasma species. However, this approximation can hardly be applied to the
solar wind where essentially non-Maxwellian particle velocity distributions (PVDs) are regularly observed.
In accordance to recent analytical estimations [Voitenko and DeKeyser, 2011; Borovsky and Gary, 2011; Rudakov
et al., 2011; Voitenko and Pierrard, 2013] and numerical simulations [Pierrard and Voitenko, 2013; Vásconez
et al., 2014], the local velocity-space plateaus are formed in the solar wind PVDs by the observed ion-scale
turbulence. This conclusion is supported by many in situ observations of nonthermal features typical for
such plateaus. Here we refer to the recent paper by He et al. [2015] demonstrating clear observational evidences of the quasi-linear plateaus rendering 𝛾LMaxwellian inappropriate. The real damping and its inﬂuence
on the observed spectra are therefore reduced by the particles feedback (see Voitenko and De Keyser [2011,
equation (25)] and following discussions).
To obtain the average spectral index observed in the solar wind (∼−2.8 at k⟂ 𝜌i > 1) from the regular nondissipative spectral index (∼ −7∕3), one needs to add the index decrement of about −0.47. In accordance to recent
ﬁndings, this decrement can be provided by damping [Howes et al., 2011a] and/or intermittency [Boldyrev and
Perez, 2012]. As the sheet-like intermittency regularly appears in simulations [Boldyrev and Perez, 2012] and
reduces the spectral index to −8∕3, the rest, −0.13, can be attributed to damping. The inﬂuence of damping
on the turbulent spectra is therefore small, in which case the two-ﬂuid model is a good proxy to study KAW
turbulent spectra [see, e.g., Boldyrev et al., 2013; Vásconez et al., 2014]. Several damping mechanisms can contribute to the −0.13 decrement, including Landau damping, ion cyclotron damping, nonadiabatic/stochastic
heating, etc. [see, e.g., Quataert, 1998; Voitenko and Goossens, 2004; Chandran et al., 2010].
This conclusion is supported by the two-ﬂuid simulations by Boldyrev and Perez [2012] giving the spectral
index ∼ −8∕3, similar to the observed indices and to the index ∼ −2.8 found in gyrokinetic simulations [Howes
et al., 2011a; TenBarge and Howes, 2013]. This suggests that the dissipative eﬀects are not so important for the
turbulent spectra in the solar wind.
When the high-frequency 𝜔 ∼ 𝜔ci KAWs are excited by the turbulent cascade, they can undergo the ion
cyclotron resonance with particles satisfying the resonant condition 𝜔 − n𝜔ci = kz vz [Hollweg and Isenberg,
2002; Voitenko and Goossens, 2002, 2003]. However, this process depends not solely on the wave frequency
but also on the wave polarization and plasma properties. In particular, both the right-hand polarization of
KAWs and the quasi-linear modiﬁcation of the proton velocity distribution reduce the wave damping at the
ion cyclotron resonance. The right-hand polarization allows also a smooth extension of the KAW branch above
the ion cyclotron frequency [Boldyrev et al., 2013]. In addition, the ion cyclotron resonance is narrow-band
[see e.g. Figure 4 by Vásconez et al., 2014], and the turbulent cascade can jump over the narrow resonant layer
and proceed further to higher frequencies. These properties of KAWs explain their observations above the ion
cyclotron frequency [Huang et al., 2012].
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6.4. Roles of Quasi-Linear Premise and Critical Balance
To model the Alfvénic turbulence we also used a quasi-linear premise [e.g., Schekochihin et al., 2009]. Its validity has been supported by the gyrokinetic simulations [e.g, Howes et al., 2011b]. The quasi-linear premise has
been widely used to distinguish the wave modes in the dissipation range of the solar wind turbulence [e.g.,
Sahraoui et al., 2010; He et al., 2011; Salem et al., 2012; Podesta, 2013; Roberts et al., 2013, 2015], as well as in modeling the kinetic Alfvén turbulence [e.g., Schekochihin et al., 2009; Howes et al., 2011a; Voitenko and De Keyser,
2011; Boldyrev and Perez, 2012; Zhao et al., 2013]. The related assumption of the critical balance between the
linear Alfvén propagation timescale and the nonlinear turnover timescales [Goldreich and Sridhar, 1995] is also
regularly used in modeling the strong Alfvénic turbulence. Simulations of the kinetic Alfvén turbulence also
support this assumption [e.g., Howes et al., 2011b].
Our model assumes local interactions among counterpropagating Alfvénic ﬂuctuations forming the turbulence. Both these assumptions can be violated. The nonlocal spectral transport [Voitenko and Goossens, 2005;
Zhao et al., 2011a, 2011b, 2014a; Howes et al., 2011b] may contribute to the kinetic-scale spectra and should be
taken into account in more comprehensive models. Furthermore, the turbulence generated by the nonlinear
interaction between copropagating waves can produce much steeper spectra. As was shown by Voitenko and
DeKeyser [2011], the nonlinear interactions among copropagating KAWs can produce the steepest spectra in
the vicinity of the ion gyroscale, P𝛿b⟂ ∝ k⟂−3 for the strong turbulence and P𝛿b⟂ ∝ k⟂−4 for the weak turbulence.
It is still unknown which interaction (the interaction between counterpropagating KAWs or the interaction
between copropagating KAWs) or both dominates the kinetic Alfvén turbulence observed in the solar wind.
At last, we note that the universal frequency spectrum of the magnetic power P𝛿b⟂ (𝜔) ∝ 𝜔−2 should not surprise the reader. It is rather a natural consequence of the constant energy ﬂux and critical balance conditions
and may change only if one or both of the above conditions are violated. For example, if the wave damping
becomes strong at very small kinetic scales, the spectral energy ﬂux decreases with k⟂ making spectra steeper.

