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Self-consistent stationary equilibrium states of a quasineutral, self-gravitating dusty plasma have
been investigated by avoiding the usual ‘‘Jeans swindle’’ assumption. The analysis has been carried
out for the Cartesian one-dimensional, cylindrical, as well as spherical symmetric cases. It is shown
that allowed equilibria permit steady but inhomogeneous dust flows governed by a nonlinear
differential equation, which has a singularity at the dust-acoustic speed. The qualitative nature of the
admissible solutions of the latter equation have been discussed. The corresponding results for the
case of a self-gravitating neutral fluid have also been pointed out. ©2001 American Institute of
Physics. @DOI: 10.1063/1.1409960#

I. INTRODUCTION

Dust is an important component of astrophysical systems
wherein self-gravitational effects are dominant. When the
dust component is uncharged, the collective dynamics is
governed entirely by gravitational interaction. However, dust
grains surrounded by ionized media and radiative environ-
ments can become highly charged, and thus bring in impor-
tant contributions arising from electromagnetic interactions.
Since both interactions are long range, and the gravitational
interaction is much weaker than the electromagnetic interac-
tion, the latter can significantly influence the collective dy-
namics of self-gravitating extended systems. More specifi-
cally, the study of the so-called dusty plasmas, which consist
of electrons, ions, and charged dust grains, has received wide
attention in recent years.1–6 Typically, the grains are in the
range of a few~tens of! microns, while the charging can be
up to a few thousand electrons. Thus, the physics of self-
gravitating dusty plasmas is becoming increasingly relevant
in determining the macroscopic behavior of extended sys-
tems in astrophysical scenarios.

Even for grain sizes in the micron range, the mass of an
individual grain is typically about 10–12 orders of magni-
tude larger than the ion mass, and hence the mass of dusty
plasmas is essentially contained in the dust component. The
presence of such massive dust grains opens up a new, ultra-
low-frequency regime for the existence of different types of
collective modes in dusty plasmas, which do not exist in the
usual electron-ion plasmas. In particular, there are three fun-
damental dusty plasma modes. First of all, there is the dust-
acoustic wave,7 which is associated with dust number density
perturbations and which exists in the tenuous, low fugacity8

regime. Second, the dust-Coulomb wave8 is associated with

dust charge perturbations and exists in the dense, high fugac-
ity regime. Third, the dust-lattice wave9 is associated with
lattice vibrations when plasma crystals are formed. All three
modes have been extensively studied in recent years.10–23

When the self-gravitational interaction due to the heavier
dust component is included, dusty plasmas are found to ex-
hibit macroscopic instabilities24–26of the Jeans type.27 Physi-
cally, the Jeans instability of an extended massive system
arises due to the purely attractive gravitational force, which
is unlike the electromagnetic force. Recently, we have ana-
lyzed elsewhere28 the occurrence of the Jeans instability in
dusty plasmas over the entire range of dust fugacity.8 It is
found that low fugacity dusty plasmas are subjected to the
Jeans instability associated with the dust-acoustic waves,
while in the high fugacity range the instability is related to
the dust-Coulomb modes. Furthermore, in the high fugacity
regime, the instability occurs at much smaller scale sizes
than in the case of the low fugacity regime.28

An outstanding and fundamental problem in the study of
the Jeans instability of self-gravitating systems, whether neu-
tral or ~dusty! plasmas, is related to the question of the equi-
librium state. By and large, this problem is generally circum-
vented by invoking what has been named the ‘‘Jeans
swindle.’’ Stated briefly, the latter subterfuge enables one to
study local perturbations of a system which is assumed to be
homogeneous over several wavelengths of interest. Math-
ematically, this necessitates ignoring the equilibrium part of
the gravitational Poisson equation, and thus considering only
the perturbed part. However, the above-mentioned assump-
tion cannot always be checked easilya posteriori for self-
consistency since the equilibrium state cannot, in general, be
determined, except in some simple models, while the system
is always inhomogeneous over larger scale lengths. Notwith-
standing this difficulty, the Jeans swindle has been exten-
sively used in the literature to derive some physical insights
into the collective dynamics of self-gravitating systems. An
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extensive discussion about the Jeans swindle and associated
difficulties can be found in a recent book.29

