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Abstract. The Schumann-Runge bands of molecular oxy
gen between 175 nm and 205 nm cover a spectral region
of great importance for the effect of solar radiation in
the middle atmosphere. The highly structured absorption
cross sections that can be computed with good accuracy
lead to prohibitive computer resources, however, when
they have to be used in complex atmospheric models.
Although various approximations have been developed,
another approach is proposed to avoid spurious effects,
even when the new approximations are used outside of
their validity range, corresponding to a solar attenuation
of the order of 10-10• Comparisons between exact com
putations and present approximations lead to satisfactory
agreement.

1 Introduction

The Schumann-Runge band system (B3 E";; ~ X3Ei) of
molecular oxygen between 175 nm and 205 nm corresponds
to a wavelength region that is of fundamental importance
for the penetration of solar radiation in the middle atmo
sphere below 100 km altitude (see, for instance, Banks and·
Kockarts, 1973).

The atlas of Yoshino et al. (1984) clearly indicates that
numerous rotational lines influence the absorption of so
lar radiation and require, as a consequence, high resolution
absorption cross sections. Ackerman and Biaume (1970)
determined vibrational and rotational constants from high
resolution photographic spectra. These data were used (Ack
erman et al. 1970) to measure the first high-resolution ab
sorption cross sections at some well-defined wavelengths.
Using these results, it was possible to make a detailed
computation of the penetration of solar radiation in the
Schumann-Runge bands with a resolution of 0.5 cm-1

(Kockarts, 1971). These computations are time and memory
consuming, however, when they are introduced in large and
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complex photochemical models of the atmosphere. There
fore, a numerical approximation, taking into account the
temperature dependence of the cross sections, was developed
for practical applications (Kockarts, 1976). Other approxi
mations are mentioned in the radiative processes section of
W.M.O. (1986).

In the present paper, Sect. 2 gives a brief description
of the absorption cross sections (Minschwaner et al., 1992)
used for computing the penetration of solar radiation in
the Schumann-Runge bands with a spectral resolution of
0.5 cm- I . Sect. 3 contains calculations of the exact solar
absorption and new numerical approximations are developed
for 500 cm- I wave number intervals between 49000 cm- I

and 57000 cm- I . These approximations are given as sums
of six always-decreasing exponentials in order to avoid
numerical accidents when the slant total content of 02 be
comes very large. Finally, some applications are presented
in Sect. 4 as possible examples for the new robust approxi
mation. Section 5 summarizes the main results.

2 O2 cross sections and temperature dependence

Within the limits of experimental error and resolution, Hud
son and Carter (1969) could not detect any significant change
in the absorption cross sections of the 02 Schumann-Runge
bands when temperature varies between 200 K and 300 K.
However, absorption cross sections measured at some known
wavelengths (Ackerman et al., 1970) could be fitted only
with a 300-K theoretical spectrum and not with a 200
K spectrum. This implies that temperature-dependent. cross
sections have to be used for the analysis of solar radiation
absorption in the Schumann-Runge bands of O2 (Kockarts,
1971). The variation with temperature is due essentially to
temperature dependence of the population of the first vi
brational level of the ground state of the molecule and to
the temperature dependence of the relative intensities of the
rotational lines in a specific band. For the development of
numerical approximations of the solar radiation penetration
in the middle atmosphere, Kockarts (1976) used 17 sets
of cross sections corresponding to temperatures between
160 K and 320 K, with a IO-K interval. Later, Murtagh
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Fig. 1. Absorption cross section in the wavelength region where Herzberg
continuum can infiuence the Schumann-Runge cross section for 130 K
temperature

Fig. 2. Absorption cross section in the wavelength region where Herzberg
continuum can infiuence the Schumann-Runge cross section for 500 K
temperature
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Fig. 3. Two approximations of the Herzberg continuum cross sections be
tween 190 nm and 240 nm

Herzberg continuum to the total cross section is negligible
below 193 nm.

Figure 2 has been computed in the same way; but for a
temperature of 500 K. The effect of vibrational excitation of
the ground level of the Schumann-Runge system is respon
sible for the increase in complexity of the cross sections.
Furthermore, the temperature dependence of the bands' cross
sections is such that the influence of the Herzberg contin
uum is not so important. There is no significant difference
between the two curves in Fig. 2 for wavelengths shorter
than 200 nm.

The most recent data of Yoshino et al. (1992) are shown
in Fig. 3 with the data (Yoshino et al., 1988) used in the pre~

sent paper. The polynomial approximation of the 1992 data
should not be used for wavelengths shorter than 193 nm,
since it then leads to negative cross sections. The same re
striction does not apply to the 1988 data, since they were fit
ted to another analytical expression. The difference between
the two data sets becomes important below 200 nm and
would certainly influence the total cross sections in Fig. 1 at
low temperature between 193 nm and 200 nm. Minschwaner
ct al. (1993) have used both sets of cross sections to compute
O2 transmittances observed in the stratosphere by Anderson
and Hall (1986). They found that the agreement with the

(1988, 1989) used five sets between 150 K and 300 K with
a 50-K inlerval.

