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1. Introduction

[2] Occultation experiments form a distinct class within
the different types of methods to perform atmospheric
constituent soundings. In essence, the method consists of
measuring the atmospheric transmission of light as a
function of time and wavelength while the host satellite
is orbiting a planet (Earth). During the setting or rising of
the light source with respect to the horizon the optical path
crosses different atmospheric layers. After the measure-
ment the data can, in principle, be used to obtain infor-
mation on atmospheric constituent abundances: The
wavelength variation of the transmittance delivers infor-
mation on the different constituents (because of the
characteristic spectral extinction signature of every con-
stituent), while the time variation delivers spatial (altitu-
dinal) information. The combined spectral/temporal
variation of the measured signal can be processed to
retrieve altitude profiles of gas number densities and
aerosol extinction coefficients.
[3] In principle, every light source can be used (a city, a

laser beam, etc.). However, if extraterrestrial sources are
used, the occultation measurement becomes self-calibrat-
ing by definition since the light source irradiance can be
measured unattenuated when the optical path does not
cross the atmosphere. The choice of light source depends
on a number of criteria. The Sun is usually chosen to
achieve a high signal-to-noise ratio; the Moon and planets,
on the other hand, allow measurement of nighttime
species with reasonable sensitivity. If a good global geo-
location coverage is needed, stars and planets are a
suitable choice.

[4] At present, the occultation method has become a
standard technique in atmospheric sounding. Among
the extensive list of previously and presently opera-
tional experiments we can mention the Global Ozone
Monitoring by Occultation of Stars (GOMOS) experiment
[Bertaux et al., 1991], the Stratospheric Aerosol and Gas
Experiment (SAGE) series [Chu et al., 1989], Atmospheric
Trace Molecule Spectroscopy (ATMOS) [Gunson et al.,
1996], Polar Ozone and Aerosol Measurement (POAM)
[Lucke et al., 1999], the Midcourse Space Experiment
(MSX) [Yee et al., 2002], the Halogen Occultation Exper-
iment (HALOE) [Russell et al., 1993], the Occultation
Radiometer (ORA) [Fussen et al., 2001a], and the
Atmospheric Chemistry Experiment/Measurement of
Aerosol Extinction in the Stratosphere and Troposphere
Retrieved by Occultation (ACE/MAESTRO) [McElroy et
al., 2000].
[5] As already mentioned, altitude profiles of gas densi-

ties and aerosol extinction coefficients can be derived from
the measured transmittance. Usually, by making some
approximations in the physical model, the processing is
performed in two steps: spectral inversion (separation of
species contributions) and spatial inversion (separation of
spatial contributions). The reason for these two distinct
steps is that a one-step inversion is computationally expen-
sive. However, it is possible to achieve a relatively efficient
one-step inversion through the use of a specific method that
will be described in this paper. The main advantages of a
one-step inversion are that the typical two-step model
approximations are avoided and that the spectral and spatial
interdependency of all constituents is fully present in the
model. Furthermore, the one-step formulation is very
straightforward and elegant and can easily be implemented
in an algorithm. For clarity: By ‘‘one-step’’ we mean the
direct retrieval of the gas densities and aerosol extinctions
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from the measurements without intervening steps; we are
not referring to specific algorithm implementation details
such as the number of iterations.

2. General Problem

2.1. Physical Model

[6] In the following derivation we will assume that our
experiment consists of a UV-visible spectrometer with nl
spectral channels. We take the light source to be point-like
(such as a star or a small surface element of the Sun or
Moon). At all times, the positions of the source and the
orbiting satellite uniquely determine the path of the light ray
emitted by the source and arriving at the satellite. The point
on the ray that is closest to the surface of the Earth is
defined as the tangent point, with an associated tangent
altitude hl that depends on the wavelength l because of
chromatic refraction [Edlen, 1953]. Because of this unique
determination of the light ray, the time evolution of the
measured signal can equivalently be expressed as a function
of the tangent altitude.
[7] In a realistic experiment some spectral smearing is

always present because of a number of factors, such as the
limited spectral resolution of the detector. Taking this in
account and assuming that single-scattering conditions are
fulfilled, the measured transmittance can be expressed as a
spectral convolution of the Beer-Lambert law,

