Irreversible Phenomena
and Dynamical Systems Analysis
in Geosciences

NATO ASI Series
Advanced Science Institutes Series
A series presenting the results of activities sponsored by the NATO Science Committee,
which aims at the dissemination of advanced scientific and technological knowledge,
with a vievv. to strengthening links between scientific communities.
The series is published by an international board of publishers in conjunction with the
NATO Scientific Affairs Division
A Life Sciences
B Physics

Plenum Publishing Corporation
London and New York

C Mathematical
and Physical Sciences

D. Reidel Publishing Company
Dordrecht, Boston, Lancaster and Tokyo

D Behavioural and Social Sciences
E Engineering and
Materials Sciences

Martinus Nijhoff Publishers
The Hague, Boston and Lancaster

F Computer and Systems Sciences
G Ecological Sciences

Springer-Verlag
Berlin, Heidelberg, New York and Tokyo

Series C: Mathematical and Physical Sciences Vol. 192

Irreversible Phenomena
and Dynamical Systems Analysis
in Geosciences
edited by

C. Nicolis
Institut d'Aeronomie Spatiale de Belgique,
Brussels, Belgium
and

G. Nicolis
Faculte des Sciences, Universite Libre de Bruxelles,
Brussels, Belgium

D. Reidel Publishing Company
Dordrecht / Boston / Lancaster / Tokyo
Published in cooperation with NATO Scientific Affairs Division

Proceedings of the NATO Advanced Study Institute on
Irreversible Phenomena and Dynamical Systems Analysis in Geosciences
Crete, Greece
July 14-24, 1985
Library of Congress Cataloging in Publication Data
NATO Advanced Study Institute on Irreversible Phenomena and Dynamical Systems
Analysis in Geosciences (1985: Crete)
Irreversible phenomena and dynamical systems analysis in geosciences.
(NATO ASI series. Series C, Mathematical and physical sciences: vol. 192)
"Published in cooperation with NATO Scientific Affairs Division."
"Proceedings of the NATO Advanced Study Institute on Irreversible Phenomena and
Dynamical Systems Analysis in Geosciences, Crete, Greece, July 14-24, 1985" - T .p.
verso.
Includes index.
1. Earth sciences-Mathematics-Congresses. 2. Dynamics-Congresses.
3. Stochastic processes-Congresses. I. Nicolis, Cathy. II. Nicolis, G.,1939III. North Atlantic Treaty Organization. Scientific Affairs Division. IV. Title.
V. Series: NATO ASI series. Series C, Mathematical and physical sciences; vol. 192.
QE33.2.M3N37 1985
550'.1'51
86-21985
ISBN-13:978-94-010-8620-2
e-ISBN-13:978-94-009-4778-8
DOl: 10.1007/978-94-009-4778-8

Published by D. Reidel Publishing Company
P.O. Box 17, 3300 AA Dordrecht, Holland
Sold and distributed in the U.S.A. and Canada
by Kluwer Academic Publishers,
101 Philip Drive, Assinippi Park, Norwell, MA 02061, U.S.A.
In all other countries, sold and distributed
by Kluwer Academic Publishers Group,
P.O. Box 322, 3300 AH Dordrecht, Holland
D. Reidel Publishing Company is a member of the Kluwer Academic Publishers Group
All Rights Reserved
© 1987 by D. Reidel Publishing Company, Dordrecht, Holland.
Softcover reprint of the hardcover 1st edition 1987

No part ot the material protected by this copyright notice may be reproduced or utilized
in any form or by any means, electronic or mechanical, including photocopying, recording
or by any information storage and retrieval system, without written permission from the
copyright owner.

TABLE OJ!' CONTENTS

FOREWORD

vii

ORGANIZING COMMITTEE

ix

LIST OF PARTICIPANTS

xi

INTRODUCTORY REMARKS by PRIGOGlNE I.

xvii

PART I - DYNAMICAL SYSTEMS, STABILITY AND BIFURCATION
NICOLlS G. - Bif~rcation and Stochastic Analysis of Nonlinear
Systems : An Introduction
NYE J.F. - Catastrophe Theory in Geophysics

3

31

PART II - GEOPHYSICAL FLUID DYNAMICS
HIDE R. - Patterns of Heat Transfer by Thermal Convection in a
Rotating Fluid SUbje.ct to a Horizontal Temperature Gradient
A Summary

43

ROBERTS P.H. - Convection in Spherical Systems

53

ROBERTS P.R. - Dynamo Theory

73

PUTTERMAN S. - Nonpropagating Solitons and Edge Waves

135

LARRAZA A. and PUTTERMAN S. - Universal Power Spectra for Wave
Turbulence ; Applications to Wind Waves and l/f Noise

139

LINDENBERG K., WEST B.J. and KOTTALAM J. - Fluctuations and
Dissipation in Problems of Geophysical Fluid Dynamics

145

PART III - ATMOSPHERIC DYNAMICS
LORENZ E.N. - Deterministic and Stochastic Aspects of Atmospheric Dynamics

159

EGGER J. - The Blocking Transition

181

BENZI R. and SPERANZA A. - Dynamics and Statistics of Atmospheric Low Frequency Variability

199

GHIL M. - Dynamics, Statistics and Predictability of Planetary
Flow Regimes

241

vi

TABLE OF CONTENTS

REBHAN E. - An Analytic Approach to Atmospheric Waves in Three
Dimensions

285

PART IV - CLIMATE DYNAMICS
GHIL M. - Nonlinear Phenomena in Climate Dynamics

313

NICOLLS C. - Climatic Predictability and Dynamical Systems

321

SALTZMAN B. - Modeling the ~18 O-derived Record of Quaternary
Climatic Change with Low Order Dynamical Systems

355

BIRCHFIELD G.E. - Ice Sheet Dynamics and the Pleistocene Ice
Ages

381

PELTIER W.R. - A Relaxation Oscillator Model of the Ice Age
Cycle

399

JENTSCH V. - Cloud-lee-Vapor Feedbacks in a Global Climate
Model

417

LEMKE P. - Sea Ice-Ocean Interaction

439

LEMKE P. - Some Aspects of Ocean Circulation Models

453

DALFES H.N. - Climate Variability : Some Results from a Simple
Low-order GeM

467

HARVEY L.D.D. - Nuclear Winter : Recent Climate Model Results,
Uncertainties, and Research Needs

475

PART V - GEOLOGY
ORTOLEVA P.J. - Modeling Geochemical Self-Organization

493

GUY B. - Nonlinear Convection Problems in Geology

511

CHADAM J. - Reaction-Percolation Instability

523

HALLET B. - On Geomorphic Patterns with a Focus on Stone Circles
Viewed as a Free-Convection Phenomenon

533

PART VI - CONCLUDING REMARKS
LORENZ E.N. - Low-Order Models and their Uses

557

INDEX

569

FOKBWOBD

On July 14-24, 1985 an Advanced Study Institute on "Irreversible Phenomena and Dynamical Systems Analysis in Geosciences" was held in
Crete, Greece under the auspices of the Greek Ministry of Science and
Technology. It was sponsored by NATO, the International Solvay
Institutes of Physics and Chemistry, and I.B.M. Europe. Thanks are
due to Professor A. Berger who originally launched the idea of such
an Institute, Dr. L. da Cunha of the NATO Scientific Affairs Division
for his interest and cooperation and to Professor N. Flytzanis for
his help in the organization.
The present Volume includes most of the material of the invited
lectures delivered in the Institute as well as material from some
seminars whose content was directly related to the themes of the
invited lectures.
When dealing with the complex and diverse phenomena encountered
in the various branches of geosciences, a multitude of approaches and
tools is quite naturally envisaged. Many of them are highly specific
to the particular branch considered. Thus, there is little in common
between say. the numerical methods of short term weather prediction.
and the monitoring of earthquakes. But from time to time one witnesses a process of transfer of knowledge. whereby methods hitherto
limited to a certain field allow major progress in seemingly unrelated problems. The dating techniques of carbon and oxygen isotope
ratios have. for instance. introduced a revolution in geology some
decades ago. More unexpectedly perhaps, this had in turn important
repercussions in climatology, since it allowed one to infer temperature or ice volume values of past geological periods within the last
106 years or so.
The principal goal of the present Advanced Study Institute was to
contribute to the awareness of geoscientists about the existence and
usefulness of another major tool of interdisciplinary research, namely, the theory of nonlinear dynamical systems. Unlike the isotope
dating and many other similar examples, the immediate objective here
is not to develop a new experimental technique enabling one to carry
more accurate measurements. Rather. dynamical systems theory provides one with new ways of looking at a physical phenomenon. is at the
basis of new concepts and tools of primary importance in the art of
modelling, and helps to raise new questions which otherwise could not
even be formulated. Its vocabulary and its methods are characterized
by a great flexibility, as they can be adapted to such diverse provii
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blems as the study of catalytic chemical reactions in the laboratory
scale, quantum optics, hydrodynamic instabilities, or large scale
phenomena of interest in physics, geology, atmospheric dynamics and
climatology.
We expect that the present Volume will acquaint researchers and
advanced students in geosciences with the concepts and tools of dynamical systems and will thus serve as a jumping off point for new
developments and new points of view.

Brussels, July 1986.
Nicolis and G. Nicolis.
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INTRODUCTORY REMARKS

Ilya Prigogine
Chimie Physique II
CP 231 Universite Libre de Bruxelles
B 1050 Bruxelles, Belgique

It is a privilege to introduce this NATO Advanced Study
Institute dealing with dynamical systems and their applications to Geophysics, Atmospheric Science, Climatology and
Geology.
The very object of this conference shows how much progress
has been achieved in applying the recent explosion of knowledge about the behavior of dynamical systems to problems
which are of fundamental importance for the understanding of
our natural environment.
This transfer of knowledge has in fact been reciprocal. On
one side, the theory of bifurcations, the discovery of strange attractors and progress in the the description of stochastic processes have led to a number of far-reaching consequences, when applied to a wide variety of subjects in Earth
sciences, Atmospheric sciences, biology and other fields;
however, conversely, it is hardly necessary to remind here
that it was actually the study of instabilities in atmospheric dynamics which had a decisive effect on recent research
in dynamical systems. It is very fortunate for the all of us
that E. N. Lorenz, whose work had such a decisive impact, is
here to participate in our discussions.
For me, the most surprising feature is the amazing variety of behaviors we have now found to be the case in dynamical
systems. In order to visualize this variety, it may be convenient to use'the language of symbolic dynamics. Let us introduce a partition on some phase space. A "trajectory" can then
be characterized by a succession of symbols, corresponding to
the regions through which the point representing the state of
the system passes.
For the sake of simplicity, let us assume we have adopted a partition in two regions, coded by the symbols {O, 1}.
Any "trajectory" is then a succession of O's and l's. We may
now consider two limiting situations: some periodical behavior, coded by a sequence such as {0101010101 ... }; or randomlike behavior, coded by a sequence such as {011010001011 ... }
xvii
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I. PRIGOGINE

in which, at each step, the "choice" of the symbol satisfies
a Bernoulli process. These two examples correspond to the
classification of dynamical processes suggested by Ford, Eckhardt and Vivaldi (1) :
- For Algorithmically (A-) integrable systems, the
evolution operator is predictable enough for the trajectory
of a point to be computable with arbitrary precision over any
time lapse from prescribed initial data. Examples of such
systems include all analytically integrable systems like the
pendulum.
-In contrary, Kolmogorov (K-) systems exhibit a complex
behavior of individual trajectories, like exponential divergence, As a result, no finite algorithm can reliably compute
the motion of phase space points sensibly faster than the
dynamics itself. Systems of this kind include geodesic flow
on surfaces with negative curvature, hard spheres in three
dimensions, the planar Lorentz gas model, etc.
The new, unexpected situation is the increased importance
of the K-systems, as compared to the A-integrable systems.
Obviously, here a new approach becomes necessary, as we can
never deal with an infinite amount of information, which
would correspond to the knowledge of an infinite amount of
digits needed to locate a point in phase space. Indeed, our
knowledge corresponds to a finite window, whatever its size.
An alternative formulation would be to state that our knowledge corresponds to a set of partitions, but not to the
observation of individual points.
How then to formulate classical dynamics? Over the recent
years, our group in Brussels and Austin has been much involved in t~is problem; In the theoretical description of Kflows, contributions by Misra, Courbage, Tirapegui, Elskens
and others have been of special importance. In short, the
main conclusion of recent work is that the elimination of the
ideal, unobservable information leads to a semi-group representation of dynamics, including irreversibility. (2)
The usual group representation corresponding to the Liouville formulation is only recovered in the singular limit in
which the size of the partitions becomes strictly equal to
zero. This suggests a amazing analogy with the transition
from quantum mechanics to classical mechanics, where also
classical representation is only recovered as a singular
limit when Planck constant h tends to zero.
It is a characteristic feature of the ongoing scientific
revolution that the theory of unstable dynamical systems is
of importance even in a paragon field of classical mechanics
such as celestial dynamics. Recent work by Wisdom and Petrosky(3) over the asteroid belt or the formation of the cometary
clouds is an excellent example. In both cases, the individual
prediction of the motion of a celestial body becomes impossible, and has to be replaced by a statistical description.
Quantum mechanics has introduced probability at the microsco-
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xix

pic level. We see now the role of randomness and probability
appearing in the heart of what seemed to be a definitive
possession of classical science.

1 B. Eckhardt, J. Ford and P. Vivaldi, 'Analytically Solvable
Dynamical Systems which are not Integrable' Physica 13D
(1984) 339-356.
2 see for instance I. Prigogine, From Being to Becoming,
Freeman, San Francisco 1980,
3 J. Wisdom 'The Origin of the Kirkwood Gap: a Mapping of the
Asteroidal Motion near the 3/1 Commensurability', Astronom.
J., 87 (1982) 577-593.

PART I

DYNAMICAL SYSTEMS, STABILITY AND BIFURCATION

BIFURCATION AND STOCHASTIC ANALYSIS OF NONLINEAR SYSTEMS
AN INTRODUCTION.
G. Nicolis
Faculte des Sciences
Universite Libre de Bruxelles
1050 Bruxelles
Belgique
ABSTRACT.
The dynamical systems approach to the study of complex phenomena
of relevance in geosciences is outlined.
The basic concepts and
tools of the theory of dynamical systems are surveyed, with special
emphasis on the phenomena of instability and bifurcation. Next, the
theory is enlarged to take into account the effect of internal fluctuations or of external random disturbances. The connection between
random noise and the complex behaviors related to chaotic dynamics is
finally discussed.
1. INTRODUCTION
The basic philosophy underlying the dynamical systems approach to
complex phenomena is to set up, before any attempt at a detailed
quantitative description is undertaken, a qualitative study in which
the general trends and potentialities of a system are sorted out.
This is achieved by analyzing the way in which the solutions of an
underlying set of equations of evolution are affected when various
control parameters built in it are varied.
The main reason that
makes this task difficult to accomplish is that in nature one deals,
as a rule, with systemS subjected to a multitude of constraints and
evolving according to nonlinear laws of interaction. The most dramatic consequence of these nonlinearities is to generate, under certain
conditions, a multiplicity of solutions some of which may represent
dynamical regimes characterized by very complex space or time dependencies. A brute force numerical approach will as a rule, miss these
potentialities-whence the need for a qualitative approach.
We shall write the rate of change of the variables
bing the state of such a system in the form

dX~

"dt - F.L

eX .... > x~.
,,)

)

'A, rLL

... )
I

i. ~ ~J''''

1\1\..

X\.. descri-

(1)
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r

where F.: stand for the laws of evolution and '>.,
etc ••• for the
parameters. Let us give some typical examples of relevance in geosciences.

In this class of models, which are discussed further in the Chapters
by M. Ghil and C. Nicolis the evolution of the mean temperature T of
the planet earth is studied as the result of the balance between
incoming solar energy and outgoing infrared energy :

C

clT -=

olt

Q.[~_ a.(T)] - ~

\5"\4

(2)

where C is the heat capacity, Q the solar constant, <S the Stefan
constant, e the emissivity and aCT) the albedo. Because of the surface albedo feedback a depends on temperature T in a highly nonlinear
fashion. This gives rise to multiple steady state solutions of Eq.

(2).

As discussed in detail in the Chapters by C. Nicolis and B. Saltzman,

here one takes into account the negative feedback of ice extent on
temperature and the positive feedback of temperature T on ice extent
in some range of temperatures. The resulting equations

cL T ~ {(T,t)

Glt

Q (I, l)
(3)
~t
d"
give rise to self-oscillations which are of considerable importance
in climate dynamics.

cl Q. ~

The importance of this equation in atmospheric dynamics is discussed
in the Chapters by J.Egger, R. Benzi, A. Speranza and M. Ghil. One
starts with the momentum balance in a rotating frame, takes the curl
of both sides and neglects, to a first approximation, contributions
coming from the vertical motion. The result is :
(4a)

Here x and yare the horizontal coordinates, u and v the corresponding velocity components, ~the vorticity

'S :::

'dtr

~u.

~"X. - - 'd}
and f the Corio lis parameter,

(4b)
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~ = 1 Jl si"",

e

5

(4c)

where n.. is the rotation velocity and e- the latitude. We see that,
because of (4b), Eq. (4a) is highly nonlinear. Again, this nonlinearity is at the basis of the complexity of atmospheric circulation.
We are now sufficiently motivated to start our analysis.
We
first present (Section 2) the rudiments of the phase space description which, in a way, provides us with a "geometric view" of
dynamical systems. A more algebraic approach, based on stability and
bifurcation analysis will be outlined in Sections 3 and 4. Finally,
in Section 5 the description of nonlinear dynamical systems will be
enlarged to include the effect of stochastic perturbations.
sh~ll

2. PHASE SPACE DESCRIPTION : A GEOMETRIC VIEW OF DYNAMICAL SYSTEMS
Let us restrict ourselves for the time being, to problems amenable to
a finite number of space-independent variables. Such problems arise
quite frequently in geosciences through, for instance, truncation of
the expansion of a space-dependent property into a finite number of
modes. They can also arise independently of any heuristic approximation, by a systematic perturbative expansion. Whetever their origin,
eqs. (1) simplify by the fact that the variables XL depend solely on
time, which allows us to write the evolution laws in the form

f.~\(X 1) ..... ,'/,. II\.}.
or,

to.

........ )

I\';-J

(5)

introducing a c()lumn vector X whose components are equal to

Xl' ••• , Xn ,

c:l~ ::. F (X , '}...)
cLt
- \-

(6)

We now embed the evolution of the system in a space spanned by
the variables
X~
,which we call the phase space [lJ, [2J. An
instantaneous state is represented in this space by a point (and
vice-versa), whereas a succession of such states defines a curve, the
phase space trajectory. Fig. 1 depicts a typical trajectory,C.
A degenerate case is represented by the fixed point S, for which K is
identically zero and thus ~does not evolve in time. The set of all
regular phase space trajectories and of all fixed points is the phase
portrait of a dynamical system.
Its structure is determined to a
large extent, by the following two very important elements :
(i) The uniqueness theorem of solutions of the system of eqs (5), (6)
which asserts that under very mild conditions on K, a system starting
initially in a state different from a fixed point will evolve to one
and only one state after a sufficiently long lapse of time t
Tmax '
where Tmax depends on the structure of the equations. One can easily
check that this theorem precludes intersections between trajectories
or of a trajectory with itself.

t

1

<
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Fig. I Visualization of the evolution of a dynamical system in phase
space, C : regular phase space trajectory. s: 'Singular phase space
trajectory (fixed point).
(ii) The nature of the invariant sets that is to say, those bounded
sets of points in phase space which are transformed into themselves
during the evolution.
A very important type of invariant set is the set representing
the regime reached by a dynamical system as time grows and all transients die out. We call this regime the attractor. The two simplest
attractors are depicted in Fig. 2.
In Fig. 2a the phase space trajectories converge to a fixed point 5,
representing a time-independent solution. of the equations of evolution. We call S a point attractor. In Fig. 2b, despite the existence of a fixed point S, the trajectories converge to a closed curve C.
representing a time-periodic behavior.
We call C a limit cycle.
Notice that the very existence of attractors implies that physical

(a)

(b)

Fig. 2 The simplest attractors of a dissipative dynamical system:
(a) point attractor attained through a monotonic evolution toward a
steady state ; (b) limit cycle attractor describing an asymptotically
stable periodic behavior in time.