High-resolution absorption cross sections have been
measured by Yoshino et al. (1983, 1987) at temperatures
of 300 K and 79 K. These data have been used by Min
schwaner et al. (1992) to develop a polynomial fitting of
the cross sections for any temperature between 130 K and
500 K, with a spectral resolution of 0.5 em-I. The agree
ment with experimental dala is excellent and the polynomial
fitting allows calculations of atmospheric transmissions with
the real vertical temperature distributions. Instead of com
puting in advance a number sets of cross sections using
the most recent molecular parameters, the polynomial co
efficients of Minschwaner et al. (1992) will be used in the
present paper to develop the new numerical approxima
tions. This attractive approach has a further advantage since
the underlying Herzberg continuum on the long wavelength
side of the Schumann-Runge band system has not been in
cluded in the polynomial fitting procedure. This continuum
can, therefore, be taken into account by a simple addition
to the high-resolution (0.5 em-I) absorption cross sections
for wavelengths greater then approximately 190 nm. The
Schumann~Rungecontinuum on the short wavelength side
of the band system is, however, taken into account by Min
schwaner et al. (1992), using the results of Lewis et al.
(1985a. b).

Figure I shows the absorption cross section on the long
wavelength side of the Schumann-Runge bands for a tem
perature of 130 K. The computations have been made \vith
the polynomial coefficients of Minschwaner et al. (1992).
Two cases are presented: one without the contribution of the
Herzberg continuum and one taking into account this con
tribution with the cross sections of Yoshino et al. (1988). It
appears that the Herzberg continuum plays a role down to
193 nm for a temperature of 130 K. The numerical fit given
by Eq. (3) of Yoshino ct al. (1988) is valid from 194 nm
to 240 nm. In order to avoid a discontinuity in the cross
sections of Fig. I at 194 nm, the same equation has been
used between 194 nm and 190 nm. Figure 1 shows that,
even for a very low temperature, the contribution of the
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balIoon observations was significantly poorer when using
the lower values of Yoshino et al. (1992). Apparently, a
problem still exists between 193 nm and 200 nm for the
Herzberg continuum. A sensitivity analysis of stratospheric
composition in a two-dimensional model has recently been
made by Toumi and Bekki (1994). It indicates that signif
icant differences can result for minor constituents in the
lower stratosphere.

Although the higher values of Yoshino et al. (1988) are
used in the next section, an approximation of the penetra
tion of solar radiation will also be developed without any
inclusion of the Herzberg continuum. This will allow the
potential user to make his own choice for the absorption
in the Herzberg continuum. It is not clear whether or not a
temperature dependence of the Herzberg continuum should
be included, although experimental data of Johnston et al.
(1984) do not indicate a significant temperature effect above
205 nm.

3 Reduction factors and their approximations

For a monochromatic radiation, the absorption of solar pho
tons is governed by Beer-Lambert's law. The Schumann
Runge bands system can be assimilated to a set of 16000
spectral points with different cross sections at every 0.5 cm- I

between 49 000 and 57000 cm- I . The whole spectral inter
val is divided into 16 subintervals, each having a width of
500 cm- I . Using the formulation given by Kockarts (1971,
1976), it is possible to define reduction factors for each
500 cm- I interval as

where j corresponds to a 500 cm- I interval, Tij is the
slant optical depth for 0 1 in interval j for wave number
corresponding to index i, Ej is the predissociation efficiency •
in interval j, and aij is the O2 absorption cross section.

The dimensionless reduction factors RAM) are equiva
lent to the transmission functions used by Fang et al. (1974)
and the Rj(Ol) in cm2 are equivalent to the expressions used
by them for the computation of the O2 photodissociation co
efficient. HO\vever, these authors do not put the absorption
cross section under.the integral sign for computing the op
tical depth

Fig. 4. Atmospheric model (Hedin, 1991) for geophysical conditions indi
cated in the text

(4)

(5)

As a consequence, their opacity distribution functions
method does not fully account for the temperature depen
dence effect.

In the present work, the reduction factors are computed
in every 500 cm- I wave number interval with the absorp
tion cross sections of Minschwaner et al. (1992). Previous
computations of reduction factors are usualIy made with
the U.S. Standard Atmosphere (1976). In the present paper
the atmospheric model is taken from Hedin (1991). This
analytical semi-empirical model can be applied for any geo
physical condition. As input parameters, we have adopted a
day number of 180, a latitude of 40~, a longitude O~, a local
solar time of 12 h, solar decimetric flux of 150 Jansky, and
a daily planetary geomagnetic index of 4. The choice of the
last two values has no significant effect for altitudes below
100 km.

Figure 4 gives the vertical temperature distribution and
the 02 overhead total content used in subsequent computa
tions.

Having computed the reduction factors (1) and (2), the
solar irradiance ch(z) at altitude z is given for each 500 cm- I

interval by

where <Pj(co) is the solar irradiance at the top of the atmo
sphere in the wave number interval j and TiC03) is the slant
optical depth resulting from ozone absorption in the same
interval.

The photodissociation coefficient Jj(M) for any minor
constituent M at altitude z can be computed by(3)

(1)

(2)

00

Tij = Jaijll(Ol) tis,

and

1 1000

Rj(M) = 1000~ exp(-Tij),
1=1

1 1000

K(Ol) = --~ E'a" exp(-T")
J 1000L....- J IJ IJ '

i=1

where 11(02 ) is the molecular oxygen concentration and s is
the slant path.

where aiCM) is the photodissociation cross section for M in
the wave number interval j.
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increases!