We investigate in this paper the possible existence of
self-consistent equilibria of a self-gravitating dusty plasma
by avoiding the Jeans swindle. To this end, we allow for
inhomogeneous but stationary flows, and derive, for the first
time, a nonlinear differential equation which governs the
self-consistent equilibrium flows and which is singular at the
characteristic speed in dusty plasmas, namely, the dust-
acoustic speed. The singularity is a manifestation of the equi-
librium gravitational potential which is inhomogeneous. Sev-
eral important and qualitative results about the possible
equilibria have been obtained through an analysis of the gov-
erning equation. It is shown that, as a limiting case, the
present analysis is applicable also for neutral self-gravitating
fluids.

II. FORMALISM

In order to keep the formulation of the problem math-
ematically tractable as well as physically transparent, and to
be able to derive lateranalyticalconclusions, we consider an
unmagnetized dusty plasma having electrons, ions, and dust
grains, and use the standard model7 of dusty plasmas, which
is sufficient for our purpose. Since the mass content of dusty
plasmas is essentially contained in the dust component, it is
appropriate to neglect the mass of the electrons and ions
~compared to the dust grain mass!, and assume the latter to
be in thermal equilibrium at the respective temperatures~Te

andTi! in the presence of a self-consistent electrostatic po-
tential. Thus, the electron (ne) and ion (ni) number densities
are given by the respective Boltzmann distributions,

ne5Ne expS ef

kTe
D ,

~1!

ni5Ni expS 2
ef

kTi
D ,

where Ne and Ni are true integration constants. The dust
fluid is governed by the fluid equations

]nd

]t
1“"~ndud!50,

~2!
]ud

]t
1~ud"“ !ud1

vTd
2

nd
“nd52

qd

md
“f2“c.

The system of equations is closed by the Poisson equations
for the electrostatic~f! as well as gravitational~c! poten-
tials,

¹2f52
1

«0
~qdnd1eni2ene!, ~3!

¹2c54pGmdnd . ~4!

In these basic equationsnd , ud , md , qd , andvTd denote the
dust number density, the flow velocity, the mass, the charge,
and the thermal speed, respectively, andG is the gravita-
tional constant.

Equations~1!–~4! constitute a complete set of governing
equations for describing electrostatic collective processes in
self-gravitating dusty plasmas. We now look for self-
consistent stationary equilibria, governed by

ne05Ne expS ef0

kTe
D , ~5!

ni05Ni expS 2
ef0

kTi
D , ~6!

“"~nd0ud0!50, ~7!

~ud0"“ !ud01
vTd

2

nd0
“nd052

qd0

md
“f02“c0 , ~8!

¹2f052
1

«0
~qd0nd01eni02ene0!, ~9!

¹2c054pGmdnd0 , ~10!

where the subscript ‘‘0’’ denotes the respective equilibrium
quantities. As remarked earlier, we have dropped the electron
and ion mass contributions in~4! and ~10! since the mass
content of dusty plasmas arises almost entirely due to the
dust component. In addition, the Boltzmann assumption is
equivalent to treating the electrons and ions as massless.

Equation~8! can be rewritten as

“S 1
2 ud0

2 1
qd0

md
f01vTd

2 ln nd01c0D5ud0Ã~“Ãud0!.

~11!

We now consider one-dimensional geometries that can be
either Cartesian, cylindrical, or spherical. The flow is as-
sumed to be along thex axis or in the radial direction and
function of the corresponding spatial coordinate, as the case
may be. Such flows are irrotational (“Ãud050), so that the
right-hand side of~11! vanishes, leading to the conserved
quantity

1
2 mdud0

2 1qd0f01mdvTd
2 ln nd01mdc05C1 , ~12!

where C1 is an integration constant. Equation~12! is the
Bernoulli equation representing the conservation of the total
energy which consists of the kinetic, electrostatic, thermal,
and gravitational components.

We now proceed to derive the equation governing the
self-consistent equilibria. For this purpose, it is illustrative as
well as useful to concentrate on the flow speedud0 in favor
of the other variables~namely,nd0 , c0 , andf0!. Taking the
Laplacian of~12! leads to

1
2 ¹2ud0

2 1
qd0

md
¹2f01vTd

2 ¹2 ln nd01vJd
2 50, ~13!

wherevJd
2 [4pGmdnd0 is the square of the Jeans frequency

for the self-gravitating dusty plasma. To eliminatend0 in
~13!, we use~7! which yields

nd05
C2

r nud0
, ~14!
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where C2 is a constant, andn50, 1, or 2 for a one-
dimensional Cartesian, cylindrically symmetric, or spheri-
cally symmetric geometry, respectively.