BIFURCATION AND STOCHASTIC ANALYSIS OF NONUNEAR SYSTEMS

systems are capable of damping perturbations and of forgetting initial conditions. This is the property of asymptotic stability, to
which we shall come back in more detail later. Suffice it to stress,
at this stage, that only dissipative dynamical systems, giving rise
to irreversible phenomena and obeying to the second law of thermodynamics, can possess attractors and enjoy asymptotic stability. This
rules out simple mechanical devices like the pendulum, for which conservation precludes irreversibility and dissipation.
In the sequel
we shall concentrate on dissipative systems, which constitute the
vast majority of systems encountered in nature.
The next level of complexity relates to the coexistence of multiple attractors. This immediately leads to a topological problem,
namely, how to delimit the relative basins of attraction, that is to
say, the set of initial states in phase space that will evolve to
either of the attractors. The solution of this problem, depicted in
Fig. 3, involves necessarily an intermediate unstable state as well
as a family of orbits remaining invariant under the flow known as
separatrices. Clearly, the coexistence of multiple attractors constitutes the natural model of systems capable of performing transitions between various modes of behavior.
The implications of this
possi bility . in climate dynamics are discussed in the Chapter by C.
Nicolis.
The existence of I-dimensional attractors suggests the possibility of higher-dimensional attracting objects whose cross section
along different phase space coordinates would give a limit cycle.
Such objects, can indeed be shown to exist. They have the topology
of a torus, and model multiperiodic behavior. We do not discuss these attra'Ctors in detail.
Instead, we jump directly to what is
undoubtetly the most complex and challenging attracting object known
to date, namely a chaotic attractcir [3J. An example constructed from
a model system involving three variables [4J,~J is shown in Fig. 4.
We observe two opposing trends. On the one side an instability of the
motion tending to remove the phase space trajectory away from the
steady state solution, which here turns out to be the state x = y = z
= 0 ; and the bending of the outgoing trajectories followed by their
reinjection back to the vicinity of the steady state. Two ingenious
tricks of nature allow to reconcile these contradictory tendencies.
One is the adoption of a fractal geometry [6], that is to say, the
existence of attracting objects of non-integer dimensionality, which
are intermediate between a surface and a volume. And the other is
the sensitivity of the trajectories on the attractor to small changes
in the initial conditions, as a result of which two nearby initial
states can diverge, momentarily, in an exponential fashion. Quantitatively this is reflected by the existence of at least one positive
Lyapounov exponent, ~~ t2), [3J, providing an average of the rates
of this exp"onential divergence over all points on the attractor.
Clearly then, chaotic att ractors provide the archetype of natural
phenomena characterized by a limited predictability.
Some obvious
examples are atmospheric and climatic variability, discussed further

7
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Unstable separatrices
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bosln 2-"
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Attraction
basin 1

Stable separatrices
Fig. 3 Geometry of phase space corresponding to the coexistence of
multiple attractors.
A.

.380

a=

.300
d .500

c.

TO. 300.000
n. 686.715

Fig. 4 Chaotic attractor constructed from a model system involving
three variables and a single nonlinearity of second degree.
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in the Chapters by M. Ghil, E. Lorenz and C. Nicolis.
chaotic dynamics more extensively in Section 4.

9

We discuss

One might be tempted to deduce, from the above discussion, that
a given system can only be modelled by a particular type of attractor. This is not so, however. As a matter of fact the most exciting
aspect of physical phenomena"is that the same system can show a great
variety of behaviors, each corresponding to a different attractor.
The mechanism which is at the origin of this diversification is the
instability of a reference state and the subsequent bifurcation of
new branches of states as the paramaters
~ 1> .... , "m built in
the system are varied [11, (2).
The simplest bifurcation is depicted in Fig. 5. We represent
in a graph the way a state variable of the system X (a component of
the horizontal velocity in an atmospheric problem, the ice extent in
a problem pertaining to long term climatic variability, etc) is
affected by a single control parameterA(the pressure difference, the
ice-albedo feedback parameter etc). We obtain in this way a bifurcation diagram.
For a range of values of A only one solution is accessible. It
enjoys the property of asymptotic stability, since in this range the
system is capable of damping internal fluctuations or external disturbances. But beyond a critical value, denoted by ~c in Fig. 5, we
find that the states on this branch become unstable : the effect of
fluctuations or of small external perturbations is no longer damped.
The system acts like an amplifier, moves away from the reference

x

t--_(U_)_ _ _S_ta_b_le.. ___

~(

unique
solution

JC!.l ___ ~n~t~~l~_
A

1---------- multiple

solutions

Fig. 5 Bifurcation diagram showing how a state variable x is affected when the control parameter varies. A unique solution (a), loses
its stability at 'Ac.
At this value of the control parameter new
branches of solutions (bl, b2) which are stable in the example chosen, are generated.
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state and evolves to a new regime (which may be a state of selfsustained oscillations in the case of the climate problem). The two
regimes coalesce at
'Ac, but are differentiated for ~ of ~ c.
This is the phenomenon of bifurcation.

,,=

Fig. 6 represents a mechanical analog of the phenomenon. A ball
moves in a valley (branch (a» which at a particular point becomes
branched and leads to either of two new valleys (branches bl and b2)
separated by a hill. Although it is always perillous to draw analogies and extrapolations, it is nevertheless thought-provoking to imagine for a moment that instead of the ball in Fig. 6 one could have
the planet earth sitting there prior to the onset of glaciations of
the quaternary era!
A bifurcation phenomenon can be local, as in the examples of
Figs 5 and 6, or global, as in the example of Fig. 7. In the first
case the bifurcating branches of solutions appear in the vicinity of

Fig. 6 Mechanical illustration of the phenomenon of bifurcation
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x,

(a)

( b)

Fig. 7
Example of global bifurcation.
As the parameters vary a
homoclinic orbit (closed loop in Fig. 7a) opens up and gives rise to
a stable limit cycle (Fig. 7b).
a fixed point when'). is close to 'A c.
The situation in the second
case is different : for a certain combination of parameter values the
separatrices of an unstable fixed point S2 merge to form a closed
loop (Fig. 7a), known as homoclinic orbit ; on further variation of
parameters a limit cycle is seen to bifurcate from the separatrix
loop (Fig. 7b), and is thus formed at a finite distance from the
fixed point Sl [2],
In that respect it constitutes a global
bifurcation, whose period becomes as large as desired if one looks
sufficiently near the domain of existence of the separatrix loop.
The implications of such global phenomena in atmospheric and climate
dynamics are discussed in the Chapters by M. Ghil and C. Nicolis.

PJ.

In large classes of systems the diversification of behavior
through bifurcation does not stop just at the first transition referred to as primary bifurcation. One observes, instead, complicated bifurcation cascades leading to secondary, tertiary etc branches
and culminating in certain cases to the bifurcation of chaotic
attractors.
This raises naturally the question of the structure of
bifurcation diagrams and of the possibility of providing a list of
the attractors of a given dynamical system.
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While in some cases this question can be answered by geometric
methods (See Chapter by J. Nye), in general one has to go beyond the
purely geometric view of dynamical systems to which the present Section was limited. This is especially necessary for systems involving
three ore more variables. owing to the many possibilities that are
allowed. topologically speaking, in a phase space of dimensionality
higher than two. In the next Section we describe one approach leading to a partial solution of these difficulties. The basic strategy
will be to see how complex attractors can emerge from simple ones
(like for instance point attractors), whose study is amenable to a
problem of algebra.
3. THE BIFURCATION EQUATIONS
Consider a system described by a set of evolution laws of the form
of eqs. (1), (5) or (6). In a typical natural phenomenon the number
of variables n is expected to be very high. and this will complicate
considerably the search of all possible solutions. Suppose however
that by experiment or by intuition we know one of these solutions,
!so because for instance it is particularly simple and symmetric. By
a standard method, known as linear stability analysis, one can then
determine the parameter values ~ for which this solution. regarded as
reference state, switches from asymptotic stability to instability
thus giving rise to new attractors.
As discussed earlier, stability is essentially determined by
the response of the system to perturbations. It is therefore natural
to cast the dynamical laws in a form in which the perturbations
appear explicitly. Setting
(7)

substituting into Eqs.(5) and taking into account that Xi • s is also
a solution of these equations, we arrive at

These equations are homogeneous in the sense that the right hand side
vanishes if all Xi = O. To get a more transparent form of this homogeneous system we expand F i ( Xi. s + Xi\ ,~) around ~ , s , and
write explicitly the part of the result that is linear in X· • plus
a non linear correction whose structure need not be specifieJ at this
stage :

t

( i. :'~, .... ) ~ )

(8)

Lij are the coefficients of -the linear part and hi the non linear
contributions. The set of Lij defines and operator {n x n matrix in
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our case),

depending on the reference state Xs and on the parameters

'}..

Now a basic result of stability theory [lJ, [2J, [7J, establishes that the asymptoptic stability or instability of the reference
state Q[ = ~s or ~ = 0) of system (8) are identical to those of its
linearized part.

(~~",)

.... ,,,,,-)

(9)

Stability reduces in this way to a linear problem, which is soluble
by methods of elementary calculus.
Fig.8 summarizes the typical outcome of a stability analysis
carried out according to this procedure.
What is achieved is the
computation of the rate of growth of the perturbations ~ as a function of a control parameter. If 1 (0 (as it happens in Fig. 8 branch
(1) i f
').
'.>t e ) the reference state is asymptotically stable, and
i f '6 'I 0 (').) '}. c for branch (1) of Fig. 9) it is unstable.
At '). =
'/.c one has a state
of marginal stability , the frontier between
asymptotic stability and instability.

<

Growth rate,

r

parameter A
Asymptotically stable
Fig. 8
Rate of growth of perturbations, -g as a function of the
control parameter, ~ deduced from linear stability analysis (cf. eq.
(9».
Curve (1) : the reference state is asymptotically stable for
'A
c and becomes unstable for ') ) ~ c' where ~ c is the critical
value of marginal stability. Curve (2) : the reference state remains
asymptotically stable for all values of ~ •

< ')
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In general a multivariable system gives rise to a whole spectrum
of "6, just like a crystal has a multitude of vibration modes.
One
will have therefore several '4 versus ~ curves in Fig. 8. Suppose first
that of all these curves only one (curve (1» crosses the ~ axis,
while all others are below it.
Under well-defined mild conditions,
one can then show that at A = ~ c a bifurcation of new branches of
solutions takes place. Two cases can be distinguished.
(i) if at ~ = 'A' c the perturbations are non-oscillatory, the
bifurcating branches will correspond to steady-state solutions
(ii) if at ~ ~ At. the perturbations are oscillatory the bifurcating branches will correspond to time-periodic solutions in the form
of limit cycles.
In either case a most remarkable point is that a suitable set
of quantities can be defined which obey to a closed set of equations
having a universal, normal form t21 if the parameters remain close to
their critical values Ac (see also Chapter by J. Chadam). In case
(i) it turns out that there is only one relevant quantity, which measures the amplitude of the bifurcating branches. In case (ii), on the
other hand, there are. two such quantities characterizing both the
amplitude and the phase ~the oscillation. Effectively therefore the
original dynamics is decoupled into a single equation or a pair of
equations giving information on bifurcation, and n - 1
or n - 2
equations which turn out to be "irrelevant" as far as bifurcation is
concerned.
We call order parameters, z, the quantities satisfying
the bifurcation equations. For case (i) the structure of the normal
form equations turns out to be

clt

eLt

~

(j\ - 'Xc. ') -

u..~

1..
(10)

or

cit

( ? - A(.) e. - u..:e 3
J..t =-

(lla)

olt :. \. '). -Ac.) t

(llb)

or

cit

1..

-

1.A.:c.

where u is a certain coefficient
Fig. 9 depicts the dependence of the stationary solutions of
eq. (10) on the parameter ~. These solutions are given by

c.') ~ e+ -::."t. l A -

r.. c.')'/1..

A standard stability analysis shows that branch

(12)

~_is unstable, whereas branch
is asymptotically stable. We notice that as ~ decreases toward ').c. the stable and unstable branches "collide" at'). = 'Ac

c...
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and subsequently are annihilated.
For this reason we call ';x:')c a
limit point. Its presence signals the emergence of new branches of
solutions. We have here one of the simplest examples of the phenomenon of bifurcation •. Notice the singular (nonanalytic) dependence of
the bifurcating solutioGS on the parameter '>--'Ac , even though the
evolution equation (eq. (10» depends smoothly on this parameter.

,
Fig. 9

...,..

"'--X

-

Limit point bifurcation.

Figs. 10a-b depict the dependence of the stationary solutions of
eqs. (11 a-b) on ')..
In both cases the trivial solution
t = 0
exists for all values of 'A. It loses its stability at ').-= '). '- and
gives rise to symmetric (Fig. lOa) or to transcritical (Fig lOb)
bifurcating solution branches. We speak, respectively, of pitchfork
and transcritical bifurcations :

s

(0)
Fig. 10

(b)

Pitchfork (a) and transcritical (b) bifurcation.
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{
{

~O

=0

~:!: -::..!:
~o

=

'/

('A-A,) t.

0

(pitchfork bifurcation)
(l3a)
(transcritical bifurcation)
(l3b)

,,-~c

i; -::.

As in the limit point case,

the bifurcation is marked by a singular
dependence of the branches on the parameter A.
Let us now combine our previous examples by considering the dissipative system
(14)

(we do not add the quadratic term of Eq. (14) since one can always
eliminate it by a suitable change of variables). We are led in this
way to a problem involving two parameters 'A and
The fixed points
are now given by the canonical cubic equation

f-.

1

- :S -\-

').:c. s +-

r- :.

0

From elementary algebra we know that this equation can have up to
three real solutions.
Moreover, as the parameters vary the three
solutions merge, and one is left with only one solution.
One can
define regions in parameter space separating these two regimes, specifically
(15)

r

The value? =
= 0 for which all these solutions coalesce is associated with a singular dependence of 'A on
This is known as ~
singularity (See also Chapter by J. Nye).

r'

r-

Figures 11 a-b provide two different views of the dependence of
the solutions on the parameters.
In 11a we plot i::s against
for
fixed ~. We obtain an S-shaped curve indicating the coexistence of
multiple solutions for given parameter values. Moreover, two of these branches are simultaneously stable.
The bistability region ends
at the two limit points }l-l and jJ-2 in the vicinity of which one
observes the behavior shown in Fig. 9
One can easily convince oneself that under these conditions an increase of?- beyond f--1. and up to
jJ.t) followed by a change in the opposite direction, will lead to a
hysteresis cycle.
In Fig. 11 b ~s is plotted against'). for fixed ~.
We now
obtain two disjoint curves, one eCl) d~fined for all values of ? ,
and another (c2), defined only for '). q '). in which point it exhibits
a limit point singularity.
For '). i).
only one stable solution is

<.
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(a)

(b)

Fig. 11
Effect of parameters in the bifurcation of steady state
solutions of eq. (14) (a) : hysteretic behavior of the solution at
fixed ?t., as the parameter ¥w is varied ; (b) : destruction of the
pitchfork bifurcation when the parameter f'- ' acting as an imperfection, is not identically zero.
available, but for ~ 7~ one has bistability as before.
It is important to realize that for no non-vanishing ~, however
small, can the pitchfork bifurcation depicted in Fig. HS be observed. jA- acts therefore like an "imperfection" destroyi!lg bifurcation.
On the other hand, the limit point, Fig. 9 proves to be robust, in
the sense that it is recovered in both Fig. lla and lIb. But if both
~ and ~ are varied simultaneously, there will always be a particular
combination of values (}L= 0, 0\ variable in our case) for which the
bifurcation will be recovered, as the system will be able to traverse
the cusp singularity in a symmetric fashion.
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Actually the above rather straightforward discussion illustrates
a deep concept of great importance in the theorl of dynamical systems, namely structural stability 1:21, (7), (81. It shows indeed
that certain phenomena like the pitchfork bifurcation occur only if
the parameters present satisfy at least one equality. Inasmuch as in
a physical system such a strict equality will be difficult to achieve, we expect therefore that these phenomena will disappear under
slight changes of parameter values. We call them structurally unstable. On the other hand there exist other phenomena, like the limit
point bifurcation, which subsist (even though they may be shifted)
under changes of the control parameters affecting the structure of
the evolution laws. We call them structurally stable.
Note that
according to this definition all conservative systems are structurally unstable, since the presence of small dissipative terms alters
qualitatively the phase portrait by conferring the property of asymptotic stability to certain preferred solutions, the attractors. This
brings out clearly the important role of dissipation in nature.
Let us now turn to the mechanism of emergence of periodic
attractors. The normal form of the bifurcation equations (referred
to usually as Hopf bifurcation) turns out to be ~J

d.~ :. [(')-').,)-1- ~wJt
~t

_ u.1..\~\'l.
~

(16)

where z, u, are now complex valued, \z \ = zz*, z* being the complex
conjuguate ofz, and W 0 is the frequency of oscillation of the perturbations right at the bifurcation point.
An explicit example of
eq. (16) is discussed in detail in the Chapter by C. Nicolis.
The above powerful results were in fact known to Poincare, the
great mathematical genius of the turn of the century, but it was the
American mathematician G. Birkhoff who developed it very far for the
study of bifurcations in conservative systems. For dissipative systems the idea of reduction to a few order parameters is frequently
associated to the name of the Soviet physicist L. Landau, in connection to his theory of phase transitions. In the mathematical literature it is frequently referred to as the Lyapounov-Schimidt procedure
and, more recently, as the center manifold theory (2J.
More intricate situations can also be envisaged in which several branches cross the"), axis in Fig. 8. This leads to the interaction .between bifurcating solutions generating secondary or even tertiary bifurcation phenomena. The above results carry through, in the
sense that one can guarantee that the part of the dynamics that gives
information on the bifurcating branches takes place in a phase space
of reduced dimensionality. The explicit construction of the normal
form becomes, however, much more involved. In addition, their universality can no longer be guaranteed. For instance, in addition to
fixed points, limit cycles or tori, new attractors can be generated
by global bifurcation mechanisms which are intruding the normal form
without having signaled their existence at the level of the stability
analysis or of the detailed construction of the normal form. If the
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latter contains at least three coupled order parameters these global
bifurcations may lead to chaotic dynamics, a flavor of which was
already given in the preceeding Section.
It should be noticed that the reduction of the dynamics to a
normal form remains possible in certain classes of bifurcations leading to space patterns in spatially distributed systems [lJ, (1OJ.
In such cases the order parameters represent combinations of amplitudes of the dominant modes appearing in an expansion of the state
variables in Fourier series or, more generally, in a series of
linearly independent functions compatible with the symmetry properties of the system and the boundary conditions.
As a matter of
fact, such "low order models" are widely used in atmospheric physics
even far away from any bifurcation point.
A very interesting question is therefore to assess their status outside of the range of
validity of the normal form. Some comments on this problem are presented in the concluding remarks by E. Lorenz.
4. CHAOTIC DYNAMICS
When a dynamical system evolves in a phase space of three or
more dimensions, the topological constraints arising from the nonintersection of the trajectories are greatly relaxed and, as a
result, a new kind of behavior known as chaotic dynamics can arise.
Turbulence, one of the universal properties of large scale flows, is
the most familiar example of a well-defined dynamical system whose
state variables show an apparently erratic behavior in space and/or
time.
In the last years however, an explosion of experimental
results has occurred which has established the existence of chaotic,
turbulent-like motions in chemistry, optics, elect rical circuits or
materials science among others.
In this section we discuss some
models and define some minimal conditions that must be satisfied for
the onset of chaotic behavior.
We refer to the monographs of
Schuster l}J and Berge, Pomeau and Vidal lllj for a detailed introduction on this subject.
The ideas prevailing until the 1960's suggested a rather discouraging picture for the emergence of turbulence
turbulence was
thought to be the manifestation of the dynamics of an infinity of
coupled modes, each of which is associated to a particular frequency.
Moreover, in order that these modes become fully coupled, an infinity
of transitions occurring beyond the loss of stability of the regular
steady-state (laminar) flow appeared to be necessary. It was therefore with great surprise and excitement that subsequently scientists
became aware of the possibility that dynamical systems involving only
a few variables can present chaotic behavior after a few bifurcations
from the reference state.
The first such example was discovered by Lorenz \)2] .It provides
a simplified description of the thermal convection problem in which
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only three modes, each associated to a particular spatial wavelength,
are retained. It gives rise to an attractor which captures the principal features of turbulent convection.
Such a phenomenon occurs
routinely in the earth's atmosphere, and is at the origin of the
well-known difficulty of weather prediction. What is more, it suggests (See also Chapter by E. Lorenz and C. Nicolis) that weather and
climate are fundamentally unpredictable, since they should share one
of the basic properties of chaotic motion, which is to depend in a
sensitive way on the initial conditions.
Lorenz's work stimulated a wealth of developments on chaotic
dynamics. In the following we give a few selective illustrations of
"prototype" equations giving rise to chaotic behavior, and summarize
the principal properties of chaotic attractors.
4.1. Some prototypes giving rise to chaotic behavior
A very interesting mathematical model of chaotic behavior has
been suggested by ROssler [4J, (5J. It contains three variables and
only one quadratic nonlinearity

d-x.