7. Summary
We have developed a semiphenomenological model of Alfvénic turbulence extending from low frequencies
𝜔 ≪ 𝜔ci at MHD scales to high frequencies 𝜔 ≳ 𝜔ci at kinetic scales. The quasi-stationary turbulent spectra are obtained accounting for the dispersive eﬀects of ﬁnite 𝜌i k⟂ , 𝜆e k⟂ , and 𝜔∕𝜔ci ∼𝜆i kz . New ﬁndings are
summarized as follows:
1. Generation of high frequencies 𝜔∕𝜔ci ≳ 1 by the turbulent cascade is possible and depends on the injection scale, frequency, and the turbulence state. Larger driving frequency 𝜔0 ∕𝜔ci and anisotropy k0z ∕k0⟂
accelerate production of ion cyclotron frequencies 𝜔 ∼ 𝜔ci . Large parallel wave numbers and frequencies
are generated faster in the intermittent turbulence than in the space-ﬁlling one, such that intermittent
𝛼∕3
𝛼∕3
k̃ z ∝ k⟂ kz and 𝜔̃ ∝ k⟂ 𝜔 , where 𝛼 = 1 for the sheet-like intermittent structures and 𝛼 = 2 for the tube-like.
2. Parallel dispersive eﬀects at 𝜆i kz ∼ 𝜔∕𝜔ci > 1 make kinetic-scale spectra and scalings ﬂatter. In particular,
the magnetic spectral index is increased by 1/3 as compared to the low-frequency KAW turbulence. In the
space-ﬁlling turbulence, P𝛿b⟂ ∝ k⟂−2 for Q ≪ 𝛽 ≲ 1, and P𝛿b⟂ ∝ k⟂−1 for 𝛽 ≪ Q.
3. At 𝜆i kz ∼ 𝜔∕𝜔ci ≲ 1, the perpendicular dispersive eﬀects of ﬁnite 𝜌i k⟂ (or 𝜆e k⟂ at 𝛽 ≪ Q) dominate and the
−7∕3
spectra remain nearly the same as in the low-frequency kinetic Alfvén turbulence, such that P𝛿b⟂ ∝ k⟂
−1∕3
and P𝛿e⟂ ∝ k⟂ in the space-ﬁlling turbulence.
4. Magnetic and electric power spectra are steeper in the intermittent turbulence (P̃ ) than in the space-ﬁlling
−𝛼∕3
−𝛼∕3
(P): P̃ 𝛿b⟂ ∝ k⟂ P𝛿b⟂ and P̃ 𝛿e⟂ ∝ k⟂ P𝛿e⟂ For the mixed sheet- and tube-like intermittency 1 ≤ 𝛼 ≤ 2, which
gives the range of possible spectral indices Rint = [−7∕3, −3] for Q ≪ 𝛽 ≲ 1.
5. The universal frequency spectrum E𝛿b⟂ (𝜔) ∝ 𝜔−2 is found. An apparent contradiction of this universal spectrum with the nonuniversal eﬀect of intermittency (see item 1 above) can be attributed to the dominating
cross-ﬁeld dynamics governing the evolution of k⟂ , whereas the frequency follows k⟂ via critical balance.
In contrast to E𝛿b⟂ (𝜔), the spectral index of electric frequency spectra E𝛿e⟂ (𝜔) varies with the scale range,
turbulence intermittency, and plasma 𝛽 .
6. A good correspondence of Rint with the range of measured spectral indexes Robs =[−2.5, −3.1] suggest
that the solar wind turbulence at kinetic scale is intermittent and consists of varying fractions of sheet-like
and tube-like ﬂuctuations. Shallower spectra may indicate the presence of a fraction of high-frequency
ﬂuctuations.
ZHAO ET AL.

