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In the framework of a kinetic theory for tangential discontinuities we modeled the electrical 
structure of the sheath that separates magnetospheric particle populations of different densities and 
temperatures. The model can equally be applied to the plasma sheet boundary layer in the tail or to the 
boundary of some plasma sheet cloud immersed in the central plasma sheet. With plasma parameters 
typical of the Earth's outer magnetosphere and plasma sheet, we obtain results bearing many features 
pertinent to magnetospheric processes, specifically the origin of discrete auroral arcs. Creation of a 
space-charge separation electrostatic potential in a direction normal to the magnetic field results from 
the contact of the two plasma populations. When the large-scale solar wind potential difference is 
further imposed across the transition layer, the potential gradients are locally much enhanced, to give 
rise to large electric fields (several hundreds millivolts per meter) appearing over small distances 
perpendicular to the magnetic field--just the situation needed for the creation of an auroral arc. The 
transition itself is characterized by two scale lengths O f the plasma and fields variables: the average 
electron Larmor radius •0 e (or some multiple of•0e) for thin embedded electron-dominated layers which 
generate the sharpest potential gradients, and the ion gyroradius pp (or some multiple of pp) for the 
broader ion-dominated layers located at the outer edges of the transition. The larger-scale sizes are 
appropriate to auroral arcs dimensions. The generated electric potential differences, consistent with 
the energy acquired by the precipitated electrons associated with discrete aurora, are identified with 
the source of the electromotive force (EMF) required for the auroral current circuit. Wave particle 
interactions are likely to scatter the electrons into the atmospheric loss cone, establishing the current 
system threading both the EMF and the ionosphere by means of field-aligned currents. The half 
lifetime of the transition is at least of the order of 1000 s. This is also the time interval during which 
dissipative processes will not alter significantly the available potential gradients of the initially 
unloaded EMF. 

1. INTRODUCTION 

Lyons et al. [1979], Lyons [1981], and Lyons and Evans 
[1984] found evidence from coordinated auroral and mag- 
netospheric particle observations that discrete auroral arcs 
are often located along magnetic field lines, which map to 
locations at high altitude that mark the separation between 
different magnetospheric plasma populations. It is generally 
believed that these arcs arise because of magnetic-field- 
aligned potential differences which energize and precipitate 
magnetospheric electrons while retarding positive ions, so as 
to create a limited region of very enhanced energy flow to the 
atmosphere in the form of accelerated electrons (see, for 
example, Lyons [1992] for a recent review). It is further 
thought that the magnetic-field-aligned potential difference 
occurs as a result of the existence of an electromotive force 

(EMF) located in the magnetosphere, remote from the 
atmosphere. This EMF is an essential part of a three- 
dimensional current system that threads both the ionosphere 
and the EMF by means of field-aligned currents. In this 
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picture the magnetic-field-aligned potential difference arises 
as a natural consequence of the requirement that the total 
potentials associated with the magnetospheric EMF be dis- 
tributed around the external circuit in a fashion that insures 

a divergence free current system. 
These facts, as well as earlier kinetic models of tangential 

discontinuities in collisionless plasmas by Sestero [1964, 
1966], Lemaire and Burlaga [1976], Roth [1976, 1978, 1979, 
1984], Lee and Kan [1979], and Roth et al. [1990] motivated 
the present application of kinetic plasma theory to the 
boundary separating magnetospheric plasma populations of 
differing plasma densities and temperatures. Although we do 
not know definitely where the various particle features in the 
geomagnetic tail map to in the ionosphere [Parks et al., 
1992], the present model can equally be applied to the 
plasma sheet boundary layer (PSBL) in the tail that, follow- 
ing Eastman et al. [1984], maps to discrete auroral arcs, or to 
the boundary of some plasma sheet" cloud" immersed in the 
central plasma sheet (CPS), another location, which has also 
been suggested for the mapping of discrete arcs [e.g., 
Elphinstone et al., 1991; Zelenyi et al., 1990]. We therefore 
loosely refer to the high-altitude plasma transitions where 
discrete aurora map as being "magnetospheric plasma 
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boundary layers" between plasma sheet "clouds" and their 
magnetotail "background." We believe that the magneto- 
spheric dc generator, or EMF, which sustains the dissipative 
current in the auroral circuit, should be identified with the 
potential differences generated across these magnetospheric 
plasma boundary layers (in this context dc means that these 
potentials and associated currents do not oscillate and re- 
verse sign but is not to mean that the situation is totally time 
stationary). The analog of this magnetospheric dc generator 
is the contact potential difference produced at the interface 
between two metallic conductors at different temperatures. 
There are also other devices and physical mechanisms 
capable of producing, both in the laboratory and in space, 
large potential differences and electric current systems, for 
example, the dynamo effect arising from the relative motion 
of conductors or plasma clouds in the presence of a magnetic 
field. In the case of dynamo action in the magnetosphere the 
electric field is generally called the convection electric field 
and extends over the whole volume of the moving plasma. 
For plasma motions at velocities of less than 100 km/s in the 
presence of magnetic fields of 40 nT or less, this convection 
electric field (E = -V /• B) does not exceed 4 mV/m. 
However, because the scale size of the plasma motions can 
be very large, the total potential differences involved may 
also be large; in excess of 100,000 V in the case of the solar 
wind's motion with respect to the Earth. In contrast, the 
charge separation thermoelectric field strengths treated in 
this paper can have very much larger values (100-200 mV/m) 
although such fields are confined to much thinner layers at 
the edges of plasma irregularities. 

In section 2 we briefly summarize the basic features of our 
kinetic model. The numerical results for several illustrative 

cases that utilize typical magnetospheric plasma populations 
and reasonable geometries are presented in section 3. A 
discussion of these solutions, especially their applicability to 
magnetospheric and auroral processes, is given in the last 
section together with a summary. 

2. A KINETIC MODEL OF A MAGNETOSPHERIC DC 

GENERATOR 

Let us now consider two regions of plasma separated by a 
thin diamagnetic current layer. The kinetic model used to 
describe this layer is an extension of that proposed by 
$estero [1964] to describe collisionless plasma sheaths in the 
laboratory. Although the plasma sheet is rarely in a station- 
ary state, we assume that the structure of the transition layer 
does not change significantly over the characteristic period 
of time required for an Alfven wave to traverse it. We also 
consider that the radius of curvature of the boundary layer is 
much larger than its characteristic thickness, which is of the 
order of a few ion gyroradii. Under these circumstances the 
plasma layer can be considered as planar. Every physical 
quantity depends then on one space coordinate only, say x, 
normal to the (y-z) plane of the layer. Since, in general, the 
magnetic field direction does not vary by more than 10 ø or 
20 ø from one side of a transition layer to the other side, we 
consider that the direction of B does not change nor reverse 
across the transition layer, although the scalar magnitude of 
B may vary. We assume therefore that the magnetic field 
direction is everywhere parallel to the z axis. In this case, B 
is the curl of a vector potential directed along the y axis (a = 
ayey). The partial electric current densities (Jp,e) of the 

protons (p) and electrons (e) are then necessarily parallel to 

the y axis (Jp,e = Jp,eey) ß The electric field (as spatial 
gradient of the potential qb) is in the x direction (E = Exex). 
Indeed, we assume that there is no mass flow across the 
surface of discontinuity in a frame of reference fixed with 
respect to the boundary layer (Vx = 0). In any frame of 
reference satisfying this condition, the plasma flow (V) is 
then entirely in the (y-z) plane and we further assume that, 
at both x = -o• and x - +o• the flows have identical 

magnitudes and directions (V(x = - o•) = V(x = + o•) = 
Vo•). Without loss of generality we can further particularize 
the frame of reference, and have chosen one where Vo• = 0; 
i.e., the transition layer is modeled in a frame where the 
plasma is at rest when x --> •o•. 

