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ABSTRACT

Context. Recent studies on Kappa distribution functions invoked in space plasma applications have emphasized two alternative ap-
proaches that may assume the temperature parameter either dependent or independent of the power-index κ. Each of them can obtain
justification in different scenarios involving Kappa-distributed plasmas, but direct evidence supporting either of these two alternatives
with measurements from laboratory or natural plasmas is not available yet.
Aims. This paper aims to provide more facts on this intriguing issue from direct fitting measurements of suprathermal electron
populations present in the solar wind, as well as from their destabilizing effects predicted by these two alternative approaches.
Methods. Two fitting models are contrasted, namely, the global Kappa and the dual Maxwellian-Kappa models, which are currently
invoked in theory and observations. The destabilizing effects of suprathermal electrons are characterized on the basis of a kinetic
approach that accounts for the microscopic details of the velocity distribution.
Results. In order to be relevant, the model is chosen to accurately reproduce the observed distributions and this is achieved by a
dual Maxwellian-Kappa distribution function. A statistical survey indicates a κ-dependent temperature of the suprathermal (halo)
electrons for any heliocentric distance. Only for this approach are the instabilities driven by the temperature anisotropy found to be
systematically stimulated by the abundance of suprathermal populations, thus lowering the values of κ-index.

Key words. solar wind – plasmas – instabilities

1. Introduction

Kappa modeling is a widely exploited technique for space
plasma diagnosis and kinetic analysis (Pierrard & Lazar 2010;
Livadiotis & McComas 2013). The Kappa (κ-)distribution func-
tion is nearly Maxwellian at low energies and decreases
as a power-law at higher energies, enabling a satisfactory
overall (global) description of the velocity distributions of
plasma particles measured in the solar wind (Vasyliunas
1968; Christon et al. 1989; Collier et al. 1996; Maksimovic et al.
1997). The power-index κ quantifies the presence of suprather-
mal (non-Maxwellian) populations, which enhance the high-
energy tails of the distributions. Alternatively, the same Kappa
power-laws have also been used to reproduce only the high-
energy tails (also known as the halo component), while the
core of the distribution is well fitted by a standard Maxwellian
(Maksimovic et al. 2005; Štverák et al. 2008; Pierrard et al.
2016).

Recent studies on global Kappa models have emphasized
two distinct alternatives, namely, assuming the temperature (fit-
ting) parameter, either dependent or independent of the κ-index
(Lazar et al. 2015a, 2016a). Modeling with a κ-independent tem-
perature is convenient in computations, and it is therefore very
much invoked in theoretical predictions on dispersion and sta-
bility properties of Kappa distributed plasmas; we refer to the

reviews by Hellberg et al. (2005) and Pierrard & Lazar (2010).
The effects of a varying κ (including the Maxwellian limit
κ → ∞) are also easier to parametrize if temperature is taken
as constant. However, for studies intended to outline the effects
of suprathermal populations, Lazar et al. (2015a, 2016a) have
shown that only the approach assuming a κ-dependent temper-
ature may provide a fairly rigorous comparison of the global
Kappa describing the observed distribution, with the cooler
Maxwellian κ → ∞ limit reproducing the core of the distribu-
tion. Moreover, only in this case are the instabilities driven by
the kinetic anisotropies of plasma particles systematically stim-
ulated by the suprathermals (i.e., lowering the values of κ), con-
firming the expectation that these populations should contribute
with an additional free energy (Lazar et al. 2015a, 2016b). From
a different perspective, including, for instance, the origin of
Kappa distributions, there are processes responsible for the for-
mation of suprathermal tails, for example, particle energization
by the wave turbulence, which may imply a κ-independent evolu-
tion of the velocity distributions (Yoon 2014; Lazar et al. 2016a).
In this case, the high-energy tails are counter-balanced by a low-
velocity enhancement, so that the temperature remains indeed
independent of parameter κ.

A global Kappa distribution implies a reduced number of pa-
rameters and is, therefore, easy to manipulate in observational
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and theoretical analyses. However, a global Kappa does not al-
ways provide a good fit to the observed distributions, as we see
here below. For example, the analysis in Sect. 2 (also Figs. 1 and
2), suggests that a global Kappa is just a simplified (or ideal-
ized) approach that artificially constrains the core and suprather-
mal populations to be described by the same parameters, for
example, density, temperature, and anisotropy (not fully justi-
fied yet, although some studies in this direction have been done
by Leubner 2004; Lazar et al. 2015a, 2016a). It may be, there-
fore, that fitting measurements of the observed distributions with
global Kappa models can not provide relevant evidence to sup-
port any of the two alternatives to temperature, either dependent
or independent of the power-index κ.

