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1 

Linear perturbation analysis of a self-gravitating cloud dates as far back as 1902
1 

when Jeans obtained the instability criterion for harmonic waves whose wavelength 
exceeds some critical value, now known as the Jeans length. Since Newtonian gravi­
tation in extended mass systems precludes truly homogeneous equilibria, except for 
very special configurations with specific flow patterns, Jeans' treatment needs to be 
applied with great care. We discuss one-dimensional or spherically symmetric equi­
libria in non-magnetized clouds without flows, and introduce plausible density and 
temperature profiles, in the hope that these could be locally uniform over distances 
larger than the Jeans length. Numerical computations show that while acceptable 
density profiles can be obtained, the temperature profiles are then too non-uniform. 
This indicates that the Jeans procedure cannot be mathematically justified for the 
considered basic states, and that the problem of the equilibrium and stability of a 
self-gravitating cloud remains wide open 1 

a full century after Jeans. 

Introduction 

Linear .Perturbation analysis of a self-gravitating cloud dates as far back as 1902 when 
Jeans obtained the instability criterion for harmonic waves whose wavelength A exceeds 
some critical value >..1. The latter is known as the Jeans length

1 
defined through 

JCC' 
\2 > \2 = _, A - AJ - Gp' (1) 

where c; is the thermal speed squared
1 

G is the gravitational constant and p is the gas
density. His study was based upon the assumption that the unperturbed gaseous cloud 
is initially uniform [lJ i and then the instability is non-oscillatory and purely growing. 
However\ Newtonian gravitation in extended mass systems precludes truly homogeneous 
equilibria [2] 

1 
except for very special configurations with specific flow patterns. Disciples 

of Jeans have skirted around this difficulty by considering local perturbations, with wave­
lengths small compared to the inhomogeneity scale lengths. This might be an acceptable 
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way of treating an intrinsically complicated problem, were it not that in most cases the 
internal consistency cannot be tested, because knowledge about the equilibrium and its 
associated inhomogeneity scale lengths is lacking. This procedure has been called the 
'
1Jeans swindle11

, although this qualification is too harsh, as shall be argued below for 
specific examples. 

Since then, numerous authors (see e.g. [3]-[8] for a non-exhaustive list) made further 
investigations of the Jeans instability criterion under more complex physical conditions. 
Nevertheless, models involving media that are uniform either as a whole or in some direc­
tions only have to be treated with great caution, the conclusions on instability criteria in 
particular 1 because a self-gravitating fluid can be considered uniform only locally. Over 
larger distances, self-gravitation makes the medium nonuniform

1 
which can be neither 

avoided nor neglected, as was pointed out in the case of purely neutral gases [9]�[12]. 
Recently, the Jeans instability has been revisited from a totally different side, in the 

context of dusty plasma physics. Cosmic dust is a well-known and common constituent of 
many heliospheric and astrophysical media [13]-[14]. Prime examples in the solar system 
are circumsolar dust rings, noctilucent clouds, cometary comae and tails, and rings of the 
Jovian planets. Among astrophysical applications interstellar dust clouds come to mind. 
Dust grains may be charged or neutral, depending on the nearby sources of radiation like 
stars and/or the presence of charged particles as in the solar wind. Such a charging of dust 
grains in a plasma environment was first mentioned by Spitzer [15], and is now believed to 
play an essential role in many astrophysical and heliospheric plasmas (see e.g. [16]-[20] for 
further reviews on this subject). The combination of charged dust and plasma is referred 
to as a dusty plasma. Since the dust grains are typically micron-sized, and can have up to 
thousands of electron charges, the charge-to-mass ratios of these new plasma constituents 
are very much smaller than for normal ions. As a consequence

) 
a whole range of new 

modes can occur in dusty plasmas at very low frequencies. In addition, the presence 
of these very heavy, charged dust grains might require considering also self-gravitational 
effects besides the usual electromagnetic ones. Hence, traditional Jeans collapse criteria 
known from neutral gases have to be modified, depending on the type of plasma wave 
modes investigated [21]-[29]. 