Note that, for the configuration described above, the 
current density is perpendicular to the electric field. There- 
fore we are actually modeling the electric field structure for 
an "unloaded" source of EMF. However, to at least zero 
order, a description of the electric field structure for the case 
of an unloaded EMF will also represent the loaded case quite 
well. Indeed, the available potentials and field intensities will 
change only slightly in going from a situation of no load to a 
loaded situation where there is a component of the total 
current that is flowing parallel to E (so that E- J • 0). 

The Vlasov kinetic theory of the one-dimensional transi- 
tion layer used in this paper (which is in effect a tangential 
discontinuity) is described in Appendix A. When x -• • o• it 
is assumed that the plasma, composed of protons and 
electrons, is described by Maxwellian velocity distribution 
functions. At any point inside the transition layer the veloc- 
ity distribution functions correspond to the interpenetration 
of these two hydrogen plasmas in the form given by (A6). 
The plasma boundary conditions describe, on one side (x --> 
-o•), a plasma sheet cloud (subscript c) with uniform 
number densities (Nce = Ncp ) and temperatures (Tce , Tcp), 
and on the other side (x --> +o•), a background magnetotail 
plasma (subscript b) with uniform number densities (Nbe = 
Nop) and temperatures (Tbe , Tbp ). In a collisionless plasma, 
the boundary conditions do not uniquely determine the 
transition profiles [Sestero, 1964]. The solutions (A6) de- 
scribe just one Vlasov equilibrium among the many possible 
ones satisfying the same boundary conditions. Because the 
distribution of the particles in the six-dimensional space 
phase can be prescribed at will on certain characteristics of 
the Vlasov equation--those which do not intersect the 
hyperplanes at x = _+o•--the choice of the solutions should 
be made principally on the basis of mathematical simplicity. 
In particular, we would like all moments of the velocity 
distribution functions be analytical functions of qb and ay. In 
Appendix B it is shown that this requirement is satisfied 
since the moments of (A6), in particular the partial number 

densities n e -- nce+ n be ; tlp = n cp +nop and the partial 
current densities Je = Jce + Jbe; Jp = Jcp + Joe, are 
analytical functions of qb and ay. The partial number densi- 
ties are given by 

nce = 2 exp + erfc + (1) DceBc 

ncp= 2 exp - erfc + (2) DcpBc 
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a be exp + erfc (3) nbe= 2 D•eB b' 

nbp = • exp - effc D•B•' (4) 
and the partial cu•ent densities by 

Jce= -ace e •2•me 
e& ay 

ß exp + exp 2 ' (5) D ceB• 

Jcp = - a cpe •2 • mp 
e& ay 

ß exp - exp (6) •2 
DcpBc 

= +aee nme 
e& ay 

ß exp + exp 7- 2 (7) 
DbeB b 

j•p = +a•pe •2•mp 
e& ay 

ß exp - exp (8) •2' 
DbpB b 

In (1) through (8) effc is the complementary e•or function, 
e is the magnitude of the electron charge, k is the Boltzmann 
constant, B c and B• are respectively the magnitude of the 
magnetic field deep in the plasma sheet cloud (at x = -•) 
and far from the transition in the magnetotail background (at 
x = + m). The parameters Dce, Dcp, Dbe, and Dbp charac- 
terize the "thickness" for each of the four transitions that 

the different pa•icle populations undergo (see Appendix A). 
The sha•est transitions are obtained when 

Dce = Pce, Dcp = Pcp, Dbe = Pbe, Dbp = Pbp (9) 

where Pci and Pbi(i = e, p) are the asymptotic Larmor 
gyroradii defined in (A8). Taking account of the quasi- 
neutrality of the plasma and also that ay(X = -o•) = -o•, 
ay(X = +o•) = +o•(B z > 0), the parameters ace , Otcp , abe , 
and a bp are seen to be linked to the boundary conditions as 
follows: 

Ot ce = Ot cp = n e(X = 

To find (10), it has been assumed that qb(x = -•) = 0. The 
quantity qb2 = qb(x = +•) is then the electric potential 
difference across the transition. From (11) it can be seen that 
abe, abp, or qb 2 can be chosen as arbitrary parameter, when 
the asymptotic densities at x = +• (Nbe and Nbp) are fixed. 

The nonuniqueness of the velocity distribution functions, 
resulting from the collisionless and adiabatic nature of the 
interaction between the plasma particles is not entirely 
removed by the choice of the distributions (A6), since the 
model depends on five free parameters: D ce, D cp, D be, D bp 
and one among the three following ones: abe , Otbp and qb2 
which are related to each other by (11). 

The first four parameters define the sharpness of the 
transition. Their exact values can be chosen on the basis of 

both theoretical and observational facts. It is clear that the 

transition thickness is expected to scale according to some 
small microscopic parameter. In magnetized collisionless 
plasmas this small parameter is the particle Larmor radius, 
at least when the plasma is quasi-neutral. There are obser- 
vational facts supporting this theoretical argument. For 
instance, high time resolution data of the plasma sheet 
boundary [Parks et al., 1992] have shown that plasma 
parameters often vary on a scale length of the order of the 
ion Larmor radius, with encrusted electron structures of 
smaller thickness. Accordingly, the sharpest transitions de- 
fined by (9), which also correspond to the upper limits of 
plasma gradients, are not too far from those observed in the 
vicinity of the plasma sheet-lobe boundary. 

To emphasize the effect of an external electric field 
transverse to the magnetic field (in the direction of the 
plasma gradients as in the theory of Lyons [1981]), the 
parameter qb2 has been chosen as our fifth free parameter. 

To find the structure of the transition layer as a function of 
x, we must solve Maxwell equations (in SI units): 

d2qb e 
•= (ncp + nbp- rice- nbe ) (12) dx 2 e 0 

d2ay 
dx 2 • = --i•O(Jcp + Jbp + Jce + Jbe) (13) 

where eo and/x o are the vacuum permittivity and permeabil- 
ity, respectively. 

The electric field Ex and the magnetic field B z are the 
derivative of the potentials; i.e., 

drk day 
Ex= -•, B z= +• (14) 

dx dx 

The electric potential 4•(x) must satisfy Poisson's equation 
(12). However, for nonrelativistic plasmas, where the char- 
acteristic thickness (D) is (much) larger than the Debye 
length (Ao), Roth et al. [1990] have shown that a satisfactory 
first approximation for 4•(x) is obtained by solving, itera- 
tively, the charge-neutral approximation of Poisson's equa- 
tion; i.e., 

= rlp(X = --o•) = Nc e = Nc p 

a be exp 
e•b(x= +o•) 

+ 

kTbe 
= Ot bp exp _ e•b(x= +•) k Tt,p 

= ne(X = +o•) = np(x = +o•) = Nb e = Nbp 

(10) 

(11) 

nce(X) + nbe(X) = ncp(X ) + nbp(X) (15) 

Roth et al. [1990] have shown that this approximation holds 
even for thin transitions with characteristic thickness of the 

order of the electron gyroradii--a scale which corresponds 
to the thinnest structure found in the transition layers 
studied in this paper. The Laplacian of qb(x) (i.e., d 2 qb/dx 2) 
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TABLE 1. Boundary Conditions on Both Sides of a Magnetospheric Plasma Transition Layer 

Nce Tce Ncp Tcp Nbe Tbe Nbp Tbp B c 

0.5 2500 0.5 12000 0.15 800 0.15 3000 40 
cm -3 eV cm -3 eV cm -3 eV cm -3 eV nT 

Subscripts c and b are for conditions, respectively, deep in the plasma sheet cloud (at x = -o•) and 
far from the transition in the magnetotail background (at x = +o•). Subscripts e and p are respectively 
for electrons and protons. 

can be calculated to estimate the value of the actual charge 
separation relative density 

dQ e 0 d2qb 
IQ (x)- 2 (x) (16) enp( x) dx 

It will be shown (a posteriori) in section 3 that the dQ/IQI is 
indeed a small quantity throughout the whole plasma sheath; 
i.e., that (15) is a valid zero-order approximation and sub- 
stitute for Poisson's equation. 