T hl;lð Þ ¼
Z
l0
F l;l0ð Þ exp �t hl0 ;l0ð Þ½ �dl0; ð1Þ

where F(l, l0) is an instrument function, properly normal-
ized to unity over its spectral range, and t(hl0, l0) is the slant
path optical thickness. If F(l, l0) is narrow enough, this
equation can be reduced within excellent approximation to
the form

T hl;lð Þ ¼ exp �~t hl;lð Þ½ � ð2Þ

by convoluting the extinction cross sections in the model
with the instrument function [Kyrola et al., 1993] (in the
case of broader instrument functions the problem becomes
more complex). The slant path optical thickness is given by

~t hl;lð Þ ¼
Z sat

source

btot shl;lð Þdshl; ð3Þ

with shl a length coordinate along the optical path with
tangent altitude hl and btot the total optical extinction
coefficient.
[8] If we assume homogeneous spherical atmospheric

layers, the problem is simplified to an integration along
altitude. This integral can be discretized by dividing the
entire altitude range in nz discrete segments and by speci-
fying an interpolation rule for the total extinction within one
segment. In this way, we derive

~t hl;lð Þ ¼
Xnz
i¼1

btot zi;lð Þg hl; zið Þ; ð4Þ

with g(hl, zi) a factor with the dimension of length,
representing the contribution or weight (hence the name

‘‘weighting function’’) of the altitude layer i to the entire
extinction along the optical path.
[9] The total extinction equals the sum of the extinction

by the different species,

btot zi;lð Þ ¼ bair zi;lð Þ þ 	 	 	 þ baero zi;lð Þ; ð5Þ

where the subscript aero refers to aerosols. For gases the
extinction is simply the product of the extinction cross
section s times the number density N. In general, absorption
cross sections depend on temperature and therefore on
altitude. For example, the ozone extinction coefficient reads

bO3
zi;lð Þ ¼ sO3

zi;lð ÞNO3
zið Þ: ð6Þ

[10] Aerosols have to be treated differently than gases
since their extinction spectra result from the convolution of
extinction cross sections with a particle size distribution. A
multitude of ways exists to express the extinction in a
simple form, but it is usually sufficient to use a fairly
smooth function, such as a low-order polynomial. The
reason is that typical particle size distributions in the
atmosphere are broad enough to significantly smooth out
wavelength structures in the aerosol cross sections. Also,
the number of aerosol parameters that is retrievable from
UV-visible measurements is quite limited [see, e.g., Fussen
et al., 2001b; Vanhellemont and Fussen, 2002]. We there-
fore describe the spectrum by a quadratic polynomial,
parametrized by the aerosol extinction at three different
wavelengths:

baero zi;lð Þ ¼
X3
j¼1

qj lð Þbaero zi;lj

� �
ð7Þ

with

qj lð Þ ¼
Y
k 6¼j

l� lk

lj � lk

: ð8Þ

[11] The full aerosol extinction spectrum at a given local
altitude is thus expressed by three variables. The total
number of constituent variables (gases and aerosols) at a
given altitude is denoted as nc.

2.2. Scaling

[12] The full transmittance model is completely specified
by the expressions in section 2.1. The unknown parameters
of the model (gas densities and aerosol extinction coeffi-
cients) generally span several orders of magnitude, not only
in altitude but also from one constituent to another. To avoid
numerical problems, some scaling is required. A common
way to do this is by expressing the unknowns with respect
to a climatological profile. For example, for air,

Nair zið Þ ¼ ~Nair zið Þxair zið Þ; ð9Þ

with ~N air taken from a climatological profile. In this way,
equation (5) transforms to

btot zi;lð Þ ¼ ~bair zi;lð Þxair zið Þ þ 	 	 	 þ ~baero zi;l3ð Þxaero;3 zið Þ: ð10Þ

