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Abstract. We model the transformation of the steady state electron velocity 
distribution function in the collisional transition region of the solar wind by solving 
the Fokker-Planck equation. Alongside the proton and electron Coulomb collisions, 
effects of gravitational and electric and magnetic forces are also considered. The 
Coulomb collision term is calculated for any background velocity distribution 
function using a spectral method that we have developed and applied previously 
[Pierrard et al., 1999], Consistent treatment of electron self collisions is obtained 
using an iterative numerical method to match the velocity distribution functions of 
"test" and "background" electron distributions. Electron collisions with background 
solar wind protons are also taken into account. We find that Coulomb collisions 
have important effects on angular scattering of the electrons (i.e., on the pitch angle 
distribution) without changing their average density or mean radial temperature 
distribution. Finally, the importance of boundary conditions on the solution of the 
Fokker-Planck equation is discussed and emphasized. 

1. Introduction 

The solar wind is a plasma which is neither colli- 
sion dominated nor completely collisionless. This means 
that neither the hydrodynamic approach based on the 
Euler or Navier-Stokes approximations nor the exosphe- 
ric or pure collisionless approach is truly appropriate to 
model the expansion of plasma flow out of the hot so- 
lar corona. In this case the most appropriate method is 
solving the Fokker-Planck equation, which describes the 
evolution of the velocity distribution function (VDF) 
with radial distance from the Sun. The solution of the 

Fokker-Planck equation is especially important in the 
collisional transition region. Here, Coulomb collision 
effects between particles become less important with in- 
creasing height. We shall focus on an area of this region 
between 2 and 14 solar radii (Rs). The upper limit of 
14 Rs is where the mean free path of particles becomes 
larger than the density scale height. Additionally, both 
fluid and exospheric models place the acceleration re- 
gion of the solar wind at low radial distances from the 
Sun. 
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In the last five years, interesting models have been de- 
veloped to study the steady state electron VDF in the 
corona and at larger radial distances in the solar wind 
by solving the Fokker-Planck equation [Lie-Svendsen et 
al., 1997; Pierrard et al., 1999; Lie-Svendsen and Leer, 
2000]. The models involve "test" electrons which, be- 
side colliding with background particles, are submit- 
ted to the influence of external forces such as gravi- 
tational, electric, and Lorentz force. Up to now, only 
Lie-$vendsen and Leer [2000] took into account colli- 
sions with both background protons and electrons. In 
the present work both electron self collisions and colli- 
sions with protons are studied. Whereas earlier mod- 
els were based on the hypothesis that the VDF of the 
background particles is a Maxwellian distribution, the 
present study adjusts the VDF of the background elec- 
trons to arrive at a self-consistent solution; that is, we 
impose that the VDF of the background and test elec- 
trons is the same. 

It is important for the description of the solar wind 
that Coulomb collisions using the real VDF of the back- 
ground particles are considered, rather than a nondis- 
placed Maxwellian approximatiom Indeed, neglecting 
the bulk velocity of the background particles in the so- 
lar wind can modify the effects of the Coulomb collisions 
on the energy of the test electrons. To be self-consistent, 
we have assumed that the VDF of the background parti- 
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cles is the same as the VDF found by solving the Fokker- 
Planck equation. With an iterative process, we have ob- 
tained this solution using the model described in section 
2. Section 3 describes the Coulomb collision term and 
the numerical method used to solve the Fokker-Planck 

equation. The results of the model are presented in 
section 4, and a discussion is given in section 5. 

2. Description of the Model 

The kinetic transport equation for the evolution of 
the velocity distribution function f(r, v, t) for solar 
wind electrons is 

-•- (v. •7r)f(r , v, •) 

+(a. Vv)f(r, v, t) = • c' (1) 
where r is the electron position, v is the electron veloc- 
ity, a is the acceleration due to external forces, and t 

is the time. We are interested in the steady state solu- 
tion of this equation. In the case of the solar wind the 
external forces are gravitational, electric, and Lorentz 
force (the Lorentz force results from the magnetic field 
distribution). 