There is thus a definite need for a careful reexamination of stationary equilibria in 
gaseous and/or plasma clouds, without assuming a uniform density to start with. Con­
trary to what the title might infer, we shall not discuss perturbations or instabilities. 
Even so ) 

it is clear that this is a vast subject, and we will only be able to give some recent 
ideas and insights in what follows, without any claim of being exhaustive or complete. 

2 Cartesian Geometry - 1D Approach 

The main purpose of this paper is to consider realistic self-gravitating nonuniform clouds, 
in order to find out whether or not such clouds could, at least locally

) 
be quasi-uniform 

over a linear extent exceeding the Jeans length A1 that would then justify his treatment 
and conclusions on the onset of the gravitational instability given by Eq (1). 

We will look at a self-gravitating1 isothermal plasma cloud described by single-fluid 
magnetohydrodynamic (MHD) equations

1 
because a multispecies description as required 

in dusty plasmas is much too complicated. Results for neutral gases are included by 
turning off the charges where occurring. The starting point is the basic set of MHD 
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equations of continuity, induction, momentum and energy, augmented by the gravitational 
Poisson's equation, 

op 
8t + V · (pv) = 0,

3B 
8t = V x (v x B),

3v 1 1 -
0 
+v-Vv+-Vp+V</J= -(V x B) x B,t p µop 

: +v Vp=c; (: +v Vp). 

V2</J = 4,rGp. 

(2) 

Here p, v and p represent the fluid mass density, velocity and pressure, respectively, B is 
the magnetic field and </J the gravitational potential. 

For the stationary ( static) state we find first of all that the Poisson equation for the 
equilibrium gravitational potential, 

V2</J = 4,rGp , (3) 
precludes any truly homogeneous equilibrium, except in those configurations where "v2</J
can be constant. This will turn out the case in certain axisymmetric equilibria with
azimuthal flows, but these fall outside the scope of our present discussions.

However, we will start with as simple as possible a configuration that is compatiblewith the basic equations, and introduce some plausible physical assumptions to fix the
ideas: 

(i) The plasma is treated as a perfect gas, so that Cs is a true constant;

(ii) The equilibrium magnetic field lines are straight, so that B = Bex. Then Gauss's
law V • B = 3B/3x = 0 indicates that the strength of the magnetic field B cannot
depend on x, and hence (B • V)B = O;

(iii) Furthermore, the magnetic field is assumed to vary in such a way that the ratio /3
of the plasma pressure to the magnetic pressure B2 /2µ0 remains constant.

In this model the Alfven speed VA is constant, and the magnetic field and plasma 
pressure are stronger in regions with a higher plasma density p. This is rather realistic 
and m3.y occur in highly conductive plasmas with frozen-in magnetic fields. The magne­
tohydrostatic equilibrium balance equation, 

then reduces to 

1 Vp+pV</J= -(V x B) x B, 
µo (4) 

(1+½)v.Lp+pV.L</J=O, (5) 
where the subscript ..l_ refers to the directions across the equilibrium field. Together with(3), this yields a single equation for p0, 

2 81rG V.L lnp+
V2 2 p=O. (6) 

A+ 2cs 
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This shows that the solutions depend upon y and z through (ysina + zcosa)/H, and 
the typical scale length His defined by H2 = (Vl + 2c:)/47rGpo. Here Po is the density 
in the center of the cloud. For the discussion we take o: = 0 and proceed with density 
profiles p(z) having an extremum at z = 0

) 
because the gravitational force vanishes at 

the center of the cloud. VVhether such a configuration is stable against perturbations has 
to be investigated afterwards, also in the lateral directions that are now assumed to be 
homogeneous. 