It is tempting to use the electrostatic Poisson equation
~9! to substitute for¹2f0 in ~13!. However, this does not
lead to a closed form governing equation for the flow speeds,
since ~9! together with~5! and ~6! is highly nonlinear and
cannot be solved forf0 in terms ofnd0 and henceud0 @after
using~14!#. In order to proceed with the analytic formulation
of the problem, we now make use of the charge quasineu-
trality condition. While this is somewhat restrictive and lim-
its the possible number of self-consistent equilibria, it is a
reasonably good approximation for the electrostatic poten-
tial, particularly when the plasma inhomogeneities are suffi-
ciently weak and smooth, as discussed in the following. Fur-
thermore, it allows the derivation of a governing equation for
the equilibrium flow speed. Thus, instead of the electrostatic
Poisson equation~9!, we use the charge quasineutrality con-
dition, namely,

qd0nd01eni02ene050, ~15!

where ne0 and ni0 are given by~5! and ~6!, respectively,
while nd0 is given in terms ofud0 by ~14!. Since

¹2[
]2

]r 2 1
n

r

]

]r
, ~16!

where n50, 1, or 2, and r→x ~the Cartesian one-
dimensional coordinate! for n50, we use~5!, ~6! and~16! in
~15! to obtain

qd0¹2nd05
«0

lD
2 ¹2f01

e3

k2 S ne0

Te
2 2

ni0

Ti
2 D S ]f0

]r D 2

, ~17!

where we have defined the effective plasma Debye lengthlD

throughlD
22[lDe

221lDi
22 , andlDj5(«0kTj /nj 0e2)1/2 is the

electron or ion Debye length forj 5e or j 5 i . Equation~17!
is nonlinear inf0 , and relates the latter tond0 and, hence, to
ud0 through~14!. In order to obtain a closed form equation
for the dust flow speed, we neglect the nonlinear term in~17!
and obtain

¹2nd0.
«0

lD
2qd0

¹2f0 . ~18!

This approximation is essentially the same as requiring
ef0!kTe ,kTi and then using~5! and ~6! in ~15!. Further-
more, the assumption of charge quasineutrality can now be
checked for consistency by using~18! in the electrostatic
Poisson equation~9!. Clearly, it follows from ~9! and ~18!
that the assumption of quasineutrality holds well when the
plasma inhomogeneity scale lengthL satisfies the condition
L2@lD

2 . For realistic dusty plasmas of practical interest, this
is not very restrictive.

Finally, we use~14!, ~16!, and~18! in ~13! to obtain

ud0~ud0
2 2cda

2 2vTd
2 !

]2ud0

]r 2 1~ud0
2 12cda

2 1vTd
2 !S ]ud0

]r D 2

1
nud0

r
~ud0

2 1cda
2 2vTd

2 !
]ud0

]r

1S vJd
2 1

ncda
2

r 2 2
n~n21!vTd

2

r 2 Dud0
2 50, ~19!

where cda[lDvpd is the dust-acoustic speed,7 vpd

5(nd0qd0
2 /«0md)1/2 is the dust plasma frequency and, as

mentioned earlier,n takes values 0, 1, and 2 for the Cartesian
one-dimensional (r→x), cylindrically symmetric and
spherically symmetric cases, respectively. It should be kept
in mind for the subsequent discussions that bothcda andvJd

depend onnd0 , and hence indirectly onud0 . However, since
cda

2 ud0;r 2n andvJd
2 ud0;r 2n, the r -dependent coefficients

in ~19! become more intricate when written out in full than
they appear now, but we prefer to let this equation stand in
its present, more compact form.