The definition of the reduction factors given by Eqs. (1)
and (2) show that these quantities are a sum of 1000 ex
ponentials with always negative arguments. The present ap
proximation is based on the same mathematical structure.
Therefore, the exact expressions are replaced by

R/M) =al x exp(-az x N) + a3 x exp(-a4 x N) + ...

+ au x exp(-a12 x N), (7)

and

R/Oz) =b l x exp(-b2 x N) + b3 x exp(-b4 x N) + ...

+ bit x exp(-b12 x N), (8)

Rayleigh scattering is neglected in Eqs. (4)-(6).

3.1 Approximations with Herzberg continuum

where N is the slant Oz total content and al-al2 and bl-b12
are numerical coefficients to be found.

The determination of these coefficients can only be made
by non linear least ~quare fitting. An excellent technique for
such work has been developed by Marquardt (1963), the
implementation of which is described by Press et al. (1989).
However, this technique cannot be applied automatically
to the whole set of reduction factors for essentially two
reasons. Firstly, initial guesses must be provided for all co
efficients. Secondly, the mathematical approach searches for
a minimum corresponding to a negligible decrease in sta
tistical chi-square tests. This implies that the first minimum
found is not necessarily the deepest one and that another
set of initial guesses could lead to better results. In order
to weaken this constraint, all reduction factors have been
fitted successively with two, three, four, five, and six ex
ponentials. As a consequence, only two coefficients have to
be guessed in each partial fit, since the other initial guesses
come from the previous fit. Furthermore, a negative value
for any coefficient ai or bi is rejected. This assures that
all terms in Eqs. (7) and (8) strictly decrease as the Oz
total content increases. The problem of creating photons is,
therefore, definitely avoided and the approximations can be
considered as robust with no undesirable effects.

The approximations have been developed to cover a
decrease by a factor of 1010 for all Rj(M) and Rj(Oz).
As an example, Figs. 5 and 6 show the results obtained
in the interval 51000.5-51500.0 em-I. One sees that the
approximation holds for the 1010 range of variation for the
reduction factors.

Similar results are obtained for the 16 wave number
intervals and the ai and bi coefficients are given in Tables
1 and 2, respectively. As usual in tables, a notation such
as 1.I3E-01 should be understood as 1.13 x 10-01 • The
values al-al2 should be read from left to right on three
consecutive lines under each wave number interval. When
the coefficients are zero, they are indicated by a dash.

It can be seen that all coefficients are positive and
that in some cases a good fit is obtained with less then
6 terms in Eqs. (7) and (8). An example is given in Fig. 5,
where the dotted reduction factor represents the fit with five
exponential terms.

The temperature effect is apparent in Fig. 6, where the
reduction factor RAOz) shows a change in curvature for
low total contents. This is a consequence of the higher
temperature at 120 km altitude. When Minschwaner et of.

(6)

I ExactI• 6 exp
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Fig. 5. Comparison between exact calculation and approximation of the
reduction factor Rjll,1) in the 51000.5-51500.0 cm- I interval

Fig. 6. Comparison between exact calculation and approximation of the
reduction factor Rj(Ol) in the 51000.5-51500.0 em-I interval

The photodissociation coefficient Jj(Oz) for molecular
oxygen is obtained from expression

10" 10'8 10'i 1020 1021 1022 1023 1024
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Almost all previous analytical approximations for the re
duction factors (Kockarts, 1976; Blake, 1979; Allen and
Frederick 1982; Nicolet and Peetermans, 1980; Murtagh,
1988,' 1989; Nicolet and Kennes, 1989) are based on the de
termination of polynomial coefficients by linear least square
fitting procedures.

Although this technique is fully appropriate, it presents
some danger when the approximations are used for slant Oz
total contents or for optical depths outside of the validity
domain usually given by these authors. Furthermore, the
validity domain is not identical for each wave number in
terval, and careful tests are required in the coding. In some
cases, misuses can even create photons, i.e. an increase
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and

where ajll is the average Herzberg continuum cross section
in interval j.

The transmission function TlH) due to the Herzberg
continuum in interval j is given~'by

(13)

where all symbols have been previously defined.
Equation (12) indicates that the computation of the Oz

photodissociation coefficient with approximations neglect
ing the contribution from the Herzberg continuum requires
calculation of the second term ajH x RjNH(H). Omission of
this term would lead to unacceptably large errors.

Figures 1 and 2 show that for all atmospheric temper
atures, the contribution of the Herzberg continuum can be
neglected for wavelengths shorter than 192 nm. For this rea
son, approximations without Herzberg continuum have been
developed only for wave numbers shorter than 52000 cm- I .

The computational technique has been described in Sect. 3.1.
The numerical coefficients for RjNH(M) and RjNI/(OZ) are
given in Tables 3 and 4, respectively. In order to use ap
proximations without Herzberg continuum over the whole
interval, it is necessary to replace the last six intervals in
Tables 1 and 2 by those of Tables 3 and 4, respectively.
Nicolet and Kennes (1989) have used a similar approach,
but it is not clear why their polynomial coefficients for wave
numbers greater then 52000 cm- I are not identical in both
cases, the Herzberg continuum being completely negligible
above that wave number.