KINETIC ALFVÉN TURBULENCE

15

Journal of Geophysical Research: Space Physics

10.1002/2015JA021959

Damping eﬀects have not been taken into account in our study, which is justiﬁed if the dispersive and intermittency eﬀects are suﬃciently strong. In the solar wind the turbulent spectral index −2.8 is dominated by
the inherent nonlinear dynamics, and only small decrement of the index (about −0.13) can be associated with
damping. Weak damping eﬀects can be the result of quasi-linear and/or nonlinear modiﬁcation of the particle
velocity distributions, which reduce the damping in the resonant scales 𝜌i k⟂ > 1.

Appendix A: Wave Variables and Spectra in Low-𝜷 Plasmas
In low-𝛽 (𝛽 ≪ 1) plasmas, expressions (2) and (4)–(8) can be simpliﬁed to
1∕2

−1∕3

𝛿b⟂ = C1 𝜖 1∕3 k⟂
1∕2

−1∕3

𝛿e⟂ = C1 𝜖 1∕3 k⟂

−1∕6 −1∕3 ′1∕6 ,

−2∕3 −1∕3 ′−1∕3

[(
)
]
1 + 𝜌2i k⟂2  − 𝜌2s k⟂2 𝜆2i kz2 ,

[ (
)
(
)]
4∕3
𝛿ez = C1 C2 VA−2 𝜖 2∕3 k⟂ −5∕6 1∕3 ′−1∕6 𝜌2s 1 + 𝜆2i kz2 − 𝜆2e 1 + 𝜌2i k⟂2 ,
1∕2

2∕3

kz = C1 C2 VA−1 𝜖 1∕3 k⟂ −1∕6 2∕3 ′1∕6 ,
1∕2

2∕3

𝜔 = C1 C2 𝜖 1∕3 k⟂ 1∕3 2∕3 ′−1∕3 ,
−5∕3

P𝛿b⟂ = C1 𝜖 2∕3 k⟂
−5∕3

P𝛿e⟂ = C1 𝜖 2∕3 k⟂

−1∕3 −2∕3 ′1∕3 ,

−4∕3 −2∕3 ′−2∕3

[(

)
]2
1 + 𝜌2i k⟂2  − 𝜌2s k⟂2 𝜆2i kz2 .