Equation~19! is the self-consistent governing equation
for determining the steady state equilibrium dust flow speed
in a self-gravitating unmagnetized dusty plasma. The corre-
sponding number density profiles are governed by~14!.
Equation~19! is a nonlinear equation and has, interestingly, a
local singularity at the total dust-acoustic speedcd given
throughcd

2[cda
2 1vTd

2 . This seems to be natural, and is to be
anticipated since the latter speed is the fundamental charac-
teristic speed in an unmagnetized dusty plasma. Equations
~14! and~19! thus completely determine self-consistently the
stationary equilibrium profiles of a quasineutral, self-
gravitating dusty plasma.

Before discussing the qualitative nature of the solutions
admissible for~19!, we briefly address the case of a self-
gravitating neutral fluid. The equilibrium equations for the
latter are

“"~n0u0!50,

~u0"“ !u01
cs

2

n0
“n052“c0 , ~20!

¹2c054pGmn0 ,

where n0 , u0 , m, and cs denote, respectively, the neutral
fluid number density, flow velocity, mass, and acoustic
speed. Equation~20! admits the Bernoulli equation

1
2 u0

21cs
2 ln n01c05C3 , ~21!

whereC3 is another integration constant. Unlike the dusty
plasma case discussed previously,~20! can beexactly re-
duced to a single equation given by

u0~u0
22cs

2!
]2u0

]r 2 1~u0
21cs

2!S ]u0

]r D 2

1
nu0

r
~u0

22cs
2!

]u0

]r

1S vJ
22

n~n21!cs
2

r 2 Du0
250, ~22!

wherevJ5(4pGmn0)1/2 is the Jeans frequency for a self-
gravitating neutral fluid, and the definition ofn remains the
same as earlier@cf. ~19!#. Equation~22! governs the self-
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consistent~irrotational! flow speed of a self-gravitating neu-
tral fluid, while the corresponding number density is given
through r nn0u05C4 , whereC4 is a constant. Again,vJ

2u0

;r 2n, and similar remarks apply when discussing~22!.
It should be pointed out that~22! follows exactly from

the corresponding equation for dusty plasmas, namely~19!,
if in the latter we ‘‘switch off’’ the dust grain charge by
letting qd→0, which is equivalent to taking the limitcda

→0. This essentially corresponds to considering the case
cda

2 !vTd
2 . In the latter limit, the~uncharged! dust thermal

speed is the same as the acoustic speed, that is,vTd→cs , and
hence~19! identically reduces to~22!. It is, therefore, antici-
pated that many of the conclusions derived from~19! for
dusty plasmas hold well also for the neutral fluid governed
by ~22!. While stationary states with radial flows have been
treated in neutral fluids,30 there is no mention of the reso-
nances and singular layers that we discuss in Sec. III.

In order to highlight the contributions arising from the
electromagnetic force~because of the charged components of
the dusty plasmas! as well as compare with the neutral fluids
which are governed only by the gravitational interaction, it is
illustrative to explicitly consider the opposite case when the
dust thermal speed is much smaller than the dust-acoustic
speed, that is,vTd

2 !cda
2 . For typical dusty plasmas of current

interest, this is generally a very good approximation. Accord-
ingly, ~19! reduces to

ud0~ud0
2 2cda

2 !
]2ud0

]r 2 1~ud0
2 12cda

2 !S ]ud0

]r D 2

1
nud0

r
~ud0

2 1cda
2 !

]ud0

]r
1S vJd

2 1
ncda

2

r 2 Dud0
2 50, ~23!

which is similar to~22! for the neutral fluids. Unlike in the
case of the latter where the equilibrium is maintained due to
the fluid thermal pressure, in the case of dusty plasmas the
electromagnetic forces contribute~additional! balancing
forces which are accompanied by self-consistent flows.

The most essential feature of the governing~22! and~23!
which iscommonto all geometries~n50, 1, or 2! mentioned
earlier is the existence of thesingularity at the characteristic
speed, namely, the dust-acoustic speedcda in the case of
dusty plasmas, and the acoustic speedcs in the case of neu-
tral fluids. This singularity is a consequence of the inhomo-
geneous equilibrium self-gravitational potential, which mani-
fests itself in the governing equations through the Jeans
frequency. Compared to the Cartesian one-dimensional case
(n50), the cylindrically (n51) and spherically (n52)
symmetric cases bring in additional terms, but the essential
structure of the equations remains the same. In fact, as an-
ticipated, the limitr→` is mathematically identical to tak-
ing n50.