Inspection of Table 4 shows that a few preexponen
tial coefficients are negative. The approximation remains,
however, robl/st, since all the coefficients for the exponen
tial arguments are positive. The necessity to slightly relax
the condition that all coefficients should be positive as in
Sect. 3.1, is easily understood by looking at Figs. 9 and 10,
which show the approximations for the worst case between
50000.5 and 50500.0 cm- I . Figure 9 indicates that the
transmission due to the spectroscopic lines in this interval
is high for any Oz total content. Figure 10 shows the two
terms necessary in Eq. (12) for computing the real reduc
tion factor for Oz. There is a wide range of total contents
where both terms are comparable. The temperature effect is
pronounced for the exact computation of RjNH(OZ) and the
local minimum can only be fitted by allowing a negative
coefficient for one preexponential factor (see Table 4). For a
total content greater than 2 x 1023 cm-2, the approximation
of RjNI/(Oz) is not good, although it remains robl/st. This
is of no practical importance, since for such total contents
the term ajHRjNH(M) is largely dominant and at 200 nm the
cross section ajH is not negligible, compared with the band
lines cross sections. The interested reader can obtain the
coefficients of Tables 1-4 by sending me a DOS-formatted
disket.

co

Tj(H) =exp[- JajHn(Oz) ds],

s

(10)

16

Error =100 x [(1/16) L Rj(M) - R(M)]j R(M), (9)
j=1

where aijSR is the contribution of the Schumann-Runge bands
and of the Schumann-Runge continuum taken from Min
schwaner et al. (1992), and ajH is the cross section of
the Herzberg continuum considered as constant over the
500 cm- I j interval. The assumption of a constant ajH over
each interval is valid, since it represents a continuum.

Exact reduction factors RjNI/(M) and RjNI/(Oz), exclud
ing Herzberg continuum, are then computed with Eqs. (1)
(3), using only values for the aijSR.

It is easily shown that the complete reduction factors
Rj(M) and Rj(Oz) are related to the RjNI/(M) and RjNI/(OZ)
by

3.2 Approximations withol/t Herzberg continl/I/m

In order to provide a tool for analyzing the effect of various
values for the Herzberg continuum cross sections below
205 nm, it is possible to approximate exact calculations
without including this continuum.

The total cross section aij used in Eqs. (1)-(3) can be
written as

(1993) and Minschwaner and Siskind (1993) used the opac
ity distribution functions (ODF), they noted that the choice
of an appropriate temperature is important. In each spectral
interval, they chose the temperature corresponding to the al
titude at which optical depth is unity. This indicates that the
ODF method is not fully temperature dependent. Although
Eqs. (7) and (8) have a similar form to the ODF approx
imation of Minschwaner et al. (1993) and Minschwaner
and Siskind (1993), they take into account the temperature
at each level for the computation of the absorption cross
sections.

The accuracy of the approximations is estimated by com
puting exactly the total reduction factors R(M) and R(Oz)
over the interval from 49 000.5 to 57 000.0 cm- I , i.e. 16 000
points for each total factor. The error of the approximation
is then evaluated in percent, as

where the Rj(M) are computed with Eq. (7) and the coeffi
cients in Table 1.

A similar error is defined for R(Oz) and the results are
shown in Figs. 7 and 8, respectively. It is seen that the
error never exceeds a few percent for all values of the total
reductions R(M) and R(Oz) in a domain extending over
a factor of 1010 variation. Such a test corresponds to the
hypothetical case of a constant unitary solar irradiance over
the whole interval which is subdivided into 16 parts.

I have also computed ai and bi coefficients, as given in
Tables 1 and 2 for 1 nm wavelength intervals. The accuracy
is less then for 500 cm- I wave number intervals. Errors like
those shown on Figs. 7 and 8 can reach ± 10%. Therefore,
these 1 nm interval coefficients are not given here.

(1 I)
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Table I. Coefficients for the approximation of Rj(M) Table 2. Coefficients for the approximation of Rj(Ol)

OJ 56500.5 - 57000.0 clIl- 1 hj 56500.5 - 57000.0 ClIl- 1

1.13402E-01 1.00088E-20 3A8747E-01 2.76282E-20 1.07382E-21 9.95029E-21 7. I9430E-2I 2.48960E-20
3.47322E-01 1.01267E-19 1.67351 E-OI 5.63588E-19 2.53735E-20 7.54467E-20 4.48987E-20 2.7998IE-19
2.31433E-02 1.68267E-18 9.72535E-20 9.29745E-19 2.30892E-20 4.08009E-17

OJ 56000.5 - 56500.0 CIIl- 1 hj 56.000.5 - 56500.0 ClIl- 1

2.55268E-03 1.64489E-21 1.85483E-0I 2.0359IE-21 3. I6903E-22 1.9825IE-2l· 5.87326E-22 3.44057E-21
2.60603E-01 4.62276E-21 2.50337E-0 I 1.45106E-20 2.53094E-21 8.81484E-21 8.82299E-21 4.17179E-20
1.92340E-01 7.5738IE-20 1.06363E-01 7.89634E-19 2.64703E-20 2.43792E-19 8.7383IE-20 1.46371 E-18