More complex models that combine distinct components are,
in general, more accurate in reproducing the distributions mea-
sured in the solar wind, and may, therefore, unveil details of
the observed distributions. For instance, the nonstreaming dis-
tributions detected in the slow winds and at sufficiently large
distances from the Sun (Maksimovic et al. 2005) are expected
to be better described by a dual model comprising a standard
Maxwellian distribution function to reproduce the core at low
energies, and a Kappa power-law to fit the suprathermal tails
(halo component) of the distribution (see Figs. 1 and 2). In the
fast winds, the observed distributions become asymmetric (see
Fig. 3), and to describe them we need an additional compo-
nent (called strahl) streaming along the magnetic field direction.
Such complex models have already been invoked in observa-
tional analyses in order to quantify the main physical properties
of these components, for example, densities, relative drifts, tem-
peratures, and even temperature anisotropies (Maksimovic et al.
2005; Nieves-Chinchilla & Viñas 2008; Štverák et al. 2008;
Viñas et al. 2010; Pierrard et al. 2016). The halo component can
be called suprathermal as long it is well reproduced by Kappa
power-laws with sufficiently low values of κ, that is, κ < 10. Oth-
erwise, for higher values, such as κ > 10, the halo component
appears to be thermalized and well described by a Maxwellian,
but it remains a distinct component, being, in general, less dense
but hotter than the core. In this case, the overall distribution can
be described by a two-Maxwellian model, as a limiting κ → ∞
case of a dual Maxwellian-Kappa representation. Although the
existence of a halo component with κ > 10 is not so evident
from observations, a two-Maxwellian model has already been
invoked in theoretical predictions on the dispersion and stability
of space plasmas (Gary et al. 1975, 1994) as well as in observa-
tional analyses (Feldman et al. 1975; Pilipp et al. 1987) and in
comparisons with global Kappa (Maksimovic et al. 1997). Note
that this Maxwellian limit (κ → ∞) of a Kappa describing only
the halo component is completely distinct from the Maxwellian
fit to the core, and a correlation between these two is not jus-
tified in this case (as for a global Kappa modeling, where the
Maxwellian limit may need to reproduce the core of the distribu-
tion to compare with the global Kappa and emphasize the effects
of the suprathermals).

When the core and suprathermal components are anisotropic,
for example, due to temperature anisotropies or relative drifts,
a dual Maxwellian-Kappa modeling becomes complicated to
deal with, even in numerical computations. Recently, important
progress has been made for overcoming this challenge in studies
of the stability and relaxation of a dual core-halo plasma with
intrinsic temperature anisotropies (Lazar et al. 2014, 2015b;
Shaaban et al. 2016). Both interpretations were adopted for the
anisotropic halo modeled by a bi-Kappa with temperatures being
either dependent on or independent of the power-index κ. The re-
sults from these studies were again favorable to a Kappa model
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Fig. 1. Nonstreaming electron velocity distribution F [cm−6 s−3] mea-
sured by Ulysses in the slow wind in 2002 on DOY 15 03:33:42: a) par-
allel and perpendicular cuts; b) Maxwellian fit to the core and Kappa
fit to the halo suprathermal tails; c) combined (resultant) Maxwellian-
Kappa model fitting the entire distribution; d) global Kappa model fit-
ting the entire distribution.

with a κ-dependent temperature, since only this approach pro-
vided a systematic stimulation of the instabilities in the presence
of suprathermals.

The present paper aims to provide additional insight into
these properties of Kappa distributed plasmas as they are re-
vealed by observational data. As discussed above, there are
two fitting models widely invoked in theory and observations,
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Fig. 2. Nonstreaming electron velocity distribution F [cm−6 s−3] mea-
sured by Ulysses in the slow wind in 2002 on DOY 19 08:19:49: a) par-
allel and perpendicular cuts; b) Maxwellian fit to the core and Kappa
fit to the halo suprathermal tails; c) combined (resultant) Maxwellian-
Kappa model fitting the entire distribution; d) global Kappa model fit-
ting the entire distribution.

namely, the global Kappa and the dual Maxwellian-Kappa mod-
els. In Sect. 2 we describe them mathematically and qualitatively
analyze their accuracy in reproducing the solar wind observa-
tional data. Particularly relevant for our analysis is the Kappa
model that better reproduces the observed distributions. This
model is then considered for fitting to more than 100 000 veloc-
ity distributions measured in the ecliptic within a wide interval
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Fig. 3. Asymmetric electron distribution F [cm−6 s−3] measured by
Ulysses in 2002 DOY 18 18:50:36: a) Maxwellian fit to the core, Kappa
fit the halo suprathermal tails, and a drifting Kappa fit to the streaming
(strahl) component; b) combined model fitting the entire distribution.

of heliocentric distance between 0.3 and 4.0 AU. Determined
as fitting parameters, the temperature and the power-index κ are
subjected to a statistical analysis that enables us to extract the
relationship between them. The κ-dependency indicated by the
observations for the temperature of Kappa populations is used
in Sect. 3 for a kinetic analysis of the electromagnetic instabili-
ties driven by the temperature anisotropy. These instabilities can
explain the enhanced fluctuations observed in the solar wind;
we refer to the review by Zimbardo et al. (2010) and references
therein. The results of our study are summarized and discussed
in Sect. 4.