The magnetic and electric field distributions are finally 
determined by solving (13)-(15), with the partial number 
densities and currents given by (1)-(8). Equation (13) is 
solved by using a Hamming' s predictor-corrector scheme. It 
is coupled with (15), whose solution is obtained by Newton- 
Raphson method for finding the root of a nonlinear algebraic 
equation. In practice, one starts integrating with a large 
negative value of ay so that the asymptotic moments of the 
velocity distribution functions at x = -• are reached. 

In section 3 we first present the numerical solution to 
(13)-(15) for an illustrative case that uses typical magneto- 

spheric plasma densities and temperatures and the imposed 
boundary condition that the total potential across the system 
(•b2) equals zero. In section 3 we also discuss a wider family 
of solutions for cases where this boundary condition is 
relaxed and large-scale electric potentials applied across the 
system--arising for example from the solar wind induced 
dawn-dusk electric field--are permitted. The second class of 
solutions has the interesting property that the large scale 
applied electric field, which is uniform in the absence of 
plasma structures internal to the system, becomes highly 
concentrated at the boundary between plasmas when such 
boundaries exist. Both sets of solutions correspond to the 
sharpest structures defined by (9). 

3. NUMERICAL RESULTS 

Table 1 gives the plasma characteristics far from (x --> 
-7-•) the transition layer assumed for this study. Also given 
in Table 1 is B c: the assumed magnetic field strength deep in 
the plasma sheet cloud (x --> -•). The plasma tempera- 
tures, plasma densities, and magnetic field strength are 

05 

km_1000 0 1000 
1 

-05 

-2 ' x10• • da.v/la[ . . 

' 
i i i i i i i i 

o 
. 06 

ot• 

•'• ! o 2 
o 

06 

ot• 

02 

o 

06 

02 

o 

lO 2 

10 km -1000 0 1000 -10 0 10 

20 
-5 0 5 _t+ -2 0 2 /. -5 0 5 -2 0 2 /. 

X(•Op) X(•Oe) Xl•Op) X( •o e) 
Fig. 1. Structure of a transition layer for which the potential difference 4•2 - 0. Boundary conditions typical in the 

Earth' s outer magnetosphere and plasma sheet are given in Table 1. At the outer edges of this potential layer (see panels 
of the first and third columns displayed on theop scale), the average proton gyroradius (cop =(Pcp + pt, p)/2 • 280 km) 
is the representative scale length, while the middle of the transition (see panels of the second and fourth columns 
displayed on the Oe scale) is dominated by a very thin structure, whose scale length is the average electron gyroradius 
[Oe =(Pce + Pt, e)/2 • 3 km]. In the two left-hand side panels the following variables are successively displayed (from 
top to bottom): the electric potential •b; the electric field E x and the charge separation relative density dQ/{Q I . In the 
two right-hand side panels we display, from top to bottom: the electron n ce and proton n cp number densities of the 
plasma sheet cloud particles; the electron n t,e and proton n t,p number densities of the magnetotail background and the 
total electron n e and proton np number densities. The distance x across the planar surface of interface is also shown 
in kilometer by the upper scales. 



ROTH ET AL..' FORMATION OF DISCRETE AURORAL ARCS 1 1,415 

km_1000 
20 

0 

e -20 

250 

0 

-250 

-500 

075 

050 

025 

0 1000 km_ 10 0 10 km_ 1000 0 1000 -10 0 10 

• lO 
>,.x : 1 

uy • 102 

•:,,1•,1,,I,,•, •,,,', • , 70 
60 

•A 50 
5 /,0 

0 30 ooo 
-s o s _z• -2 o 2 z• -s o 5 -2 o 2 

X(•Op) X( •0 e ) X(•Op) X( •0 e ) 

Fig. 2. Structure of a transition layer for which the potential difference •b 2 = 0. Boundary conditions typical in the 
Earth' s outer magnetosphere and plasma sheet are given in Table 1. At the outer edges of this potential layer (see panels 
of the first and third columns displayed on the •Op scale), the average proton gyroradius (cOp =(Pcp + POp)/2 • 280 km) 
is the representative scale length, while the middle of the transition (see panels of the 2nd and 4th columns displayed 
on the •0 e scale) is dominated by a very thin structure, whose scale length is the average electron gyroradius (•o e = (Pce 
+ Pbe)/2 • 3 km). In the two left-hand side panels the following variables are successively displayed (from top to 
bottom): the electric field both in the stationary (x-y-z) frame (Ex) and in the plasma frame (E• = Ex + VyBz)' the 
electron (e) and proton (p) average velocity uy and the ratio A = U•,p - U•,el/Up, where Up is the average thermal 
ion speed: Up = (kOp/mp) 1/2 (A = 1 corresponds to the threshold for the modified two-stream instability). In the two 
right-hand side panels we display, from top to bottom: the individual temperature of the electrons Oce and protons Ocp 
of the plasma sheet cloud and of the electrons 0be and protons Obp of the magnetotail background; the average 
temperature of the electrons 0e and protons Op and finally the magnetic field B z. The computation of the partial 
temperatures (0ce, Ocp, Obe, Obp) was stopped when the corresponding number densities became so small that even the 
notion of temperature was meaningless. The distance x across the planar surface of interface is also shown in kilometer 
by the upper scales. The thin electron layer is unstable with respect to the modified two-stream instability. Indeed the 
instability threshold A exceeds unity in this narrow region where extremely large (and unstable) E fields are generated. 

typical of conditions likely to be found in the Earth's outer 
magnetosphere and plasma sheet. Actually, we derived the 
electron number densities and temperatures from rocket 
data showing a discontinuity in the inferred temperatures 
and densities of the parent magnetospheric plasma at the 
edge of an auroral arc [Lyons et al., 1979; Lyons, 1981]. The 
ion temperatures were estimated on the premise that ion 
temperatures in the plasma sheet are typically 4-5 times 
higher than the electron temperatures. We modeled the 
electrical and plasma structure of the transition layer using 
data from Table 1 both for the case when the large-scale, 
externally applied potential across the system is zero and for 
cases when this applied potential is non-zero (for example, 
because of the solar wind's interaction with the geomagnetic 
field). 

Figures 1 and 2 illustrate the numerical solution for the 
electrical and plasma structure across the transition between 
the two assumed plasma populations for the case where 
the externally applied potential across the system, is 0 V. It 
can be seen that two different scale lengths characterize the 
structure of the transition. At the outer edges of the transi- 
tion layer the average ion gyroradius [cOp = (p•.p + pbp)/2 
280 km] is the representative scale length, while the average 
electron gyroradius [œe = (Pce q- p•,e)/2 • 3 km] dominates 
the middle of the transition. This very thin structure--about 
4 electron gyroradii thick--is mainly an electron-dominated 

layer, i.e., a layer dominated by the electron current. This 
layer is illustrated in panels of the second and fourth 
columns. Panels of the first and third columns illustrate the 

characteristics of two much thicker transitions, dominated 
by the ion current. These ion-dominated layers are separated 
by the thin electron-dominated layer located near x • 0. 