-= -

d- - ~

dJ
& - ~
~t

+

Q..1-

ci-:e
d...t: = b x. - c e-

(17)

-t 'X.. e

a, b, c being positive constants.
The equations of evolution have
two fixed points Po and Pl, one of which is the trivial solution : xs
= ys = Zs = 0, and the other the solution Xs = c - ab, Ys = b - cIa,
Zs = cIa - b. Hereafter we discuss solely the phenomena occurring
around the first fixed point.
For a large range of parameter values the linear stability analysis predicts that the trivial solution can be unstable. The behavior in its vicinity has the following peculiar features : The trajectories are repelled along a two-dimensional surface of phase space
associated to a pair of unstable complex eigenvalues of the linear
stability operator (See eq. (9», and are attracted along a onedimensional curve corresponding to a negative (real) eigenvalue of
this operator. We call such a fixed point a saddle-focus.
Such a
configuration gives rise to instability of motion, a basic ingredient
of chaotic behavior, but it also allows for the reinjection of the
unstable trajectories in the vicinity of Po and thus for the eventual formation of a stable attractor.
Fig. 4 depicts the chaotic
attractor attained for a particular set of parameter values. Both of
the features just mentioned are clearly present.
Another important feature shown clearly in Fig. 4 is the folding
of the surface along which the unstable motion occurs.
It is ins-
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tructive to visualize it by cutting transversally the flow by the
plane y = 0, x<O~ z(l.This is illustrated in Fig. 12. Here one plots
the position of the (n + l)st intersection point between the above
defined surface (referred to as Poincare surface of section) and the
phase space trajectory, as a function of its position at the nth
intersection.
The numerical construction shows that one obtains a
smooth bell-shaped curve [5J. Note that the positions of the successive intersections on this curve are not given by consecutive points
but, rather, by points which appear to be distributed randomly. This
establishes quite naturally the connection between our continuous
time model, eq. (17), and a second very important class of dynamical
systems showing chaotic behavior.
These are discrete time models
defined by the iterative equation
(18a)

-X(n+1)

"\

, /-- ...
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o

Fig. 12 Discrete time dynamics induced by the system of eqs (17)
possessing the chaotic attractor of Fig. 4 on a Poincare surface of
section. The trajectories are cut by the plane (y=O, x ( 0, z < 1).
When the value of -x at the (n+l)st intersection is plotted against
its value at the nth intersection the bell-shaped curve shown in the
Figure is obtained.
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A typical bell-shaped curved similar to Fig. 12 is obtained by choosing
(18b)
Despite their apparent simplicity, Eqs. (18) show an incredibly rich behavior ranging from simple fixed points to periodic or
chaotic solutions, reviewed in the Chapter by E. Lorenz.
4.2. Characterization of chaotic attractors.
Asymptotic stability with respect to nearby initial conditions, and instability of motion on the attracting set itself are the
principal features of chaotic attractors.
Their very coexistence
implies that these attractors should enjoy certain peculiar mathematical properties which we now briefly summarize.
In the first place, the instability of motion implies that
if one probes at random pairs of nearby states on the attractor and
follows their subsequent evolution, one should find that in most
cases there is exponential divergence. How can this sensitivity to
initial conditions be compatible with the stability of the overall
system? The answer lies in the notion of Lyapounov exponents, which
measure the (exponential) growth or decay of the distance bet ween
two trajectories initially close to each other along a set of linearly independent directions in phase space. One can show that there
exist as many Lyapounov exponents as phase space dimensions, whose
values are independent of the way distances are measured in phase
space [2J. It is convenient to arrange them in decreasing order,
(19)

In a dissipative system possessing an attractor the following condition must be satisfied,
(20)

for conservative dynamical systems the sum should be zero.
This condition is perfectly compatible with one or several ~'5 being
positive. This in turn suffices to guarantee sensitivity to the initial conditions. The analytical computation of Lyapounov exponents
proves in general to be very difficult. Recently however, interesting numerical algorithms have been constructed which allow for the
computation of the first few largest exponents [13].

wh~reas

The coexistence of instability of motion and attractivity forces on chaotic attractors a very peculiar geometrical structure. For
instance, the folding and reinjection patterns found in the Rossler
attractor (Fig. 4) turn out to be typical. Moreover, the discovery
of chaotic dynamics in systems of three variables, and the fact that
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a two-dimensinal attractor cannot present instability of motion,
imply that a large class of chaotic attractors should have a fractal
geometry t6J.
The key mathematical concept characterizing fractal
objects is the Hausdorff dimension D expressing essentially the
increase of the number N£of hypercubes of size £ necessary to cover
the set as e goes to zero. By its very definition D does not distinguish between uniform attractors enjoying self-similarity on all scales and highly non-uniform ones. For this reason a number of alternatives has been proposed [14]. Just like for Lyapounov exponents
these dimensions are very difficult to compute analytically.
An
interesting algorithm [15] allows however the determination of D from
the knowledge of a time series pertaining to the evolution of a single variable, as seen further in the Chapter by C. Nicolis.
It is amazing that seemingly "static" properties like D can
The
be related to "dynamical" properties like Lyapounov exponents.
link is provided by the Kaplan-Yorke conjecture [16J

L

,:='

D
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(21)

where j is the largest integer for which

~

~6"'~

>/

0 •
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An alternative way to characterize chaotic attractors, which is at
the heart of the very nature of chaotic dynamics, is the probabilistic description. The motivation is obvious : owing to the s~nsitivi
ty to initial conditions the co~cept of trajectory is no longer operationally meaningful. Instead, it becomes natural to argue in terms
of the probability of observing the system in the vicinity of a certain state. Consider, for instance, the simple one-dimensional map

[Ii).

=
(22)

If the initial condition is written in binary representation,

~o

aD

:.

1-

~
0.. ...... ~
.... ;0
~

0. ..... :::0

O'l.

(23)

then one immediately sees that the action of f is to delete the
first digit and shift the remaining sequence of digits to the left.
Because of this Bernoulli property, one can always find an initial ~
such that the successive iterates ~(4)('l.O)'" , ~(k)(~o) correspond
to the random sequence generated, say, by coin tossing. We can thus
label the two possible outcomes of each "trial" by the "symbols" L
and R, according as the representative point is in the left or in the
right half of the unit interval, and study the symbolic dynamics of
L's and R' s instead of eq. (23). Implicit in the emergence of the
above strong properties is the fact that one deals, typically, with
irrational numbers. However, even if one approximates such a number
arbitrary well by a finite sequence of binary digits, the "error" is
amplified exponentially by successive iterations (the Lyapounov expo-
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nent of (22) is ({ = 1n2) and, because of this, the trajectories will
come as close as desired to any given state in the course of time.
The fact that the output of a system undergoing chaotic dynamics can be viewed as a succession of symbols released with a certain
probability suggests that chaos should be intimately related to
information.
Let Pi be the a priori probability of state i. The
entropy of the underlying stochastic process [18J

s

=-

(24)
,~

I

describes the information needed to locate the system in a particular state.
The Ko1mogorov-Sinai entropy, h on the other hand (3]
measures the rate at which information about the state of a dynamical
system is lost in the course of time. A system on a chaotic attractor should therefore possess a positive Ko1mogorov-Sinai entropy. As
it turns out, the latter can be related to the average over the positive Lyapounov exponents.
5. STOCHASTIC DESCRIPTION OF DYNAMICAL SYSTEMS.
In many circumstances the environment impinging on a physical
system is a complex, noisy one. For instance, atmospheric and climate dynamics are affected by solar variability arising from fluctuations of the solar constant, or by changes of atmospheric composition
arising from volcanic eruptions or other unpredictable events.
In
addition, even if the environment remains constant, complex physical
systems generate spontaneously random variations from the mean values
of their state variables. As an example, a local imbalance in the
energy budget of a small area of the earth's surface can arise at any
moment even though on a somewhat larger scale one would still characterize the state of the system by space and time-averaged quantities.
Last but not least chaotic dynamics which is ubiquitous in geosciences if only because of atmospheric turbulence, provides a universal
mechanism of variability.
Depending on the level of description,
this variability can be perceived as a fluctuation characterized by
certain statistical properties, or as a deterministic event.
Whatever their origin might be, fluctuations are likely to affect
the evolution of our dynamical system and must therefore be incorporated in the analysis. This is achieved by adopting a probabilistic
description in which the deterministic dynamics is continuously "perturbed" by the fluctuations, modelled as a random noise. Considering
for simplicity one-variable systems, this yields a stochastic differential equation [19J, [20J of the form

c.L){ =-

lit

F ( )( ) '>-) + G- ()() ~ ( t )

(25)

in which F(X, ) ) is the deterministic rate law (cf. eq. (6», f(t)
is a random force describing the fluctuations and G(X) a function
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expressing the coupling of the fluctuations to the system's dynamics.
In many cases f(t) can be modelled as a Gaussian white noise.
This means that if we take moments of f over many possible evolutions
(technically speaking "realizations"), moments of order higher than
two are expressed in terms of those of order two, the latter being
uncorrelated in time. More quantitatively

< ~c.t)

-::. 0

<~ (t) ~ Ct')

: '1,1. S(i-t ' )

(26)

where the brackets denote averaging and q2 is the variance of the
fluctuations.
One may of course wonder whether the Gaussian white noise idealization is legitimate. In so far as the value of the quantity giving
rise to the fluctuating source f(t) arises primarily from the superposition of a large number of loosely coupled variables
(think for
instance of a global quantity being the sum of local variables), this
idealization will be reasonable : on the one side the central limit
theorem, a major result of probability theory [20J, gives under these
conditions to the Gaussian distribution the privileged role it plays
in statistics ; and on the other side, the loose coupling of the
local variables will ensure statistical independence of the successive values of the global variable for different times.
But if the
fluctuations happen to be manifestations of some underlying chaotic
dynamics, the situation may be quite different.
For instance, the
fluctuations of the variables of the Lorenz model [12] are neither
Gaussian nor white.
At this point it may be instructive to allude briefly to a credo
prevailing in geoscience literature, according to which fluctuations
arise from the elimination of the "fast" variables. This belief is,
at best, an oversimplified view of a much subtler reality. Let fs'
lf be the evolution laws for the "slow" and "fast" variables.! and:i
respectively. The equations for these variables are then of the form

r- ~i ~ f~ ( ~ 1. )r)
the presence of the parameter
I

where
the time scale of variation
In the limit of a complete
theorem of analysis due to
conditions on!! the second

,<

(27)

~
1. expresses the fact that
of!, ~=~ I~
is much faster than t.
scale separation, )A- ~ 0, an important
Tikhonov [21] asserts that under certain
equation (27) becomes

f {. ( ~ ) 1., 0) -::.

0
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from which Y can be expressed as a function of X, Y = heX). Substituting into the first equation (27) one obtains then a closed set of
equations for the slow variables,
(28)

in which there is no trace whatsoever of a randomness associated with
the fast variables. True, the reduced system of equations for X may
have chaotic solutions due to the extra nonlinearity introduced by
~(!), but this is a completely different mechanism.
What may also

p

p

x

x
(a)

p

x

x

(( )
Fig. 13 Stochastic counterpart of bifurcation. As the system crosses the critical value 'A c of a control parameter ~ the probability
function switches from a unimodal form peaked sharply on a unique
attractor ( ')
'Ac, Fig. l3a) to a multihumped distribution whose
maxima coincide with the new attractors emerging beyond bifurcation
( 'A"" ').c, Fig. l3c). At the critical value f. = 'Ac the probability, although one-humped, is considerably flattened (Fig. l3b).
This reflects the ability of the system to visit large parts of state
space with appreciable probability.

<
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happen is that, to begin with, the full set of eqs (27) runs on a
chaotic attractor. In this case it will in general be impossible to
eliminate .I, despite the appearance of
because the other conditions of validity of Tiknonov's theorem will not be secured.
In
short, chaotic dynamics is the ultimate mechanism of generation of
random behavior.
This is true even in simple laboratory problems
like brownian motion : the jitery motion of a heavy particule in a
fluid arises because the molecules undergo a random (chaotic) motion
owing to the encounters between them.
Be it as it may, let us use the simple model described by eqs
(25) - (26) as an illustration and proceed to a brief presentation of
the techniques of solving stochastic differential equations (SDE).
The main point is that SDE forced by white noise define a class of
random processes known as diffusion processes, whose probability distribution P(X, t) obeys to the Fokker-Planck equation [19J, [20]. We
hereafter write this equation explicitly in the case of additive
fluctuations for which the coupling function G(X) in eq. (25) reduces
to a constant :

r- '

£1.

-=- -

ot

L

F( X ').)

f ~

1.

'2.

:L
L P
i 'dX1.

(29)

~X
I
Notice that if G(X) is not a constant (we speak then of multiplicative fluctuations), eq. (25) needs to be supplemented with a prescription extending the rules of classical calculus.
Let us seek for time-independent solutions of eq. (29).
ting once over X we obtain

- F

(X

I

~)

Integra-

Ps +

Now, when X reaches its extreme values (referred to as "the boundaries" of the process), we expect that Ps and all its finite order
derivatives will vanish. The constant in the right hand side is therefore equal to zero and

= o

(30)

In a sense, eq. (30) expresses the vanishing of the "probability
flux" traversing the system. By analogy with Statistical Mechanics
we say that we have in this case a "generalized detailed balance".
The solution of eq. (30) is straightforward

~

"" exp {-

~

U(X)1

(3la)

where the kinetic potential U(X) is defined by

11
If, for example, F is given by eq. (lla) U becomes

(3lb)
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)('l.._

~

Xl.t]

(3lc)

Eqs (3la-c) allow us to set up the stochastic counterpart of stability and bifurcation, as depicted in Fig. 13. To be specific, suppose that the dynamics gives rise to a unique globally stable attractor (Fig. l3a). This is what happens, typically, below a bifurcation
point ( '). Ac in eq. (lla». The probability Pspresents then a single maximum which is very sharp if q is small, and is well-approximated by a Gaussian : . the system spends most of its time around the
stable state, but is nevertheless capable of exploring the remaining
of the phase space as well. We call this property metric transtivity.

<

Let now many states be available (Fig. 13c). This will happen.
typically. beyond bifurcation ( h ) )c in eq. (lla». The probability distribution becomes then multi-humped. and displays a very deep
minimum between two sharp maxima. The statistics of X is very complex in this case and corresponds to what Lorenz has called metric
almost-intransitivity [22J. since for q small transitions across the
minimum would take an exceedigly long time.
Some implications of
this behavior in climate dynamics are discussed in the Chapter by C.
Nicolis.
Fig. 13b depicts the borderline case in which ~ = At: there is a
unique macrostate available which is still stable, but the kind of
stability it enjoys is weaker : the perturbations are not damped
exponentially as when
~ '( '). c. 'but decay as an inverse power of
time.
Correspondingly the distribution PSt although one-humped. is
considerably flatter than in Fig. 13a. and allows the system to visit
large parts of phase space with appreciable probability.
The above results can be extended to multi-variable nonlinear
systems operating near bifurcation. Some results on other kinds of
noise and on the time-dependent properties of the probability distribution are also available [73]. A very important problem is also to
set clearcut limits between random noise and the kind of variability
connected with chaotic dynamics. For further comments on this basic
question we refer to the Chapters by E. Lorenz and C. Nicolis.
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CATASTROPHE THEORY IN GEOPHYSICS
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J.

ABSTRACT. Two lectures were given on this topic, and what is reproduced
here are the introductory notes provided for the students. Lecture 1
discussed some of this basic material and illustrated it with optical
examples drawn from Nye (1978), Nye (1979), Berry, Nye and Wright (1979)
and Berry and Upstill (1980). Lecture 2 applied the results of catastrophe theory summarised here to caustics formed in the Earth by seismic
events, as fully described in Nye (1985). Three examples were discussed
: (1) caustics between 100 and 300 from the event, associated with
velocity changes in the transition zone of the mantle; (2) the 143 0
caustic caused by seismic rays that have been refracted twice at the
core-mantle boundary; (3) the caustic formed at the antipodal point from
the event. All these caustics are affected by the non-sphericity of the
Earth's structure in ways that are predictable in general outline by
catastrophe theory. In particular, it is suggested that the well-known
143 0 caustic is actually cusped because of bumps on the core-mantle
boundary.
1.

CATASTROPHE OPTICS AND SEISMOLOGY

The lectures discuss how catastrophe theory is useful in understanding
seismic wave phenomena. This is an unconventional approach to seismic
waves not in the text books. Most of the discussion in the literature
about catastrophe theory, applied to waves, has been about light rays
(geometrical optics, catastrophe optics) but it applies equally well to
seismic rays. The Earth is an inhomogeneous refracting medium that
bends seismic rays, just as an inhomogeneous optically transparent
medium bends light rays. There are two differences to notice: (1) the
solid earth transmits shear waves (S waves) and compression waves (p
waves) at different velocities even if it is assumed elastically isotopic, while an isotropic optical medium transmits just one kind of
light wave; (2) seismic disturbances travelling through the body of the
earth (body waves) consist of short pulses that show very little dispersion, while in optics one usually considers continuous (monochromatic)
waves. (Surface seismic waves ~ dispersive.) Apart from these theoret31
C. Nicolis and G. Nicolis (eds.), Irreversible Phenomena and Dynamical Systems Analysis in Geosciences, 31-40.
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ical differences there is the practical difference that in optics one
commonly observes spatial patterns of light, while with seismic waves
observations are made at points (seismic observatories) as a function of
time. None of these difference? seriously affects the underlying theory,
at the first level of approximation we are concerned with, which is ray
theory. At the next level of approximation we shall consider scalar
diffraction theory, and again this is equally applicable to both kinds
of waves. Consequently, in the theoretical development we can consider
seismic and optical rays largely interchangeably.
Catastrophe optics is about the foci of rays (caustics) in the
absence of symmetry. It differs in this respect from conventional geometrical optics, which is about lenses, with cylindrical symmetry, and
about departures from the ideal point focus (aberrations). Thus it
deals with the optics of Nature. It is thus particularly appropriate
in seismology, where nearly all problems, except the simplest idealised
ones, do in fact lack symmetry. Development of the subject has been
stimulated by a remarkable mathematical theorem (Thorn's theorem) which
is part of singularity theory. This classifies the ways in which the
extrema of functions can coalesce. Rays are the extrema of an optical
distance function (Fermat's PrinCiple). Focusing occurs on the envelopes (caustics) where neighbouring rays touch, and so is precisely the
coalescence of these extrema. Thus Thorn's theorem provides a classification of •generic , or 'structurally stable' caustics.
As an illustration, the ideal point focus of a perfect lens is
highly unstable; the slightest departure from perfection in the lens
destroys it. On the other hand, the light caustic you see in your
coffee cup on a sunny day (fig. 1), with its bright fold line and cusp,
is structurally stable; the cup need not be circular at all, just

Fig. 1.

Caustic in a coffee cup

smooth and reflecting (try it with a plastic cup and try deforming the
cup). The fold and the cusp are in fact the only structurally stable
caustics in two dimensions (the surface of yoU;-Coffee) .
The structurally stable caustics are classified by their codimension, that is, the number of parameters needed to specify them. For
example, the fold has codimension 1 and so appears as a point on a line,
as a smooth curve in a plane (the surface of the coffee), or as a
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surface in space (which could be explored by drinking some of the
coffee). The cusp has codimension 2 and so does not appear on a line;
it appears as a point in a plane, or as a line (a sharp edge on the fold
surface) in space. The complete list up to codimension 3 is shown in
Table I. This list is exhaustive (Thorn's theorem). There are no other
Table I
List of caustics

Caustic
in
space

NAME
Codimension

Fold

Elliptic
Cusp Swallowtail umbilic
2

3

3

Hyperbolic
umbilic
3

stable caustics in three dimensions. All others would break up, if the
system were perturbed, into a combination of these elementary forms.
These forms are the 'atoms'.
Examples
In optics: rays from a point source when refracted by smooth objects
(glass, water drops) will produce folds and cusps on screens, photographic plates or the retina. In space they will produce swallowtails,
elliptic and hyperbolic umbilics.
Seismic: rays from an earthquake will produce, in general, folds and
cusps on the surface of the Earth. Wi thin the Earth they will produce
swallowtails, elliptic and hyperbolic umbilics.
Notice that the caustic (catastrophe) of codimension 2 (the cusp)
contains the caustic of codimension 1 (the fold). Similarly the three
caustics of codimension 3 contain the caustics of lower codimension.
We say that the point singularities (foci) at the centres of these
caustics "unfold" into an array of singularities of lower codimension.
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CONNEXION BETWEEN THE MATHEMATICS AND THE PHYSICS

The glossary in Table II indicates the correspondence between the
physics of ray theory and the mathematics of catastrophe theory. The
Table

II

Glossary
Ray theory (physics)
Coordinates S on initial

Catastrophe theory (mathematics)
State variables S

wavefront
Coordinates £ describing

control parameters £

position at which wave is
observed
Optical distance

~

to

£

Potential function cp (~l£>

Fermat's Principle gives
coordinates S from which
rays travel to given £

gives extrema in

Caustics in C i.e.