2.3. Matrix Representation

[13] If we use Ti as the notation for the (nl � 1)
vector containing the transmission spectrum at the ith
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tangent altitude and combine equations (4) and (10), we
obtain

Ti ¼ exp �Kixð Þ: ð11Þ

The notation exp that we use here does not represent a
vector exponential function but does represent an element-
by-element exponentiation. The (nznc � 1) vector x contains
all the unknown parameters at all altitudes, while the (nl �
nznc) matrix Ki consists of elements that are products of
weighting functions with climatological extinction values.
[14] All transmittance spectra can be stacked together in

one total vector with dimensions (nlnh � 1),

Ttot ¼

T1

..

.

Tnh

2
66664

3
77775; ð12Þ

and the associated (nlnh � ncnz) total matrix reads

Ktot ¼

K1

..

.

Knh

2
66664

3
77775: ð13Þ

[15] Although it is evident, it is important to notice that
Ktot is not a block diagonal matrix, which means that the
transmittance spectra at different tangent altitudes are phys-
ically related. The reason for this is, of course, that two
different optical paths cross a certain number of common
atmospheric layers.
[16] Combining equations (11), (12), and (13), the total

forward model is

Ttot ¼ exp �Ktotxð Þ: ð14Þ

2.4. Example

[17] The full dimension of the forward model can easily
be illustrated. Let us say that our spectrometer has nl =
1000 spectral channels and that a full spectral acquisition is
performed every 0.5 s. A typical value for an occultation
duration is 30 s, so the total occultation measurement
consists of 60 spectra at different tangent altitudes (nh =
60). Suppose we want to retrieve nc = 9 parameter profiles
(for example, air, O3, NO2, NO3, BrO, OClO, and the
aerosol extinction at three wavelengths), evaluated on a
local altitude grid from 1 to 100 km with Dz = 1 km (nz =
100). The model matrix Ktot is then a (60,000 � 900)
matrix. Using double precision, this amounts to a matrix of
432 Mb.

3. Two-Step Inversion

3.1. Model Approximations

[18] The previous example (section 2.4) clearly shows
that calculations using the full forward model are very
demanding with respect to present-day computational
resources. Usually, in practice, some approximations are

used that significantly reduce the dimensions of the system.
Scaling issues are not relevant for the principles that we
want to demonstrate, so we will not discuss them here.
[19] For example, we can start by neglecting chromatic

refraction, assuming that the refractive index of air is
wavelength-independent. The weighting functions can then
be evaluated at a reference wavelength

g hl; zið Þ � g �h; zi
� �

: ð15Þ

This approximation is justified because the small differ-
ences in tangent altitude at different wavelengths leave the
path lengths approximately the same. Also, the constituents
vary too weakly along these altitude differences to cause a
significant change in slant path optical depth.
[20] Furthermore, effective cross sections are introduced

to take into account the temperature dependence at different
altitudes. For example, for NO2 the effective cross section
�sNO2

(�h, l) is defined as

�sNO2
�h;l
� �

¼

Xnz

i¼1
g �h; zi
� �

sNO2
zi;lð ÞNNO2

zið ÞXnz

i¼1
g �h; zi
� �

NNO2
zið Þ

¼

Xnz

i¼1
g �h; zi
� �

sNO2
zi;lð ÞNNO2

zið Þ
rNO2

�h
� � ; ð16Þ

with rNO2
(�h) the NO2 density, integrated along the optical

path with tangent altitude �h. The effective cross section and
integrated density can initially be evaluated using climato-
logical values for the density and have to be updated with
the actual retrieval during the estimation phase in an
iterative way until convergence is reached.
[21] Using these approximations, the model optical thick-

ness transforms to

t �h;l
� �

¼ �sair �h;l
� �

rair �h
� �

þ 	 	 	 þ q3 lð Þtaero �h;l3

� �
; ð17Þ

with taero(�h, l3) the aerosol slant path optical thickness at
wavelength l3. In matrix notation the transmittance
spectrum at the ith tangent altitude reads