In Figure 1 it can be seen that the potential difference 
across the electron-dominated layer is about 1350 V (see 
panels a• and a2). In the two ion-dominated layers, located 
at the outer edges of the transition layer, the plasma density 
gradient is parallel to the potential gradient (see panels a• 
and f •). This is not the case in the electron layer, near x • 
0, where the gradient of the electric potential is opposite to 
the density gradient (see panels a 2 and f2) and has a 
different direction than on both sides in the proton layer. 
This is illustrated in the next panels (b• and b2) showing the 
electric field intensity Ex which is perpendicular to the 
surface of the plasma layer. Ex has a peak value of -220 
mV/m inside the electron-dominated layer (see panel b2) but 
does not exceed 2.5 mV/m inside the ion-dominated layers 
(see panel b•). The relative electric space charge density 
deduced from (16) is given in panels c • and c 2. It can be seen 
that IdQ/QI is smaller than 2% within the electron-dominated 
layer and smaller than 3 x 10 -6 in the adjacent ion- 
dominated layers. This confirms a posteriori that charge 
neutrality is satisfied to a very good approximation. This 
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confirms also that the solution of (15) is a satisfactory 
approximation for the electric potential distribution through- 
out the whole transition. When (15) is replaced by 

(1) • (1)) _{_ (a(1) • (1)) tlcp(ay , tlbp y • 

a(1) (1)) (1) (1) - nce( y , rk - nbe(ay , rk ) 

• o d2 rk (o) 
e dx 2 (ay (1) 4(1) B?)) (17) 

where 4• © is the solution of (15), Roth et al. [1990] have 
shown that the first-order solution for the electric potential 
4• (1) is not significantly different that the one shown in Figure 
1, even in the very thin electron-dominated layer where the 
first-order solution differed from the quasi-neutral solution 
by less than 1 part in 100. Moreover, the small change in the 
modeled electrostatic structure of the layer between the 
quasi-neutral and first-order solutions made virtually no 
difference to modeled magnetic field distribution. 

The partial number densities of particles from the plasma 
sheet cloud (nce and ncp) are illustrated in panels dl and d2, 
while those of particles from the background magnetotail are 
illustrated in panels el and e2. The total number density of 
electrons (ne) and protons (np) is displayed in panelsf 1 and 
f 2. From these figures it can be seen that the two different 
electron populations (c and b) interpenetrate mainly in the 
thin electron layer, near x • 0; while the two proton 
populations interpenetrate in a sheath of 2 •op thick centered 
near x • 0. 

In panels I/1 and 92 of Figure 2, it is interesting to note that 
E}, the electric field in the frame of reference comoving with 
the plasma (E[ = Ex + VyBz), takes large values, even in 
the ion-dominated layers (E[ • -30 mV/m). This means 
that the ideal MHD approximation is not applicable here. In 
the electron-dominated layer, (see panel g2), E} • Ex and 
the electric field Ex is mainly a charge separation electric 
field. 

The average velocity of the protons Uy,p and electrons lty,e 
is displayed in panels h l and h 2 of Figure 2 [Uy,i -- (tlciigy,c i 
+ rtbiUy,bi)/(rtci + rtbi ) where i = e, p]. In panel hi, note 
the large ion jets velocity of more than 500 km/s. These jets 
are parallel to the plasma sheath and perpendicular to the 
magnetic field, and occur on a scale length of about 300 km 
in the direction normal to the transition layer. As might be 
expected, these ion jets represent the main contribution to 
the electric current in the ion-dominated layers. In these 
layers, there is a weak charge separation electric field (•2 
mV/m--see panel b l of Figure 1). This field is due to the 
charge distribution shown in panel c l (Figure 1), where it 
can be seen that a pair of charge layers develop across each 
ion-dominated transition region where the two plasmas of 
different origins interpenetrate. At the edges of these ion- 
dominated layers, the protons are deflected transversely by 
the magnetic field. They acquire thus a large transverse 
velocity Uy,p parallel to the sheath (Uy,p • -500 km/s), that 
is nearly equal to their thermal speed. At these locations, 
their average velocity greatly exceeds that of the electrons 
(see panel h 1). 

Even more surprising is the narrow jet sheath of electrons 
with a velocity of the order of 10,000 km/s near x • 0 (see 
panel h2). This jet represents the main contribution to the 
electric current in the electron-dominated layer near x • 0. 

In this layer, a strong polarization electric field (• -200 
mV/m--see panel b2 of Figure 1) perpendicular to the 
magnetic field is present. It is generated by very thin charged 
layers: a layer of negative charges near x • -c0 e and two 
layers of positive charges near x • -0.5ge and x • •o e (see 
panel c2 of Figure 2 sho,wing dQ/IQI). The strong electric 
field near x • 0 arises from the slight charge imbalances in 
the electron-dominated layer and serves to prevent still 
greater charge imbalance thus preserving the quasi- 
neutrality condition. The electrons are accelerated by this 
strong electric field in a direction normal to the sheath and 
are finally turned around by the magnetic field just as they 
attain a maximum kinetic energy, a fraction of the thermal 
energy of the ions. Therefore these electrons acquire a very 
large velocity (Uy,e) parallel to the sheath (•10,000 km/s) 
that greatly exceeds that of the ions. 

Instabilities can be expected to relax the strong gradients 
in both the plasma density and flows illustrated in panels f l 
(Figure 1) and hi (Figure 2). Potential candidates are cur- 
rent-driven lower hybrid instabilities like the modified two- 
stream instability [McBride et al., 1972; Wu et al., 1983] or 
the lower hybrid drift instability [Davidson et al., 1977; 
Huba et al., 1978]. In the ion-dominated layers located at the 
outer edges of the transition layer, the lower hybrid drift 
instability which is driven by the ion diamagnetic current, 
could contribute to a wave spectrum near the lower hybrid 
frequency. Modes driven by the electron cross-field current 
are also expected to be unstable in the thin electron- 
dominated layer near x • 0., where the electron cross-field 
current largely exceeds the proton diamagnetic current. In 
this electron layer the modified two-stream instability, which 
is driven by relative streaming of electrons and ions across 
B, can be expected to contribute most to the electrostatic 
noise near the lower hybrid frequency; although the elec- 
tron-ion hybrid mode recently analyzed by Romero et al. 
[1992] can also contribute to the wave spectrum (this mode, 
being driven by velocity shear and independent of the 
plasma current, cannot be identified with the two-stream 
instability). The ratio 

lly,p(X)- Uy,e(X) I 1/mOp(x) A(x) = Up(x) , Up(x)= (18) ¾ mp 

where Up(x) is the average thermal speed of protons with 
average temperature 0(x)--is linked to the modified two- 
stream instability threshold. Following McBride et al. 
[1972], the threshold is attained whenA > A0 • 1. With this 
criterion, the thin electron-dominated layer near x • 0 is 
indeed expected to be highly unstable since A >> 1 (see 
panel i2 of Figure 2) and is likely to produce large-amplitude 
electrostatic wave noise. These waves can then interact with 

the electrons by changing their pitch angle distribution. Note 
that the maximum growth rate of the most unstable modes is 
high, probably of the order of the lower hybrid frequency 
[McBride et al., 1972]. This means that, as long as the 
density and temperature gradients are maintained, the wave 
activity is turned on and is a very fast and efficient scattering 
mechanism. It could however be that, as a result of this 
wave-particle interaction, the initial electron velocity distri- 
bution becomes less anisotropic, hence leading to a broad- 
ening of the electron-dominated layer. The final configura- 
tion can eventually be one where the initial "thickness" Dce 
= Pce and Dbe = Pbe are enlarged to become of the order of 
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multiples of lace and Pbe' Such enlarged electron layers 
(scale size 50 km) and broadband electrostatic noise are 
common features observed in the PSBL [Parks et al., 1992]. 
The observation of this electrostatic noise indicates that 

these enlarged electron layers still generate enough wave 
power to scatter electrons into the loss cone at a rate 
sufficient to maintain an auroral activity. 