Even though the stationary state is uniform along the equilibrium field, we would 
like to stress that this is not using the Jeans swindle, because the present choice is fully 
compatible with all equilibrium constraints. It might well turn out that such a state is 
Jeans unstable in the lateral directions, but that is quite different from starting with a 
completely uniform equilibrium. Proceeding then with equivalent one-dimensional equi­
librium variations, the solutions are 

p(z) = Po sech2(z/ H), B(z) = Bo sech(z/ H), (7) 

and the central field strength Bo is given through BJ = µo Vlpo as VA is constant. 
In order to correlate this with Jeans' original treatment

) 
we reduce the discussion to a 

simplified non-magnetic case, as shown in Figure L The isothermal density distribution 
(7) in the figure is a reference profile for a better visualization of effects arising from a
temperature nonuniformity modeled by

T 

To 

1 

l+zm/.\'.)'' 
(8) 

The behaviour of the profile (8) at z = 0 is assumed to be the same as that for the density 
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Figure 1: Influence of the indicated gas temperature profile on the density distribution. 
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p. For physical reasons, T has an extremum at z = 0. Consequently, the coefficient m in
Eq (8) will be taken a positive and even integer, thus m = 2n 2: 2.

Figure 1 indicates that density distributions are very little affected by temperature 
nonuniformities (for 40 2: m 2: 2), and that the relative density change exceeds -1 
( the condition for a quasi-uniformity) in the log scale already for z / H S: 2. On the 
other hand, the Jeans length scaled to His LJ a, AJ/H ce 5.74 meaning that also the 
nonisothermal basic states are not quasi-uniform over the length L1- Hence, the standard 
Jeans procedure based upon the assumption of a uniform medium is not mathematically 
justified. 

3 Spherically Symmetric Gaseous Cloud 

The problem of achieving conditions for eventual gravitational instability encountered in 
the one dimensional approach utilizing Cartesian coordinates may now be reconsidered 
assuming a more realistic spherical geometry instead. In what follows, we shall assume a 
spherically symmetric system with all variables dependent on the radial coordinate r only. 
Magnetic fields are excluded as the presence of any magnetic field B ultimately violates 
the assumption of spherical symmetry. This results from the Gauss law V • B = 0, saying 
that the magnetic field lines have no sources/sinks while the spherical symmetry would 
require an isotropic radial in/ outflow of field lines. 

For physical reasons ) it is plausible to assume that all unperturbed basic state quan­
tities have extrema at the center r = 0, meaning that the medium is fairly uniform in 
the central region. Its nonuniformity will show up with increasing r and we shall con­
sider the medium locally uniform within the domain of r in which both the density p(r) 
and temperature T(r) satisfy the conditions llog(p(r)/po)I S: 1 and llog(T(r)/To)I S: 1, 
where p0 = p(0) and To = T(0). The standard ,Jeans procedure can then be justified for 
those basic states in which the extent of local uniformity exceeds the Jeans length AJ.
The density and temperature profiles of the basic state satisfy Eqs (2) for the hydrostatic 
equilibrium which in the spherically symmetric case reduce to the following equation [30]: 

d2
, (2 dr) d, d2r (dr)' 2 dr ,-r 

dR2 + R + dR dR + dR2 + dR + RdR + e = O. 

Here R ss r / L, the scaling length L is given through L2 
= c,(0)2 /41r-yGp0, and 

E = log(p(R)/ Po), T = log(T(R)/T0). 

(9) 

The nondimensional radial distance of the Jeans length is then R1 :::; AJ / L = 21r1. For a 
monatomic gas "I= 5/3 and RJ ce 8. 

Eq (9) can be solved in two ways, either the temperature profile T(R) is initially 
known while the density p( R) is computed or the density profile p( R) is given while the 
temperature T(R) is computed. The known profiles can be obtained from observations 
or simply specified by some model functions with realistic physical properties. 

The relevant initial conditions imposed on c and r at R = 0 are as before 

,(0), r(0) = 0 and 
d, dr 
dR' dR = O. (10) 

-Let us now look at some characteristic cases of both types of solutions.