Ti ¼ exp �CiN ið Þ; ð18Þ

with Ci the (nl � nc) matrix containing the equivalent
cross sections at the specified tangent altitude and N i the
(nc � 1) vector with the integrated densities and aerosol
optical thickness. Notice that all quantities in equation (18)
are expressed at one tangent altitude. Therefore the
vectors N i can be retrieved for all tangent altitudes
separately.
[22] The integrated density or aerosol optical thickness

profile can now be expressed as a function of local density
profile or aerosol extinction. For air,

N air ¼ MNair; ð19Þ

with M the (nh � nz) matrix with (approximate) weighting
functions. Notice that equation (19) expresses a pure
geometrical relation and is specified for one constituent,
independent from the other ones. All constituent profiles
can thus be retrieved separately.
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[23] The forward model is now fully specified. By
applying a few approximations to the general forward
model, we have established a decoupling of the spectral
and geometrical dependency. The decoupling is, however,
formal. Physically, integrated gas densities and aerosol
optical thicknesses at two different tangent altitudes are
interrelated, and two different constituent profiles are, from
a retrieval point of view, correlated.

3.2. Example

[24] To illustrate the computational advantage of the
derived expressions, let us take our previous example.
The (1000 � 9) matrix Ci has to be evaluated at every
tangent altitude, so we have 60 matrices. Following this, the
(60 � 100) matrix G has to be constructed once. The data in
the model occupies about 4.5 Mb.

3.3. Alternative Method

[25] The discussion in section 3.1 demonstrated that a
retrieval can be performed in two steps: first, the spectral
inversion, then the spatial inversion. The order of the two
steps can, of course, be reversed. At every wavelength the
transmission as a function of h can be inverted to a local
total extinction profile for that wavelength. After this step,
spectral inversion is achieved by inverting the total extinc-
tion spectrum at every altitude. To use our example again:
Spatial inversion consists of constructing M once and
inverting 1000 transmittance profiles separately (at every
wavelength). Then the local densities and aerosol extinc-
tions can be retrieved by inverting 100 total extinction
spectra. Although possible, this way of working is not
preferable because it is computationally more expensive.

4. One-Step Global Inversion

4.1. Estimation

[26] Let us now return to the full forward model,
expressed by equation (14). Suppose the experiment has
performed a full occultation measurement Tmeas with un-
known measurement error � (e.g., detector noise). We
assume that � is drawn from a normal distribution with zero
mean and covariance matrix S�. Thus we have

Tmeas ¼ Ttot þ � ¼ exp �Ktotxð Þ þ �: ð20Þ

[27] In this expression we implicitly assume that no
forward model error is present [see, e.g., Rodgers, 2000].
The vector of unknowns x can be estimated by the appli-
cation of a nonlinear least squares method, for example, the
(computationally expensive) Levenberg-Marquard algo-
rithm [Press et al., 1992]. Here we will derive an iterative
expression specifically for our problem.
[28] Remote sensing problems typically suffer from ill-

posedness, with the result that even a small amount of
measurement error leads to a huge error amplification in the
state vector x. The remedy is given by imposing some
constraint on the solution vector. Different approaches exist,
such as optimal estimation methods that make use of
statistical a priori knowledge of the atmosphere. Here we
will use a soft altitude-smoothing constraint, leading to a
constraining method that is referred to as Twomey-Phillips-
Tikhonov regularization [Press et al., 1992; Rodgers, 2000;

Hansen, 1998]. The merit function to be minimized is
given by

Tmeas � Ttotð ÞTS�1
� Tmeas � Ttotð Þ þ m2xTLTLx; ð21Þ

where the first term represents the usual least squares merit
function and the second term represents a quadratic
smoothness constraint. Usually, the matrix L is taken to
be the identity matrix or the first- or second-derivative
matrix [Press et al., 1992]. The parameter m controls the
trade-off between goodness of fit and solution smoothness.
[29] The forward model is nonlinear. We can linearize it

around the vector x0 by taking a first-order Taylor expan-
sion. For the ith component of Ttot,