The partial temperatures (0ce , Ocp , Obe , Obp) are shown in 
panels j l and J2 of Figure 2. The computation of these 
temperatures was stopped when the partial number densities 
became so small that even the concept of temperature was 
meaningless. These quantities have been computed from 
(B20), (B24), and (B25). From these equations, only the 
temperature along the y axis contributes to the variation of 0 
across the layer. The panels k l and k 2 (Figure 2) illustrate 
the average electron (0e) and proton (Op) temperatures' Oi = 
(nciOci + nbiObi)/(nci + nbi), i = e, p. It can be seen that 
these temperature distributions reflect a boundary transition 
from a hot plasma sheet cloud to a cooler magnetotail 
background in keeping with the boundary conditions given in 
Table 1. 

The panels l l and 12 (Figure 2) illustrate the diamagnetic 
effect due to the surface currents around the plasma sheet 
cloud. Inside the cloud, the decrease of the magnetic pres- 
sure is balanced by an equivalel•t increase in the kinetic 
plasma pressure, since the sum of the magnetic and kinetic 
pressures does not vary across the sheath. 

The results shown in Figure 1 and 2 are appropriate for the 
case where there is no large-scale potential difference exter- 
nally imposed across the system. However, the boundary 
condition at x = +oo given by (11) permits the relaxation of 
this condition. In the theory of Lyons [1981], this external 
potential difference (•b2) is the source of the auroral EMF. 
Such an additional potential drop will biase the electric 
potential distribution. It can either sharpen or attenuate the 
electric potential gradient inside the transition layer as 
shown in Figure 3. This figure displays the solution for the 
electrical structure of a transition region between plasmas 
when potentials of +3500, -1650, and -3500 V have been 
externally applied from +oo to -oo across the system. The 
results for zero applied potential, discussed earlier, are also 
plotted in Figure 3 for comparison. The plasma and magnetic 
field properties assumed for this calculation are the same as 
given in Table 1. The left-side panels in Figure 3 characterize 
the ion-dominated layers, located at the extreme edges of the 
transition, while the right-hand panels pertain to the elec- 
tron-dominated layer near x • 0. 

The most striking feature of the potential distributions 
across these plasma boundaries is that the great bulk of the 
available electric potential difference appears over a small- 
scale size at the location of the boundary. In effect, the 
presence of plasma boundaries in the system concentrates 
imposed electric fields and gives rise to localized potential 
differences much larger than that produced by the contact 
between the two plasmas alone (see Figure 1). The actual 
potential differences available in the magnetosphere because 
of the solar wind's interaction with the geomagnetic field 
often exceed 100,000 V, but the exact value will depend on 
the amount of intervening structure between the magnetotail 
boundary layer and the solar wind. Furthermore, the plas- 
mas in the outer magnetosphere are known to be highly 
structured with both gross scale structures (e.g., the bound- 
ary layer of the plasma sheet) and small-scale internal 
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Fig. 3. Electric potential •b and electric field Ex structures for 
different values of the potential difference (•b2 = 3500 V; 0; -1650 V; 
-3500 V). The left-hand side panels characterize the ion-dominated 
layers, located at both ends of the sheath, while the right-hand side 
panels represent the thin electron-dominated layer near x = 0. 
Boundary conditions typical in the Earth' s outer magnetosphere and 
plasma sheet are given in Table 1. It can be seen that the presence 
of a plasma boundary concentrate the imposed electric potential 
over a small scale size and gives rise to localized potential differ- 
ences much larger than that produced by the contact between the 
two plasmas alone (solid curve •b2 = 0 V). 

structures (e.g., illustrated by Parks et al. [1992]). On the 
basis of the results obtained here one would expect that the 
large-scale potential imposed across the magnetosphere 
would distribute itself in a higher structured manner with 
large electric fields and potential differences appearing at 
multiple plasma boundary locations and small electric fields 
over intervening regions where the plasma was uniform. 

Lyons [1981] has demonstrated that the existence of a 
large potential difference applied over a small-scale size 
transverse to the magnetic field in the outer magnetosphere 
is a sufficient condition for the creation of large magnetic 
field-aligned potential difference between the outer magneto- 
sphere and the ionosphere in the sense to accelerate elec- 
trons downwards. Any magnetospheric electrons scattered 
into the atmospheric loss cone will be energized and precip- 
itated to produce aurora. 

We have shown that the plasma populations within the 
transition region are likely to produce a wide variety of 
waves which can scatter the electrons into the atmospheric 
loss cone. Moreover, the modeled scale sizes of the potential 
distributions transverse to the magnetic field in the outer 
magnetosphere are no greater than 500-800 km and exhibit 
structure on even smaller dimensions. Such scale sizes map 
from the outer magnetosphere to dimensions of tens of 
kilometer at ionospheric altitudes, dimensions consistent 
with those of auroral displays. Because the scale size of the 
transition regions between plasmas is appropriate to auroral 
arc dimensions, because the electric potential differences 
across such boundaries are consistent with those required to 
account for the energized electrons associated with discrete 
auroral arcs (much enhanced by the large-scale potentials 
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applied across the magnetosphere), and because wave par- 
ticle interactions within the transition regions likely produce 
pitch angle scattering we conclude that plasma boundaries 
are the location and source of electromotive force required 
to produce discrete aurora. 

4. DISCUSSION AND SUMMARY 

This paper has presented the results of a self-consistent 
calculation of the electric field and plasma structures across 
the boundary that separates magnetized plasmas of differing 
temperatures and densities. The plasma parameters were 
chosen to be typical of the magnetosphere and many features 
appearing in the results are pertinent to magnetospheric 
processes, specifically the origin of discrete auroral arcs. 
These features bear further discussion. 

1. The electric potential distribution, 4•(x), across the 
boundary between the two plasmas is not constant, even 
when the electric potentials far from the boundary at x = 
+• and x = -• are both assumed to be zero. Indeed, the 
results show that in this case electric potential differences of 
more than 1000 V arise within the boundary as a conse- 
quence of charge separation. This indicates that the solu- 
tions obtained by Harris [1962], Alpers [1969], or Charmell 
[ 1976], for a plasma layer where it was assumed that •b(x) = 
0 everywhere, are by no means general solutions. Our model 
is also more general than that of Romero et al. [1990] who 
have studied a one-dimensional slab Vlasov equilibrium for 
the plasma sheet boundary layer-lobe interface, by consid- 
ering the particle guiding center as an approximate constant 
of motion. Unlike our model, that of Romero et al. is only 
valid for transitions where the diamagnetic effects can be 
neglected, i.e., for low plasma/3 values, and does not permit 
considering nonzero electric potential differences between 
x = + o• and x = -o•. In our model the solution for cases 

where a non-zero electric potential difference between x = 
+o• and x = -o• is imposed shows that a major portion of 
the available electric potential appears across the plasma 
transition region. In such a case the potential difference 
across the region of the transition can be much larger than 
that created solely by the plasma discontinuity. Thus these 
results suggest that whenever the Earth's magnetospheric 
plasma exhibits internal structure, such as density or tem- 
perature variations, the electric potential caused by the solar 
wind's interaction with the geomagnetic field will not be 
distributed uniformly across the system but, rather, will 
distribute with large electric fields, and corresponding large 
potential differences, at the interface between differing plas- 
mas. 