The term (df/dt)c represents the effects of binary 
Coulomb collisions. By neglecting large-angle deflec- 
tions, (df/dt)c can be represented by the Fokker-Planck 
collision operator [Spitzer, 1956; Hinton, 1983] 

0v' , 
(2) 

where A is the dynamic friction vector 

•,•e In A 
A - -4• rn--• 1+ rn• 

(v - • dv'f•(v') (v- v') 3 (3) 

and D is the velocity diffusion tensor 

D Za2 Z•e41n A 
- 4•r rn• (4) 

x /dv,f•(v,)( I (v-v')(v-v')) 
In (3) and (4) the subscript e corresponds to the test 

electrons, fi corresponds to the background particles 
(i.e., electrons and protons), ln A is the usual Coulomb 
logarithm containing the Debye screening effect, m is 
the mss, Ze is the particle charge, and f•(v') is the 
VDF of the background particles. 

We assume azimuthal symmetry around the radial 
axis which is therefore parallel to the magnetic field 
direction and to the gravitational and electric forces. 
The magnetic fieid distribution B(r) is assumed to be 
radial and varying as r -:•. As shown by Pierrard et al. 
[2001a], the introduction of a spiral magnetic field in 
a purely collisionless model modifies the temperature 
anisotropies but has minor influence on the other para- 
meters. We are concerned here by stationary solutions 
of the Fokker-Planck equation. The velocity distribu- 
tion is then a function of the radial distance r, the ve- 
locity v and the function •u = cos •), where •) is the angle 
between the velocity vector and the radial direction. 

The model development is described in full by Pier- 
rard et al. [1999] and will not be repeated here in detail. 
Rather, we wish to emphasize an important improve- 
ment in the expression for the Coulomb collision term 
of a VDF of background particles. 

3. General Collision Term for any 
Background Velocity Distribution 
Function 

Previously, the Coulomb collision term has been cal- 
culated by considering that background particles VDF 
is a Maxwelltan distribution [Lie-Svendsen et al., 1997] 
(or a more general Kappa function in the work of 
Pierrard eta!. [1999]). However, the VDF of back- 
ground particles is actually very different from being 
Maxwellian. For example, an isotropic Maxwellian dis- 
tribution has a bulk velocity of zero, when, in truth, 
the background particles are not static but move in the 
solar wind with a large bulk velocity. However, the as- 
sumption of a Maxwellian distribution was nevertheless 
used since it simplified the expression of the Coulomb 
collision term, allowing it to be calculated analytically 
[Hinton, 1983]. 

In this work we present the general expression of 
the Coulomb collision term without assumption on the 
background distribution. Since the spectral method de- 
veloped by Pieward et al. [1999] to solve the Fokker- 
Planck equation also allows evaluation of integrals, the 
Coulomb collision term can be calculated for any given 
background distribution. Distributions can be taken 
from observations or from earlier models. The Coulomb 

collision terms must be added for each species colliding 
with the test electrons. Here, we will consider collisions 
with background electrons and protons, which consti- 
tute the major particles in the solar wind. 

Using spherical coordinates, the Coulomb collision 
term is given as [Rosenblurb et al., 1957; Delcroix and 
Pets, 1994] 
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x Ol• 

•(• _ .2) og 
x • 0/• 

(5) 

g(•,.) 

f f•(,',•',/) = ]•--;•] dx', (6) 
= (7) 

where x is the dimensionless velocity, 

z = 2•T•V = wo (s) 
3.1. Expansion in Legendre Polynomials 

The VDF of the background particles can be ex- 
panded as a series of Legendre polynomials 

/(x, I•) = • a.(x)P.(l•). (9) 
•----0 

Oonsequently, (6) and (7) can be expressed as [Rosen- 
bluth et al., 1957] 

with 

•(•, •) = Y] •.(•, •)a(•), (•0) 
n----0 

A.(•, •) = fo' 4•r dx' an ( x') 
2n + 1 X n+l 

+ dX'(x,)._------[a.(x' ) , (11) 

with 

B.(•) = 

[ 

471' 

4n 2 - 1 (13) 

dx !an (x t) xn - 1 I - n -t- • x 2 

3.2. Advantage of the Spectral Method 

The Fokker-Planck equation is solved using a spectral 
method developed initially for the polar wind [Pierrard 
and Lemaire, 1998]. It was later adapted for use for 
the solar wind [Pierrard et al., 1999, 2001b]. When the 
VDF of the background particles is known, the collision 
term integrals can be calculated easily by expanding the 
solution in terms of orthogonal polynomials, 

f(z, x, •) = exp(-x 2) x (14) 