Ttot;i ¼ T0
tot;i þ

Xnznc
j¼1

xj � x0j

�  @Ttot;i

@xj

� �
0

; ð22Þ

and for the total matrix,

Ttot ¼ T0
tot � D0

totKtot x� x0
� �

; ð23Þ

where Dtot
0 is a square matrix with the transmission vector

Ttot
0 on its diagonal,

D0
tot ¼ diag T0

tot

� �
: ð24Þ

[30] We can now take partial derivatives of the merit
function with respect to the unknowns and set them equal to
zero, a condition that has to be fulfilled at the merit
minimum. Using straightforward algebra and associating
Ttot
0 and x0 with the results obtained from a previous

iteration, we finally come to the iterative formula

x iþ1ð Þ ¼ KT
totD

ið Þ
totS

�1
� D

ið Þ
totKtot þ m2LTL

� �1

	 KT
totD

ið Þ
totS

�1
� Tmeas � T

ið Þ
tot � D

ið Þ
totKtotx

ið Þ
� 

: ð25Þ

[31] At the final iteration we obtain the solution x( f ). If
we define the gain matrix G as

G ¼ KT
totD

fð Þ
tot S

�1
� D

fð Þ
tot Ktot þ m2LTL

� �1

KT
totD

fð Þ
tot S

�1
� ; ð26Þ

then the random error covariance matrix [Rodgers, 2000]
equals

Srandx ¼ GS�G
T: ð27Þ

Furthermore, if the variability of the true atmospheric state
is expressed by the covariance matrix Se, then the
smoothing error covariance matrix [Rodgers, 2000] equals

Ssmooth
x ¼ GD

fð Þ
tot Ktot � I

� 
Se GD

fð Þ
tot Ktot � I

� T

; ð28Þ

with I the (nznc � nznc) identity matrix. The matrix A =
GDtot

( f )Ktot � I is often referred to as the averaging kernel
matrix. The total covariance matrix then equals

Stotx ¼ Srandx þ Ssmooth
x : ð29Þ

4.2. Singular Value Decomposition (SVD) Reduction

[32] Equations (25) and (29) represent the solution esti-
mate for the total problem. However, as stated in sections 1
and 2.4, in practice, the dimensions of the problem are too

D09306 VANHELLEMONT ET AL.: ONE-STEP INVERSION OF OCCULTATION MEAS

4 of 9

D09306



large to perform efficient calculations. Some reduction of
the problem is necessary.
[33] Let us investigate the nature of a measured transmit-

tance spectrum at a certain tangent altitude. It is clear that nl
channels do not necessarily deliver nl-independent pieces
of information. For a large number of channels most will be
redundant with each other. No matter how large the number
of channels, a full spectrum results from the optical extinc-
tion by a fairly limited number of constituents.
[34] Considerations like these could lead to the conclu-

sion that a simple channel selection is the way to reduce the
model dimensions. However, we prefer to use all channels
for statistical reasons: Although two different channels
possibly measure the same information, we want to use
both to decrease the measurement uncertainty.
[35] It thus seems more appropriate to apply channel

binning, defining spectral ranges in which we sum all
measurements. However, how the bins should be defined
is far from evident. Intuitively, we have some idea; for
example, one bin would be centered on the maximum of the
ozone Chappuis absorption band. As for other species, the
situation is often unclear.
[36] Channel selection and binning are two special cases

where linear combinations of channels are taken. What we
need is a general linear operator that concentrates the
spectral information at a certain tangent altitude into a small
amount of numbers. The operator should be based on the
actual physical model itself. It can be found by taking the
singular value decomposition (SVD) [Golub and Van Loan,
1996; Rodgers, 2000; Press et al., 1992] of the model
matrix. At the ith tangent altitude we have