2. The characteristic scale lengths of the plasma and 
electromagnetic field variables across the transition regions 
are of the order of the average ion Larmor radius for the 
larger structures and the average electron Larmor radius for 
the thinner embedded electron sheaths. The broader scale 

size is typically 500-800 km near the equatorial plane of the 
magnetosphere where the local magnetic field strength is 40 
nT or less. This scale size, when projected along the mag- 
netic field line to the ionosphere, is reduced by at least 
30-fold, i.e., to a dimension of 15-30 km. This dimension 
agrees quite well with the latitudinal extent of inverted-V 
regions and discrete auroral arcs. Electric potential varia- 
tions over much smaller dimensions, of the order of 10 km, 
are associated with electron-dominated layers. These small 

dimensions correspond to a fraction of a kilometer when 
mapped to ionospheric heights and can account for the 
observed small-scale structure within arcs. The smaller 

characteristic scale lengths of the electric potential variation 
correspond to D e = Pe and characterize the electron- 
dominated layers illustrated in Figures 1-3. Note that the 
model permits intermediate scale lengths Pe --< De •< lap that 
correspond, in effect, to a broadening of the central electron 
layer. Particle gyroradius has also been introduced as a 
lower characteristic transverse scale length by Cole [ 1991] to 
determine "upper limit" values for field-aligned current 
intensity in the polar magnetosphere. Note, however, that 
this issue is different from that discussed in our quantitative 
kinetic model. 

Lyons [1981] has shown that the existence of large electric 
potential differences, over small dimensions transverse to 
the magnetic field in the outer magnetosphere, is a necessary 
and sufficient condition to account for electric potential 
differences distributed along the magnetic field lines con- 
necting that region with the ionosphere. Such potential 
differences along the magnetic field lines are believed to be 
responsible for accelerating magnetospheric electrons down- 
wards to produce the discrete aurora. 

We have shown that magnitudes of the potential differ- 
ences across the boundaries between plasmas in the mag- 
netosphere are consistent with those potentials required to 
account for auroral arcs. Moreover, we have shown that the 
spatial dimensions over which these potentials are distrib- 
uted transverse to the magnetic field in the outer magneto- 
sphere are similar to those required by Lyons to account for 
electron acceleration into the atmosphere. For these reasons 
we conclude that the potential variation across the bound- 
aries between differing plasmas in the magnetosphere should 
be identified with the source of EMF required to create 
auroral arcs. 

3. We have modeled the plasma and field variations 
across a magnetospheric plasma boundary for the case 
where currents in the boundary are perpendicular to the 
electric fields. In effect, this is an "unloaded" source of 
EMF and no energy dissipating currents are flowing. The 
actual acceleration and precipitation of electrons to create an 
auroral arc requires that a current system be established that 
threads both the source of EMF and the ionosphere by 
means of magnetic-field-aligned currents. Figure 4 illustrates 
the plasma discontinuity generating an EMF at the surface of 
a plasma sheet density irregularity, and its projection in the 
terrestrial ionosphere. 

In section 3 it was shown that the rapidly convecting 
plasma populations associated with the electron layer of the 
boundary were unstable and turbulent wave fields would be 
produced in this region. It is not unlikely that instabilities 
would occur over much of the spatially broader ion layer as 
well. We expect that the presence of turbulent wave fields 
will scatter electrons into the atmospheric loss cone so that 
they will be accelerated and precipitated to produce aurora. 
Moreover, the same wave fields will pitch angle scatter 
charged particles that originate from the ionosphere out of 
their source cone so that a current system threading both the 
EMF and the ionosphere by means of field-aligned currents 
will be established. 

Of course, when a dissipative current system is estab- 
lished, the plasma and field structures across the boundary 
will be altered from those we calculated. Eventually, the loss 
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Fig. 4. Illustration of the plasma discontinuity (in this case a 
tangential discontinuity) generating an EMF at the surface of a 
plasma sheet density irregularity (cloud or plasma sheet-lobe bound- 
ary), and its projection in the terrestrial ionosphere. Electric poten- 
tial differences are produced by thermoelectric charge separation at 
the interface between the two plasma regions and are distributed 
transverse to the magnetic field in the x direction. These potential 
differences map down into the ionosphere and drive Pedersen 
currents, provided the local ionospheric conductivity is large 
enough, i.e., that the system becomes loaded. Because of microin- 
stabilities in the interface region, electrons are scattered in the loss 
cone; they enhance the ionization at low altitude and increase the 
Pedersen conductivity. Large Pedersen currents flow in the iono- 
sphere. The diminution of the resistivity reduces electric potential 
gradients in the ionosphere and leads to the formation of field- 
aligned double layers such that the circulation of the electric field 
along the whole circuit is equal to zero (assuming a time- 
independent magnetic field distribution). The field-aligned potential 
drop accelerates the scattered and precipitating electrons to several 
kiloelectron volts. An auroral arc is formed by the bombardment of 
these electrons in the atmosphere. This produces an additional 
enhancement of the ionospheric conductivity, smaller ionospheric 
potential differences but larger field-aligned ones. Provided the 
plasma cloud in the magnetosphere is a large reservoir of electrons 
or if the cloud is propagating in the +x direction, the source of 
precipitated electrons is constantly fed and the auroral arc lasts as 
long as a large EMF is maintained in the magnetotail. 

of energetic charged particles through precipitation, the 
energy dissipation associated with producing the aurora, and 
Joule losses from current flowing in the ionosphere will 
reduce the temperature and density gradients across the 
magnetospheric plasma boundary we have modeled to the 
point that the potential distribution is no longer an effective 
source of EMF. 

The time scale required for gradients in the magneto- 
spheric plasma temperatures and densities (and, thus the 
boundary itself) to dissipate may be estimated from the time 
required to discharge these particles into the ionosphere. 
The rate at which electrons are lost from a population with a 
temperature of 2.5 keV and density of 0.5 cm -3 (assuming a 
full loss cone and no field-aligned electric fields that would 
enlarge the loss cone) is 4 x 1012 m -2 s -1 calculated at 
ionospheric heights. The presence of a large potential differ- 
ence that widens the loss cone for electrons may increase 
this loss rate by a factor of 10 [Lyons, 1981]. The volume of 
a L = 8 flux tube in a dipolar geomagnetic field with an 
ionospheric footprint of 1 m 2 is about 1012 m 3 and would 
contain about 5 x 1017 electrons. Even at a loss rate 

enhanced by significant potential differences along the field 
line to the ionosphere, it would require > 1000 s to reduce the 
original number density by a factor of 2. 