2. Refined models from the observations

2.1. Global Kappa versus dual Maxwellian-Kappa

Fluxes of plasma particles measured in-situ in the solar wind
are transformed into the frame of bulk flow, such that, in the
absence of any differential streaming, the velocity distributions
are almost symmetric in the Sun-ward and anti-Sun-ward direc-
tions, without indications of any additional strahl (or stream-
ing) component (see examples in Figs. 1 and 2). One intriguing
feature that makes them impossible to describe with standard
Maxwellian models is the enhanced high-energy tails, known as
suprathermal tails. Instead, the Kappa (Lorentzian) power-laws
are used to reproduce the suprathermal tails of the observed dis-
tributions, and this can be done in two distinct ways. Thus, a
Kappa power-law (subscript κ) is used either as a global model
(subscript GK) to fit the entire distribution

fGK(v‖, v⊥) = fκ(v‖, v⊥), (1)
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or to describe only the suprathermal halo (subscript h)
component

fh(v‖, v⊥) = fκ(v‖, v⊥). (2)

In the second case, the core (subscript c) fitting is a Maxwellian
(subscript M)

fc(v‖, v⊥) = fM(v‖, v⊥), (3)

and the resulting model to describe the entire distribution f is a
dual Maxwellian-Kappa (subscript MK)

fMK(v‖, v⊥) = nc fc(v‖, v⊥) + nh fh(v‖, v⊥). (4)

Since kinetic modeling deals with homogeneous plasma systems
in general, in the above nc = Nc/N and nh = Nh/N are the rela-
tive number densities of the core and halo components, respec-
tively (where N is the total number of plasma particles of a given
species). All the distribution functions are normalized to unity.
In magnetized plasmas from space, the velocity distributions are
in general gyrotropic (without a major anisotropy in the plane
transverse to the magnetic field) allowing us to describe them in
polar coordinates (vx, vy, vz) = (v⊥ cos φ, v⊥ sin φ, v‖) with ‖ and⊥
denoting directions relative to the stationary magnetic field. Gy-
rotropic distribution functions reduce the analysis to only two
variables in velocity space and enable us to quantify the princi-
pal anisotropies reported by the observations, for example, the
bi-axis temperature anisotropies T⊥ , T‖ combined, or not, with
the field-aligned streams (also known as strahls).

Relevant for the nonstreaming distributions observed in the
solar wind is the well-known bi-Kappa distribution function
(Summers & Thorne 1991; Lazar et al. 2015a)

fκ(v‖, v⊥) =
1

π3/2θ2
⊥θ‖

Γ(κ + 1)
κ3/2Γ(κ − 1/2)

1 +
v2
‖

κθ2
‖

+
v2
⊥

κθ2
⊥

−κ−1

=

[
m

πkB(2κ − 3)

]3/2 1

T⊥
√

T‖

Γ(κ + 1)
Γ(κ − 1/2)

×

1 +
m

kB(2κ − 3)

 v2
‖

T‖
+
v2
⊥

T⊥

−κ−1

, (5)

where v‖ and v⊥ denote particle velocity parallel and perpendic-
ular with respect to a large-scale magnetic field, m is particle
mass, kB is the Boltzmann constant, Γ is the Gamma function,
the power-index κ ∈ (3/2,∞], and T‖,⊥ and θ‖,⊥ are the corre-
sponding temperatures and thermal velocities, which are related
by

T‖ ≡
2m
2kB

∫
duv2
‖ fκ(v‖, v⊥) =

κ

κ − 3/2

mθ2
‖

2kB
, (6)

T⊥ ≡
m

2kB

∫
duv2
⊥ fκ(v‖, v⊥) =

κ

κ − 3/2
mθ2
⊥

2kB
· (7)

This bi-Kappa model is invoked in both fitting techniques, either
as a global model to describe the entire distribution (Vasyliunas
1968; Christon et al. 1989; Collier et al. 1996; Maksimovic et al.
1997), or to fit partially only the suprathermal tails of the dis-
tribution (Maksimovic et al. 2005; Nieves-Chinchilla & Viñas
2008; Štverák et al. 2008; Pierrard et al. 2016).