OJ 55500.5 - 56000.0 ClIl- 1 hj 55500.5 - 56000.0 clII- 1

4.21594E-03 8.46639E-22 8.9 I886E-02 1.1 2935E-2 I 1.6442IE-23 9.260IlE-22 2.73 I37E-22 I.33640E-21
2.21334E-01 1.67868E-21 2.84446E-0 I 3.94782E-21 9.79188E-22 2.99706E-21 3.37768E-21 I.39438E-20
2.33442E-0 I 1.9 I554E-20 1.63433E-0I 2.25346E-19 1.47898E-20 1.04322E-19 4.08014E-20 6.31023E-19

OJ 55000.5 - 55500.0 clIl- 1 hj 55000.5 - 55 500.0 clII- 1

3.93529E-03 6.79660E-22 4.46906E-02 9.00358E-22 8.68729E-24 7.31056E-22 8.78313E-23 1.07173E-21
I.33060E-0 I 1.55952E-21 3.25506E-01 3.43763E-21 8.28170E-22 2.54986E-2l 2.57643E-21 9.42698E-21
2.79405E-01 1.62086E-20 2.1 0316E-0 I 1.53883E-19 9.92377E-21 5.21402E-20 3.3430IE-20 2.91785E-19

OJ 54500.5 - 55000.0 clIl- 1 hj 54500.5 - 55000.0 CIIl- 1

2.60939E-03 2.3379IE-22 2.0810IE-02 3.2 I734E-22 1.20679E-24 2.44092E-22 2.64326E-23 4.03998E-22
1.67186E-0 I 5.77191E-22 2.80694E-01 I.33362E-21 2.53514E-22 8.53 I66E-22 1.29834E-21 3.74482E-21
3.26867E-01 6. 10533E-2 I 1.96539E-01 7.83142E-20 5.12103E-21 2.65798E-20 2.10948E-20 2.35315E-19

OJ 54000.5 - 54500.0 clIl- 1 hj 54000.5 - 54500.0 clII- 1

9.3371IE-03 I.32897E-22 3.63980E-02 I.78786E-22 2.79656E-24 1.40820E-22 3.60824E-23 2.695IOE-22
1.46182E-0 I 3.38285E-22 3.81762E-01 8.93773E-22 4.02850E-22 8.83735E-22 1.77198E-21 6.6022IE-21
2.58549E-01 4.28lI5E-21 1.64773E-01 4.67537E-20 9.60992E-21 8. I3558E-20 4.9559IE-21 1.22858E-17

OJ 53500.5 - 54000.0 CIIl- 1 hj 53500.5 - 54000.0 ClIl- 1

9.5 I799E-03 1.00252E-22 3.26320E-02 I.33766E-22 2.36959E-24 1.07535E-22 2.83333E-23 2.1 6789E-22
1.45962E-0 I 2.64831 E-22 4.49823E-0 I 6.42879E-22 3.35242E-22 6.42753E-22 1.26395E-21 5.43183E-21
2.14207E-01 3. I9594E-2 I 1.45616E-0 I 2.77 I82E-20 4.88083E-21 5.42670E-20 3.2748IE-21 1.58264E-17

OJ 53000.5 - 53500.0 CIIl- 1 hj 53000.5 - 53500.0 CIIl- 1

7.8733IE-03 3.38291 E-23 6.9145IE-02 4.77708E-23 8.65018E-25 3.703IOE-23 1.04351 E-23 6.43574E-23
1.29786E-0I 8.30805E-23 3.05 103E-0 I 2.36167E-22 1.17431 E-22 2.70904E-22 4.88705E-22 1.65505E-21
3.35007E-01 8.59109E-22 1.49766E-0 I 9.635 I6E-2 I 2.1 9776E-2 I 2.71 I72E-20 2.65257E-21 2.13945E-17

OJ 52500.5 - 53000.0 CIII- 1 hj 52500.5 - 53000.0 CIII- 1

6.92175E-02 1.56323E-23 1.44403E-0 I 3.03795E-23 9.63263E-25 1.54249E-23 4.78065E-24 2.97642E-23
2.94489E-0I 1.13219E-22 3.34773E-01 3.48121 E-22 6.40637E-23 1.46464E-22 1.82634E-22 7. I2786E-22
9.73632E-02 2.10693E-21 5.94308E-02 1.261 95E-20 1.64805E-21 2.37376E-17 9.33059E-22 J.I374 IE-20

OJ 52000.5 - 52500.0 clII- 1 hi 52000.5 - 52500.0 ClIl- 1

1.47873E-01 8.62033E-24 3.15881 E-OI 3.51 859E-23 1.08414E-24 8.37560E-24 9.15550E-24 2.99295E-23
4.08077E-01 1.90524E-22 8.08029E-02 9.93062E-22 9.38405E-23 1.95845E-22 2.84356E-22 3.39699E-21
3.90399E-02 6.38738E-21 8. I3330E-03 9.93644E-22 1.94524E-22 2.72227E-19 1.1 8924E-21 3.20246E-17