There is also the possibility that a plasma sheet cloud (of 
finite extent in the y direction) moves transverse to the 
magnetic field (in the direction of the plasma gradients, i.e. in 
the x direction), by means of an electric polarization and its 
associated E/• B drift. This is for instance the case of a solar 

wind plasmoid impulsively penetrating into the magnetotail, 
in the -x direction of the local coordinate system (see 
Figure 4). Consequently, there is an additional electric field 
in the y direction, i.e., in the same direction as the current 
density. Indeed, when the plasma dielectric constant is much 
greater than unity, collective plasma effects lead to the 
accumulation of polarization charges along the lateral (x-z) 
surfaces of the cloud, which generate an internal electric 
field (in the y direction) inside the moving plasma element 
(for recent reviews of the theory of impulsive penetration, 
see Lemaire and Ruth [1991], and Ruth [1992]). During the 
time the plasma cloud is penetrating into the magnetotail, 
gradients of plasma density, pressure,..., are continually 
re-forming, by means of plasma transport across the x-y 
surface. The continual re-formation of these gradients main- 
tains the source of EMF. Typical nonadiabatic slowing down 
times of solar wind plasmoids injected into the magneto- 
sphere have been calculated by Lemaire [1977]. These 

characteristic times depend on the value of •;p, the inte- 
grated ionospheric Pedersen conductivity. They range from 

3 min (•;p = 2 mho) to 30 min (Y_,p = 0.2 mho), in the case 
of a solar wind plasmoid with an excess density An/n = 5%, 
moving in the solar wind with a velocity of 400 kin/s, and 
having a characteristic scale length (in the y direction) of 
10,000 kin. 

It is also of interest to examine the possibility that electric 
charge flowing to and from the ionosphere will cancel the 
unbalanced space charges in the boundary layer and so 
"short" the large electric fields and potential differences in 
the boundary region. Panel cl in Figure 1 shows that within 
the broader scale ion layer of the transition region the 
departure from charge neutrality is of the order of 1-2 • 
10 -6 or about 1 excess elementary charge m -3 (the depar- 
ture from charge neutrality in the electron region is consid- 
erable higher--see panel c2 of Figure 1). Thus we expect 
that a 1-m 2 flux tube would depart from charge neutrality by 
about 1012 elementary charges. It would be a mistake, 
however, to conclude that the excess charge within this 
entire flux tube would be electrically canceled by a current 
flow of 1.6 x 10 -7 A/m 2 lasting for only 1 s. This would 
presume that the excess charge were the property of single, 
identifiable charged particles in the magnetosphere which, if 
they were removed or electrically canceled, would "short" 
all charge separation electric fields. In reality, the local 
charge imbalances within the transition layer between two 
different magnetospheric plasmas are a property shared 
among all the charged particles and removing just a single 
particle will not remove the charge imbalance. The lifetimes 
of the charge separations and associated electric fields are 
governed by the time needed to destroy the plasma temper- 
ature and density gradients which define the very existence 
of a boundary. It is this feature of the physical system we 
have modeled that distinguishes it as being a source of EMF 
and not simply a charged capacitor. 
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Our analysis of the electrical structure of magnetospheric 
plasma boundary layers is summarized as follows: 

1. The existence of two plasmas populations that inter- 
face with one-another leads directly to the creation of a 
space-charge separation and electro-static potential differ- 
ence in a direction normal to B. The potential distribution is 
highly structured with essentially two different scale lengths 
of variation. 

2. The characteristic scale lengths of the plasma and field 
variables are the average ion Larmor radius (or some multi- 
ple of this length) for the broad ion-dominated layers located 
at the outer edges of the transition and the average electron 
gyroradius (or some multiple of this length) for the central 
electron-dominated layer. 

3. For plasma parameters pertinent to the Earth's outer 
magnetosphere and plasma sheet, the largest modeled scale 
size of the potential distribution transverse to the magnetic 
field is appropriate to auroral arcs dimensions; while the 
smallest modeled scale size can account for the observed 

small scall structure within arcs. 

4. When a large-scale potential difference externally 
imposed across the transition layer is applied, the imposed 
electric field is concentrated at the interface. This gives rise 
to localized potential differences much larger than that 
produced by the contact between the two plasmas alone. 
Thus the total available solar wind imposed potential differ- 
ence is reordered by the plasma populations to give rise to 
large potential differences appearing over small distances 
perpendicular to B•just the situation needed for the cre- 
ation of an auroral arc. 

5. For plasma parameters pertinent to the Earth's outer 
magnetosphere and plasma sheet, the electric potential dif- 
ferences across the transition layer are consistent with those 
required to account for the energized electrons associated 
with discrete aurora--much enhanced by the large-scale 
potentials applied across the magnetosphere. These electric 
potential differences can be identified with source of EMF 
required to create auroral arcs. 

6. Waves with spectrum near the lower hybrid frequency 
are likely to be generated. These waves scatter the pitch 
angles of electrons into the atmospheric loss cone and 
establish the current system threading both the EMF and the 
ionosphere by means of field-aligned currents. Dissipation 
processes will not change significantly the available potential 
and electric field intensities of the initially unloaded EMF, as 
long as the gradients in temperatures and densities are 
maintained, i.e., during a time interval of at least 1000 s, the 
estimated half lifetime of the transition. 

APPENDIX A 

The Vlasov kinetic approach is used to study the transition 
layer separating a hot plasma sheet cloud from the cooler 
background. An one-dimensional plane tangential disconti- 
nuity (TD) is considered which is parallel to the y-z plane. In 
this model all plasma and field variables depend only on the 
x coordinate, normal to the layer. The plasma is assumed to 
be uniform for large negative and positive values of x, i.e., 
respectively, deep inside the plasma sheet cloud and far from 
the cloud in the magnetotail background. Because a TD has 
no normal component of the magnetic field, the latter lies 
entirely in the y-z plane, while the electric field E is parallel 
to the x axis. Here we also assume that the magnetic field B 

remains everywhere parallel to the z axis, i.e., B = Bzez(Bz 
> 0). Because of the orientation of B and E, the z velocity 
component for a charged particle is a constant and we are 
therefore free to consider the motion of this particle to be in 
the (x-y) plane. In this plane, a single plasma particle is 
characterized by two constants of motions: the Hamiltonian 
(H) 

H = m(Vx 2 + vy2)/2 + qcb (A1) 

and p y, the y component of the canonical momentum 

py = mvy + qay (A2) 

In these equations, q is the charge of the particle of mass rn 
and v(vx, vy, v z) its velocity vector, while 4fix) is the 
electric potential and ay the y component of the vector 
potential [Bz(x) = day/dx]. 

Because z is an ignorable coordinate, the velocity distri- 
bution function (f) of a given plasma species can be 
considered only in the (vx-vy) plane. It is then a function of 
x, vx and %. On the other hand, any function f(H, py) is a 
solution of the time-independent Vlasov equation. To eval- 
uate moments off, we have to transform the (v,,-Vy) plane 
to the (H-py) plane. Each half of the (v•-vy) plane corre- 
sponding to v x < 0 or v x > 0, is mapped into the same 
domain, given by 

--oo < py < +oo, H 0 _< H < +• (A3) 

with 

1 

Ho(py , x) -' qcb(x) + •m [py -- qay(X)]2 (A4) 
Macroscopic plasma parameters like the partial number 
densities n i, the (y-) components of partial current densities 
Ji or mean velocities uy,i can then be obtained from f i as 
functions of ay and • (the subscript i characterizes the 2 
particle species considered here: i = e for electrons, i - p 
for protons). 

From (A4) the energy equation (A1) can also be written as 

1 1 1 2 , X) H = • mvx 2 + • (py - qay) 2 + qcb = • my x + Ho(py 
(A5) 

From (A3) and (A5) it can be seen that the motion is that of 
a particle in the potential well H0. This means that the entire 
motion of a particle with constants H and py lies within the 
bounded interval on the x axis determined by H0(py, x) -< 
H. There are therefore no particles able to escape at x -- 
+--•. As f(H, py) can be chosen as an arbitrary function of 
its arguments it depends no longer explicitly on x. However, 
the number of trajectories with a given H and py determines 
the number of particles on the x interval determined by 
H0(py, x) -< H. 