The low-energy core is well reproduced by a bi-Maxwellian
(e.g., in Pilipp et al. 1987)

fM(v‖, v⊥) =
1

π3/2w‖w
2
⊥

exp

− v2
‖

w2
‖

−
v2
⊥

w2
⊥

 , (8)

where w‖,⊥ are thermal velocities defined by the temperatures as
moments of second order

T‖ ≡
2m
2kB

∫
duv2
‖ fM(v‖, v⊥) =

mw2
‖

2kB
, (9)

T⊥ ≡
m

2kB

∫
duv2
⊥ fM(v‖, v⊥) =

mw2
⊥

2kB
· (10)

The so-called global Kappa approach from Eq. (1) implies a re-
duced number of parameters and is, therefore, preferred in com-
putations, while a more complex, dual Maxwellian-Kappa as de-
fined in Eq. (4) is expected to better reproduce the observations,
although direct comparisons with global Kappa fittings are not
reported yet (at least to our knowledge). In Figs. 1 and 2 we
compare these two fitting models as obtained for the electron ve-
locity distributions measured by Ulysses in January 2002 (dots),
two events on DOY 15 03:33:42 and DOY 19 08:19:49, respec-
tively. These distributions are chosen to be almost isotropic, that
is, with insignificant differences between parallel (red dots) and
perpendicular (black dots) cuts (see top panels a), such that fit-
tings to the perpendicular cut are representative for the entire
distribution. The velocity distributions in Figs. 1 and 2 are con-
structed based on the Ulysses/SWOOPS electron pitch-angle dis-
tributions published by the ESA Web service1. These data are in
the solar wind frame and have been corrected for the spacecraft
potential (Scime et al. 1994).

The global Kappa fit is displayed in the bottom panels (solid
blue lines), and the dual Maxwellian-Kappa fit is explicitly
shown in the middle panels: in the second panel from the top
we have the core (solid red lines) and halo (blue dashed lines) fits
and these two are then combined as a dual Maxwellian-Kappa fit
in the third panel (solid green lines). Now, a direct comparison
of these two fitting models becomes possible simply by analyz-
ing the last two bottom panels in Figs. 1 and 2. It is obvious
that in both events the observed distribution is better reproduced
by a dual Maxwellian-Kappa approach than a global Kappa. We
note that in Fig. 2 a global Kappa provides a better fit to the ob-
served distribution than in Fig. 1, but in both these two cases the
global Kappa fits are visibly less accurate than those obtained
with a dual Maxwellian-Kappa approach. In this case the effects
of suprathermals may simply be outlined by a direct compari-
son between the dual model fMK and the Maxwellian fit fM to
the core, and there is no need to consider the Maxwellian limit
κ → ∞ of the Kappa component.

The fact that a dual model is more accurate may simply sug-
gest the existence of two distinct components, namely, a low-
energy core population and a suprathermal Kappa-distributed
halo. There is probably no other possibility to make a distinc-
tion between these components, which may have different ori-
gins in the solar corona (Pierrard et al. 1999) or in the solar wind
(Maksimovic et al. 2005). On the other hand, these two compo-
nents are expected to be strongly correlated, especially by the
collective effects of plasma particles which should tend to dimin-
ish differences between them. However, this is not always con-
firmed or evident from observations, which show, for instance,
1 http://ufa.esac.esa.int/ufa/, author Ruth Skoug, Los
Alamos National Laboratory.
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Fig. 4. Scatter plots (blue dots) of the halo temperature T [K] vs.
κ-index, measured in the ecliptic (0.3 < R < 4 AU): total tempera-
ture (top), and the components, parallel (middle) and perpendicular tem-
perature (bottom). The temperatures predicted by the Eqs. (15)–(17) as
functions of κ parameter are overplotted with dashed lines.

an electron halo enhancing with the radial distance from the
Sun at the expense of the more anisotropic strahl, which is di-
minished in almost the same measure (Maksimovic et al. 2005).
In this case an explanation may be offered by the instabilities
and amplified fluctuations selfgenerated by the strahl, which can
isotropize the strahl, scattering the particles and thus feeding the
more isotropic suprathermal halo. A dual core-halo model is rel-
evant not only in the slow winds when the flowing (bulk) speed
is sufficiently low (i.e., VSW < 360 km s−1), and the relative den-
sity of the strahl is negligibly small ns < nh < nc (Lazar et al.
2015b), but according to Maksimovic et al. (2005) it may also
describe any slow or fast wind conditions at sufficiently large he-
liocentric distances, for example, beyond 1 AU where the strahl
component is markedly reduced. A dual Maxwellian-Kappa re-
mains a major component in the fast winds, when the velocity
distribution exhibits an additional streaming component (called
strahl). In Fig. 3 we display an example of velocity distribution

of electrons measured during a fast solar wind by Ulysses in Jan-
uary 2002. In this case, the best fitting model contains three com-
ponents: a Maxwellian core, a Kappa halo, and a drifting-Kappa
strahl (or beam of particles).