(A1)
(A2)
(A3)
(A4)
(A5)
(A6)
(A7)

Appendix B: Intermittent Turbulence
Alfvénic turbulence is in most cases intermittent (non space-ﬁlling), and the turbulent ﬂuctuations occupy
only a fraction of the volume [Boldyrev and Perez, 2012; TenBarge and Howes, 2013]. The probability of intermittent structures in ﬂuid turbulence is p(l) ∝ l3−D , where the fractal dimensions are D=0, 1, and 2 for the
ball-like, tube-like, and sheet-like structures [Frisch, 1995]. As the Alfvénic turbulent ﬂuctuations are elongated
in the direction of the mean magnetic ﬁeld, the isotropic ball-like ﬂuctuations can hardly develop. For the
other two structure types we deﬁne the probability in the wave number space instead of the space of scales:
p(k⟂ ) = Cp k⟂−𝛼 , where 𝛼 = 1 and 2 for the sheet-like and tube-like structures, respectively. Then, using the
( ) −3∕2
energy ﬂux in the intermittent turbulence 𝜖̃ = p k⟂ C1 k⟂ 𝛿 ṽ e⟂ 𝛿 b̃ 2⟂ , the corresponding wave variables and
spectral scalings are found:
𝛿 b̃ ⟂ = Cp

−1∕3 𝛼∕3
k⟂ 𝛿b⟂ ,

(B1)

−1∕3 𝛼∕3
k⟂ 𝛿e⟂ ,

(B2)

−2∕3 2𝛼∕3
k⟂ 𝛿ez ,

(B3)

𝛿 ẽ ⟂ = Cp
𝛿 ẽ z = Cp

−1∕3 𝛼∕3
k̃ z = Cp k⟂ kz ,

(B4)

−1∕3 𝛼∕3
k⟂ 𝜔,

(B5)

𝜔̃ = Cp

ZHAO ET AL.

1∕3 −𝛼∕3
P̃ 𝛿b⟂ = Cp k⟂ P𝛿b⟂ ,

(B6)

1∕3 −𝛼∕3
P̃ 𝛿e⟂ = Cp k⟂ P𝛿e⟂ .

(B7)

KINETIC ALFVÉN TURBULENCE

16

Journal of Geophysical Research: Space Physics
Acknowledgments
This work was supported by the
Belgian Federal Science Policy
Oﬃce via Solar-Terrestrial Centre of
Excellence (project Fundamental
Science) and via IAP Programme
(project P7/08 CHARM); by the
European Commission via FP7
program (project 313038 STORM),
the NNSFC(11303099, 11373070,
11374262, 41074107, and 41531071);
by the MoSTC (grant 2011CB811402),
the NSF of Jiangsu Province
(BK2012495), the Key Laboratory of
Solar Activity at CAS NAO (LSA201304),
the Youth Innovation Promotion
Association CAS, the CAEP, and the
ITER-CN (2013GB104004). All data
for this paper are properly cited and
referred to in the reference list.

ZHAO ET AL.