Z Z a,smP,(l•)$s(x)Lm(z) , 
\ l----O s----O m----O 

where Pl(/•) are Legendre polynomials, Ss(x) are speed 
polynomials, and Lm(z) are displaced Legendre poly- 
nomials with a(r) = 2•rZa2Z•e41nA/[2kT•(r))] and 
• = fro •(•).•(•)d•. 

Integrals (6) and (7) can be calculated by Gauss 
quadrature, 

b N-1 

f W(y)G(y)dy • • wiG(yi), (15) i=0 

where yi are the N roots of the Nth order polynomial 
QN(Y) of the set orthogonal with weight function W(y), 
G(yi) are the values of the function G(y) at the quadra- 
ture points, and wi are weights associated with the func- 
tion W(y). In the discrete ordinate basis the derivatives 
of any continuous function f(y) can similarly be approx- 
imated by expansions 

N--1 

(O,f ) '"' Z Dijf(yj), (16) •YY Y=Yi j=0 
where Dij are the matrix elements of the derivative op- 
erator in the polynomial basis '[Shizgal and Blackmore, 
1984]. 

3.3. Isotropic Background Distribution 

When the background functions are isotropic (i.e., 
Of•/Ol• = 0), the Coulomb collision term (equation (5)) 
becomes 

(dr) Za2Z• e41nA • • = ••'• ml 
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2(1+ rn• f Ah + (17) ' 

where A is the Laplacian 

02 20 1 0 0 

A-- •-•x•+- + (1-p 2) (18) 

(19) 

(20) 

When the background particles have a Maxwellian 
VDF, important simplifications lead to the generally 
used expression of the collision term [Hinton, 1983], as 
used in the model developed by Piercard et al. [1999]. 

4. Assumptions for the Background 
Particles 

As a consequence of the VDF of the background and 
test electrons being identical (section 1), the Fokker- 
Planck equation is nonlinear. As this can present sub- 
stantial difficulties in its evaluation, the VDF of the 
background particles and test electrons are treated some- 
what differently. 

4.1. Electron-Electron Self Collisions 

For electron-electron self collisions (neglecting electron- 
proton collisions) the VDF of the test and background 
electron distributions are treated consistently by em- 
ploying an iterative numerical method. 

Firstly, the Fokker-Planck equation is solved using 
a local isotropic Maxwellian distribution for the back- 
ground electrons VDF, like in the work of Piercard 
et al. [1999]. The density and temperature of the 
background particles vary with radial distance. The 
background density and temperature profiles used for 
the model are obtained from the exospheric Lorentzian 
model described by Maksimovic et al. [1997a], with a 
value of kappa-100. With such a large value of the 
kappa index, the generalized Lorentzian VDF is similar 
to a Maxwellian VDF. The electric potential difference 
which accelerates the solar winds electrons and protons 
is also taken from this exospheric model. 

Secondly, the VDF of the test electrons, found by 
solving the Fokker-Planck equation, is used for the 
background distribution VDF. The Fokker-Planck equa- 
tion is solved again with this new assumption on the 
background electrons. The process is then iterated so 
that the solution, i.e., the test electron distribution, cor- 

responds to the background electron distribution. The 
iterative process converges quickly as the low-energy 
electrons have a VDF which is practically isotropic and 
Maxwellian. 