2.2. The Kappa (halo) temperature from observations

If a κ-dependency exists for the temperature of Kappa popula-
tion, then this must be revealed by the observational data. In
order to be relevant, the Kappa model should accurately repro-
duce the measured distribution, and here above we have demon-
strated that this condition is satisfied by a dual Maxwellian-
Kappa model, with Kappa distribution function fitting only the
suprathermal (halo) tails.

Štverák et al. (2008) have used the same dual Maxwellian-
Kappa model from Eq. (4) to determine the principal moments
of the electron distributions measured in the solar wind. The
dual model was fitted to more than 100 000 velocity distribu-
tions measured by three different spacecraft missions (Helios 1,
Cluster II, and Ulysses) in the ecliptic at different heliocentric
distances in the interval 0.3–3.95 AUs. Details about the elec-
tron analyzers and the methods of correction and reconstruc-
tion of the 3D velocity distributions are given in Štverák et al.
(2008) and some references therein. Here we make use of the
same dataset, and investigate the temperature parameters deter-
mined for the Kappa (halo) populations. Figure 4 displays scat-
ter plots (with blue dots) of the temperatures determined for the
electron halo (subscript h) versus the corresponding values of
the power-index κ: total temperature (Th) in the top panel, par-
allel (Th,‖) and perpendicular (Th,⊥) temperatures in the middle
and bottom panels, respectively. One dimensional fits provide
temperature components Th,‖ and Th,⊥, enabling us to calculate
Th = Th,‖/3 + 2Th,⊥/3.

For each panel in Fig. 4 the spread of data points is very
similar and we can analyze them generically. The data points
concentrate along a curve which clearly shows that tempera-
ture is not constant but varies as a function of κ. Thus, the tem-
perature of Kappa population decreases with increasing power-
index κ, with the allure of an asymptotic decrease towards the
Maxwellian limit κ → ∞. In this limit of a very large κ → ∞,
the bi-Kappa reproducing the halo components reduces to a bi-
Maxwellian (similar to that reproducing the core component).
However, Lazar et al. (2016a) have shown that any Kappa distri-
bution function admits two distinct Maxwellian limits:

(a) A cooler Maxwellian limit corresponding to the approach
with a κ-dependent temperature

f (a)
M = lim

κ→∞
fκ(v‖, v⊥) =

1
π3/2θ‖θ

2
⊥

exp

− v2
‖

θ2
‖

−
v2
⊥

θ2
⊥

 , (11)

with thermal velocities θ‖,⊥ determined in this case by lower
temperatures

T (a)
M,‖

= lim
κ→∞

T‖ =
mθ2
‖

2kB
6

κ

κ − 3/2

mθ2
‖

2kB
= T‖, (12)

T (a)
M,⊥ = lim

κ→∞
T⊥ =

mθ2
⊥

2kB
6

κ

κ − 3/2
mθ2
⊥

2kB
= T⊥. (13)
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(b) The second limit corresponds to the approach with a con-
stant temperature, not dependent on κ:

f (b)
M = lim

κ→∞
fκ(v‖, v⊥)

=

(
m

2πkB

)3/2 1√
T‖T⊥

exp

− m
2kB

 v2
‖

T‖
+
v2
⊥

T⊥

 , (14)

where T (b)
M,‖

= T‖ and T (b)
M,⊥ = T⊥.

The observations indicate a κ-dependent temperature, when the
components T‖,⊥ can be defined in terms of their Maxwellian
limits T (a)

M,‖,⊥
as follows

T‖ =
κ

κ − 3/2

mθ2
‖

2kB
=

κ

κ − 1.5
T (a)

M,‖
, (15)

T⊥ =
κ

κ − 3/2
mθ2
⊥

2kB
=

κ

κ − 1.5
T (a)

M,⊥. (16)

and a similar relation is obtained for the total temperature

T =
κ

κ − 3/2
T (a)

M . (17)

Using these relations to fit to the observations (see the dashed
curves in Fig. 4), we find for the Maxwellian limits T (a)

M ' T (a)
M,‖
'

T (a)
M,⊥ = 5 × 105 K. We should point out that the accumula-

tion of data aligns with these dashed curves very well, which
confirms the validity of κ-dependency found in Eqs. (15)–(17).
However, the power-index κ describing the electron halo popu-
lation in the solar wind does not take very large values, being
limited to κ < 10. Therefore, for a rigorous interpretation of the
solar wind electrons, a two-Maxwellian model does not seem
to be justified, but can be invoked as a limiting case of a dual
Maxwellian-Kappa in order to depict and investigate the effects
of the suprathermal populations.