Ki ¼ UiSiV
T
i ; ð30Þ

where Si is a (nl � nznc) diagonal matrix of singular values
and Ui and Vi are unitary matrices with respective
dimensions (nl � nl) and (ncnz � ncnz).
[37] The information content of a spectrum at a certain

tangent altitude is usually very limited. Just a few, say, pi
base vectors of Ui and their associated singular values are
usually sufficient to describe the signal with very high
accuracy. We therefore replace Ki by its reduced form

~Ki ¼ ~Ui
~SiV

T
i ; ð31Þ

with ~Ui a (nl � pi) unitary matrix and ~Si a (pi � nznc)
diagonal matrix.
[38] Taking all tangent altitudes together, the reduced

form of equation (13) is

~Ktot ¼ ~UtotQtot ð32Þ

with

~Utot ¼

~U1

. .
.

~Unh

2
666664

3
777775

Qtot ¼

~S1V
T
1

..

.

~SnhV
T
nh

2
666664

3
777775
: ð33Þ

If we take np =
Pnh

i¼1pi, then
~U tot is a (nlnh � np) block

diagonal matrix, while Qtot has dimensions (np � nznc).

Replacing Ktot in equation (25) by equation (32) and using
the notation

P
ið Þ
tot ¼ D

ið Þ
tot
~Utot; ð34Þ

we get

x iþ1ð Þ ¼ QT
totP

ið ÞT
tot S

�1
� P

ið Þ
totQtot þ m2LTL

� �1

	 QT
totP

ið ÞT
tot S

�1
� Tmeas � T

ið Þ
tot � P

ið Þ
totQtotx

ið Þ
� 

: ð35Þ

At the final iteration the gain matrix G (equation (26)) is
now

G ¼ QT
totP

fð ÞT
tot S�1

� P
fð Þ

tot Qtot þ m2LTL
� �1

QT
totP

fð ÞT
tot S�1

� : ð36Þ

The random error covariance matrix has the same form as
equation (27), while the smoothing error covariance trans-
forms to

Ssmooth
x ¼ GP

fð Þ
tot Qtot � I

� 
Se GP

fð Þ
tot Qtot � I

� T

: ð37Þ

[39] One practical remark: There is no need to use the full
matrix Ptot

(i) in practical calculations, since it is a block
diagonal matrix. For example, the calculation of Ptot

(i)Qtot

can be carried out for all tangent altitudes separately.

4.3. Example

[40] Once again, let us return to our standard example.
Suppose that for every tangent altitude, 10 base vectors are
enough to describe the signal in an accurate way (pi = 10,
np = 600), so the matrix Qtot has dimensions (600 � 900).
The matrix ~U tot consists of 60 matrices with dimension
(1000 � 10). Using double precision, the model has a size
of about 9.1 Mb.

5. Simulation

5.1. Model Definition

[41] The accuracy and efficiency of the one-step algo-
rithm can be illustrated by the retrieval of a simulated
measurement. We assume (as in our standard case) 60
tangent altitudes ranging from 11 to 99.5 km, so the tangent
distance between two subsequent measurements equals
1.5 km. The spectrometer consists of 451 channels with
wavelengths ranging from 250 to 700 nm, resulting in a
spectral resolution of 1 nm.
[42] Furthermore, we will retrieve the constituent profiles

on a regular altitude grid from 10 to 100 km, with Dz = 1 km.
In our simulation, only the species that cause the major part
of the optical extinction will be taken into account: air,
ozone, NO2, and aerosols (nc = 6). The three wavelengths
where aerosol extinction profiles will be retrieved are chosen
at 340, 435, and 600 nm (wavelengths that have also been
used by the SAGE II and ORA experiments).