3.1 Prescribed temperature profiles 

If the temperature profile is known and initially prescribed, the simplest choice for T( R) 
is the assumption of an isothermal basic state with T(R) = To = const. In that case T = 0 
and Eq (9) has an analytic solution for E with an asymptotic behaviour E ~ -2 log(R) 
which yields the density profile p(R) ~ R-2 and consequently a divergent total mass 
M = fo= p(R)R2dR of the cloud (see [31} and references therein). Clearly, if the total 
mass M is to be finite the density p(R) has to decrease faster than R-3 at large R. To 
overcome the problem of infin}te total mass, i.e. to change the asymptotic behaviour of p, 
one can either retain the assumption of an isothermal basic state and impose a bound to 
the radial extent of the cloud i.e. to put the whole cloud inside a sphere of a fixed finite 
radius and solve the eigenvalue problem as done in (31], or one can relax the assumption 
of a constant temperature to steepen the asymptotics of the density profile as we do in 
this paper. 

In this sense Figure 2 shows how the density distribution is affected by nonisothermal 
temperature profiles in which the temperature drops monotonously from To at R = 0 to 
0.2 To when R-> oo: 

T 0.8 

To 
= 0.2 + 

1 +Rm. 
(11) 

The initial conditions in Eq (10) regarding the temperature profile T = log(T /To) require 
the power m to be a positive, even integer m = 2n � 2, in Eq (11) as well as in similar 
temperature profiles that follow below. 

We see in Fig 2 that no matter how steep this transition is i.e. how large m is, the 
asymptotic slope of p(R) follows that of an isothermal (m = 0) cloud at large R. In the 
log-log scale all curves tend to parallel straight lines with the slope -2. 

Consequently, any nonuniform temperature profile that approaches a finite T(R) at 
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Figure 2: Equilibrium density distributions if the gas temperature decreases monotonously 
from T0 at R = 0 to 0.2T0 at R » 1. 
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ft � 1 does not alter the unsuitable asymptotics of the isothermal density distribution
leading to a divergent total mass. Such a behaviour is understandable as the basic state
with a finite constant temperature behaves asymptotically as isothermal in the R >> 1
l.irnit.

The whole situation changes radically if the temperature vanishes at R >> 1, like if



the following profile is assumed for T( R):

T
To

1
l+Rm (12)

In that case, Fig 3 shows that the density asymptotically falls off with R faster than R-3 

if m 2: 2 which provides for a finite total mass of the cloud. Moreover, in the log-log scale
the density distribution is not a linear function of the radius meaning that p decreases
with R faster than any power of R.

'" p/p0=1 / (1 +Rm/3m)
oo.6 

I::
m=SO i 0.

4 

l' 
\

� 
0

.2 
rn 

�-0.2 ' 

� -0.4 

0.... -0
.
6 

-0.B 

"· 
. ,' 

m=SO , , � ': , 
/

m=4

�' 
' 

' ',

log(p/p0) 

log(T/T
0
) 

.,,�--�,.'c,----,.---c,c,---c,c----,c".c,---",�--',"., 

R= r/L 

Figure 5: Quasi-uniform domains of temperature distributions computed from prescribed
density profiles with different power m. 

This leads to the conclusion that a self-gravitating cloud of a infinite extent can have
a finite total mass only if its temperature tends to zero with R faster than R-1 i.e. for
m 2: 2. 