Both parameters T and κ analyzed here characterize the
halo (Kappa) electron component of the solar wind plasma, and
should therefore undergo a variation with the radial (heliocen-
tric) distance from the Sun, being naturally conditioned by the
solar wind evolution during its expansion in space. Thus, re-
cent studies of the same set of data (Pierrard et al. 2016) have
shown significant differences between the core and halo temper-
atures, and implicitly between their evolutions with heliocentric
distance; the core temperature decreases (with a tendency of sta-
bilizing after 2 AU) while the halo temperature increases with ra-
dial distance from the Sun (with an apparent saturation at approx.
3 AU). Normally, the temperature should indeed cool down with
the distance from the Sun, as the core temperature is confirm-
ing. The increase of the halo temperature is somehow unusual,
although it is in perfect agreement with the evolution of the other
parameters reported by different observations (Maksimovic et al.
2005; Pierrard et al. 2016), namely, the increase of halo popula-
tion (i.e., the increase of its relative number density nh/nc) at the
same time with a decrease of κ with radial distance. The halo
population seems to be enhanced at the expense of the strahl
population, which is eventually scattered and isotropized by the
selfgenerated instabilities (collisions are inefficient at large dis-
tances in the solar wind). At this point it therefore becomes in-
teresting to check whether or not such processes may have an
influence on the κ-dependency shown by the halo temperature in
the observations.

Fig. 5. Scatter plots (blue dots) of the halo (total) temperature T [K]
vs. κ-index, measured in different intervals of heliocentric distances R
(selected from the data set in Fig. 4): a) 0.3 < R < 0.4 AU; b) <0.6 AU;
c) ∼1 AU (0.9 AU 6 R 6 1.1 AU); d) R > 1.1 AU. Fitting curves are
explained in the text.

Figure 5 is intended to unveil the existence of these influ-
ences if they exist, by presenting in detail a radial profile of the
halo temperature as a function of the power-index κ. We made
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a selection of the data from different heliocentric distances, and
plot in four panels with the distance increasing from top panel
(a) to bottom panel (d) as follows: (a) 0.3 < R < 0.4 AU; (b)
<0.6 AU; (c) ∼1 AU (0.9 6 R 6 1.1 AU); (d) R > 1.1 AU.
At small radial distances, 0.3 < R < 0.4 AU, the data accu-
mulates and aligns very well to the curve defined by Eq. (17)
for a κ-variation of the halo temperature. With increasing dis-
tance, the data points spread above and below this fitting curve,
most probably as an effect of some mechanisms at work in the
solar wind expansion, such as cooling, magnetic focusing, and
particle scattering by the fluctuations, and so on. However, up
to 1 AU, the data aligns well, on average, on the κ-dependency
in Eq. (17) with the same asymptotic (Maxwellian) limit T (a)

M2 '

5× 105 K. We cannot claim the same thing for the data collected
beyond 1 AU, which, on average, seems to align to the same κ-
dependency law as the one given in Eq. (17), but with a lower
Maxwellian (asymptotic) limit T (a)

M1 ' 4.1 × 105 K (see the solid
(red) line in panel (d)). Moreover, the spread of data above the
dashed line suggests the existence of other hotter populations
that may fit to another similar law but with a higher Maxwellian
(asymptotic) limit T (a)

M2 ' 5.8 × 105 K (see the dotted (blue) line
in panel (d)). In order to explain these distinct populations indi-
cated by different fitting curves (and leading to a spread of data
along the average fitting) we would plausibly need to invoke the
different origins of these populations. For instance, scattering of
the beaming strahl by the selfgenerated instabilities may pro-
vide hotter Kappa populations (Maksimovic et al. 2005), as also
discussed here above. We can conclude stating that the obser-
vations in the solar wind show clear evidences that support a
κ-dependency of the temperature of Kappa-distributed popula-
tions, as the one explicitly shown above in Eqs. (15)–(17).

3. Kappa electrons: destabilizing effects

In this section we extend our comparative study to the effects
of suprathermal (halo) electrons on the temperature anisotropy
instabilities as they are predicted by the same dual Maxwellian-
Kappa model when the temperatures of Kappa populations are
dependent or independent of κ. Also considered is a comparison
with the Maxwellian limit κ → ∞ that enables us to emphasize
the effects of suprathermal electrons which are expected to stim-
ulate the instability.