Of great importance are the boundary conditions 
which determine the flux and the spatial evolution of 
the VDF. Piercard et al. [1999] take the boundary con- 
ditions as typical electron VDFs observed at 1 AU. This 
was then used to determine the VDF at other radial 

distances. In the present work, separate boundary con- 
ditions are employed at the inner and outer limits of 2 
and 14 Rs in order to model the collisional transition re- 
gion. At the lower boundary where the plasma is domi- 
nated by Coulomb collisions the upward part of the elec- 
tron VDF is taken as Maxwellian with a temperature 
Te - 1.5 x 106 K and a density ne -3 x 10 TM m -3. At 
the upper boundary where Coulomb collisions become 
less important the boundary condition employed is that 
no incoming electrons exist with a velocity greater than 
the escape velocity Vesc: 

me 

f(2 Rs, v, p > O) -n• 2•'kT• exp(-m•v2/2kT•), 

(21) 
f(14 Rs, v > Vesc, p > 0) ---- 0, (22) 

f(14 Rs, v < Vesc, p) -- f(14 Rs, v < Vesc,-p). (23) 

The upper boundary condition is based on the premise 
employed in exospheric models, i.e., since collisions be- 
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Figure 1. Isocontours of the electron velocity distribution 
function (VDF) for four different radial distances. Isocon- 
tours were generated using a collisional model based on the 
solution of the Fokker-Planck equation with an upper and 
lower boundary condition, Coulomb collisions and identical 
VDFs for the background and test electrons (electron-proton 
collisions are neglected). The dotted circle represents the 
normalized thermal velocity with w = v/m•/2kTo. 
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come negligible for high-energy particles above 14 
electrons with v • vesc can never return. Condition 
(22) forces the distribution to become non-Maxwellian 
and has a direct influence on the flux value. At 14 

R8 the value of the escape velocity is Xesc = 1.73, i.e., 
vesc= 1.166 x 10 4 km S --1. Note that both the upper 
and lower boundary conditions are accepted as "stan- 
dard". 

4.2. Results of Electron-Electron Self Collisions 

Figure 1 shows isocontours of the electron VDF for 
four different radial distances. The transformation of 
the VDF from nearly Maxwelltan at the lower boundary 
to an anisotropic distribution at the upper boundary is 
clearly visible. The flux is due to high-energy electrons, 
which is a direct consequence of boundary condition 
(23) which imposes specular reflection at the upper level 
and implies that the core electrons (in this case electrons 
with an energy less than the escape energy) do not con- 
tribute to the net flux or the energy flux. This hypothe- 
sis is justified as it would be expected that collisions be- 
tween low-energy electrons maintain an almost isotropic 
distribution. In addition, low-energy electrons are cou- 
pled to the background electrons by Coulomb collisions 
while high-energy electrons escape quasi-freely. 

That the flux consists solely of high-energy electrons 
is in line with exospheric theory (which was used to 
determine the upper boundary condition). This is fun- 
damentally different from the fluid description where 
particles of all energies contribute to the flux (and flow 
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Figure 2. Vertical cuts through the VDF f of Figure 1. 
The solid line is .f(vll/w), and the dashed line is .f(vñ/w). 
The Maxwelltan velocity distribution function is represented 
by the dotted line. 
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with the same velocity). Nevertheless, in the case of 
solar wind electrons where the thermal velocity is much 
larger than the bulk velocity it is difficult to establish 
from measured VDFs which of these theories gives the 
best description of the electron VDF. 

Figure 2 shows vertical cuts through the VDF f (solid 
line showing f as a function of Yll and dashed line show- 
ing f as a function of y_c). Assuming a Maxwelltan 
VDF at the lower boundary, the model does not lead 
to a halo population at large radial distance, i.e., an 
enhancement of high-energy electrons (as is observed 
in the solar wind). Also, the nearly isotropic halo ob- 
served in the solar wind is not reproduced, particularly 
in the perpendicular direction (nor is it reproduced in 
the model of Lie-$vendsen and Leer [2000], which uses 
the same boundary conditions). 

With the chosen boundary conditions (in particular 
with (21)) it is not possible to obtain at large radial dis- 
tance VDFs which decrease in all directions as a power 
law of the velocity (rather they decrease exponentially). 
Nevertheless, a halo population is observed at large ra- 
dial distances in the solar wind electron distributions in 

both parallel and perpendicular directions. 
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A halo population at large radial distance can be ob- 
tained by assuming its existence at the lower bound- 
ary (condition (21)). This can be achieved by using 
a generalized Lorentzian rather than Maxwelltan dis- 
tribution [Pierrard and Lemaire, 1996; Maksimovic et 
al., 1997a]. Alternatively, when suprathermal tails are 
introduced low in the corona, their importance increas- 
ing with radial distance due to the velocity filtration 
process [Scudder, 1992; Pierrard et al., 1999; Meyer- 
Vernet, 2001], a halo population at large radial distance 
is obtained which fits well with observed distributions. 