Having resolved the problem of finite total mass of the cloud we can now look for a
subgroup of basic states that yield quasi-uniform domains of maximal extent in the central
region which are defined by inequalities llog(p/po)I :S 1 and llog(T/To)I :S 1. Figure 4
thus shows plots of log(p/ Po) and log(T /To) within the interval ±1 a,; functions of R if
the temperature profile is given by 

T
To

1
1 + (R/3)m (13)

The resulting conclusion from Figure 4 is that the largest quasi-uniform domain exists
for m = 2 and R slightly above 2. In this case, both the temperature and density are
quasi-uniform ! i.e. they do not vary by more then 1/e of their central values (at R = 0).
At larger m 1 the quasi-uniform domain shrinks to smaller R) so that if m = 50 it is
confined approximately within R :S 1. This finally means that the Jeans length R1 °" 8
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significantly exceeds the size of the domain in which the basic state can be considered 
quasi-uniform and the classical Jeans treatment of the gravitational instability is not 
applicable in this case. 
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3.2 Prescribed density profiles 

Another approach is to prescribe a suitable density profile and then compute the corre­
sponding temperature distribution by solving Eq (9) for T ) with initial conditions r(O) = 0 
and dT / dR = 0 at R = 0. 

Thus we first assume a cloud of infinite extent the density profile of which falls of 
with R faster than R-3 ( so as to keep the total mass M finite) and consider the following 
model distribution in Eq (9): 

£..= � -1 
Po 1 + (R/ R0)m (m 2: 4). (14) 

The resulting temperature profile for Ro = 3 is presented in Figure 5 together with p given 
by Eq (14) in the log scale in the interval of ±1. The quasi-uniform domains are seen to 
range between R '.::::' 2.4 if m = 3 and R :::::: 2 if m = 50 which is small in comparison with 
RJ :::::: 8. The standard Jeans procedure leading to gravitational instability is thus again 
inapplicable. A possible way out might now be in taking a larger Ro in Eq (14) which 
expands the domain of quasi-uniformity of density p. The resulting effects are shown 
in Figure 6 where Re varies between Ro = Re = 2.436.. and Rc = 10. If R < R, the 
computed temperature profile diverges at R >> l which is physically unrealistic. Figure 6 
indicates the influence of Ro on the temperature profile. Contrary to the density profile, 
the domain of quasi-uniformity of temperature shrinks if Ro rises. Thus, while the e­
fold limit for p/ Po is far beyond R = 4 if Ro = 10, this limit does not exceed R = 2 for 
T /T0. Consequently, the considered basic states cannot have the temperature and density 
profiles that are both quasi-uniform in a domain of sufficiently large extent (R > R1 c,e 8) 
as to justify the standard Jeans procedure. 

Let us now consider a density profile of finite extent as done in [31] where T = To is 
assumed constant. Such a density profile can be modeled by 

.£..=1� Rm 

Po Rm ) 
max 

(15) 

which yields solutions to Eq (9) for T ca log(T /To) as plotted in Figure 7 for R :S Rmax = 
3. The parameter Rmax defines the outer boundary of the gaseous sphere where the
gas density drops to zero. We see that the resulting temperature is not constant ) it
monotonously decreases inside the quasi-uniform region if m 2: 2. Not plotted numerical
computations show that the effect of Rmax on the solution is analogous to that of Ro in
Figure 6. If Rmax is increased, the domain of quasi-uniform density expands while that
of the temperature shrinks and closely approaches the dotted curve m = 100 for any
m 2: 2 if Rmax is sufficiently large. Consequently, the extent of the quasi-uniform domain
remains too small in comparison with R.1, meaning that the Jeans procedure cannot be
mathematically justified for the considered basic states.

4 Conclusions 

We have discussed in this paper one-dimensional or spherically symmetric equilibria of 
mostly non-magnetized clouds, and have introduced plausible density and temperature 
profiles, in the hope that these could be considered locally uniform over distances larger 
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than the Jeans length. Numerical computations show, however, that while acceptable 
density profiles can be obtained, the temperature profiles are then too non-uniform for 
the Jeans requirement. This indicates that it is difficult to mathematically justify the 
Jeans procedure for the basic states considered, so that the problem of the equilibrium 
and stability of self-gravitating clouds remains wide open, a full century after Jeans' 
original paper was published. 
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