5.2. Transmittance Simulation

[43] As mentioned in section 2.2, the model is scaled with
a climatological profile for numerical reasons, and in our
case we used the reference profiles from Anderson et al.
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[1986]. We can use the same climatological profile to
construct constituent profiles that represent the actual phys-
ical state of the atmosphere. Here we assume that the mean
state is represented by the climatology, and the constituents
can vary around this mean by 5%. The covariance
matrix that represents this variability was introduced in
equation (28) as the matrix Se. The synthetic ‘‘true’’ profiles
can now be generated. For example, for air,

N true
air zið Þ ¼ ~Nair zið Þ 1þ 0:05 sin 2p

zi

20

� h i
: ð38Þ

Similar expressions were used for the other constituents, all
with a sinusoidal perturbation with an amplitude of 5%.
[44] The transmittance spectrum at the ith tangent altitude

can be calculated by constructing the model matrix Ki and
using equation (11). Experimental noise then has to be
added to the transmittance. We assume that the experimental
error can be modeled as Poisson shot noise, for which the
variance equals the mean of the signal sS

2 = S. Since
the transmittance is calculated as T = S/Smax with Smax the
unattenuated signal outside the atmosphere, the variance
equals sT

2 = T/Smax. In our simulation we take Smax =
10,000. The obtained variances form the diagonal elements
of the measurement covariance matrix S�. The off-diagonal
elements are zero since all measurements are assumed to be
taken independently.
[45] The transmittance spectra at all tangent altitudes are

shown in Figure 1. Some typical features are present. Strong
ozone absorption by the Hartley bands at altitudes in the
mesosphere can be observed in the UV. At stratospheric
altitudes, ozone absorption by the Chappuis bands around
600 nm are clearly visible. The fine-scale absorption fea-
tures around 460 nm are caused by NO2 absorption bands.

5.3. Regularization

[46] In our retrievals the solution is stabilized by the
application of an altitude-smoothing constraint for every

constituent profile. We chose L to be the discrete second
derivative operator. The amount of smoothing is controlled
by the parameter m, and some criterion has to be used to
determine it. Quite a few criteria exist [Hansen, 1998], but
to us the methods that use the actual statistics of the
measurement are preferable since the theoretical knowledge
of the variance of the measurement noise is used explicitly.
Here we use the discrepancy principle [Hansen, 1998],
which basically says that the sample variance of the retrieval
residual should equal the theoretical estimate of the mea-
surement noise variance, or, stated otherwise,

c2 ¼ Tmeas � Ttotð ÞTS�1
� Tmeas � Ttotð Þ ¼ m; ð39Þ

where m equals the number of measurements, in our case,
m = nlnh.

5.4. Calculation

[47] During the construction of the retrieval model, eight
base vectors were chosen at every tangent altitude (so np =
480), a number that was sufficient to describe the transmit-
tance spectra with very high accuracy (relative to the
measurement error). Of course, an SVD calculation has to
be performed at every tangent altitude, and this is compu-
tationally the most expensive step in the entire retrieval
scheme. As initial guess for the state vector in the iteration,
we chose the climatological profile. After five iterations the
procedure was stopped since the c2 of the residual did not
change significantly. The entire process, from model con-
struction and SVD calculation to the iterative minimization,
took less than 3 min.

5.5. Retrieval Results

[48] The physical meaning of the SVD reduction can be
demonstrated by inspecting Figure 2. Shown are the eight
column vectors of Ptot

( f ), associated with a tangent altitude of
32 km. From equation (35) we know that the scalar product
of the column vectors of Ptot

(i) with the (error-weighted)
measured transmittance is calculated during the iteration.
This is how the column vectors have to be interpreted:
They are the coefficients (or weights) in the linear combi-
nation of channels. The first three columns are easily
interpreted from Figure 2: They select spectral domains
where O3, air, and NO2 are strong absorbers. Notice the
cutoff in the UV below 300 nm: No channels are selected
since the measured signal in the stratosphere and below is
zero in this spectral window. The fourth column selects a
spectral range that contains mainly information about the
aerosol extinction (the relative contribution of aerosols to
the total extinction is larger at long wavelengths). The
interpretation of the next four columns is less clear, but
their aim can be identified from the magnitude of the
coefficients in the associated rows of Qtot: They ‘‘select’’
aerosols (columns 5 and 6) and O3 (columns 7 and 8). The
order of the columns is also interesting: Since the first
column is associated with the largest singular value, it is
associated with the constituent of which the retrieval is the
most accurate, in this case, O3.
[49] Figure 3 shows the retrieved profiles for air, O3,