According to the reports on the temperature anisotropy in
the solar wind (Štverák et al. 2008; Pierrard et al. 2016) both
the core and halo populations may exhibit anisotropies, and the
halo is, in general, more anisotropic being hotter and less dense
than the core. Therefore, in order to depict the effects of the
suprathermal populations, here we minimize the influence of the
Maxwellian core assuming isotropic with Tc,‖ = Tc,⊥ = Tc (i.e.,
Ac = Tc,⊥/Tc,‖ = 1). In the solar wind, the electron halo may
exhibit both deviations from isotropy, namely, an excess of tem-
perature in parallel direction Ae,h < 1 that can drive the so-called
electron firehose (EFH) instability, or an excess of temperature
in perpendicular direction Ae,h > 1 that can be at the origin of
the whistler instability (WI), also known as the electromagnetic
electron-cyclotron (EMEC) instability. For the sake of simplic-
ity, here we investigate only the effects of suprathermal electrons
on the parallel electromagnetic modes (assuming a field-aligned
wavevector k = k‖). We have analyzed the unstable solutions for
a significant number of cases, keeping constant the core parame-
ters for average values measured in the solar wind, for example,
Ae,c = 1, βe,c = 1, the relative halo-core density η = 0.05, and
varying the halo parameters, Ae,h, βe,h, and κ.

3.1. Firehose instability

We first discuss the electron firehose instability (EFHI), which is
driven by a temperature anisotropy Ae,h = Th,⊥/Th,‖ < 1 of the
electron halo component. The contribution of protons is mini-
mized by considering them isotropic (both the proton core and
halo components), such that the dispersion relation for the EFHI
can take the following form

k̃2 = µ

Ae,h − 1 +
Ae,h (ω̃ + µ) − µ

k̃
√
α2 µ β κ

e,h

Zκ

 ω̃ + µ

k̃
√
α2 µ β κ

e,h




+
1
η

 ω̃

k̃
√
η βp,c

ZM

 ω̃ − 1
k̃
√
η βp,c

 +
ω̃

k̃
√
α2 β κ

p,h

Zκ

 ω̃ − 1

k̃
√
α2 β κ

p,h


+
µ

η

 ω̃

k̃
√
µ η βe,c

ZM

 ω̃ + µ

k̃
√
µ η βe,c

 (18)

where k̃ = kc/ωh,p, ω̃ = ω/Ωp, κ = κe,p, α = (1 − 1.5/κ)0.5,
µ = mp/me is the proton-electron mass ratio, η is the halo-
core relative density, A j,h and A j,c are the halo and core tem-
perature anisotropies for protons (subscript j = p) or elec-
trons (subscript j = e), respectively, β κ

j,h = 8πnkBT j,h,‖/B2
0 and

β j,c = 8πnkBT j,c,‖/B2
0 are the plasma beta parameters for differ-

ent plasma components, Z j,M is the standard dispersion function
for (bi)-Maxwellian distributed plasmas, and Z j,κ is the modified
dispersion function for (bi)-Kappa distributed plasmas (see Ap-
pendix A for the definitions of these functions).

Since the plasma beta parameter is an important factor in
triggering the EFH instability by the anisotropic electrons with
Ae < 1, the unstable solutions displayed in Figs. 6 and 7
are derived for two distinct conditions, respectively; for a high
halo plasma beta βe,h = 4, and for a lower βe,h = 1. For
each of these two cases, the comparison invokes both Kappa
approaches (κ = 2) with temperatures dependent or indepen-
dent of κ, as well as their Maxwellian limit (κ → ∞). The
growth rates (top panels) predicted by a Kappa model with
κ-dependent temperatures are markedly enhanced in the pres-
ence of suprathermals. For instance, in Fig. 7 only this model
predicts an instability, while the system becomes stable within
the other two approaches. A systematic stimulation of the EFH
instability in the presence of suprathermal electrons is confirmed
only by a Kappa model with κ-dependent temperatures. The
corresponding wave-frequencies (bottom panels) also show dis-
tinct and important variations with the Kappa models and the
power-index κ.

3.2. Electron cyclotron (whistler) instability

In the opposite case, an excess of perpendicular temperature
Ae,h = Th,⊥/Th,‖ > 1 may drive the whistler instability. Since
the wave frequency of the whistler modes is high (ω � Ωp), the
protons do not react and the dispersion relation that describes
the whistler instability (WI) in a dual Maxwellian-Kappa plasma
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Fig. 6. EFHI: growth rates (top) and real frequencies (bottom) derived
for a dual model comprising a Maxwellian core and a bi-Kappa halo
(κ = 2) with κ-dependent temperatures (solid lines), κ-independent tem-
peratures (dashed lines), or their bi-Maxwellian limit (κ → ∞, dotted-
lines). The plasma parameters for electrons are given explicitly in each
panel and for protons are Ap,c = Ap,h = 1, βp,c = 1, βp,h = 4.

reads (Lazar et al. 2015b)

K2 = Ae,h − 1 +
Ae,h (W − 1) + 1

k̃
√
α2 β κ

e,h

Zκ

 W − 1

K
√
α2 β κ

e,h


+

1
η

 W

K
√
η βe,c

ZM

 W − 1

K
√
η βe,c


(19)

where K = kc/ωh,e, W = ω/|Ωe|, and the other quantities are the
same as explained above for the EFHI.