Finally, such a halo population can be created by adding 
other possible processes, such as wave-particle interac- 
tions, to the external forces and collisions. 

Figure 3 (shown as diamonds) shows the radial pro- 
files of density, bulk velocity, and temperature obtained 
by the model between 2 and 14 Rs. The density and 
temperature (and other even momentums) are sensitive 
to the background assumptions detailed at the begin- 
ning of section 4.1. The bulk velocity and flux (and 
other odd momentums) are more dependent on the 
boundary conditions. Note that results at the upper 
boundary would be in good agreement with equivalent 
results using an exospheric model (the exospheric model 
can be used to obtain profiles of average macroscopic 
quantities at radial distances above the transition re- 
gion considered here). 

4.3. Adding Electron-Proton Collisions 

In adding Coulomb collisions with protons to the 
electron-electron collisions detailed above, Lie-Svendsen 
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Figure 4. Isocontours of the electron VDF for four dif- 
ferent radial distances. Isocontours were generated using a 
collisional model based on the solution of the Fokker-Planck 

equation with an upper and lower boundary condition and 
Coulomb collisions involving background electrons and pro- 
tons. 
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Figure 5. Vertical cuts through the VDF f of Figure 4. 
The solid line is f(vll/w), and the dashed line is f(vñ/w). 
Electron-proton collisions are included. 

and Leer [2000] assumed that the VDF of the back- 
ground protons is an isotropic Maxwelltan distribution 
with a bulk velocity of zero. Since this is contrary to ob- 
servations that the bulk velocity of background protons 
is nonzero, our model assumes that the background pro- 
ton VDF is a displaced Maxwelltan with a bulk velocity 
u (the bulk velocity was obtained from a exospheric 
Lorentzian model). 

4.4. Results When Including Electron-Proton 
Collisions 

Figures 4 and 5 are as Figures I and 2, except com- 
puted using the collisional model with both electron- 
electron and electron-proton collisions. (Figure 4 shows 
isocontours of the electron VDF, and Figure 5 shows 
vertical cuts through the VDF f). Comparing Figures 
4 and 5 with Figures I and 2, it is seen that includ- 
ing the proton collisions slightly modifies the electron 
diffusion. 

Figure 3 shows the radial profiles of density, bulk ve- 
locity, and temperature obtained when electron-proton 
collisions are included with electron-electron collisions 

(solid line). Comparing with the electron-electron col- 
lision results discussed earlier (shown as diamonds), all 
three profiles are weakly affected. In the transition re- 
gion the temperature anisotropy remains very weak. At 
larger radial distance the collisional model gives temper- 
ature anisotropy around 1.3. Purely exospheric models 
give too high temperature anisotropies (> 1.3) because 
collisions are neglected. This indicates that the inclu- 
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sion of Coulomb collisions is significant in the diffusion 
of particles. 

5. Discussion 

The Fokker-Planck equation has been solved within 
the collisional transition region between 2 and 14 Rs, 
allowing the transformation of electron VDFs in this 
key region of solar wind acceleration to be modeled. 
The model included both external forces and Coulomb 

collisions with electrons and protons. On applying this 
model, we found the following: 

1. The mean even moments of the VDF are affected 

only slightly by Coulomb collisions. The density and 
mean temperature profiles obtained using the collisional 
model are very similar to equivalent results obtained 
using the exospheric model. 

2. Coulomb collisions involving electrons and protons 
have an important effect on the pitch angle of scattered 
electrons. This is visible in Figures I and 4, which 
present isocontours of electron VDFs. Using the col- 
lisional model, the electron temperature anisotropy is 
weaker (remaining close to 1) than that produced using 
the exospheric model (can reach a value greater than 
10). 

3. The bulk velocity is mainly determined by the 
upper boundary condition (22), thus truncating the 
electron VDF. Boundary condition (23), which imposes 
specular reflection, implies that core electrons do not 
contribute to the bulk velocity. It is important to note 
that the boundary conditions are therefore essential in 
the collisional model and are also responsible for differ- 
ences obtained when comparing it with a fluid model. 
However, since the thermal velocity is much greater 
than the bulk velocity, the bulk velocity of the core 
electrons is difficult to observe. Therefore fluid and ex- 

ospheric models give similar values of average macro- 
scopic quantities. 