Locus of £ for which cp has

envelope of rays

degenerate extrema in

Moving on to a caustic in £

Changing parameters

~

space

£

~

so

that extrema in S coalesce
Structurally stable caustic

Elementary catastrophe in
C i.e. singularity of
gradient map

After Berry and Ups till (1980)
easiest way of starting is to imagine the rays starting out perpendicular to some initial wavefront (but we shall find later that this is not
the most convenient formulation for the seismic application) •
Table II uses general coordinates: S in state space, which in this
case is the initial wavefront, and C in control space, which in this
case is the three-dimensional space-in which the caustics are observed.
Thom's theorem tells us, remarkably, that the potential function
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¢(S; C) is always (for structurally stable caustics) reducible to one of
five standard polynomial forms (Table III). Reducible here means that
Table III
Standard polynomials
Name

Potential

¢(~;

C)

fold

S3 + C S

cusp

s4 + C S2 + C S
2 1
1 1
1

swallowtail

S5 + C S3 + C S2 + C S
3 1
2 1
1 1
1

elliptic umbilic

s3 - 3S S2 + C (S2 + S2) + C S + C S
2 2
1 1
1 2
1
3 1
2

hyperbolic umbilic

s3 + S3 + C S S + C S + C S
1
3 1 2
2 2
1 1
2

1

1 1

Note: To all these potentials may be added squared terms of
either sign in the remaining ("inessential") state variables.
For example, for the fold
= S3 + C S

1

1 1

+ S2 + S2 _ S2
234

the coordinates have to be appropriately chosen. Thus smooth, reversible coordinate changes are allowed in the state variables
S -+ S

I

C -+ C'.

2.1

Example for homogeneous medium (straight line rays)

The following example of a coordinate scheme will help to make matters
clearer. Fig. 2 shows an initial wavefront W specified by its height
f(x, y) above a reference plane and let its slope be small:
df/dx«l, dy«l. So a general point Q on the wavefront has coordinates
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(x,y,f). The distance t between Q and a general point P in the space
above the wavefront (X,Y,Z) is given by
(1)

z
x

,Y

I,

I

t.------

0----

Fig.2. Showing coordinates

In this example we shall suppose that the rays travel in straight lines
(which is not true for the Earth); so to find the ray through P we keep
(X,Y,Z) fixed and look for extrema of t, or t 2 , with respect to Q. SO
we can discard the part of t 2 that does not depend on (x,y), and it is
convenient to divide the remainder by -2Z. Thus we define our distance
function, ¢ (~; £l, in Table II, by
x 2+y2
XX+yY
{f(x,y)}2
¢ (x,y; X, Y,Z) = f (x,y) - ~ + -Z-- 2Z
•
(2)
As a check, let us verify that the extrema of ¢ do indeed give the
rays. Keeping (X,Y,Z) fixed and varying (x,y) to satisfy
3¢/3x = 3¢/3y = 0 gives
af x-X
af y-Y
(3)
ax = Z-f' ay = Z-f
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These are ~ust the conditions that PQ is normal to the wavefront, that
is, that PQ is a ray through P. The rays provide a gradient mapping
from (x,y) to (X,y,Z).
Suppose the wavefront can now be expressed as
x 2 +y2
f(x,y) :: g(x,y) + -2-- ,
(4)
Zo
where g(x,y) is quadratic or higher. Then choose the point (O,O,Zo) as
a new origin (focus) in control space, put
y = y

and take X , Y ,Z
1

1

~(x,y;

1

to be small.

1

,

Z

=

Z

o

+

Z

( 5)

1

We then obtain (assuming f«Z)

X,Y,Z)

(6)

Example

=

Let g(x,y)
a(x 3-3xy2). Then reference to TaDle III shows that, after
appropriate scaling of the variables, ¢ is the potential for the
elliptic umbilic. We can then deduce that the caustic from this wavefront will be as sketched in Table I.
The caustics are the singularities of the mapping ~~. Thus with
one dimension x of state space and one dimension X of control space we
could have figure 3(a). On one side of the caustic (fold) F in X there
are 2 rays (2 values of x) and on the other no rays. The fold caustic
separates regions of different "mult:(,plicity".

x

P

Pby'
Pa

I

I

F

II

'-----'------'---x

w
101

Fig. 3.

+

F

II

Ibl

Mapping between state space and control space.
F is the fold caustic in control space.
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Inhomogeneous medium (curved rays)

When the medium is inhomogeneous, like the Earth, the rays are not
straight. To deal with this we do not use the idea of an initial wavefront for defining the state coordinates (labelling the rays), but
instead set up a theory which uses exclusively quantities measured in
the neighbourhood of the observing point (eg. Nye and Hannay 1984). We
do this by labelling the rays with their directions p. Thus figure
3(b) shows a mapping from p, a state variable, to ~, a control variable, with a singularity F (fold caustic). On one side of the caustic
there are 2 p's for each ~ and on the other side no p's.
Now apply this to the Earth. Consider a seismic event at the
surface of a spherically symmetric Earth and let T(~) denote the travel
time of a body wave to a receiving station on the surface at an angular
distance ~. The angle (l between a ray reaching the receiver and the
Earth's surface is given by (figure 4)
cos

(l

v

= -

(7)

R

ray

---f.c----ll.....--_Rdil
_ _ _ _ _-/-_ _

surface

wavefront

Fig.4. Illustrating the derivation of
equation (7).
where V is the wave velocity at the receiver and R is the radius of the
Earth. Thus dT/& :: p, say, is a measure of ray direction at the
receiver. If T(~) is known, p is known.
Now consider a very general Earth model, not spherically symmetric,
inhomogeneous and anisotropic, where there is a single seismic event at
any depth. At a chosen receiving station take surface coordinates
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and assume the travel-time function T(~l'~z)is known. Then
(Pl'Pz), say, provides a measure of the direction of
the arriving ray for each point (~l'~Z)' Arrivals by different paths
mean that T(~1'~2) is multivalued. We want to construct a potential
function that is single-valued. To do this first construct the singlevalued time function
T(Pl'PZ)
T(~l (Pl'PZ) '~Z(Pl'PZ»
- ~1 (Pl,P2)Pl - ~Z(Pl'PZ)P2'
~l'~

(aT/a~l,aT/a~z)

=

=

Then note that, by differentiation
(8)

T is analogous to f in (2) and (3).
Next define a potential by
(9)
with Pl'PZ as state variables,and

~l'~Z

as controls.

The gradient

condit~on

generates (8), as we require (just as the gradient condition on (2)
generated the ray equations (3) ). Thus the potential (9), constructed
from T(~l'~Z)' does indeed generate the gradient mapping ~~ that we
want and Thom's theorem tells us what stable caustics to expect.
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GEOPHYSICAL FLUID DYNAMICS

PA'ITERlIJ"S OF HEAT TRANSFER BY THERMAL CONVECTION IN A ROTATING FLUID
SUBJECT TO A HORIZONTAL TEMPERATURE GRADIENT : A SUMMARY

Raymond Hide
Geophysical Fluid DynamiCS Laboratory
Meteorological Office (Met 0 21)
Bracknell, Berkshire RG12 2SZ
England, UK
1.

INTRODUCTION

Laboratory studies and associated analytical and numerical
investigations of thermally-induced motions in a rapidly-rotating fluid
of low viscosity are of intrinsic interest in fluid dynamics, and they
also bear on a wide variety of natural flow phenomena in atmospheres
and oceans. Advective heat flow perpendicular to the rotation axis
.,.:. 0
(where (.f-) 4>, % )
are the cylindrical polar co-ordinates of
a general point in a frame of reference that rotates with angular speed
about -t-:. 0 , requires inter alia that~... ,the r--component of
the Eulerian relative flow velocity ~
,shall be non-zero. Since
u-,. ~ (2 n.g ~y' ~ r / ~ '"
(where p denotes pressure and f
mean
density) nearly everywhere when j t is so large that the geostrophic
relationship (see equation (2) below) holds throughout most of parts
of the fluid, in rapidly rotating systems advective heat transfer must
be associated with departures from axial symmetry in the pattern of
flow. Theory indicates and experiments amply confirm that strong
departures from axial symmetry are 'generic' features of the patterns
of thermally-induced flow in rapidly rotating fluids, even when the
boundary conditions are axisymmetric.
There have been many experiments on thermal convection in a fluid
annulus that rotates about a vertical axis and is subject to axisymmetric impressed differential heating and cooling with strong horizontal
components and, in many cases, no impressed vertical component. These
include careful determinations of the dependence of heat transfer across
the annulus on!t and other factors, including sloping endwalls which
produce effects that are analogous in some respects to the latitudinal
variational of the vertical component of Coriolis parameter that
features prominently in theories of large-scale flow phenomena in
atmospheres and oceans. The principal findings of these experiments
provide a paradigm for understanding large-scale flows in planetary
atmospheres, some of which are highly chaotiC, and others (e.g. longlived eddies in the atmospheres of Jupiter and Saturn) exhibit a high
degree of order.
We note here in passing that systematic studies of effects due to

.n:
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departures from axial symmetry in the boundary conditions have also
been instructive. So far as heat transfer is concerned, the most
dramatic enhancement is produced simply by introducing a rigid radial
barrier connecting the inner wall of the annulus to the outer wall at
all levels. Any tendency for rotation to reduce heat transfer is
largely annulled by the presence of the barrier, across which at any
station (~)~) can be supported the non-zero geostrophic pressure drop

r.2-

l.tr-(4l...-

cl>,)

2n j

~t' to ~ 4>

( 1)

(where 4>, ~ • ~ 4>10
is the range of azimuth occupied by the
barrier) and concomitant temperature drop, associated with non-zero
geostrophic values of LLr that do not depend strongly on
Systematic studies of concomitant velocity and temperature fields are
shedding light on the detailed dynamical processes involved.
In a single lecture it was impossible to do more than indicate in
general terms how rotation affects thermal convection in a rotating
fluid subject to a horizontal temperature gradient. Further details
and applications to problems in geophysical and astrophysical fluid
dynamics can be found by consulting the literature cited at the end of
this summary (which differs in minor details only from my contribution
to the forthcoming proceedings of another Advanced Study Institute at
which I was invited ·to talk about this work, namely on Large-Scale
Processes in the Oceans and Atmosphere, held in Les Houches, France).

+.

2.

GEOSTROPHY

It is useful to consider certain general properties of the motion of a
fluid of low viscosity that departs but little from solid body rotation
with steady angular velocity SL when typical timescales of the
relati ve motion greatly exceed Such motion is 'geostrophic'
nearly everywhere, satisfying

·'1nr'

(2)

Here

~
is the Eulerian relative flow velocity, j
denotes density,
pressure, and \7V is the acceleration due to gravity and
centripetal effects. Equation (2) is the leading approximation to the
full equation of motion

f

(3)

where
(4)

the 'ageostrophic' contribution.

It is valid in regions where the
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Coriolis term 2f~V~ greatly exceeds the relative acceleration term
f\)~/Ot" ==
()~/~\;T{~#V)~)
(where t
denotes time), the
'precessional' term f:t'" .(a-'Clt: (where
is the position vector of
a general point in a frame which rotates with angular velocity r.L
relative to an inertial frame), and the term P
which repres~s the
viscous and other forces (e.g. Lorentz forces~n magnetohydrodynamic
systems) per unit volume.
Now equation (2) is mathematically degenerate, for its order is
lower than that of the full equation of motion, (3), and it cannot
therefore be solved under the complete set of boundary conditions. For
this to be possible it is necessary to include ageostrophic terms in
the analysis, so that the flow cannot be geostrophic everywhere.
Hence:

t.

regions of highly ageostrophic flow occurring not only on the
boundaries of the system but also in localised regions (detached shear
layers, jet streams, etc) of the main body of the fluid are necessary
concomitants of geostrophic motion.
(5)
Within these highly ageostrophic regions, ~ is comparable in magnitude with 2f.1l" u.
and the corresponding relative vorticity
V',,~
....cari'""be comparable with or even exceed.t.~ in magnitude.
Many examples of such vorticity concentrations are found in Nature and
in laboratory systems, such as those considered below. They are often
associated with steep gradients of temperature '('thermal fronts'), as
in the case of jet-streams and western boundary currents found in
atmospheres and oceans.
Equations (2) and (3) lead directly to another important finding
(see above), namely that:

'1::

the motion of a fluid of low viscosity that departs only slightly from
steady rapid rigid-body rotation will not in general be symmetric
about the rotation axis, even when the boundary conditions are
axisymmetric.
(6)
This simple result elucidates of the occurrence of large-scale
non-axisymmetric disturbances in the Earth's atmosphere and other
natural systems, and it receives direct verification from the experiments
outlined below. It can be deduced as follows. In cylindrical coordinates (.c-,q" ... ) where ~ :II. (0 , 0.0..) ,the
~ -component of
equation (3) gives
)

i \.L.. =- (:2 nYI

1- .-' ~ f /~ 4>
a.:=

T

1

A4'

(

7)

I

~ = (u,r' "'.,Il...) and
(At-I A. , A.) , since ~V "a ~ -:::. 0
by the assumption of axial symmetry in the boundary conditions. Now
over any cylindrical surface of radius
~
,the rate of advective
transport M ( .... ) \: ; Q ~ of any quantity Q
(per unit mass), such
as heat, angular momentum, etc,is given by

if
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"3.2.

5Jf

M (r', t ~ Q) ::
~...

:: ...L.. (

l.n ~ ,

r
1lt

0

1tl

1,

I"" \L ..

Q cl 4> (h.

()

S' - ~ -r -r-I\.p} Q d.4>J2.
1 b<\l

(8)

where 21 ~ 2. ~ 2"l.
is the axial extent of the surface.. Since
the ageostrophic contribution A~
to equation (7) decreases rapidly
with increasing Sl
,advective trans~ort perpendicular to the axis
of rotation, as measured by M(-t",t; Q), will be negligible unless
the flow pattern departs significantly from axial symmetry. In the
axisymmetric case we have ~"/~ q ::. 0 , and tot ( ...., t:;, Q)
is
consequently of the order of the small ageostrophic contribution.
This argument is the basis of (6). There may be singular cases
where the flow remains axisymmetric and in consequence any advective
transport perpendicular to the rotation axis is negligible. Indeed,
by manipulating the axisymmetric boundary conditions it is possible to
construct 'untypical' systems for which the flow pattern is also
axisymmetric and ~ therefore close to zero. But '~eneric' (i.e.
typical) systems should have ~
significantly greater than zero and
display pronounced departures from axial symmetry in their flow
patterns.
Order of magnitude estimates of ~ given by equation (4) in
cases when d I Q. 'c :: 0 and
~ '\IIi:"
,where v
denotes
kinematic viscosity, indicate that geostrophic balance can be expected
in thermally-driven systems when ~
is sufficiently large to
satisfy both

g

f.;:: '))

Here ~ is a typical length, ~~ a typical impressed temperature
contrast, 01. the thermal coefficient of cubical expansion~ and I(
the coefficient of thermometric conductivity or its radiative
equivalent.
We note here in passing that the result expressed by (6) bears
on the role of rotation in the generation of magnetic fields by fluid
motions. In the Earth's liquid metallic core for example, Coriolis
forces influence the so-called geomagnetic dynamo process by promoting
crucial departures from axial symmetry in the velocity field, for (by
Cowling's theorem, see article by P H Roberts in this volume, and its
recent extensions) axisymmetric magnetic fields cannot be maintained
by fluid motions.
3.

REGIMES OF THERMAL CONVECTION IN A ROTATING FLUID ANNULUS

The earliest laboratory experiments on thermal convection in a rotating
liquid cylindrical annulus which rotates with angular speed
about its
vertical axis of symmetry and is subject to axisymmetric applied

n..
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differential heating showed that the general character of the flow
is largely determined by two dimensionless parameters, namely

6)

E

~ cl ~j I;

n..'l. (b-eLY

( 10)

and
( 11 )

Here ~ denotes the acceleration of gravity, do the fluid depth, b
and '" are the radii of the outer and inner side-walls; L depends on
b , ~ and ~ and has the dimensions of length (and is equal to
('o_(1>.yJ'I / ~/t over a wide range of conditions); Aj is a measure of
the impressed horizontal density contrast associated with the applied
differential heating and cooling, which can be taken as the difference
between the maximum and the minimum density associated with the
impressed temperature field \0 (1'-) •
The side-walls are held at temperatures lrb
and lI~ respectively
and the fluid is subject to diabatic heating per unit volume at a rate
'\t j
'times the specific heat (; • The radial variation of the
impressed temperature lro(~) takes the simple form

ToC ..)

=(b-')'[(~-")~ -+ (\.-r-yt:.}- " (r--o.)(r--b)j:U<

(12)

is the thermometric conductivity of the fluid) when
and" is constant. When there are no heat sources
or sinks within the fluid, we have the most extensively studied case
of all, often referred to as the 'wall heated' case. Then equation
( 12) becomes
(where

~

1(\)-0.)« (b ~ 0..)

To (...) ,.. (b-ca.)' [(,.-0.)1';, + (b-t-) T...] ) f..,al! e.e.td) ,.,...11 (UO!~} ( 13)
and

f:1 j = { i (\w) - ~ (1;.)l.

When ,,~O we have "internally heated" or "internally cooled"
systems according as ' " 0 or '\- <: 0
• There are three particularly
interesting limiting cases of internally heated systems, namely the
'inner wall cooled' case when the outer wall is a thermal insulator,
so that ciT;, I dr- =. 0
at /'-==- b and equation (12) becomes

T.C.-) ~ To. T " ("-C/o.)(lb-~-r-)/2v..,

f .:.... ~,.. ..,,,11 c"of~J;( 14)

the 'outer wall cooled' case, when the inner wall is a thermal
insulator so that "'Tobh-:::. 0
at r '" Ck and equation (12) becomes
( 15)

and the 'both walls cooled' case, when heat is removed at the same
rate via both outer and inner side-walls simultaneously, so that
~r\o I x;at r-=- 0. is equal to - "To IcJ..... at r-"'!:. b
and equation
(12) becomes
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To(""):' T~ - cy{t.-o..)(t--'o)/2.'h,

tbo\;\. l.t,.,ll!> cq)lqcll.

(16)

In the first two of these internally heated cases, L\f is the same
as in the wall-heated case, \ j(Ib ) - f (\.,..) \
, but in the 'both
walls cooled' case we have ~f'::: \ ~ (To (:i:(c..-+\.))) - fer...)I ..
Careful studies of the principal spatial and temporal
characteristics of flows over a wide range of precisely specified and
carefully controlled experimental conditions led to the discovery of
several fundamentally different free types of flow, only one of which
is symmetrical about the axis of rotation. When J
is less than a
certain critical value of about ~ '/0 '0 S" ,viscosity ensures that the
motion is essentially axisymmetric for all values of ~ • However,
when"J exceeds this critical value there exists a range of (fi) ,
namely G\. ') ® ';> 6)1(where 91it. and ®....
depend on"J ),
within which highly non-axisymmetric flow occurs. These nonaxisymmetric motions are either 'regular' or 'irregular' depending on
the values of
and J .
The regular flows, which occur when
(i3)tt" ® '> ®.J:
,are spatially periodic in cp
and often exhibit
periodic temporal 'vacillation' in amplitude, shape or even wavenumber,
but under certain conditions these periodic variations are so slight
that, apart from a steady azimuthal drift of the flow pattern relative
to the walls of the apparatus, the flow is virtually steady. In sharp
contrast to this behayiour, irregular flows (which occur within the
range 9:t"
(i)L. ) exhibit complicated aperiodic fluctuations in
both space and time. Axisymmetric flow occurs when @:> (0 ~
or 9 < 9\The non-axisymmetric flow regimes are manifestations of 'sloping'
or 'slantwise' convection and the observed dependence of ~~ and QY~
on J
and other parameters has been successfully interpreted on the
basis of baroclinic instability theory suitably modified to take
viscous boundary layers into account. Barotropic instability is the
likely cause of the transition from regular to irregular
non-axisymmetric flow that occurs at ® = €VI .
Heat flow determinations show that the tendency for advective heat
transfer to decrease with increasing ~ is pronounced within the
axisymmetric and irregular non-axisymmetric flow regimes found,
respecti vely. where (i;);> 6> ~
and where <tJ.x" ® '> @Lr
However
within the regular non-axisymmetric regime (where ~~~~ ,. ~x
)
advective heat transfer is virtually independent of ~
and
typically about 0.9 times the 'non-rotating' value.

a

e ,.