OJ 51 500.5 - 52000.0 clIl- 1 hj 51500.5 - 52000.0 CIIl- 1

1.50269E-0I 1.02621 E-23 2.39823E-01 3.48 I20E-23 1.52817E-24 1.01885E-23 1.22946E-23 4.16517E-23
3.56408E-0 I 1.69494E-22 1.61 277E-0 I 6.59294E-22 9.01287E-23 2.34869E-22 1.9351OE-22 1.44956E-21
8.897I3E-02 2.9457IE-21 3.25063E-03 1.25548E-20 1.81051 E-22 5.1 7773E-2 I 9.82059E-22 6.22768E-17

OJ 51 000.5 - 51 500.0 clIl- 1 hj 51000.5 - 51500.0 CIIl- 1

2.55746E-0 I 8.49877E-24 2.94733E-01 2.06878E-23 2.12813E-24 8.48035E-24 5.23338E-24 1.93052E-23
2.86382E-01 9.30992E-23 1.21011E-01 3.66239E-22· 1.99464E-23 7.48997E-23 4.96642E-22 6.1569IE-17
4.21105E-02 1.75700E-21 4.47504E-23 2.76004E-22 8.26788E-23 1.65278E-21

OJ 50500.5 - 51 000.0 CIIl- 1 hj 50500.5 - 51 000.0 clIl- 1

5.4011IE-01 7.36085E-24 2.93263E-01 2.46742E-23 3.81336E-24 7.32307E-24 5.60549E-24 2.04651 E-23
1.63417E-0 I 1.37832E-22 3.2378 IE-03 2.15052E-21 3.36883E-22 6.15708E-17 2.09877E-23 1.07474E-22

9. I3562E-24 8.4 I252E-22

OJ 50000.5 - 50500.0 CIIl- 1 hj 50000.5 - 50500.0 clIl- 1

8.18514E-01 7.1 7937E-24 1.82262E-0I 4.1 7496E-23 5.75373E-24 7.I5986E-24 5.90031 E-24 3.05375E-23
2.97196E-22 8.92000E-17 8.55920E-24 1.66709E-17

OJ 49500.5 - 50000.0 clIl- 1 hj 49500.5 - 50000.0 clIl- 1

8.73680E-01 7. I3444E-24 1.25583E-01 2.77819E-23 6.2128IE-24 7.13108E-24 3.30780E-24 2.61196E-23
1.30783E-22 9.42550E-17 2.6924 IE-24 1.46500E-17

OJ 49000.5 - 49500.0 clIl- 1 hi 49000.5 - 49500.0 clII- 1

3.32476E-04 7.00362E-24 9.89000E-01 6.99600E-24 6.81 I 18E-24 6.98767E-24 7.55667E-25 2.75 I24E-23
1.94044E-22 1.45019E-16 1.92236E-24 3.73223E-17
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Table3. Coefficients for the approximation of RjNH(M)

I.49005E-01
3.57333E-01
I.64118E-01

2.344IIE-01
2.72652E-01
I.61792E-0 I

5.37462E-01
I.69670E-0 I

7.64305E-01

8.73785E-01
9.84455E-03

9.78372E-01

0i 51500.5 - 52000.5
4.342 I8E-24 2.36517E-01
1.63079E-22 8.96800E-02
6.46829E-22 3.34613E-03

0i 51 000.5 - 51 500.0
2.22526E-24 2.77355E-01
6.6579IE-23 5.37 I79E-02
2.60979E-22

0i 50500.5 - 51 000.0
9.36626E-25 2.92 I74E-0 I
1.3 I996E-22

Oi 50000.5 - 50500.0
3.97254E-25 2.32449E-01

0i 49500.5 - 50000.0
2.83903E-25 1.16752E-01
1.19731 E-22

0i 49000.5 - 49500.0
8.85822E-26 2. I9664E-02

cm- I

2.857 I2E-23
2.92845E-21
1.24288E-20

cm- I

1.19809E-23
1.49955E-21

em-I

I.76091 E-23

Clll- 1

2.02877E-23

ClII- 1

I.95469E-23

em-I

3.97724E-23

10
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Fig. 7. Error uf Ihe total reduction factor R(M), as defined by Eq. (9)

Table4. Coefficients for the approximation of RjNII(02)

1.10963E-24
1.16019E-22
2.85927E-22

4.67802E-25
1.19112E-23
8.94808E-23

4.20214E-25
1.5 I893E-23
1.44949E-23

6.44408E-24
1.26908E-24
1.62561 E-24

7.55492E-25
6.78614E-23

-1.39698E-24

6.4549IE-25
1.83888E-25

bi 51500.5 - 52000.0 em-I
5.45 I58E-24 9.20957E-24 4.03268E-23
7. I2249E-22 5.98772E-23 1.79596E-22
3.49938E-21 8.8603 IE-22 5.84617E-17