Equations~22! and ~23! are thus nonlinear singular dif-
ferential equations whose exact analytic solutions are not yet
available. In the absence of such solutions, these equations
have to be carefully analyzed using appropriate~singular!
perturbation techniques, or solved by suitable numerical
methods, both of which are beyond the scope of the present
work. However, certain qualitative results about the possible

equilibria can indeed be derived from the general structure of
the governing equations~22! and ~23!, and will be given in
Sec. III.

III. RESULTS AND CONCLUSIONS

The results are summarized as follows.
~1! The governing equations~22! and~23! have a trivial

solution corresponding to zero flow speed. In this case, the
equilibrium gravitational force is balanced by the thermal
and/or the electrostatic forces, as the case may be. This is
consistent with the momentum balance equations like~8! and
~20!. On the other hand, the presence of the Jeans frequency
term in ~22! and ~23! precludes any equilibria with constant
flow speed~even for the Cartesian case whenn50!. Thus, in
general, the equilibrium flow speed has to be inhomogeneous
and, hence, so also the number density@cf. ~14! and its
equivalent for the neutral fluid case#. This is again consistent
with the corresponding momentum balance~8! and~20!. For
the special case of inhomogeneous equilibria with zero flow
speed, explicit profiles can be analytically derived in some
special cases.29

~2! In view of ~14! and its equivalent for the neutral
fluids, the sign of the equilibrium flow speed is fixed once
the constant of integration is determined by specifying the
equilibrium flow speed and the number density at some spa-
tial coordinate. Thus, the equilibrium flow speed cannot
change sign with respect to the spatial coordinate.

~3! The detailed structure of the singular layer where the
flow speed approaches the respective characteristic speeds
for cold dusty plasmas and neutral fluids~cda andcs , respec-
tively! depends on the geometry of the configuration~n50,
1, or 2!. However, certain generic features of the singular
layer can be easily deduced for the Cartesian one-
dimensional case. Thus, forn50 andr[x, ~23! becomes

ud0~ud0
2 2cda

2 !
]2ud0

]x2 1~ud0
2 12cda

2 !S ]ud0

]x D 2

1vJd
2 ud0

2 50,

~24!

and ~22! then similarly is

u0~u0
22cs

2!
]2u0

]x2 1~u0
21cs

2!S ]u0

]x D 2

1vJ
2u0

250. ~25!

In both cases, the last two terms are positive definite. Since
the sign of the flow speed is fixed~either positive or nega-
tive!, we assume it to be positive for convenience. Thus, for
non-zero flow speeds, it follows from~24! and ~25! that the
following condition should be satisfied:

~U22C2!
]2U

]x2 ,0, ~26!

whereU[(ud0 ,u0) andC[(cda ,cs) for cold dusty plasmas
and neutral fluids, respectively. Thus, in the singular layer
when U22C2→60, it follows that ]2U/]x2→7`. This
implies that the equilibrium flow speeds have steep profiles
in the singular layer.

More specifically for cold dusty plasmas, governed by
~23!, the locationr c of the singular layer is determined from
the conditionud0

2 (r c)5cda
2 (r c), or more explicitly
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ud0
3 ~r c!5cda

2 ~r 0!ud0~r 0!S r 0

r c
D n

, ~27!

where r 0 is some reference spatial position at which the
boundary values are specified.

To summarize, we have investigated the existence of
self-consistent stationary equilibrium states of self-
gravitating dusty plasmas as well as neutral fluids by avoid-
ing the usual Jeans swindle assumption. It is shown that, in
general, stationary equilibria are possible when the medium
is inhomogeneous with nonzero flow speeds. Starting with
the respective basic equations, we have shown that the pos-
sible equilibria are governed by a nonlinear differential equa-
tion for the flow speed. The latter governing equation has a
singularity at the respective characteristic speed of the me-
dium, namely, the dust-acoustic speed in the case of dusty
plasmas, and the acoustic speed in the case of neutral fluids.
The singularity is a manifestation of the equilibrium~inho-
mogeneous! gravitational potential, and is common to all ge-
ometries~Cartesian, cylindrical, and spherical!. Certain gen-
eral, qualitative results about the admissible equilibria have
been derived by analyzing the structure of the governing
nonlinear equation for the equilibrium flow speed.
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