4.

PATTERNS OF REGULAR NON-AXISYMMETRIC FLOW

The mathematic equations governing the flows we are considering are the
equation of motion, equation (3), together with the equations of
continuity and state for a liquid, respectively
( 17)
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and
( 18)

1i

(where
denotes temperature, -' thermal coefficient of cubical
expansion (for convenience here taken as constant), and; is the
density at the reference temperature 4r
), and the equation of heat
transfer
( 19)
Equations (12) to (16) are, of course, solutions of equation (19) when
~ .... 0
Across any cylindrical vertical surface t- :: constant,
the rate of heat transfer (made up of a conductive component and a
convective (or 'advective') component when radiative effects are
negligible) is given by

H(~,\:) =

-l. . rfC["~
;: Ii

1."\\

+ ....T] .-.l4 h

(201

the fluid extends in the axial direction from z = -~ d.
to
z ... i. cL
As anticipated above (see equation (8)), the geostrophic
contribution to the advective heat flow term on the right-hand side of
equation (20) would vanish if the flow were axisymmetric, since the
geostrophic part of "-r- is proportional to ~f' I ~ ~ •
As we
have already indicated, this result points to the raison d,gtre of the
non-axisymmetric regimes of flow found when!l is sufficiently large;
geostrophic flow cannot convey heat perpendicularly to the axis of
rotation unless the flow is non-axisymmetric!
The boundary conditions on ~ under which the governing
equations must be satisfied are that ~:. 0
at a rigid bounding
surface, and that the stress should vanish at a free surface. The
thermal boundary conditions require continuity of heat flow which, at
a bounding surface, is purely conductive and proportional to K~.
When the boundary conditions on the side-walls at r- = t'-* where ,."= 0or to· ... b are combined with the geostrophic relationship given by
equation (2) and used in conjunction with the standard relationship for
the radial flow in the Ekman boundary layers on z. =. - ~ tA. and
~:. ~cl
to evaluate the radial heat flow at r-= ... *
(see
equation (20)), expressions for H (t-.) c-)
can be obtained. These
show that

if

if

l.1l

5

=: o U.h(.('~cP
't"
,

~Jt::)~"4>

(22)

is the value of 1A .. evaluated just outside the
where \J q (,.~ <P, 'Z 1 \:-)
viscous boundary layer on "..,.. ~ 0.. or ..,... =- b
as the case may be.
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This relationship between the heat flow at a side-wall and the
line integral of the tangential velocity near the side-wall embodies
the arguments that have been used to provide a general interpretation
of the upper-level flow pattern in the case when ~::. 0
everywhere
(see equation (13)), heat being introduced into the system via one of
the side-walls and removed via the other side-wall. The corresponding
impressed radial temperature gradient has the same sign at all values
of ~
and the upper level pattern of motion in the regular flow
regime consists of a single jet-stream meandering in a wavy pattern
between the bounding cylinders, with a positive (ie 'westerly')
azimuthal component when heat enters via the outer side-wall and leaves
via the inner side-wall (so that the impressed radial t~mperature
gradient is positive), and negative ('easterly') when the overall
radial heat transfer is in the opposite direction, from the inner to the
outer cylinder.
As a further test of equation (21), experiments have been carried
out using internal heating, so that the term ~ in equation (19) is
positive. This was done by passing an alternating electric current
through the fluid. Heat could be removed via the inner side-wall, the
outer side-wall, or both side-walls. The observed upper surface flow
patterns were found to be in good agreement with predictions for these
three cases made on the basis of equation (22). In the cases where
heat is removed via one side-wall only, ,",( ... * )t) vanishes at the
other side-wall and, by equation (22), the quantity r(,.~~cL,t\must vanish.
For this to happen, Udl(~'"')~,V,t:") will be positive at some values of
q
and negative at. others (or zero at all values of cP
,as in
the axisymmetric regime that occurs when ® ~ ®~ ) •
This
requirement can be satisfied by adding closed eddies to the wavy
pattern found in the cases when 't--= <'
The most striking case of
all studied in the experiments is that when heat is removed via both
side-walls, implying that the impressed radial temperature gradient
changes sign near mid-radius. The corresponding upper flow level
consists of one or several separate closed eddies, each circulating
anti-cyclonically (since ty ') 0 ), in accordance with equation (22),
with the horizontal flow confined to a narrow jet-stream at the
periphery of each eddy.
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CONVECTION IN SPHERICAL SYSTEMS

P.H. Roberts
Institute of Geophysics & Planetary Physics
University of California
Los Angeles
California 90024
U.S.A.
ABSTRACT. Aspects of convection theory, expounded elsewhere in this
book for plane layers, are here generalized to spherical geometry.
Particular attention is focussed on the important example of convection
in the Earth's mantle, to the theory of which an introduction is given.
Finally attention is transferred to the Earth's core. Aspects of
magnetoconvection in a rotating sphere are described, these being
extensions to spherical geometry of the plane layer models discussed by
the author in his chapter on dynamo theory elsewhere in this book.
1.

INTRODUCTION

Although the salient characteristics of convection can be understood
through simple planar models, we should never lose sight of the fact that
naturally occurring convection on cosmic scales almost invariably takes
place in bodies that are, to a first approximation, radially symmetric,
this being the natural state taken up by a large body like the Earth
under its own gravitational forces. Other effects (rotation, magnetic
fields, chemical inhomogenities, and even the convective motions themselves) produce only small departures from this radial symmetry, and
these can be included if need be at second order. It is clearly
pertinent to enquire how convective motions are most conveniently
described in spherical geometry, and to ask what significant differences
are introduced by the curvature of the system.
The topic is a large one, and we have time only to study two
systems: the Earth's mantle (§3) and the Earth's core (§4). In each
case the models are over-idealized, but more realism is not possible in
the space available. It is hoped nevertheless that the flavour of the
subjects, in their current states of development, has not been lost.
The discussion of §4 is essentially a continuation of §§5.2 and 5.3 of
the chapter 'Dynamo Theory' (referred to here as 'DT') elsewhere in
this book. We start however by developing a mathematical technique that
is useful for flows in spherical systems. (See also DT §2.l.)
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KINEMATICS

2.1. Applicability of Oberbeck-Boussinesq Approximation.
The rheology of the Earth's mantle is poorly known. Even if the
composition were precisely specified, its behaviour under the great
temperatures and pressures prevailing in the deep mantle would be quite
uncertain, as would be its response to stresses that persistently act
on it over millennia. Faced with such uncertainties, it seems reasonable
to adopt a simple constitutive model: a Newtonian fluid. Even then
important information is still lacking, e.g. precisely how the viscosity
of that fluid should be chosen as a function of temperature. We shall
also suppose that the density scale -height, H, of the mantle is large
compared with its depth, so that we may suppose it a Boussinesq fluid:

V.v = 0,

(2.1)

Such an approximation is highly questionable for other spherical
convective systems, such as the solar convection zone. It is even
dubious for the Earth's mantle. If we take g=10ms~2, B=3.10- 5 K- I ,
d=3l0 6 m. Cp =1.2103 Jkg-I r I , we obtain H=C?/gii=4l0 6 mand d/H=0.75.
This really suggests that the so-called 'ane1ast1c approximation',
(e.g. Glatzmaier & Gilman, 1981) in which (2.1) is replaced by
'1..: (PO~) = 0 with Po the horizontally averaged density, would be preferable
to (2.1). Although it is still possible to make progress, by expanding
Po~ rather than ~ in (2.2) below, the added complications do not seem
to be justified here in view of the great uncertainties in the rheology.
2.2. Lamb's Representation.
Since the three components of v are subject to one constraint (2.1), we
expect that only two independent scalar fields will be needed to
represent ~. and in spherical polar coordinates (r,e,~) the most
convenient choice is that of Lamb (1881). We write
(2.2)
where
1
aT
aT
(0, sine~'-ae)'

v = v x V x (Sr) =
-p
- -

E is

(2.3)

eL2s
!.L (a(rS»
r ' r ae
ar

_1_.L (a(rS»] (2.4)
' r sine a~
or
'

the radius vector, and
2

L =

1
a
a
-[;r;;a
ae-(sineae-)

a2

1

+-.-2-"'2J
S1n

e

a~

(2.5)

55

CONVECTION IN SPHERICAL SYSTEMS

is the angular momentum operator. The canonical examples of a toroidal
vec:o:, yT,and a po1oidal vector, ~p' are ~bta~ned by taking their
def1n1ng scalars, T and S, to be aX1symmetr1c w1th respect to the
preferred axis, 8=0, of the coordinates (the geographic axis in most
cases below). When T is independent of $, the only non-zero component
of ~T is vTm' i.e. the flow is purely zonal, along lines of latitude:
when S is 1fidependent of $, v
vanishes and the flow lines lie in
meridian planes. Any toroidal$vector is orthogonal to any poloidal
vector over a sphere of constant r, in the sense that
a<a6:S)/ih,T)d8d.l. = 0
fYr'Yp d w = IJrf
a(8,$)
'f'.
r

(2.6)

Here dw = sinS dSd$ is the element of solid angle and the integrations
(as later) are ove~ the entire surface 0 s:; 8 s:; 1f, 0 s:; $ <21f.
Since 12 annihilates functions that depend on r alone, there is no
way of including a radially symmetric flow into scheme (2.1) -(2.5):
such a flow would in any case require a source or sink of mass at r = 0,
somewhat contrary to the spirit of (2.1). Also, since 1 2 f(r) =0, we
may without loss of generality subtract from any T and S its horizontal
average:
<T>

JT(r, S, $)dw .

= f1f

(2.7)

Thus, in future we may assume that
<T>

o,

<S>

=0

.

It is easy to invert 12T or 1 2 8 for such functions.
that, if P~(S) is the Associated 1egendre function,

(2.8)

One uses the fact

(2.9)

since R,=O terms are excluded by (2.8),
F

E ~ F~(r)

R,=l m=-R.

[pm(8)e im$]

(2.10)

implies

E

~ CF~/R,(R,+l)JCp~(e)eim$J

R,=l m=,..R,

(2.11)

Convergence of (2.10) assures that of (2.11). Inversion of L2 is thus
merely a matter of spherical harmonic analysis, and division of the
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resulting terms of order 1 by 1(1+1).
The vorticity ~ of the flow (2.2) is easily obtained:
(2.12)
where
W

-T

=

V x (-V2.Sr ) •
-

(2.13)

Thus toroidal flow has poloidal vorticity and, more unexpectedly,
poloidal flow has toroidal vorticity. The curling process can easily
be continued a$ often as is necessary, e.g.
(2.14)
Toroidal vectors have no radial components according to (2.3) and the
poloidal defining scalar of any vector can therefore easily be obtained
from its radial part; see (2.4). In this way we see that
r.v = rv

r

rv

Pr

= L2 S '

r.w

= rw r

or
(2.15)
For

given~,

these expressions are quickly evaluated by using (2.11).

2.3. Surface Motions.
If the fluid is confined to a sphere (r = a, say), v r must vanish on its
surface so that by (2.15)2.
S(a,e ,~) = 0 .

(2.16)

Unless the fluid is in contact with a stationary no-slip surface [see
(2.26) below], there is no reason why its surface motion
~ 1
aT
as'
Lsine 3$ +

aT

1

as' - as + sine

as'

3$ ]

(2.17)

where

s'(e,~) = [as(r,e,~)]
'I'
ar
r=a •

(2.18)

should vanish. It may be, as in the case of the Earth's mantle, that
is especially interesting as providing the only readily accessible
source of information about v. It is therefore worth considering ~
further.

~
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As (2.17) shows, v is the sum of a toroidal part, ~T' and a
poloidal part v . Th~gh (2.15) still provides the means of extracting
i;Htacuous' as it staAds. We note however that by (2.1)
( 2 15)
V
4lT'
•
2
ana (2.16)

o,

(2.19)

where
1

~.~ = asine

d
Cae

~

(v e sine) + d¢ ]

(2. 20)

is the "horizontal divergence". And now by differentiating (2.15)2 with
respect to r and using (2.19) we obtain
(2. 21)

A toroidal motion is horizontally divergenceless; a poloidal motion
has no vertical vorticity, as we saw in §2.2. The following illustrations
may be helpful. First recall the canonical poloidal motion, the flow in
meridian planes, and imagine a "dipolar-type" circulation which has a
northward component deep within the sphere, and which returns as
southward motion on and near its surface. Then ~'~H is positive
(negative) in the northern (southern) hemisphere of r = a, corresponding
to upwelling (downwelling) of fluid from (to) depths beneath r = a.
Geologically such upwellings (downwellings) might be associated with
ridges (trenches) on the Earth's surface. Second recall the canonical
toroidal motion, the zonal flow along lines of latitude, and imagine
that the two hemispheres turn in opposite directions about the axis
e = O. There will be a shear on the equator which, geologically, would
probably be classed as a strike-slip fault.
It is easy to find the spherical harmonic parts of ~T and ~p' by
using the orthogonality relation,
(2.22)

N;

for surface harmonics, where
depends on the normalization selected
for
By (2.15)1 and (2.21) we quickly obtain the coefficients,
T~(a) and Si m, for expansions of T(a,e,<p) and s'(e,<jJ) of the form (2.10):

pT.

(2.23)

S 1m

t

(2.24)
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The vertical vort~c~ty and horizontal divergence of
computed if need be:
1

w

a

r

\l

.v

~-

1:

1:

1:

t=l m=-t

1

=--

a

t

1:

t

t=l m=-t

~H

are then easily

t(t+l)T~(a)p~(8)eim~

(2.25 )

t( t+ 1) S~ ffip~( e)e im~

(2.26.)

Finally, in preparation for §3 we make one dynamical point.
Experiments on convection in the laboratory often use no-slip walls for
which ~H=O. I f r=a is such a wall, (2.15)1' (2.16) and (2.19) require
S

as/ar

= T =

°,

on

(2.27)

r = a.

In studying mantle convection, it is more reasonable to suppose that
the stresses associated with the normal (here
vanish, and this leads
to

E)

s

3.

O,onr=a.

(2.28 )

MANTLE CONVECTION

3.1. Earth's Surface Motions
The magnitude and direction of the horizontal motion of the surface of
the Earth's mantle at the present geol~gical epoch is shown in Fig. 1.
Convergent boundaries are trenches, divergent boundaries are ridges,
and both are associated with poloidal flow through ~.~. Strike-slip
faulting may also be seen, and this stems from toroidal flow through
w. It is interesting to ask how much of each type of motion is presen4
aKd how each is divided amongst the different spherical harmonics. The
kinetic
energy (per unit depth) of the surface motions is, by (2.6)
and (2.22),
K

where p

1S

!:2pa 2

rTf
rTf
J0 0

density and

2
on

~2sin8d8d'i>

!:2pa 2

1:

t=l

(O~t + O~t) ,

(3.1)

2 are variances,
and Opt

t

1:

(3.2)

m=-t
that encapsulate the importance of the order

~

harmonics to each type of

CONVECTION IN SPHERICAL SYSTEMS

59

motion. It is clear from the results, shown in Fig. 2, that there is
at each ~ an approximate equipartition of energy between the poloidal
and toroidal motions. This fact is not easily explained by convection
theory.

3.2. Apparent Conflict with Theory
To simplify the theory suppose that in the absence of convective motions
the gravitational field and temperature gradient are

ve =-Br/a,
-

£=~gE../a,

VELOCITY SCALE

-Q

~"IO

CM

(3.3)

PER rR

Figure 1. Plate Boundaries and Surface Velocities (from Peltier 1985'
Reproduced, with permission, from the Annual Reviews of Fluid Mechanics:
Vol. 17,
1985 by Annual Reviews Inc.)
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the constants -g and -8 being the surface values of these quantities.
These simple proportiona1ities in r are appropriate when & is the se1fgravitation of a uniform density sphere, and when eO is the temperature
created by a uniform distribution of heat sources w1thin that sphere.
More general cases can be treated without difficulty, and have many
points of similarity. The Rayleigh and Prandt1 numbers,
(3.4)
may be defined.
according to

x

-+-

I

use here my.notation (DT§5.3.1).

v -+- ~ v

a.!,

a -'

After scaling,

e - eo -+- .., a9' ,

(3.5)

Q

the Boussinesq equations become
ae' fat - 'i7 2 e' - ~.. !. = - "J..ye' ,

(3.6)

p-Iavfat -'i7 z v - R9'r+'i7;;) =p -Iv. 17 v ,
r

-

-

-

-

r

(3.7)

---

where w is the (scaled) pressure associated with the motions.
In marginal convection theory, the nonlinear terms on the right-hand
sides of (3.6) and (3.7) are negligible. The theoretical advantages of
representation (2.2) are then at a maximum: the poloida1 and toroidal
motions completely decouple. The former and the temperature perturbation
define one closed system of equations

IL
- 'i7Z)9' = LZS '
\at
e'

s

aZs

r = 1,

at

0

ar Z

C3.BP)

(3.9P)

and the latter defines another

Q

at r=l.
L(!)=o
ar r

L - 'i7Z)T=O.
•
r at

(3.

BT, 3. 9T)

(Strictly these define closed systems only after regularity conditions
are imposed at r = 0.) In (3.9) we have adopted conditions (2.28).
Indeed not only are the toroidal and po1oida1 motions decoup1ed, so
because of the spherical symmetry of the basic state are the individual
spherical harmonics. It is easy to show from (3.BT) and (3.9T) that
T-+-O,

as

t

-+-

00.

(3.10)

In the absence of a motor to drive the vertical vorticity, it must
disappear ina time of order aZ/v (Le. 1O-4 s for v=10 I7mZfs).
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3.3. Possible Explanations Explored
How then can we explain the strength of the toroidal surface motion?
A first attempt might be through the nonlinear term in (3.7), which
does indeed produce toroidal motion from poloidal motion. While it is
probably true that convection in the mantle is highly supercritical, R
being perhaps 10 5 -10 7 times its critical value Rc' the Prandtl number
is extremely large (perhaps 10 23 ) and the Reynolds number of the flow
is tiny (maybe 10- 19 ). Thus the nonlinearity of (3.6) is far more
significant than that of (3.7), Equations (3.8P~ and (3. 8T)1 even with
thePr-l terms omitted are acceptable in the nonlinear regime, and the
T system remains decoupled from the P system of equations,. [The
converse is not true since toroidal motions contribute to the righthand side of (3.6): in view of (3.10) however, this is not significant.]
In short, to study finite amplitude convection we need only amend(3.8PJl
and toroidal motions will be absent as before.
'
Before totally dismissing generation. of toroidal flow in the bulk,
we should (especially in view of §3.S.2 below) examine the effects of
temperature dependent viscosity. The origins -of the 1J2 v term in (3.7)
may be traced in plJ2 v . = dO .. /dXj where 0ij' the stress-tensor, is for
a Newtonian fluid
~
~J

o. .
~J

P" [

-r -'3

dV.
dV.
~ +
Xj
xi

2

<5 •• IJ • v
~J

-

].