bi 51000.5 - 51500.0 cm- I

2.14785E-24 2.34678E-24 9.62845E-24
4.62742E-23 4.39026E-23 1.98767E-22
1.46454E-21 4.79330E-22 6.02536E-I7

bi 50500.5 - 51 000.0 cm- I

8.91001E-25 2.52217E-24 9.936I7E-24
6.9998IE-23 3.17767E-22 5.951OIE-17
3.83009E-22

bi 50000.5 - 50500.0 cm- I

5.89743E-23 2.45136E-22 8.09304E-17
1.11346E-18 5.41 633E-24 1.30923E-I7
6.37674E-24 -4.14825E-24 6.4062IE-22

bi 49500.5 - 50000.0 Clll- 1

3.29742E-24 1.03740E-24 1.3770IE-18
6.83285E-17 2.98030E-24 4.27578E-23
6.88167E-22 -2.12512E-25 9.94586E-21

bi 49000.5 -: 49500.0 cm- 1

3.28638E-23 3.40088E-23 8.17442E-17
2.79877E-24 -2. 13618E-25 3.75882E-22

10.20

10.21

~~ 10.22

e
0-- 10-23

0 10-24--c:.:
c:: 10.25
0

'::l
0
::l

10·2S'0
~

1'i 10-27

~

10-28

10.29

10-30

·4 ·2 0 2 4
Error (%)

TableS. Average c'ross sections ajH in 10-24 em2
Fig. 8. Error of the total reduction factor R(02), as defined by an equation
similar to Eq. (9)

Wave number interval (em-I)

51500.5-52000.0
51 000.5-51 500.0
50500.5-51 000.0
50000.5-50500.0
49500.5-50000.0
49000.5-49500.0

ajH (1988)

3.50
6.12
6.43
6.67
6.83
6.90

ajH (1992)

0.62
2.40
3.82
4.91
5.69
6.18

4 Applications

The approximations developed in this paper do not depend
on the value of solar irradiance in the Schumann-Runge
bands.

Practical applications require, however, a knowledge of
the solar irradiance in each 500 cm- I wave number interval.
A solar spectrum obtained on 28 February 1992 with the



1214 G. Kockarts: Penetration of solar radiation in the Schumann-Ru.~ge. bands of molecular oxygen: a robust approximation
. '.

120

----------

40 80
Altitude (kin)

• - - tolal
• 0H Yoshino et al. 1992

-- 0H Yoshino at al. 1988

- - - lolal
• 0H Yoshino et aJ. 1992

-- 0H Yoshino et aJ. 1988

o

10
13

10
12

10
11

'7

10
10'"~

E
u

10
9

'"c::
.9
0

10
8.c

p..

><
10

7:>
t;:;

l;j
0 10

6
tn

10
5

10
4

10
3

0 40 80 120
Altitude (kin)

,,,,,,,,,,
" ._----11,,,

10.
18

"T--'-,--r---Y--,--.,...--r-

Fig: 12. Oz photodissociation coefficient for the same conditions as those
in Fig. II

Fig. 11. Total solar nux available between 57000.0 and 49000.5 cm- I as
a function of height for a solar zenith angle X of 60? The full and dolled
ClIn'es correspond respectively to the cross sections given in Table 5. The
dashed cun'e represents the lolal nux penelrating in the Schumann-Runge
bands. It merges with the full curve around 40 km

one, since the Herzberg continuum is completely negligible.
The results are multiplied by the solar fluxes (London et
aI., 1993) in each interval [Eq. (4)] and a final sum is made
over the 16 intervals. Figure 11 gives the final result for the
total solar radiation available in the Schumann-Runge bands
as a function of altitude. A solar zenith distance X =60'

I exactI• 2 exp

.........
•-->.......·.,.,'K,:

10" 1020 1021 loll

Oz Total content (em'Z)

50000.5 - 50500.0 em·1

without Herzberg continuum

50000.5 • 50500.0 em,l
without Herzberg continuum

0.2

1~' 1~o 1~1 1~2

Oz Total content (em'z)

Fig. 10. Comparison between exact calculation and approximation of the re
ductiorj factor RpVH (02) in the 50000.5-50500.0 cm- I interval when con
tribution of the Herzberg continuum is omitted. The dotted curve indicates
which contribution has to be added to RjNH(OZ) before any computation
of the Oz photodissociation coefficient [see Eq. (12)1

Fig. 9. Comparison between exact calculation and approximation of the
reduction factor RjNH(M) in the 50000.5-50500.0 cm- I interval when
contribution of the Herzberg continuum is omitted

SOLSTICE spectrometer on board the Upper Atmosphere
Research Satellite (UARS) has been kindly provided by G.
Rottman in numerical form for I nm resolution (LQndon et
al., 1993). These data have been averaged over each of the
500 em-I intervals and the resulting irradiances are used in
this section.

The first application deals with the effect of different val
ues on the absorption by the Herzberg continuum (Yoshino et
al., 1988, 1992). The approximations developed in Sect. 3.2
without Herzberg continuum are suitable for such an anal
ysis. Equations (11)-(13) indicate that an average Herzberg
continuum cross section is required for each 500 cm- I in
terval. The analytical expressions of Yoshino et al. (1988,
1992) have been used to compute these averaged values.
The results are given in Table 5. The identification is made
by the year indicated above the cross section columns.

Using data in Table I above 52 000 cm- I and in Table 3
below 52 000 em-I, Eq. (11) is computed for each interval. .
Above 52 000 em-I, the transmissions Tj(H) are all equal to
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(14)x =(a +z)/H,

are almost identical in the altitude region covered by the
dashed curve. The difference resulting from the adoption
of the high or low values of Table 5 becomes important
in the lower stratosphere, where the total flux available is
given by either the dotted or the full curve, depending on
the adopted cross sections for the Herzberg continuum. It
should be noted that these computations do not take into
account any absorption by stratospheric and mesospheric
ozone. Nevertheless, they show that precise values for the
Herzberg continuum are still required below 200 nm.