10.1002/2015JA021959

References
Alexander, D., L. K. Harra-Murnion, J. I. Khan, and S. A. Matthews (1998), Relative timing of soft X-ray nonthermal line broadening and hard
X-ray emission in solar ﬂares, Astrophys. J., 494(2), L235–L238.
Alexandrova, O., C. Lacombe, A. Mangeney, R. Grappin, and M. Maksimovic (2012), Solar wind turbulent spectrum at plasma kinetic scales,
Astrophys. J., 760(2), 121, doi:10.1088/0004-637X/760/2/121.
Bian, N. H., E. P. Kontar, and J. C. Brown (2010), Parallel electric ﬁeld generation by Alfvén wave turbulence, Astron. Astrophys., 519, A114,
doi:10.1051/0004-6361/201014048.
Boldyrev, S., and J. C. Perez (2012), Spectrum of kinetic-Alfvén turbulence, Astrophys. J., 758(2), L44, doi:10.1088/2041-8205/758/2/L44.
Boldyrev, S., K. Horaites, Q. Xia, and J. C. Perez (2013), Toward a theory of astrophysical plasma turbulence at subproton scales, Astrophys. J.,
777(1), 41.
Borovsky, J. E., and S. P. Gary (2011), Electron-ion Coulomb scattering and the electron Landau damping of Alfvén waves in the solar wind,
J. Geophys. Res., 116, A07101, doi:10.1029/2010JA016403.
Brodin, G., and L. Stenﬂo (2015), Nonlinear wave interactions of kinetic sound waves, Ann. Geophys., 33, 1007–1010.
Brodin, G., L. Stenﬂo, and P. K. Shukla (2006), Nonlinear interactions between three inertial Alfvén waves, J. Plasma Phys., 73(1), 9–13.
Chandran, B. D., B. Li, B. N. Rogers, E. Quataert, and K. Germaschewski (2010), Perpendicular ion heating by low-frequency Alfvén-wave
turbulence in the solar wind, Astrophys. J., 720(1), 503–515.
Chaston, C. C., C. Salem, J. W. Bonnell, C. W. Carlson, R. E. Ergun, R. J. Strangeway, and J. P. McFadden (2008), The turbulent Alfvénic aurora,
Phys. Rev. Lett., 100(17), 175003.
Chaston, C. C., J. R. Johnson, M. Wilber, M. Acuna, M. L. Goldstein, and H. Reme (2009), Kinetic Alfvén wave turbulence and transport through
a reconnection diﬀusion region, Phys. Rev. Lett., 102, 15001.
Chen, C. H. K., L. Sorriso-Valvo, J. Safrankova, and Z. Nemecek (2014), Intermittency of solar wind density ﬂuctuations from ion to electron
scales, Astrophys. J., 789, L8, doi:10.1088/2041-8205/789/1/L8.
Cranmer, S. R., and A. A. Van Ballegooijen (2003), Alfvénic turbulence in the extended solar corona: Kinetic eﬀects and proton heating,
Astrophys. J., 594, 573–591.
Frisch, U. (1995), Turbulence: The lLegacy of A. N. Kolmogorov, Cambridge Univ. Press, Cambridge, U. K.
Gary, G. A. (2001), Plasma beta above a solar active region: Rethinking the paradigm, Sol. Phys., 203, 71–86.
Goldreich, P., and S. Sridhar (1995), Toward a theory of interstellar turbulence 2: Strong Alfvénic turbulence, Astrophys. J., 438, 763–775.
He, J., E. Marsch, C. Tu, S. Yao, and H. Tian (2011), Possible evidence of Alfvén-cyclotron waves in the angle distribution of magnetic helicity
of solar wind turbulence, Astrophys. J., 731, 85.
He, J., C. Tu, E. Marsch, S. Bourouaine, and Z. Pei (2013), Radial evolution of the wavevector anisotropy of solar wind turbulence between 0.3
and 1 AU, Astrophys. J., 773, 72.
He, J., L. Wang, C. Tu, E. Marsch, and Q. Zong (2015), Evidence of Landau and cyclotron resonance between protons and kinetic waves in
solar wind turbulence, Astrophys. J., 800, L31.
Hollweg, J. V., and P. A. Isenberg (2002), Generation of the fast solar wind: A review with emphasis on the resonant cyclotron interaction,
J. Geophys. Res., 107(A7), 1147, doi:10.1029/2001JA000270.
Horbury, T. S., R. T. Wicks, and C. H. K. Chen (2012), Anisotropy in space plasma turbulence: Solar wind observations, Space Sci. Rev., 172,
325–342.