-

Taking" = ,,(0), P constant and divergence less flow (2.1), we finC! for
the linear s tabi Ii ty prob lem not the 1J2 v of (2. 14) but
d" 0 d

T

IJ x ([" 1J2 T + r - - (-)]r) + IJ x IJ x ([" 1J2 S +

-

0

dr dr

r

-

-

-

0

d" 0 d

2r dr

S

- (-)]r)
dr r - '

where "0 ="0(0 0 ) ="O(r); there is no mixing of modes. When however we
look at fin~te ampl~tude convection, we discover that toroidal motion
is created from poloidal motion through the departure of ,,(0 + 0') from
radial symmetry via 0'. Because this is a second order effegt we shall
ignore it, noting however that further investigation of the topic may
be called for in the future.
Returning to the case of constant ", we look next at the boundary
conditions (3.9P) and (3.9r). The real mantle does not extend to r=O,
but has a lower surface at which further conditions must be applied,
demands
that replace the regularity conditions at r = 0 imposed above.
While it is true in principle that the stresses exerted by core motions
across the core-mantle boundary can drive the mantle into motion, even
toroidal motion, it is unlikely that these flows are persistent enough,
or the stresses large enough, to be effective.
The final possibility is that (2.27) and (2.28) are both incorrect,
and should be replaced by conditions that couple the toroidal and
poloidal flows. One may picture the continents as light scum floating
on the heavier mantle, and being carried along with it in its convection.
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When however the mantle is subducted at a trench the continents are too
light to be subducted with it, and are therefore "pushed aside" along
the trench, so generating a strike-slip fault. This deflection of
poloidal motion into toroidal motion at the surface of the Earth may,
because of the high viscosity of the upper mantle, drive toroidal flows
to considerable depth.
Although these ideas may currently be somewhat speculative, they
may ultimately provide the best explanation for the anomalously large
toroidal components of motion shown in Figs. 1 and 2.
3.4.

Some Correlations

It is interesting to try to relate the surface motions to the gravitational field of the Earth and to the heat flow from the Earth, and to
attempt to discern a consistent overall picture. One might expect that
the spreading (:£'u'.! > 0) associated with a ridge indicates that here a
convection cell 1S rising to the surface, and that therefore this will
be a region of abnormally high heat from the Earth. Conversely, a
trench (~. ~ <.0) would be pictured as the cold d~scending current of a
cell above wh1ch the heat flux would be comparat1vely small. Corroboration is difficult because of the presence of radioactive sources
which tend to be concentrated in the continental crust, and whose heat
flux is not readily separated from that associated with mantle convection.
There does however appear to be a correlation between the locations of
ridges and of regions of high heat flux: compare Fig. 3 with Fig. 1.
A correlation seems to exist between surface motions and anomalies
in the geogravitational field. Two (competing) physical causes can be
discerned. First, there is a topographical effect: an upwelling

Figure 3. Surface Heat Flux. Contours of equal heat flux based on
Chapman and Pollack (1980) using all spherical harmonics up to 9, = 18.
Contour interval = 3SmW/m2.
(Figure constructed by W.R. Peltier and
reproduced with his permission.)
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(downwelling) tends to elevate (depress) the free surface above (below)
its equilibrium position, r = a. This suggests that a positive (negative)
gravity anomaly should exist at an upwelling (downwelling). Second,
there is an expansion effect brought about by variations of density
with temperature: an upwelling (downwelling) is associated with a hot
rising (cold falling) convective stream which is lighter (denser) than
PO' the density of the equilibrium state. This suggests a geoid high
(low) over trenches (ridges).
In examining the topographic effect we should first recognize that
(2.16) is an oversimplification. Suppose that a fluid element, situated
at x in the equilibrium state, is carried to x + I;(x, t) by the convection;
in particular, let the point a = (a,9,$) on the u;p;rturbed free surface,
SO' be carried to ~ + f.(!!.,t) 0'; the disturbed free surface, S. The stress
associated with the normal, n, to S (which is not in the same direction
as the radial normal of SO) ;ust vanish. In particular

In linear stability theory this reduces to
0,

(3.11)

where dpO/dr = -gop o by hydrostatic balance.
The first and last terms
in (3.11) are of the same order of magnitude so that, in steady

convection;

Vo avo

0(---)

go ar

(3.12)

r=a

Instead of (2.16), we should have made v vanish on a + I; , where I; is
given by (3.12). But v and therefore I;n are perturbati6n quantities,
and the resultant chang~s to the solutiofr of the linear stability
problem (3.8P) and (3.9P) would be quadratically small, i.e. negligible.
In working out the gravitational field, ~~, produced by the topography,
we must however use (3.12) and not (2.16). It is easy to see that
g~ = O(GPol;~) • where G is the universal constant of gravitation, and
Sl.Dce go =OlGpoa) this is g~ = O(gol; fa) = o(voav /rar)r=9. by (3.12).
More precisely, for the ~th harmon~crusing (3.9P)rwe obta~n
3~(~+1) ~J
2
ar r=a
r

(3.13)

The density changes associated with the buoyancy of the rising and
falling convection currents are of order po~e' and the expansion effect
therefore produces on S a change, .& I , in gravitational acceleration of
order Gpoa~e' = O(vov /a 2 ), i.e. ofEthe same order as K~' More precisely,
for the ~th harmonic Using (3.8P) and (3.9P) we obtain
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(3.14)

[We have omitted some working here. The analysis of Roberts (1965) may
be helpful in obtaining (3.13) and (3.l4).J
It is difficult to tell ~ priori whether ~~ predominates over ~~
or vice versa. In Table 1 we give, for the mose easily excited of
the~s~e harmonics, the values of g~ /g~ and also the critical
Rayleigh number, R. I t will be seen thae~ extept for Jl, = 1 where they
are equal and oppo~ite, the effects of topography dominate.
Table 1
Rayleigh Number and Gravity Ratio
Jl,

R
_gc, /g'
Tr Er

1
3091. 2
1

2
5224.1
1.251

3
8774.5
1.418

4
13981.
1.544

5
21204.
1.644

(In connection with Jl, = 1 it may be noted that a pure lateral displacement
of the entire sphere is a neutral eigenfunction.) It should be
emphasized that these results depend on the choice (3.3) of model, the
assumption of constant viscosity, and the linearization of the governing
equations. There are however some indications that ~~ dominates ~~ for
the Earth also, except possibly for very high harmonic numbers: tnere
are indications that narrow regions near trenches are geoid highs, not
lows.
3.5. Other Aspects of Mantle Convection Theory
The many ramifications of mantle convection now provides an industry for
a small army of geoscientists, and it is obviously impossible here to
present anything approaching a complete survey of its status today. A
few further points of interest to fluid dynamicists of theoretical bent
should howev.er be adumbrated:
3.5.1. Mode of Heatin~. Once the full sphere has been replaced by the
more realistic spherical shell, one can imagine that convection is
driven not by internal heating but by heating from below, as in the
canonical example of convection: the Benard layer. The character of
convection in a Benard layer, and in a layer internally heated but
thermally insulating at the bottom, are quite different. At large R,
the convective roll in a Benard layer acts as a cartwheel on whose
surface rides the thin boundary layer connecting a hot boundary layer at
the bottom,into which heat pours from the source,to a cold boundary layer
at the tOP,out of which heat is drawn. In a less well ordered (turbuknt)
regime, the lower boundary layer will spasmodically release plumes to
take the heat upwards. The cartwheel cell would not play such a useful
role for the internally heated cell, and therefore it does not arise. No
hot boundary lay£r will be present at the lower insulated walls which
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could feed heat to the cartwheel. Moreover, the heat sources in the
interior parts of the cartwheel would continually release heat that
could only inefficiently reach the surface by thermal conduction. The
internally heated layer therefore adopts a difficult mode, in which the
whole interior gradually rises to release its heat, apart from fast
concentrated descending streams of fluid chilled in the upper boundary
layer. (See Peckover & Hutchinson, 1974; McKenzie ~ aI, 1974.) The
preferred horizontal scale,gC, of the internally heated layer appears,
at large R, to be significantly greater than its depth, whereas for the
Benard layer they are roughly equal.
It is not known whether heating from below or internal heating
more closely resembles the convective state of the Earth's mantle. On
the one hand the existence of ridges may favour driving from below; on
the other the Earth is still cooling from its formation 4% billion years
ago, and this cooling sets up an adverse temperature gradient conducive
to convection, akin to that of the internally heated model.
3.5.2. Temperature-dependent Viscosity. A constant-viscosity, Newtonian
fluid is probably a rather poor model of the Earth's mantle, but its
status as a rheological model is greatly improved if v is allowed to
depend strongly on the temperature, e. Such a viscosity introduces
new features of even a qualitative nature. While the material is cold
and effectively solid, it can transmit heat only inefficiently by
conduction. Heat will therefore tend to be held back warming the
material until it effectively melts, and can transmit heat efficiently
by convection. In such a manner the thermal state of the convecting
layer is essentially regulated by the vee) law
(Tozer, 1972; see also
§4.4 of Peltier, 1985). Similar considerations show that the upper
layers of the mantle, which are efficiently chilled by losing heat to
space, will be effectively stagnant; and that the mobility evinced in
plate tectonics has other causes.
3.5.3; Phase changes. Mantle properties change abruptly at a number
of depths (420 km, 670 km, ..... ) where material of essentially the same
composition takes up different crystalline forms. Convection currents
distort such phase boundaries from the horizontal, but the boundaries
are not to be thought of as barriers for the convecting material. They
do have implications for the stability of the layer (see for example
Schubert ~ aI, 1975).

4.

MAGNETOCONVECTION IN RAPIDLY ROTATING BODIES

4.1. Convection in a Rapidly Rotating Sphere
Central to Geophysical Fluid Dynamics (GFD) , as the term is generally
understood, is convection in thin stratified layers on a rotating sphere,
representing the Earth's atmosphere and oceans. The resulting literature
is truly vast, and quite beyond the scope of this lecture. We shall
consider only some aspects of convection in a thick layer of almost
constant density, representing the Earth's fluid core. As in GFD,
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technical difficulties arise because of the different orientations of
Also,
the core is electrically conducting and is pervaded by magnetic field,
~, whose Lorentz force .:!x:!?, where.:! = 110 -1 Z. x ~ is the electric current
density, may not be negligible.
We shall first consider the case B = 0, and try to extend the
discussion (DT§S.Z.Z) of marginal Bena;d convection in a rapidly
rotating plane layer to marginal convection in a rapidly rotating sphere.
The Taylor-Proudman ("TP") theorem holds for both systems and we may
expect that the nascent convective motions will also be highly twodimensional, with respect to the direction of n = n~.
In DT§5.2.2 we considered two cases, namely (~se I) Q ,vertical,
and (case II) n horizontal. In the latter, the constraint; of the
TP-theorem did-not inhibit convection at all: every fluid column in
the x-direction (parallel to n) moved together as a two dimensional
convection roll that took heat out of the layer (parallel to oS.),
Coriolis forces were ineffective and the critical Rayleigh number, Rc '
for marginal convection was independent of n. Since R increases
rapidly with n when ~ and g are parallel [see DT(S.8)2J, it is natural
& first to suppose that the sphere will emulate case II by convecting
in columns [now defined by constant sand ¢, where (s,¢,z) are cylindriaU
coordinates and Q = n ~J at the equator. Unfortunately however this
argument has ign~red~ crucial geometrical factor. The plane layer in
case II extended to infinity in the direction (x) parallel to n: in
the putative cells near the equator of the sphere, the columns-are cutoff at r = a, and must therefore vary considerably in length Z/Ca L s 2 ) as
they carry heat out of the sphere in their s-motion. Such cells are far
from being two-dimensional.
Case II nevertheless gives insight into the spherical case.
Columns located at intermediate s are not as drastically inhibited by
geometry as are the equator:ial cells (s ~ a); they can convect heat in
the s-direction by only slightly adjusting their length. We will
presently look at the other extreme case, a cell close to the rotation
axis, where the columns scarcely change their length at all. But first
we note that, in any cell but the equatorial cell, ~ and oS. are not
perpendicular (except on the equatorial plane). Such cells have therefore some of the characteristics of case I. In particular we expect
that their scale, in projection on the equatorial plane (z = 0), will be
O(aT- 1 / 6 ) where

oS. to the angular velocity, n, in different regions of the fluid.

(4.1)
~s the Taylor number, the usual non-dimensional measure of rotation ~n
convection problems. We must also expect that R = 0(T 2 / 3 ) as T +eo: see
DT(S.8). Here a is the radius of the sphere.
c
Since the equatorial cell convects poorly, while the cells of
smaller s convect better, we might look at the other extreme, a cell
centred on the z-axis. It transpires that this (axisymmetric) motion
is also not optimal, because it has lost all its case II character.
The radial component, gs' of ~ vanishes as s+O, and all small-s cells
convect heat inefficiently in the s-direction.
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In view of this discussion, it is not surpr~s~ng that the preferred
mode of marginal convection should be one concentrated in cells strung
out round s = s , where Sc is intermediate between 0 and a. Since the
dimensions of lhese cells are of order aT-l/6 they correspond to a
highly asymmetric mode. If the perturbation fields are proportional
to exp[i(m¢-wt)l we must expect Lcf.DT(5.8)] that
m
c

= 0(T 1 / 6 )

•

T+"'.

(4.2)

This conclusion and arguments along the lines given above were first
given by Roberts (1968). and were refined and corrected by Busse (1970)
who provided the sketch shown in Fig. 4. Later Soward (1977) showed
that it was strictly incorrect to refer to these modes of convection
as 'marginal' in the usual sense of linear stability theory: we do
not have space here to describe this subtle effect of curvature. We
should however note anothe~ more obvious. effect of curvature. In
DT§5.2.2 we assumed that Pr>l. so that we did not need to consider
overs table convection. In the sphere asymmetric modes are necessarily
time dependent and. in the case of (4.2) above. w is real and Oem n)
i.e. the instability pattern drifts round the rotition axis with ag
o(n) phase velocity. Since w > O. it drifts eastwards.
Busse (1975) made this mgdel the basis for a dynamo. In the
notation of DT§4.2 it is a weak field (a 2 ) dynamo.

Figure 4. Qualitative sketch of marginal convection in an internally
heated rotating sphere. (From Busse, 1970, with permission.)
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4.2. Magnetoconvection in a Rapidly Rotating Sphere
DT§5.2 contained some surprising developments. In Case I of n parallel
to £, a plane layer could be de-stabilized by a horizontal magnetic
field, ~O' In particular in the range where the Chandrasekhar number
(a non-d~mensional measure of BO)

Q=

(4.3)

crB 2 a 2 /pv

o

is of order T 1 / 2 , and where in consequence the Corio lis and Lorentz
forces are comparable, Rc is only of order Tl/2 rather than T2/3: see
DT(5. 30).
It was natural to examine whether similar conclusions held in other
geometries, and to generalize §4.l by adding a zonal magnetic field
Boi. Assuming
(BO = const.) ,

(4.4)

Fearn (1979) showed that, as for DT(5.30),
m

c

= 0(1)

R

c

for

Q

T4-00.

(4.5)

His results are summarized in Fig. 5, in which RCRIT is not the critical
value of R but of R/Tl/2; the abscissa is the Elsasser number

(4.6)
The results apply for finite K and \)4-0 [i.e. T4- oo ; see (4.5)J. For
small A the w corresponding to (4.5) is positive, the instability
pattern therefore moving eastwards round the sphere. As A is increased
however this motion was reversed. Whether this bears on the observed
westward drift of the geomagnetic field, described briefly in DT§1.4,
is perhaps doubtful, because the present theory gives (for K «n the
case of geoEhysical interest) an angular drift velocity of order only
K/a 2 ~ 10- 1 s-l, i.e. very small compared with the observed motion
(2.l0- 11 s- 1 ). It has however long been known (Acheson, 1972) that
magnetic instabilities move westwards in a rotating system, and as Q
increases magnetic instabilities become increasingly significant and
convective instabilities increasingly irrelevant. [Indeed, for large Q
very curious magnetic instabilities arise (see Acheson, 1980) which,
however, are probably of no geophysical interest. They are indicated
on the lower right of Fig. 5.J
Although field (4.4) is theoreticall¥ the simplest choice, the
corresponding electric current l =(Bo/~oa)i is uniform, and must therefore be driven by sources outsid2 the sphere, geophysically a highly
unrealistic premise. It is also uncharacteristic in that the rud~ic
modes of convection (m= 0) are completely unaffected by the presence of
the field (4.4). Thus when, as in DT§5.2, the field becomes so large
that axisymmetric motions are preferred (according to the two-dimenswnal
analogue of the TP theorem), R /Q becomes independent of Q.
c
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For these reasons, and also to see whether (4.5) is characteristic
of a wider class of B , Fearn and Proctor (1983) examined choices other
than (4.4). They al;8 took a significant step towards geophysical
realism by adding a zonal shear. We have seen in DT§§2.4 and 4.2 that
such a shear may playa crucial inductive role in the geodynamo, as
well as providing through the anti-w-effect (DT§5.l) a nonlinearity
that limits its growth. More recently they have reported an attempt to
build this programme into a larger study that produces a working dynamo
of Taylor type, as adumbrated in DT§5.3.2 (Fearn and Proctor, 1984).
Clearly a discussion of these matters is outside my remit, but I would
like to stress that many questions remain to be answered in this active
and exciting area of mathematical geophysics.
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Figure 5. The critical Rayleigh number, R,.,RIT' as a function of Elsasser
number, A, for the first four values of tKe azimuthal wavenumber in the
cas~ v = O.
(From Fearn, 1979, with permission.) Here R is not (3.4) but
R/T~; A is Q/T~ [see (4.5) and (4.6)J. The lower right of the diagram
shows an instability of the field (4.4) catalysed by a bottom heavy
density gradient (Acheson, 1980).
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DYNAMO THEORY

P.H. Roberts
Institute of Geophysics & Planetary Physics
University of California
Los Angeles
California 90024
U.S.A.
ABSTRACT. After a brief description of the geomagnetic field, past and
present, the electrodynamics of moving conductors is described,
including the skin effect and Alfven's frozen flux theorem. The
magnetic Reynolds number is introduced, poloidal and toroidal vectors
are defined, and it is shown how large toroidal fields can be created
in the Earth's core from poloidal fields by the w-effect, which is the
shearing of poloidal field lines by zonal differential motion. Such
toroidal fields cannot be detected by magnetic observations at the
Earth's surface, but may playa significant dynamical role. The
kinematic dynamo problem is formally stated, and is followed by a proof
of Cowling's theorem, which rules out the dynamo maintenance of ax isymmetric magnetic fields. Ponomarenko's dynamo is exhibited, and is
proved to work by a boundary layer argument. Induction by turbulently
moving conductors is discussed as an introduction to helicity and the
associated a-effect, which creates mean poloidal field from mean
toroidal field by cyclonic motion. A similar effect produced by largescale motions of large magnetic Reynolds number is briefly studied.
The discussion of dynamical aspects of dynamo theory opens with a review
of possible driving'mechanisms, and continues with a study of marginal
convection in rotating magnetic systems. Nonlinear aspects are briefly
noted. Crude models for reversals are mentioned. Finally there is a
brief guide to the literature.
1.

DESCRIPTION OF THE GEOMAGNETIC FIELD

1.1. Internal Origin of Field
It was Gilbert (1540-1603), a Court physician to Queen Elizabeth I of
England, who first noticed that the source of the Earth's magnetism lay
within it. Gilbert had a sphere of lodestone made (his "terrella") and
showed how the directions in which a freely suspended magnetic needle
dipped towards it, as it was placed on its surface at different
distances from the magnetic poles, resembled the directions at which a
similar needle dipped when placed at different latitudes on the Earth's
73
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surface. Gauss gave mathematical teeth to the idea in 1839, by using
results of potential theory that are today very familiar, and by
fitting those results to the observations. He posited
0.1,1.2)

\/.B"'O.

\/ x ~ '" 0,

The second of these is universal, and expresses the impossibility of
magnetic monopoles. The first, applied above the Earth's surface,
expressed his belief (borne out today) that extra-terrestrial electric
currents are too feeble to affect the measured magnetic fields much.
According to (1.1) a magnetostatic potential, V, exists such that

'" -'!..,V

~

0.3,1.4)

I

where (1.4) follows from (1.2) and (1.3).
Let (r,e,¢) be spherical coordinates, where r is distance from the
geocentre, e is geographic co-latitude and ¢ is geographic East
longitude. The general solution of (1.4) may be written as
Val:
~ [{gQ,m(~)£+l +
£=0 m=O

q£m(~)£}

cos m¢

+ {h m(~)£+l + s m(.E.l} sin m¢Jp mCe)
£ r
£ a
£'

(1. 5)

where p2.,m is the associated Legendre function, and a (= 20,000km/~) 1S
the rad1us of the Earth. When Gauss fitted the resulting B to the
observed field he discovered that, to an excellent approxi~ation
q£m"'s£m=O,

for all £ and m.