NO2, and aerosol extinction at 600 nm in the lower and
middle atmosphere on a linear scale, together with the true
profiles. All constituent features are nicely retrieved. In

Figure 1. Simulated transmittance spectra at different
tangent altitudes.
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order to show the results at higher altitudes, we present the
full profiles in Figure 4 on a logarithmic scale. Because of
the strong absorption by the ozone Hartley bands in the
mesosphere, an accurate ozone profile can be retrieved up to
the top of the atmosphere. The air density profile is retrieved
moderately well in the upper atmosphere. The results for
NO2 and aerosols in this altitude region have to be treated
with caution: Although the retrieved profiles are smooth, the
huge uncertainty shows that the retrievals are of extremely
low accuracy.
[50] The retrieval error can be better investigated by

calculating the percentage relative difference between re-
trieved and true profiles. For the air retrieval N̂ air it is
calculated as

100 N̂air � N true
air

� �
=N true

air ; ð40Þ

with associated uncertainty 100ŝair/Nair
true. Figure 5 shows the

results for all profiles. Air is typically retrieved from the
lower stratosphere to the middle mesosphere with an
accuracy of about 3–5%. Ozone can be retrieved very well
in the same region, having an uncertainty of only 2–3%.
Since optical absorption by NO2 is only significant in the
stratosphere, reasonable results are achieved there within an
uncertainty of 5–10%. And since we have chosen a true
aerosol profile that is representative for low volcanic
conditions, the retrieval is only reasonable in the lower
stratosphere, having an uncertainty of about 5%.
[51] For comparison, we also calculated the two-step

retrievals. Initially, the effective cross sections were evalu-
ated using the climatological profiles. At every tangent

Figure 2. First eight columns (from left to right and top to
bottom) of Ptot

( f ) at h = 32 km, representing the weights for
the channel ‘‘selection.’’

Figure 3. Retrieved profiles (solid lines) and associated
total uncertainty (dashed lines) on a linear scale. The true
profiles are represented by dots.

Figure 4. Same as Figure 3 but for the entire altitude
range and on a logarithmic scale.
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altitude, integrated densities were retrieved with the Leven-
berg-Marquard algorithm, and a linear inversion with ver-
tical regularization was applied to obtain the local gas
density and aerosol extinction profiles. To make the com-
parison valid, we used the same regularization parameter as
in the global inversion. The obtained results were used to
calculate the effective cross sections for the next iteration.
The results that were obtained after three iterations are also
shown in Figure 5. The global inversion retrieval offers no
significant improvement for ozone in comparison with the
two-step retrieval, except at high altitudes. For the other
constituents, small to considerable improvements are ob-
served almost everywhere.
[52] It is interesting to investigate the separate error

contributions for the constituent profiles, which are shown
in Figure 6. The most important conclusion that we can
draw from Figure 6 is that accurate results can be expected
when the random error has more or less the same magnitude
as the smoothing error. This is the basic idea of regulariza-
tion: We apply a constraint that introduces smoothing error
but significantly reduces random error, such that the total
error decreases.

6. Conclusion

[53] In this paper we have developed a new method for
performing global occultation retrievals. The typical draw-
backs of the classical two-step methods are avoided. No
approximate weighting functions and cross sections are
used in the formulation of the physical model, and instead,
the model dimensions are significantly reduced by taking

linear combinations of channels. The weights in these
linear combinations are determined by the use of the
singular value decomposition of the model matrix. Fur-
thermore, the global approach of the one-step inversion
scheme ensures that all spectral channels and tangent
altitudes are exploited at the same time during the inver-
sion scheme and that no artificial separation of spectral
and spatial inversion occurs, and therefore all correlations
between the different constituents at all altitudes are taken
into account.
[54] A realistic simulation showed that the retrievals are

of very good quality and of better accuracy than the two-
step results. We therefore think that the method is a very
strong contender among the different methods that are
presently used to retrieve atmospheric constituent profiles
from occultation measurements.
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