Figures 8 and 9 present two representative conditions for the
WI, respectively, when the halo plasma beta is low βe,h = 0.05
but the halo anisotropy is high Ae,h = 3, and for a higher βe,h = 1
and a lower anisotropy Ae,h = 1.1. For even higher betas the in-
stability can be triggered by very low anisotropies close to the
isotropy condition Ae,h → 1. Top panels display the growth-
rates, and the corresponding wave-frequencies are plotted in the
bottom panels. The unstable solutions are derived for both Kappa
approaches (κ = 2), with temperatures dependent or independent
of κ, and for their Maxwellian limit (κ → ∞) enabling us to em-
phasize the effects of suprathermal populations. Comparing the
growth rates from different models, a systematic stimulation of
the instability in the presence of suprathermals can be inferred
only for the approach with κ-dependent temperatures. The other
Kappa approach assuming κ-independent temperature leads to an

Fig. 7. The same as in Fig. 6, but for a lower plasma beta βe,h = 1. The
plasma parameters for electrons are given explicitly in each panel and
for protons are Ap,c = Ap,h = 1, βp,c = βp,h = 1.

irregular variation of the growth rates with κ. Unlike the growth-
rates, the wave frequencies are not markedly influenced by the
Kappa models and the variation of κ.

4. Conclusions

The temperature and power-index κ are the main fitting param-
eters in a Kappa distribution model widely invoked to describe
the velocity distributions of plasma particles and their dynamics.
Recent studies have raised an important question on two alter-
native approaches, considering the temperature of Kappa popu-
lations either dependent or independent of κ. Various scenarios
can provide justification for each of these two approaches, but
observational evidences supporting any of them are not reported
yet. Here we have shown for the first time that Kappa popula-
tions observed in the solar wind exhibit a direct interdependence
between T and κ. Thus, the temperature decreases with increas-
ing κ

Tκ =
κ

κ − 3/2
Tκ→∞, (20)

converging asymptotically to a limit that can be considered the
cooler Maxwellian limit Tκ→∞ = T (a)

M , defined (by the compo-
nents) in Eqs. (12), (13). This is exactly the variation predicted
by the previous studies (Lazar et al. 2015a, 2016a; Pierrard et al.
2016). It is important to emphasize that observational data in-
voked in the present paper are obtained with a refined dual
Maxwellia-Kappa model, which is more accurate than a global
Kappa in reproducing the observed distributions and implicitly
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Fig. 8. WI: growth rates (top) and real frequencies (bottom) derived for
a dual model comprising a Maxwellian core and a bi-Kappa halo (κ = 2)
with κ-dependent temperatures (solid lines), κ-independent tempera-
tures (dashed lines), or their bi-Maxwellian limit (κ → ∞, dotted-lines).
The electron plasma parameters are given explicitly in each panel.

the Kappa populations. We have also used these two approaches
with temperatures dependent or independent of κ to describe
and compare the effects of suprathermal electrons on two elec-
tromagnetic instabilities driven by the temperature anisotropy,
namely, the firehose and whistler instabilities. Only the approach
with κ-dependent temperatures may confirm the expectation pre-
dicting a systematic stimulation of the instabilities by increas-
ing the presence of suprathermals, while a Kappa approach with
constant temperatures leads to a questionable variation of the
growth rates with κ.
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Appendix A: Plasma dispersion functions

For the bi-Maxwellian distributed plasma components (e.g., the
core of different species, i.e., electrons with subscript j = e and
protons with subscript j = p), the plasma dispersion function in
Eqs. (18) and (19) takes the standard form (Fried & Conte 1961)

Z j,M

(
ξ±j,M

)
=

1
π1/2

∫ ∞

−∞

exp
(
−x2

)
x − ξ±j,M

dt, =
(
ξ±j,M

)
> 0, (A.1)

of argument ξ±j,M =
(
ω ±Ω j

)
/
(
k θ j,‖,

)
. For the bi-Kappa dis-

tributed components, in the dispersion relations (18) and (19) we
use the modified Kappa dispersion function (Lazar et al. 2008)

Z j,κ

(
ξ±j,κ

)
=

1
π1/2κ1/2

Γ (κ)
Γ (κ − 1/2)

×

∫ ∞

−∞

(
1 + x2/κ

)−κ
x − ξ±j,κ

dx, =
(
ξ±j,κ

)
> 0,

(A.2)

of argument ξ±j,κ =
(
ω ±Ω j

)
/
(
k θ j,‖,

)
. In these equations

± denotes the circular polarizations, right-handed (RH) and
left-handed (LH), respectively, and Ω j is the (non-relativistic)
gyrofrequency.
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