(1.6)

All surviving terms in (1.5) decrease with increasing r. There are no
sources of field "at infinity"; the field B is generated by sources
beneath the surface of the Earth, r = a. All subsequent analyses of the
main geomagnetic field have confirmed Gauss's finding (1.6). Since
magnetic monopoles do not exist, the 2., = 0 term of (1.5) should also be
omitted, allowing us to write
a

V

£ _ m
m .
t+ 1 m
l: Lg£ cosm¢+h2., smm¢J(a/r)
P£ (e)
£=1 m=O
00

L:

(1. 7)

As r increases, the series (1.7) is increasingly dominated by the
three £ = 1 terms, gO, gland h 1 which correspond to dipoles of strength
m ,m and m at r = 0 wd:h axes 110ng e = 0, ¢ = 0 and ¢ = \~ respectively,
die ~,x andYy axes. Together they make up the "centred dipole",
m = (m ,m ,m ), whose magnitude m= Iml is about 8lCt 5 Tm 3 , giving a polar
field ~tr~ngth of about 0.6 gauss. The direction of m is "the magnetic
axis" of the E~rth. I t meets the northern hemisphere-at (e,¢) = (e ,¢ )
where
0 0

e

o

sin

-1

(m /m)
z
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This is the "North magnetic pole", and (6,~) = (71-6 0, 71+~O) 1.S the
"South magnetic pole". Since at great distances only!!! is seen,
0.8)

for r+oo.

This fact is central to these lectures on dynamo theory, for it expresses
the absence of external sources of geomagnetic field.
1.2.

Internal Structure of Earth

Since we must seek an origin for the geomagnetic field within the Earth,
it is appropriate here to draw together the few facts about the internal
constitution of the Earth that we will need later. For our purposes,
the Earth is spherically symmetric in all respects and consists of three
parts:
(i) a light mantle occupying a ~ r ~ c
3485 km.
Being composed of
semi-conducting silicates, its electrical conductivity, G, rises
rapidly with depth but even at r = c, the core-mant Ie boundary
(CMB) , G is probably only of order3x10 3 mho/m. Often, the mantle
may be assumed insulating without serious error.
(ii) an outer fluid core occupying c ~ r ~ c i
1215 km. Being iron-rich,
this region is dense (p
104- kgm/m 3 ) and a good electrical
conductor (G ~ 3 x10 5 mho/m);
(iii) an inner body r~cl' which is dense and solid, possibly of a
composition similar to the outer core, but frozen (see §5.l). If
so, its conductivity a will also be high.

*

*

*

As we shall usually be interested in fluid motions, we will pay
no special attention to the inner core, usually using the word "core"
to embrace (ii) + (iii), and regarding (iii) as a region of a fluid
core which happens to move with the mantle.
I f [see (i)] we ignore mantle conduction, we may apply 0.1)-(1.4)
and 0.7) right down to the CMB. As r decreases the higher order terms
in (1.7) become increasingly potent. Thus, even though g~m and h~m
decrease rapidly with increasing ~, the corresponding coefficients
g~m(a/c)~+l and h~m(a/c)~+l for V at the CMB do not. Thus, the
(angular) structure of B on the CMB is on a smaller scale than at the
Earth's surface. Some ~epresentative values (in nT) are given in
Table I; they are from the Definitive Geomagnetic Reference Field for
1975. (The so-called "Schmidt-normalized" p~m are used.)
TABLE I
Coefficient
Value at r=a
(a/C)i+I multi121e
h2!
g22
-2067
1632
-12600
9948
3
g6
h6 3
-198
75
13400
5100

g 0
hI!
gIL
g20
g2 I
-30100
-2013
5.675
-1902
3010
-100400
-6717
18940
-11590
18350
h22
h6 1
g6 0
g6 1
g6 2
h6 2
-l3
68
45
66
28
99
-414
3100
-880
4500
1900
6700
g6 4
h6 4
g6 6
g6 5
h6 5
h6 6
-Ill
1
-41
6
-4
11
70
-2800
400
200
-7530
750

-
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Link with Earth's Rotation

We have seen that the dipole terms in (1.7) dominate V at the Earth's
surface. Further, it is clear from Table I that the "axial dipole" mz
corresponding to g 0 has roughly ten times the strength of the
"equatorial dipo1e/;(~,m ) corresponding to gland h 11 . This fact
explains both the usefu1n~ss of the compass ana the genesis of one of
the earliest "explanations" of the compass's behaviour, namely that
lodestone contains a "quality" (which can be transferred to iron) which
attracts it to the Pole Star. We shall interpret the fact different1yl
We shall see in it compelling evidence that Corio1is forces strongly
influence motions in the fluid core.
1.4.

Secular Variation of Field:

Westward Drift

The geomagnetic field depends on time, t. After rapid variations of
external origin (e.g. magnetic storms) have been removed, a slow secular
change remains: the g and h coefficients in (1.7) are functions of t.
For instance, the centred dipole is not fixed in time. Its strength
and'direction chanffe continuously. Of particular interest are the
rate of change, gl ' of the axial dipole moment (much the same as ffi)
which is shown in Fig. 1, and the location of the North magnetic pole
which is shown in Fig. 2.
There is a suggestion in Fig. 2 that the magnetic pole has been
drifting westwards since 1550. If the $0 displacement from 1780 to 1980
is representative, the pole will circumnavigate the globe in about
4500 years. Betwnen 1780 and 1980 the "tilt", 6 0 , of the magnetic axis
has been about 11 , although it seems to have been much less 400 years
ago.
Other harmonics of the field also show secular change and westward
drift. In Fig. 3 we see the secular rate of change of B$ in 1983. The
isolines are large, characteristically of continental dimensions. This
is true also of other components of Band B. In Fig. 4 the magnetic
E
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Figure 1. Comparison of &1 U ,$ and d(t.t)dt (from Langel, 1985, with permission).
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declination is shown at six different epochs. While the successive fieM
patterns have a different structure, they are recognizably distortions
of each other, and the principal distortion is again a "westward drift".
The drift is not a solid-body rotation of the pattern; the westward
motion depends on latitude and even, in some places, on longitude. Said
another way, the drift rate of each non-axial harmonic
(mr 0)

is different, with that of 11. = 1 being particularly sma11. For this
reason 11. = 1 is often omitted; the drift of the "non-dipole field" based
on an average of ~J/,m ?ver a11 harmonics with 2 ~ J/, ~ 5 is shown in Fig. 1,
where it is labelled $. Assuming Figs. 1 and 2 are representative, the
non-dipole field appears to include shorter timescales than the dipole
field; ~ is characteristically -0.2° /yr, suggesting circumnavigation of
the Earth in less than 2000 years. Persuasive cases have been made for
even a 60 year component in the secular variation.
180·

270·t-t--t-r-+-=±:::::=-~a~::::t-+--t-t-+-190·

o·
Figure 2. Position of geomagnetic North Pole as a Function of Time
(from Langel, 1985, with permission).

78

1.5. Longevity of Field.
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Reversals.

When a rock is formed, be it sedimentary or igneous, it captures the
prevailing magnetic field at the time of its birth. It is en the basic fact
that palaeomagnetism rests, a science that has revealed startling and
profound facts about the Earth's structure, dynamics and past history.
Its power as a geological tool depends on the fact that the geomagnetic
field is as old as the Earth.
From measurements of the fields fossilized in geologically recent
lavas, erupted over times long compared with the secular variation sca~,
it has been shown that, if Fig. 2 were plotted over such long periods,
the pole would fill a spherical cap of roughly 10° radius with its centre
at the geographic pole. Assuming that this is true over all geological time,
the pa1aeomagnetist can infer the position of the geographic pole
(relative to his sample site for the relevant geological epoch) by
taking the mean of the virtual geomagnetic poles they give. In this
way, fundamental information has been obtained about the drift of
continents during the past three billion years of the Earth's history.
This subject lies beyond the scope of these lectures.
While m (or glO) does not seem to have changed greatly in magnitude
in the past, it has frequently altered its sign. Often, but very
irregularly, the entire field seems to have undergone this great spasm
of "reversal". The last reversal seems to have occurred about
0.75 Million years ago, but there appears to have been no reversal

Figure 3. World contour Map of the s~cular Rate of Change of the~ast
Component of the geomagnetic Field, B~, at the Earth's surface.
Source: the 1983 model from the Goddard Space Flight Center
(from Langel, 1985, with permission), Units are nT/yr.
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during the 50-70 Million Years of Permian. Long periods of one polarity
are called "polarity epochs"; short periods are "polarity events".
1.6. Variations in Length of Day
Changes occur in the length of the day for many reasons but, even after
the seasonal variation and the slow tidal deceleration of the Earth
have been subtracted, a secularly varying part remains, showing timescales not unlike the geomagnetic field. The suggestion is strong that
they are connected, though not perhaps in a very direct way. Let ~t
be the change in the length of the day, compared with some standard
value, then d(~t)/dt is the rate of change of the mantle's rotation
period. This is plotted in Fig. 1, where the similarity with 810 and
¢ can clearly be seen.

Figure 4. Global Maps of the magnetic Declination, D = -tan -1 (B /Be)'
at six different Epochs (From Barraclough, 1974, with permissio~).
Units are Degrees.
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ELECTRODYNAMICS

2.1. Early Theories of Geomagnetism.
Except in its uppermost layers, the interior of the Earth is above the
Curie point. It is impossible to explain
the magnetic field of the
Earth by the permanent magnetism of its interior. The geomagnetic
field owes its existence to electric currents, and it "only" remains to
explain how these currents have managed to persist over geological time.
Although currents in the mantle are required in order to explain
the apparent connection between the geomagnetic field and the length
of the day (§1.6), these currents are likely to be small compared with
those flowing in the core, simply because (§1.2) the conductivity of
the core is much greater than that of the mantle. We will be little in
error if we suppose that the currents responsible for the geomagnetic
field flow only in the core.
How are these currents generated? Various mechanisms have been
proposed. For example, electric currents will certainly be driven by
the electrochemical and thermoelectric potentials that exist in the
Earth's core. It has, however, been found hard to explain how potentia~
of the necessary magnitude could arise. Moreover, the currents produced
in this way are most plausibly of "poloidal" type, with attendant
"toroidal" magnetic fields that are trapped in the core. Further
consideration of this point gives us the opportunity of defining these
terms, which pervade geomagnetic theory and which will be directly
useful in §2.5 below.
A field obeying (1.2) can be written as the sum of toroidal and
polo ida 1 vectors:
(2.1)
where E is the radius vector from the geocentre.
law

According to Ampere's
(2.2)

[see the discussion of §2.3 below; Va is the permeability of free space],
the corresponding electric current density is

i.e. the toroidal field V x (Tr) is fed by the poloidal current
yxyx (TE)/Va' and the p~loida1 field V x V x (Sr) is fed by the
toroidal current 'l... x (-V 2 S E)/V o' In an-in-;ulator (:!. = 0) we have
T

o,

(2.4)

and in fact S is closely related to the potential V introduced in (1.3):
V

a

- -(rS)
Clr

(2.5)
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Clearly, however, there is no toroidal field in an insulator.
If we temporarily ignore the motion v of the core and suppose that
B is steadily maintained by electrochemical or thermoelectric potentiaw,
~, we have by Ohm's law
J =

(J

-E

(2.6)

= - aVw

-'

where E is the electric field and a is the electrical conductivity
(assumed constant). We now deduce from (2.3) and (2.6) that
2
LT=-

lI

"'0

o rd~
dr '

V2 s = 0 ,

(2.

n

where
[1

- sin 9

d(.
d)
1
as
s:m 9 as + - .-2-

S1n 9

(2.8)

is the angular momentum operator. Without going further into the
technical details of toroidal and poloidal vectors (but see §2 of my
chapter on "Convection in spherical systems" in this book), we can
appreciate that, since S is by (2.4)2 and (2.7) a potential field
.
.
2
everywh ere, 1S cont1~uouS on r = R, and according to (1.8) vanishes as
r ~ at infinity,

S ::: O.

(2.9)

In reaching this conclusion we have included only potential
differences that arise in the bulk, e.g. between a rising hot stream
of fluid of one chemical composition and a falling cold stream of
another. A more obvious source is the CMB where two very different
media meet, an iron-rich core and a semi-conducting mantle. It is
therefore pertinent to remark that (2.9) applies also in this case.
We have shown that, no matter how strong the electrochemical and
thermoelectric effects, they can only steadily produce toroidal fields,
and these are magnetically undetectable at the Earth's surface. To
create the observed field, some further mechanism must be invoked that
excites poloidal fields from toroidal fields. This is not a simple
matter, but such a mechanism does exist: the a-effect, to be described
in §4.2 below. The a-effect is a subtle form of electromagnetic
induction.
2.2. Dynamo Hypothesis
Although electrochemical/thermoelectric potentials might, if large
enough, generate the toroidal field of the core, there is an alternative
and simpler process, the w-effect (§2.4), which can efficiently create
toroidal field from poloidal field. The w-effect is a straJghtforward
form of electromagnetic induction, and one is naturally led to wonder
whether, instead of invoking electrochemical or thermoelectric effects
of doubtful potency, it would not be simpler and more realistic to
suppose that electromagnetic induction "does the entire job", both
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creating poloidal field from toroidal field and the reverse. This is
the dynamo hypothesis for the origin of the geomagnetic field.
A self-excited dynamo may be pictured as follows: the moving part
of the dynamo induce from the prevailing magnetic field, ~, an electromotive force v x B (where v is the velocity of the conductor) and this
e.m. f. sets up electric c"iirrents which through Ampere's law (2.2) produce
the very same inducing field B that created J. Stated this way, the
process seems suspiciously like "hoisting on;self up by his own boot
straps", but the mechanism is essentially the one employed in commercial
power stations and is in no sense a perpetual motion machine violating
energy conservation. The simplest example, the homopolar dynamo, is
illustrated in Figs. 5.
In Fig. Sea), the conducting disk, D, rotates with angular velocity
g in a uniform field ~ parallel to its axis, A'A. Positive charges (p)
build up on the rim of D, negative charges (N) on A'A. Charge separation
is "necessary" to create an electrostatic field radially inwards along
the disk to cancel out exactly the equal and opposite electromotive
force, ~ x~, created by the motion ~ = g x.E of the disk. The electric
circuit is not complete, and no current flows. In Fig. S(b), a
stationary wire, W, is added to join
A'A to D, electrical contact
being made through sliding contacts (brushes) at Sl and 8 2 , The charges,
that build up in Fig. S(a), are in Fig. S(b) drawn off as electric
current, I: the electromotive force is now motive. In Fig. S(c) the
wire, instead of taking a short path from D to A'A, is wound near the
periphery of the disk, and in its plane. The direction of this winding
is chosen so that the magnetic field, b, produced by the current, I,
flowing in the wire, cuts the disk in the same sense as the original
uniform field. Of course, there was no special reason for choosing a
uniform field in the first place. The dipole-type field created by the
winding also induces current in the moving disk. It is plausible and
true that, if the n is large enough, so that the e.m.f. uxb can create
a sufficiently large I, the uniform field can be complet;ly-dispensed
with, and the device will retain its fields and currents for as long as
n is maintained. It is then a "self-excited dynamo".

A

II

(c)

A'

Figure 5.

The Homopolar_Dynamo.

(b)

JLI
u

II
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There are ohmic losses in the circuitry of Fig. 5(c) which must be
made good by the couple that maintains the angular velocity, n, of the
disk. It is easy to see that the Lorentz force, i x~, in the-disk
opposes its motion, as one would anticipate from Lenz's law. In the
steady state the associated couple is equal and opposite to the applied
torque r maintaining n. In this way, the available r determines the
steady state strengths of field and current.
2.3. Basic Electromagnetism.
We will be interested only in conductors moving with
speeds,
C,

v «

non~relativistic

(2.10)

on timescales long compared with the time taken by light (travelling at
speed. C) to cross the system considered. Under these circumstances we
may neglect displacement currents, and use the pre-Maxwell equations:
'V.B

'ijxE = -a~/at,

o•

(2.11,2.12)
(2.13,2.14)

Here D is the electric displacement, H the magnet~z~ng force, and .:; the
electric charge density. We must add a constitutive theory. Assuming
isotropic materials and no intrinsic magnetization, we postulate
(D

J

= cr(~ + ~ x~)

,

(2.15,2.16)
(2.17)

where £ is the permittivity. It was from (2.13) and (2.15) that we
obtained (2.2). Ohm's law (2.17) is the appropriate generalization
of the more familiar form (2.6) which applies only to stationary
conductors: it includes the e. m. f. v x B discussed earlier.
From (2.11), (2.13), (2.15) and-(2~17) we obtain "the induction
equation":

aB
--==at

=

(2.18)

where
I

(2.19)
is "the magnetic diffusivity" (dimensions m2 /s). It implies that
(a/at)~.~ = 0, so that if (2.12) holds initially (as it must) it holds
for ever. We shall be vitally concerned with the solution of (2.18) under
appropriate boundary conditions, and with the J and E that result from
(2.2) and (2.17). If need be we can then d;duce D and -it from (2.16)
and (2.14) but, through the neglect of displacement currents, these
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quant1t1es play a passive role that leaves ~, ~ and! unaffected. For
this reason (2.14) and (2.16) are uninfluential and have been placed in
brackets. It may also be shown that, for consistency with (2.10), the
energy density of the electric field and the electric stress tensor are
both negligible compared with their magnetic counterparts, and that the
advection~v of charge by motion is properly omitted from J in (2.17).
Also, B is Invariant under translation or rotation of frames: by (2.2)
the same is true of J, but by (2.17) not of E.
Equation (2.1B)-is often written in its-constant-n form:
ali = v x (v xB)
at
- --

+ n v2_B ,

(2.20)

where we have used (2.12) and the identity V x V x B '" V(V.B) '- V2B. A
- - -dimensionless form follows from the scaling- - -

-

(2.21)
where L is a characteristic length (e.g. c) and U is a characteristic
fluid velocity:
aB
-=
= R V x (u x B) + V2 B

at

m:-

-

-

(2.22)

-'

where
R

m

=

UL/n

(2.23)

is "the magnetic Reynolds number".
2.4. Skin Effect.

Flux Ropes.

The w-Effect.

Alfven's Theorem.

The objective of this subsection is to gain relevant experience in the
solution of the induction equation (2.20) by using simple models
involving solid conductors.
An important example, quoted in every book on electromagnetism,
illustrates "the skin effect". Imagine that a uniform stationary
conductor fills the half-space z;:: 0, and that z < 0 is vacuum. Let an
oscillating field,
B

(2.24)

be present in z:5 0, where x is the unit vector in the x-direction.
Since v = 0 in the conductor, the field in z;:: 0 obeys according to (2.20)
the vector diffusion equation,
(2.25)
and using (2.24) as boundary condition on z =0 we quickly find that in
the conductor
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(2.26)

B

where

o

= (2T)lw)

J.:

(2.27)

2 •

The currents induced in z > 0 by the field (2.24) flow in a skin on the
surface of the conductor and screen its deep interior from that field;
the amplitude of B decreases exponentially in the e-folding distance, 0,
called "the skin depth".
We may apply this idea to determine the steady field, b, induced
by a rapidly rotating; electrically conducting cylinder, s ~a, placed
in a field ~O = Bo~ perpendicular to its axis, Oz. LHere s, the
distance from Oz,'is one of the cylindrical coordinates (s,$,z) used
below.] The exterior of the cylinder is a uniform stationary conductor
in perfect electrical contact across s = a with the cylinder. The
configuration, for a zero angular velocity, w, of the cylinder, is
sketched in Fig. 6(a). We shall concentrate on the rapidly rotating
limit by which we mean that the magnetic Reynolds number,
R

m

2

(2.28)

a wIT) ,

is very large.
Imagine an observer fixed to the periphery, s = a, of the rotor.
He will be subjected to a rapidly oscillating magnetic field which,

B

\

(a)

(b)

Figure 6. Induction by an infinite rotating cylinder in perfect
electrical contact with a surrounding stationary conductor. In (a)
the applied transverse field ~o is shown; in (b) the sum of applied and
induced fields, ~, is shown.
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therefore, penetrates as a thin boundary layer only a small distance
«<a) into the rotor. Thus, the rotor is almost completely diamagnetic:
magnetic flux is expelled from it. [See Fig. 6(b).] To a good approximation therefore

o

B

s

=0

'

on

(2.29)

s=a .

Consider now the field in the surroundings.
and at great distances where b is negligible
as

s

This must obey (2.29)
(2.30)

+00 •

Since the state is steady and the conductor is uniform ·(2.11), (2.17)
and (2.13) show that
~.~ = ~ .