4. Owing to the electron thermal velocity being much 
greater than the bulk velocity, and from the presence 
of low-energy photoelectrons, solar wind observations 
can not be used to determine whether the electron core 

population is centered on zero (as is the case of com- 
pletely collisionless models) or centered on the velocity 
of the solar protons (as is the case of collision-dominated 
plasma models). Nevertheless, observations seem to in- 
dicate that the core electrons have a bulk velocity lower 
than that of the solar wind [Feldman et al., 1975]. This 
is true for the slow-speed solar wind (around 50 km 
s-i), while for the high-speed solar wind (around 150 
km s -x) the difference is even greater. 

5. Owing to the solar wind having a low density, 
Coulomb collisions are most important at low radial dis- 
tances where the bulk velocity is relatively small. This 
explains why the heat flux found in exospheric models 
is in good agreement with observations [Lemaire and 
Scherer, 1971, 1973]. 

6. The main contributions to the velocity and energy 

flux are from high-energy electrons which have escaped 
practically collisionless from the solar corona. Fluid 
models are useful in providing a "limiting case" for 
the collision-dominated regime, while exospheric mod- 
els provide a similar value for the collisionless regime. 
A good transition region model must account for both 
low-energy electrons which are affected by Coulomb 
collisions and high-energy electrons which can escape 
quasi-freely. 

7. The electron and proton bulk velocities are equal. 
This is due not only to collisional equilibrium but also 
from the quasi-neutrality of the plasma. Though at 
large radial distances, where Coulomb collisions are less 
important, the proton and electron fluxes become equal 
because no net current is transported by the solar wind. 
Note that the heavier ions in the fast solar wind have 

different bulk velocities and at large radial distance are 
not in collisional equilibrium. 

8. In exospheric models the "core" corresponds to 
the relatively cool population which is trapped within 
the ambipolar thermoelectric potential well of the he- 
liosphere (•bE), whereas the "halo" and "strahl" are 
composed of electrons energetic enough to escape this 
potential. The strongly anisotropic strahl component 
can be understood as the result of conservation of mag- 
netic moment along the magnetic field line. Core and 
strahl populations of electrons are reproduced by the 
collisional model. However, the fact that the halo 
component is very isotropic in the observed VDFs is 
not completely understood [Maksimovic et al., 1997b]. 
Indeed, both in results presented here and in those 
of Lie-Svendsen and Leer [2000], the halo component 
is not present in the parallel antisunward direction 
for velocities greater than the local escape velocity 
(which is roughly equal to v/2eqbE/me). Also, the 
suprathermal tails corresponding to the halo population 
are not obtained in the perpendicular direction when a 
Maxwellian distribution is assumed at the lower bound- 

ary level. Additionally, the angular dispersion due to 
Coulomb collisions is not sufficient to diffuse the strahl 

in all directions. This is quite logical since Coulomb 
collisions have a minimal effect on high-energy electrons 
(due to the sharp dependence of the Coulomb cross sec- 
tion with the velocity of the particles). 

9. The two-temperature electron distributions often 
observed in the solar wind are not produced in the per- 
pendicular direction when a Maxwellian distribution is 
assumed at the lower boundary layer. This suggests 
that the electron population might be already enhanced 
by suprathermal particles in the corona. Indeed, in the 
model, halo electrons are obtained at large radial dis- 
tances only when a Lorentzian VDF is imposed at the 
lower boundary level [Pierrard et al., 1999]. The veloc- 
ity filtration effect amplifies the high-energy suprather- 
mal tails if they exist in the corona but does not create 
them. The origin of the halo population in the corona 
therefore remains undetermined. However, in any case, 
it can be associated with the low temperature of the 
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coronal holes where the high-speed solar wind is issued 
and where high-energy suprathermal tails are most of- 
ten observed. Another possibility is the presence of 
other physical processes which have not been included 
in our model which might influence the transformation 
of VDFs in the transition region. 
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