Howes, G. G., J. M. TenBarge, W. Dorland, E. Quataert, A. A. Schekochihin, R. Numata, and T. Tatsuno (2011a), Gyrokinetic simulations of solar
wind turbulence from ion to electron scales, Phys. Rev. Lett., 107(3), 35004.
Howes, G. G., J. M. TenBarge, and W. Dorland (2011b), A weakened cascade model for turbulence in astrophysical plasmas, Phys. Plasmas,
18, 102305.
Huang, S. Y., et al. (2012), Observations of turbulence within reconnection jet in the presence of guide ﬁeld, Geophys. Res. Lett., 39, L11104,
doi:10.1029/2012GL052210.
Huang, S. Y., F. Sahraoui, X. H. Deng, J. S. He, Z. G. Yuan, M. Zhou, Y. Pang, and H. S. Fu (2014), Kinetic turbulence in the terrestrial
magnetosheath: Cluster observations, Astrophys. J., 789, L28, doi:10.1088/2041-8205/789/2/L28.
Kraichnan, R. H. (1965), Inertial-range spectrum of hydromagnetic turbulence, Phys. Fluids, 8(7), 1385–1387.
Podesta, J. J., J. E. Borovsky, and S. P. Garry (2010), A kinetic Alfvén wave cascade subject to collisionless damping cannot reach electron
scales in the solar wind at 1 AU, Astrophys. J., 712, 685, doi:10.1088/0004-637X/712/1/685.
Podesta, J. J. (2013), Evidence of kinetic Alfvén waves in the solar wind at 1 AU, Sol. Phys., 286, 529–548, doi:10.1007/s11207-013-0258-z.
Pierrard, V., and Y. Voitenko (2013), Modiﬁcation of proton velocity distributions by Alfvénic turbulence in the solar wind, Sol. Phys., 288(1),
355–368.
Marsch, E. (2006), Kinetic physics of the solar corona and solar wind, Living Rev. Sol. Phys., 3(1), 1–100.
Quataert, E. (1998), Particle heating by Alfvenic turbulence in hot accretion ﬂows, Astrophys. J., 500(2), 978–991, doi:10.1086/305770.
Quataert, E., and A. Gruzinov (1999), Turbulence and particle heating in advection-dominated accretion ﬂows, Astrophys. J., 520, 248–255,
doi:10.1086/307423.
Roberts, O. W., X. Li, and B. Li (2013), Kinetic plasma turbulence in the fast solar wind measured by Cluster, Astrophys. J., 769(1), 58.
Roberts, O. W., X. Li, and L. Jeska (2015), A statistical study of the solar wind turbulence at ion kinetic scales using the k-ﬁltering technique
and Cluster data, Astrophys. J., 802, 2.
Rudakov, L., M. Mithaiwala, G. Ganguli, and C. Crabtree (2011), Linear and nonlinear Landau resonance of kinetic Alfvén waves:
Consequences for electron distribution and wave spectrum in the solar wind, Phys. Plasmas, 18(1), 12307.
Sagdeev, R. Z., and A. A. Galeev (1969), Nonlinear Plasma Theory, Benjamin, Library of Congress Catalogue Card Number: 69-13132,
New York.
Sahraoui, F., M. L. Goldstein, G. Belmont, P. Canu, and L. Rezeau (2010), Three dimensional anisotropic k spectra of turbulence at subproton
scales in the solar wind, Phys. Rev. Lett., 105(13), 131101.
Sahraoui, F., G. Belmont, and M. L. Goldstein (2012), New insight into short-wavelength solar wind ﬂuctuations from Vlasov theory,
Astrophys. J., 748(2), 100.
Sahraoui, F., S. Y. Huang, G. Belmont, M. L. Goldstein, A. Retino, P. Robert, and J. DePatoul (2013), Scaling of the electron dissipation range of
solar wind turbulence, Astrophys. J., 777, 15.
Salem, C. S., G. G. Howes, D. Sundkvist, S. D. Bale, C. C. Chaston, C. H. K. Chen, and F. S. Mozer (2012), Identiﬁcation of kinetic Alfvén wave
turbulence in the solar wind, Astrophys. J., 745, L9, doi:10.1088/2041-8205/745/1/l9.
Schekochihin, A. A., S. C. Cowley, W. Dorland, G. W. Hammett, G. G. Howes, E. Quataert, and T. Tatsuno (2009), Astrophysical gyrokinetics:
Kinetic and ﬂuid turbulent cascades in magnetized weakly collisional plasmas, Astrophys. J. Suppl. Ser., 182(1), 310,
doi:10.1088/0067-0049/182/1/310.