Let us consider the following velocity distribution func- 
tions: 

f i -- f ci + f bi 

m iOt ci 

4'n'kTci 
exp - erfc (+ a ciP yi) 
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+ • exp - erfc ( -- t• bigyi) (A6) 
4 •r k Tbi 

where 

1 1 

•ci = qiBc•Dci Pci qiBb•D•i- P•i (A7) 2 _ 2 ' •bi= 

•2rn ik Tci •2rn ik Tbi 
pci- IqiIBc ' Phi- IqiIBb (AS) 

and erfc (0 is the complementary error function: 

2 :) erfc (•')=•f• exp (-t dt 
It can be seen that protons and electrons from the plasma 
sheet cloud (subscript c) have velocity distribution functions 
(fci) which tend to isotropic Maxwellians at x = -• with 
temperatures Tci (kT being the thermal energies) and densi- 
ties (see also (1) and (2)) 

rtci (x = --o•) = o• ci exp qic•( X = kTci 
(A9) 

When x -• +o•, the domain of the velocity space where f ci 
differ from zero become vanishingly small because a smaller 
and smaller fraction of protons and electrons from the 
plasma sheet cloud has large enough gyroradius to penetrate 
deep into the background magnetotail (subscript b) and 
n ci(X = + •) = 0. The background magnetotail is populated 
with electrons and protons of a different origin. The velocity 
distribution functions (f hi) of these particles tend to isotro- 
pic Maxwellians at x = +• with temperatures Tbi and 
densities (see also (3) and (4)) 

rtbi(X = +o•) = O• bi exp qi•(X = kTb• 
(AlO) 

When x -• -•, f bi • 0, because as x -• -• only a 
decreasing number of particles from the background with 
large enough velocities (and gyroradii) are still able to 
penetrate inside the cloud. Thus rtbi(X = --o•) = O. 

The parameters D ci and D bi characterize the "thickness" 
of each of the four transitions that the different particle 
populations undergo. From (A7) these parameters can not be 
smaller than the asymptotic Larmor gyroradii in the field B c 
and B b defined in (A8)' Pci at x = -• and Pbi at x = +•. 
When D ci and D hi shrink to Pci and Phi respectively, the two 
complementary error functions in (A6) tend to step functions 
of the variable p y. In this case the distribution functions are 
those introduced by Sestero [ 1964], but generalized here to a 
nonisothermal plasma. Then, as products of a Maxwellian 
(the exponential in H) by a step function in p y, they give 
conceivably the simplest model describing the sharpest 
transition layer. 

Note that the asymptotic behavior of the plasma distribu- 
tions depends only on the asymptotic form off b,c when x -, 
+-_•. The form of f b,c for any other x in between is 
responsible for the shape of the transition profile. Thus the 
state of the plasma at both ends of the transition region does 
not uniquely determine the plasma and field variation within 

the transition. This results from the collisionless and adia- 

batic nature of the interaction between the plasma particles. 
To remove the nonuniqueness of the velocity distribution 
functions, consideration of particle accessibility in phase 
space must be met [Whipple et al., 1984]. This requires the 
knowledge of the characteristics of the plasma in the bound- 
ary source regions together with the transport mechanisms 
bringing the plasma to the transition itself. Note that only in 
the case of a collision-dominated plasma when irreversible 
processes are important is the transition profile uniquely 
determined by the boundary conditions. 

The moments of fi (fi given by (A6)) are integrals over 
the domain of the (H-py) plane defined in (A3). The partial 
densities n i = n ci + n bi are zero-order moments; the partial 
current densities Ji = Jci + Jbi are first-order moments; 
temperatures are second-order moments. They are deter- 
mined in Appendix B. 

APPENDIX B 

The mean value (W) of a particle velocity function W(vx, 
vy, v z) can be obtained from the corresponding particle 
velocity distribution function as 

n(W) = W(vx, Vy, vz)F(v x, Vy) 

12 rn (rnvz21 ß •rkT exp - 2kT] dvz dvx dry (B1) 
where n is the particle number density and F the velocity 
distribution function in the (vx-vy) plane. In the (H-py) 
plane, F transforms into f (H, p y ) - F[ v x (H, p y ), v y ( p y ) ]. 
W transforms into w(H, py, Pz) = W[vx(H, Py), Vy(py), v z 
- pz/m]. The integral (B1) becomes then 

(w)=O (B2) 

if W is an odd function of V x or (/and) v z, and 

= (H- Ho) -•/2 
O0 O0 0 

I m ß w(H, py, pz)f(H, py) 2•rkT 

(2) _ Pz dH dpy dpz (B3) ß exp 2rnkT 

if W is an even function of v• and Vz. 
If W = r s t where r, s, t are nonnegative integers, UxUyU z 

then the mean values M(r, s, t) of W are moments of the 
velocity distribution function of order r + s + t: 

/ r s tx 

M(r, s, t)= n•vxvyv d (B4) 

The moments off c andf b, i.e., respectively Mc(r, s, t) and 
Mb(r, s, t) can be computed from (A6), (B2), and (B3). It is 
found (j = c or b) 

Mj(r, s, t)= 0 (B5) 

if r or (/and) t is odd 
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Mj(r, s, t)= • (r/2)!(t/2)! 2s-1 
r+s+t 

ß exp - •-• Js(hj•q, hj•) 
if r and t are even. In (B6), 

(B6) 

= mM(O, 2, O)/n- muy 2 (B22) 

kO z = m(vz 2) = mM(O, O, 2)/n (B23) 

Explicit expressions for n and j can be found in section 2 
(see (1)-(8)). The temperatures (Ox, Oy and Oz) are given by 
the following expressions, valid both for particles from the 
plasma sheet cloud and background magnetotail: 

h c= 1, ht,=-I (B7) 0x= 0z= T (B24) 

(B8) 2m Oy = T 1 2B 2 ayUy qD 

rn 2 
--7tly (B25) 

Js(X, Y) = f__+• exp (- sr 2) sr s erfc (xsr + Y) dsr (B9) Acknowledgment. The Editor thanks L. R. Lyons and G. R. 
Wilson for their assistance in evaluating this paper. 

In particular, 

Jo(X, Y)= • erfc (W) 
Ji(X, D = -R exp (-W 2) 

J2(X, If)= • erfc (W) + WR 2 exp (-W 2) 
2 

(B10) 

(Bll) 

(B12) 

where 

W = Y(1 q- X 2) -1/2, R = X(1 + X 2) -1/2 

From (B8), 

(B13) 

•:(1 + r/2) -1/2 = ay 2) -1/2 q P DB' r/(1 q- r/ Iql O (g14) 
Therefore 

(ay) Jo(hirl, hi• ) = • erfc hi •-• (B15) 

(2) q p ay 

Jl(hirl, hi•:) = -hi I-• exp -D2B2 

J2(hirl' hi•:)=•-•effc ( hi ) ay 

(B16) 

+hi•- • exp- 2B2J (B17) D 

Moments up to the second order, i.e., the partial number 
densities n, the partial current densities j (or partial average 
velocities Uy) and temperatures 0 can be deduced easily from 
(B6), (B7), and (BI$) through (B17). These moments are 
defined as 

n = M(0, 0, 0) (B18) 

j = qM(0, 1, 0), uy = M(0, 1, O)/n (B19) 

0 = (Ox + 0 y + 0 z)/3 (B20) 

kOx = m(Vx 2) = mM(2, O, O)/n 

kOy = m((vy - Uy) 2) = m((vy 2) - uy 2) 

(B21) 
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