A similar exercise has been done with Eq. (12) to com
pute the contribution of the Schumann-Runge bands to the
O2 photodissociation. The predissociation efficiency [see
Eq. (2)] has been taken equal to I in each interval. The
results are show in Fig. 12, which also extends over a range
of 1010• Similar conclusions as those for the total solar flux
in Fig. 11 are obtained from Fig. 12.

The approximations of Sect. 3.2 are, therefore, a practical
tool for analyzing the effects of various absorption cross
sections in the Herzberg continuum, even in a specific wave
number interval.

Allen and Frederick (1982) noted that optical paths with
the same O2 column but different zenith angles may have
significantly different transmission and dissociation rates.
As a consequence, they introduced a zenith angle dependent
factor in the polynomial approximation of effective cross
se"Ctions. Nicolet and Kennes (1989) used a similar approach.
In both cases, there is a maximum value for the solar zenith
angle and the approximation is a function of sec X. It is well
known that sec X should be replaced by a Chapman function
for zenith angles greater than 65°, so that a polynomial
correction depending on sec X should lead by itself to errors
for large zenith distances.

Whereas all previous approximations cover a transmis
sion domain down to approximately 10-3, the present results
have been developed down to 10-10• Before attempting any
polynomial correction as a function of sec X, it is useful to
investigate how exact calculations compare with the approx
imation when a Chapman function is used for computing
the O2 column content.

An excellent and simple approximation for the Chapman
function is given by Green et al. (1964) for solar distances
ranging from X = 0' to 90'. If X is defined by

• approximation
- exact

• approximation
- exact

40 80 120
Altitude (km)

Fig. 13. Comparison between exact calculations and approximations of the
total solar flux in the Schumann-Runge bands for various solar zenith angles
X = 0', 75', and 90' as a function of altitude
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120

where a is the Earth's radius, z the altitude, and H the atmo
spheric scale height, then the Chapman function Ch(X, X) is
given by

Fig. 14. Comparison between exact calculations and approximations of the
O2 pholOdissocialion coefficient in the Schumann-Runge bands for various
solar zenith angles X = 0', 75', and 90' as a function of altitude

0.5 x >?
Ch(X, X) = exp[(I _ 0.115 x X2 - ct X xt)l. (15)

where the solar zenith distance X is expressed in radians.
The dimensionless quantity ct is given by

has been adopted for the slant O2 total content. Figure II
indicates that it is possible to compute solar attenuation up
to a factor of 1010, The total flux is given by the dashed
curve, which merges with the Herzberg continuum region
around 40 km altitude. The dashed curve corresponds to the
cross sections of Yoshino et al. (1988), but use of the 1992
values makes no difference, since the dotted and full curves

-4 -2 0.5 X e-2

ct = e - 0.115 xc - [In(e x X)I/2l.

with c = n/2.

(16)
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Although 02 is not exactly in perfect mixing in the
model of Hedin (1991), I have nevertheless taken H as the
atmospheric scale height with a mean molecular mass of
28.9 amu.

Comparisons belween exact computations and approxi
mations including Herzberg continuum (see Tables 1 and 2)
are shown on Figs. 13 and 14 for three solar zenith angles
W, 75°, and 90~. The slant 02 total content has always been
computed with Eq. (15).

The agreement between exact and approximated com
putations is satisfactory. The introduction of a sec X effect
in the new approximations does not seem to provide a sig
nificant improvement. This is a consequence of the large
validity domain (1010), for which the new approximations
have been developed.

5 Conclusions

Any exact analysis of the penetration of solar radiation in
the Schumann-Runge bands of molecular oxygen between
175 nm and 205 nm requires the computation of thousands
of exponentials at every grid point of a given atmospheric
model. When computer resources are sufficient, it is always
better to make exact computations with detailed temperature
dependent absorption cross sections. Approximations should
be used only when there is a computer limitation or as a
first step in the analysis of a particular problem.

The new approximation is mathematically structured as
the exact calculation, i.e. a sum of exponentials. This sim
ilarity imposes the use of 11011 lillear least-square fitting as
opposed to the lillear techniques used in previous approx
imations. Instead of having 1000 terms in each 500 cm- I

wave number interval, only six terms are necessary to obtain
a satisfactory approximation. Furthermore, in each of the 16
intervals between 49000 and 57000 cm-I, the approxima
tions are valid over a much larger domain (1010) than has
been covered in all previous approximations.

The new approximation is robust in the sense that no
accident occurs if it is used outside of its validity domain.
This results from the fact that the approximation is a sum of
always-decreasing exponentials when the O2 total content
increases.

Since there is still a problem for the cross sections in
the Herzberg continuum below 205 nm, two sets of approx
imations have been developed, one including a Herzberg
continuum and the other omitting it. As a result, the poten
tial user can make his own choice.

The approximations have been tested for various solar
zenith angles and the agreement with exact computations is
satifactoiy. The atmospheric model dependence (i.e. differ
ent vertical temperature dislributions) has not been analyzed.
Some work has still to be done.
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