KINETIC ALFVÉN TURBULENCE

17

Journal of Geophysical Research: Space Physics

10.1002/2015JA021959

Shukla, P. K., G. Brodin, and L. Stenﬂo (2006), Nonlinear interaction between three kinetic Alfvén waves, Phys. Lett. A, 353, 73–75.
TenBarge, J. M., and G. G. Howes (2012), Evidence of critical balance in kinetic Alfvén wave turbulence simulations, Phys. Plasmas, 19(5),
55901.
TenBarge, J. M., and G. G. Howes (2013), Current sheets and collisionless damping in kinetic plasma turbulence, Astrophys. J. Lett., 771, L27,
doi:10.1088/2041-8205/771/2/L27.
Vásconez, C. L., F. Valentini, E. Camporeale, and P. Veltri (2014), Vlasov simulations of kinetic Alfvén waves at proton kinetic scales,
Phys. Plasmas, 21(11), 112107.
Vedenov, A. A. (1968), Theory of turbulent plasma, Iliﬀe, London.
Vladimirov, S. V., and M. Y. Yu (2004), Brief review of the turbulent bremsstrahlung (plasma-maser) eﬀect, Phys. Scr., T113, 32–36.
Voitenko, Y., and J. DeKeyser (2011), Turbulent spectra and spectral kinks in the transition range from MHD to kinetic Alfvén turbulence,
Nonlinear Processes Geophys., 18, 587–597, doi:10.5194/npg-18-587-2011.
Voitenko, Y., and M. Goossens (2002), Excitation of high-frequency Alfvén waves by plasma outﬂows from coronal reconnection events,
Sol. Phys., 206(2), 285–313.
Voitenko, Y., and M. Goossens (2003), Kinetic excitation mechanisms for ion-cyclotron kinetic Alfvén waves in Sun-Earth connection,
Space Sci. Rev., 107, 387–401.
Voitenko, Y., and M. Goossens (2004), Cross-ﬁeld heating of coronal ions by low-frequency kinetic Alfvén waves, Astrophys. J., 605(2), L149.
Voitenko, Y., and M. Goossens (2005), Nonlinear coupling of Alfvén waves with widely diﬀerent cross-ﬁeld wavelengths in space plasmas,
J. Geophys. Res., 110, A10S01, doi:10.1029/2004JA010874.
Voitenko, Y., and V. Pierrard (2013), Velocity-space proton diﬀusion in the solar wind turbulence, Sol. Phys., 288(1), 369–387.
Wu, P., S. Perri, K. Osman, M. Wan, W. H. Matthaeus, M. A. Shay, M. L. Goldstein, H. Karimabadi, and S. Chapman (2013), Intermittent heating
in solar wind and kinetic simulations, Astrophys. J., 763, L30.
Zhao, J. S., D. J. Wu, and J. Y. Lu (2011a), A nonlocal wave-wave interaction among Alfvén waves in an intermediate-𝛽 plasma, Phys. Plasmas,
18(3), 32903.
Zhao, J. S., D. J. Wu, and J. Y. Lu (2011b), Kinetic Alfvén waves excited by oblique magnetohydrodynamic Alfvén waves in coronal holes,
Astrophys. J., 735(2), 114.
Zhao, J. S., D. J. Wu, and J. Y. Lu (2013), Kinetic Alfvén turbulence and parallel electric ﬁelds in ﬂare loops, Astrophys. J., 767(2), 109.
Zhao, J. S., Y. Voitenko, D. J. Wu, and J. De Keyser (2014a), Nonlinear generation of kinetic-scale waves by magnetohydrodynamic Alfvén
waves and nonlocal spectral transport in the solar Wind, Astrophys. J., 785(2), 139.
Zhao, J. S., Y. Voitenko, M. Y. Yu, J. Y. Lu, and D. J. Wu (2014b), Properties of short-wavelength oblique Alfvén and slow waves, Astrophys. J.,
793(2), 107.

ZHAO ET AL.

KINETIC ALFVÉN TURBULENCE

18