Thus E

1S

!.../cr

= 0 .

an electrostatic potential field

It is however clear, from the direction of v x B in the rotor, that E can
have only a z-component, i.e. that ~ and ther;fore E z is a functio~
of z alone. But E z must vanish for s +00, since no electric field has
been applied. It follows that E = 0, and B is therefore a potential
field as in (1.3) and (1.4). The relevant V which obeys (2.29) and
(2.30) is
V

2

a
= -B o(s +-)cos
S

A-

'i' ,

s<:a,

(2.31)

showing that the field induced outside the rotor is a line-dipole,
strength a2BO per unit z-length, opposing the applied field ~O.
Two points should be emphasized. First, the flux expelled from
the rotor tends to be concentrated very close to its surface in "flux
sheets". In three dimensional models, involving say rotating spheres
rather than rotating cylinders, the expelled field forms "flux ropes"
rather than flux sheets. Second, the results above apply for w» n/ a 2
or more strictly in the limit w +00. It is interesting that the induced
field b does not grow indefinitely with w, but tends to a limit. The
situation is quite different in the next example.
Imagine an electrically conducting sphere, r ~ c, steadily rotating
about an axes Oz ~rallel to an applied uniform field ~O = Boi, there
being again perfect electrical contact across r = c with a stationary
uniform conductor of the same conductivity, cr. What field, b, is induced?
We omit the details of solving (2.20) and merely state the r~sult:
~ = ~9 +

where

E. '

(2.32)
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1

WC 2

5"

n

(%) 3

sin

e cos e,

r

<':

c ,

(2.33)

1 wc 2
B = -5
(2.34)
t~)2 sin e cos e , r:S;c.
</>
n
The current system induced by the motion of the rotor is indicated
in Fig.7(a). It may be seen that, since b and v are parallel, only the
applied field ~O induces currents. Since-(for w>O) B</> is negative in
the northern hemisphere and positive in the southern hemisphere, the
lines of force of the total field B are as sketched in Fig. 7(b). It
seems as though the lines of force-are dragged round in the direction
of the rotor's motion. This may be understood by an appeal to Alfven's
frozen flux theorem.
Alfven's theorem states that, in a perfectly conducting fluid
(i.e. 0=00, n=O, R =00), the magnetic tubes of force are material
volumes, i.e. volumWs that move with the fluid as though frozen to it.
(For a proof, see for example §3.l of Moffatt, 1978.) Our fluids are
not perfectly conducting. (Indeed by §2.5 the dynamo problem has no
meaning in a perfect conductor.) But our fluids will in some respects
resemble perfect conductors when ~ is large. There will however always
be some drift of the lines of force relative to the conductor proport~
to their curvature and to the size of n. This drift tends to reduce the
curvature, i.e. "straighten up" lines of force that are bent. Thus, the
turning of the rotor tends by Alfven's theorem to pull the lines of
force round with it, as illustrated in Fig. 7(b). but this effect

Q

B
I

(a)

Figure 7. Induction by a rotating sphere in
with a surrounding stationary conductor. In
parallel to the angular velocity g is shoW?;
induced is illustrated. In (b) the sum ofapphed

(b)

perfect electrical contact
(a) the applied field, ~O'
also. the cur:ent ~ystem
and mduced f~elds ~s shown.
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gradually lessens as the curvature in the lines of force increases,
and the lines of force increasingly drift through the conductor back
towards their original positions. In the steady state this drift is
equal and opposite to the drag associated with Alfven's theorem.
The larg~r the
v.
the more the drag, the greater the distortion
of ~O' i.e. the larger the induced field~. In confirmation we see
from (2.33) and (2.34) that there is, unlike the cylindrical rotor
considered earlier, no limit to the magnitude of B$' which increases
linearly with w as w+ oo , i.e. B$OCR Bo where R = wc 2 /n is the magnetic
Reynolds number of motion; see also w(2.39) bel~w.
It should also be particularly noticed that it is the shear at r = c
that induces the field, not the velocity of the entire rotor. Because
of the invariance of the induction equation (2.20) to rotation of the
frame, the rotation of the entire conductor can no more induce field
than can a stationary conductor, which is to say not at all.
The idea that shear can create zonal field B from a meridional
field ~ is, if generalized, a useful one in geom~gnetism. Instead
of supposing the shearing motion is confined to a single surface as
above, we suppose that

~

= w(r,S) r sinS

i '

(2.35)

and in place of (2.32) we write
B

B

-p

+ B

-T

(2.36)

,

where

(2.37)

~p

The inducing field is no longer the uniform field ~O but the canonical
example of a poloidal field (2.1)3' namely an axisymmetric field with
lines of force lying in meridian planes. The induced field, ~T' is
the canonical example of a toroidal field (2.1)2' namely an aX1symmetric
zonal field, i.e. one whose lines of force follow lines of latitude.
There is no need now to assume that all~ace is conducting. We may
suppose that an insulator lies above r = c, the CMB.
It quickly follows from (2.20) that, in the conducting core,
ClB

JClt = nllB $

+ s

~p.'iw ,

(2.38)

2
-2
where II = 'V - s . It is the final term, s~p.'iw, that prevents B from
diffusing away. Its presence ensures that a toroidal field of s~rength

(2.39)
is created from the poloidal field. This is the "w-effect" referred to
in §2.2, and which was there advocated as an attractive alternative to
the dubious charms of electrochemical or thermoelectric excitation of
~T'
It should be noticed however that the w-effect does not maintain
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and only.generates ~T while ~p is present. Thus, while the w-effect
may temporar1ly create a toroidal field large compared with a parent
poloidal field, unless a mechanism can be found to support ~p its
ultimate fate will be to diffuse away, after which ~T must follow suit.
The w-effect cannot unaided sustain a self-exciting dynamo: see §3.2.

~P'

2.5. Pecay Modes for a Sphere
We have had occasion more than once in the last section to point out
that, unless supported by a source, a field will die away in time
through ohmic resistance, i.e. through the finiteness of cr and n. This
is an important point for the theory of geomagnetism for, were it true
that the diffusion of field from the core is insignificant over the age
of the Earth, there would be no need to search for a theory of
geomagnetism: the geomagnetic field would, as much as the rocks, be a
fossilised relic of the Earth's birth.
To examine this question, we suppose that the conducting region
is a uniform sphere r ~ c (the inner plus outer cores of the Earth),
surrounded by an insulator (the mantle and the free space above it).
We neglect motions, and therefore seek solutions of the vector dif~IDn
equation (2.25) in r ~ c, and join it continuously at r = c to a potential
field of the form (1.7), which satisfies the crucial condition (1.8).
It is convenient to divide B into its toroidal and poloidal parts
as in (2.1). It is easy to show-using the techniques of §2.l that
(2.25) implies that the defining scalars, T and S, obey analogous
scalar diffusion equations:
aT
at

2

- = n'iJ T

as
2
= n'iJ S
at

-

'

while above the conductor (2.4) holds.
<B> = 0 ,

at

<T> = 0 •

<S>

(2.40)

r~c;

Continuity of B

r=c,

(2.41)

requires

= <as/ar> = 0

,

at

r = c.

(2.42)

Here <Q> is the leap, Q(c+) -Q(c-), in a quantity Q 1n crossing from
vacuum to conductor.
This system of equations and boundary conditions may be conveniently
solved by dividing T and S into their spherical harmonic components:
S

(2.43)

Equation (2.4)2 shows that since B +0 as r +00,
Sm,..,. -(R.+l)
R. ""'" r

,

so that everywhere in r > c

r+ oo

,

(2.44)
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o.

(2.45)

In particular, (2.45) holds on r = c+, and by (2.42) also on r = c-.
using also (2.4)1' we see that (2.40) must be solved subject to
TR.

m

as

=

m

__
R._ + (M1)

0 'ar

sm

=

0

cR.'

r = c.

Thus,

(2.46)

After substituting (2.43) into (2.40) we quickly find
(2.47)
where
(2.48)
j (z) being the spherical Bessel function of order R., and kR..being one
of its positive zeros. [The property j~(z) + (R.+1)jR.(Z)/z = JR._l(z) has
been used in order to obtain (2.47)2 from (2.46)2.J
Equations (2.48) give the decay rates of the R.th harmonics of
toroidal and poloidal field. The longest lived modes are those corresponding to the smallest positive zero of jR.(z) , and we will confine
attention to these (while recognizing that the entire spectrum of modes
would be required to solve the general initial value problem for B).
These sm~llest k~ are in~reasing functions of R., the. smallest being
ko = Tf. LNote: JO(z) = S1n z/z. J Thus the longest l1ved modes are the
poloidal dipole f1elds s~ and si, associated with ~ in §l.l. As R.
increases, so do the decay rates, those of the modes TR. m always being
the same as those.of S~+l' according to (2.~8). and all be~ng independent
of m. The e-fold1ng t1me for the centred d1pole moment ~ 1S
(2.49)
or about 8000 yrs for the Earth, using values quoted in §1.2. That T
should be proportional to c 2 /n might have been anticipated on dimensiorull
grounds, but the additional reduction of T by a factor of nearly 10
could not. Of course, similar results hold for conductors that are not
spherical, but the analysis is usually more difficult to perform.
3.

RESULTS FROM KINEMATIC DYNAMO THEORY

3.1. Statement of Kinematic Dynamo Problem
Let 'l! be a bounded volume of conductor moving internally with given
(steady) velocity v = Uu (where u is dimensionless) but bounded by a
fixed surface,~, beyond which lies an insulator,
We seek a magnetic
field, !, that obeys the induction equation in the conductor:

Vr.
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at = Rm -1/ x (u- x -B)

~

(3.1)

in 1';

+ I/ 2B

-'

A

and a magnetic field B that is potential in ~
B

= -Y.Y ,

in

it.

(3.2)

is continuous with B:
<B>

= 0,

on

J,

(3.3)

and which vanishes at great distances from an origin in
B = O( r

-3

),

2r:
(3.4)

r+co.

The motions Yo are said to provide "a self-excited

dynamo" if
(3.5)

We recognize in (3.1), (3.2), (3.3)* and (3.4), the equations (2.22),
0.3) and (1.4), (2.41) and (1.8) derived and discussed earlier.
Condition (3.5) states that the system sustains its magnetism as did
the homopolar dynamo of§2.l. Unlike the manmade and deliberately
asymmetric structure of the homopolar dynamo, we have in mind the simple,
almost spherical 1)" of cosmic bodies such as the Earth, planets and stars,
in which many paths exist to short-circuit currents, and for which the
existence of solutions to (3.1) - (3.5) is by no means obvious. Indeed,
some negative results are stated in §3.2.
Considered as a mathematical problem in the theory of vector partial
differential equations, (3.1) - (3.4) is linear and not self-adjoint.
As stated (for a finite body 7.T> we may expect that the eigenvalue
spectrum is discrete and complete, i.e. a solution can be expressed as a
sum of normal modes of the form
(3.6)
There are basically two possibilities:
(a) if R~(A) <0 for all A, B will not satisfy (3.5) and dynamo
action does not occur;
(b) if R~(A) ;:: 0 for any A, (3.5) is satisfied and v is "regenerative".
The eigenvalues A are continuous functions of R and since we know
(§2.5) that (a) obtains when Rm=O we may infer thatm(a) obtains for all
* We may note that, in addition to (3.3), <nxE> must vanish on.&.
This condition would be influential were ira-conductor, and it must be
used, for instance, for the rotors of §2.4 or in §3.3 below. In an
insulator, however, E contains an electrostatic part, -1/$, which can
always be chosen both to vanish at infinity and to make <n x E> = 0 on 113.
Thus, it is unnecessary to determine E in order to solve the-problem
stated: it may have been seen that E-was considered in the analogous
situation of §2.S.
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sufficiently small Rm' If now we consider a sequence of states of
increasing U, it may happen that a marginal state, ~=~c' is reached
where RR.o.') =0 for one (or more) A=Al'say. If Im(Al)=0 we may, in
analogy with convection theory, say that "the principle of the exchange
of stabilities holds": a field can then be steadily maintained for
~=~c'
If Im(A1)=r O, we have "overstability", a field of constant
amplitude can be obtained, but it is oscillatory. If we have reason to
believe that steady solutions exist, we may seek the marginal Rmc in a
different manner, by omitting aB/at on the left of (3.1) and treating
~ as an "eigenvalue" to be det;rmined.
3.2. Non-support of Axisymmetric Fields:
We here amplify remarks made in §2.4
whether axisymmetric magnetic fields
Clearly the container lrand inducing
axisymmetric also, since otherwise
appear. We therefore write
~T

Cowling's Theorem.

and generalize them. We examine
can be maintained by dynamo action.
velocities must be assumed to be
asymmetric fields would necessarily

= w(r,eh sin e

!,

This represents a generalization of (2.35) by the addition of a ~~
motion ~p' and (2.38) requires modification. The magnetic field is
written 1n the form (2.36) and (2.37), as before.
The induction equation (3.1) gives
aBcp

at +

s

B

~p.y. (~= n

i\Bcp +

s~p.y'w

aA
~p
-at + - s . -V(sA) = n M ,

M = 0

~

in 1i'.

<B > = <A> = <E:.' y'A> = 0 ,
cp
A=0(r- 2 ),
r+co.

(3.8)
(3.9)

where we have reverted to dimensional units.
and (3.4) we have
Bcp

,

According to (3.2), (3.3)
(3.10 )

on

<8,

(3.11)
(3.12)

It should be particularly noted that, while the toroidal "field has
in (3.8) the w-effect source to create it from ~P' the poloidal field
equation (3.9) has no source, the second test on the left-hand side
being no more than part of the motional time derivative of sA following
the poloidal motion. It is not surprising that, by multiplying (3.9) by
s2A and integrating over V one can with the help of (3.10)-(3.12)
prove that
(3.13)
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i.e. the poloidal field vanishes as t -+0. Once ~p = 0, there is no
longer an w-source in (3.8), and by multiplying that equation by Bm/s2
and integrating over'Uone can then by using (3.10)-(3.11) prove that
B 2
f (J.)
dV =

at J".
a

s

-2n

r

J

B

2

(_1/( s<P) ] dV < 0 ,

(3.14)

".

so that the toroidal field also vanishes as t -+00.
We have given S.I. Braginskii's (1964) proof of T.G. Cowling's (1933)
theorem: an axisymmetric magnetic field cannot be maintained by dynamo
action. It should benoticed that t~eorem in no way rules out axisymmetric motions as possible dynamos, but would show
that such flows
could only sustain asymmetric magnetic fields (see §3.3). The most
celebrated anti-dynamo theorem concerning motions is that of E.C. Bullard
and R. Gellman (1954): purely toroidal motions are not self-excited
dynamos. These theorems have analogies in plane geometry: a twodimensional magnetic field (by which we mean a field that is independent
of one of the Cartesi~ordinates but may have three nonzero
components) cannot be maintained by dynamo action*; motions that have
no component parallel to one of the axes of Cartesian coordinates are
not self-excited dynamos. For proofs of these results and helpful
insights see Chapter 6 of R.K. Moffatt's (1978) book.
In view of all these negative results, it is appropriate to supply
a working dynamo, and this we shall do in §3.3. We conclude this
subsection with an interesting extension of the Bullard-Gellman (1954)
theorem due to F.R. Busse (1975).
One of the big uncertainties of geomagnetic theory is the size of
the toroidal field, ~T' in the core (see also §4.2 below). It is
possible to assess roughly the strength of the poloidal field, ~P' by
extrapolating the observed field downwards, and estimates of the
poloidal field energy, ~, made in this way are unlikely to be grossly
in error. It is however quite unsure how much of the total magnetic
field energy, M, that this accounts for. F.R. Busse's bound concerns
M , the field energy of the core
c

~ = 2~o

f B/dV,

M

c

(3.15)

see (2.1); the first integral is over all space. Now ~p is created from
by some kind of induction process (§2.l). Recalling Alfven's theorem
(§2.4) we may picture the lines of force of the toroidal field, which
lie totally on spherical surfaces, being distorted off these surfaces
to supply a field with a radial component, i.e. B. This evidently
requires that v has a radial component. F.R. Bus~e's (1975) bound
relates the maximum value of vr in the core to M 1M .
P c

~T

....-----------------------------------------

.---------------------------------~

* Again, the non-existence of a two-dimensional dynamo ~ does not
imply that a two-dimensional flow cannot regenerate three-dimensional
fields. See §4.2 below, and discussion of the motion (4.14).
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Busse

makes use of the result

0.16)
Since the proof of this inequality given by Busse and several subsequent
workers is fallacious, we should sketch the correct argument here.
Defining ~p as in (2.1) and expanding S as in (2.43), i.e.
S

~

~

l.

l:

~=l

m=-~

S~

m( r,t )p~
' m( e) e im<j> ,

0.17)

we can show, appealing to the orthonormality of the spherical harmonics,
that

Now

integrates to zero, since s~m=0(r-2) for r-roo and ~s continuous at
r = a, and we the re fore have

fromwhich (3.16) follows, by (3.18). We also see that equality obtains
in 0.16) if and only if ~p is a pure centred dipole (JI, = 1).
The scalar product of (2.18) with ~ may be written as
0.20)

This equation is analogous to that governing "temperature", r.B, in a
moving fluid, with B.'i7(r.v) representing "heat sources" inte'i='nal to the
fluid. If these ar; ~ero~ the temperature will equalize unless sources
are present on the boundary. In fact (3.2) - (3.4) ensure that such
boundary sources are absent so that, if the flow is toroidal (r.v=O),
then r.B (and so B ) will vanish as t+oo. This in fact proves-"half"
of th; Bullard-Gellman theorem: the proof that ~T +0 as t +00 is more
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elaborate, and will not be attempted here (see H.K. Moffatt, 1978).
Multiply (3.20) by r.B, integrate over r < a, apply the divergence
theQrem, and use (3.3) to convert the surface integrals to integrals
of B over~. With the help of (3.2) and (3.4), these can be converted
into integrals of
over~, leading to

i

~ ~t J(E.~)2dV

nJ[~(E.~)J2dV

-J. (E·~)~·~~·~)dV,

(3.21)
V
the integrals on the left-hand side being over all space, '!f+1!. The
integral on the right-hand side can be bounded, using the Schwarz
inequality, as
- J

+

=

(E·~)~·~(E·~)dV ~ (E'~)max[J ~2dV f [~(E.~)]2dV]~
19'

11'

(3.22)

~

~ (E'~)max[2\loMcJ [~(E'~) ]2dV]~ .
[Since its integrand is pos~t~ve, the last integral in (3.22) could be
extended from 1rto all space.] We now have from (3.21) and (3.16)

It now follows that if the poloidal field is to be maintained

(r.v)
In ~ C2Mp/Mc)
- - max

~

,

~Udtely

(3.24)

which is Busse's result. The uncertainty in ~T and M is in this way
related to uncertainty in the radial velocity.
c
3.3. Helical Dynamo.
Probably the simplest of all 'fluid'dynamos is the model devised by
Yu. B. Ponomarenko (1973). From a geophysical viewpoint, it is too
idealized to be realistic, for it departs from §3.l in two significant
respects. First, the inducing motion occurs in a circular cylinder, ~,
extending to infinity. Second the exterior, ~, of this cylinder is not
a vacuum but is a material of the same electrical conductivity as the
cylinder, with which it is in perfect electrical contact. Nevertheless
we may believe that the model is a dynamo if (3.5) is obeyed and if
[see (3.4)] B = 0(s-2) for s -+00. It is possible that by wrapping the
cylinder into a torus, and surrounding it by a finite conductor, the two
over-idealizations could be removed without detriment to the dynamo's
regenerative capability, but the attractive simplicity of the model would
be lost, and no-one has so 'far thought this generalization worth untlertaking. The flow assumed by Ponomarenko is particularly simple: a
helical motion of the cylinder as a whole as though solid:
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v

s<a

=

(3.25)

s >a ,

wand U being constants.
The mathematical problem is now that of solving (3.1) subject to
<B> = <E > = <E >
cj>
Z
and of course (3.4) .

0,

(3.26)

s=a,

In 11', (3.1) takes the simple form

(L+ n ~
acf> +
at

U~)B
az -

= nV 2B,
-

s<a,

(3.27)

where a 1/acf> denotes differentiation holding the unit v~ctors i and 1
fixed; we have reverted to dimensional equations. In~, (3.1) reduces
to the vector diffusion equation (2.25). These equations and boundary
conditions admit simple helical solutions of the form
B () imcj>+ikz+At ,
B=_Ose

(3.28)

where
V2B = q2.!! '
V2
q2

B=

q2.!!

V.B =

o,

in

"';

0.29 )

V.B =

o,

in

~.

,

(3.30)

q2 = k2+A/n ,

0.31)

k 2 + (A +imw+ikU) / n ,

and, without loss of generality, RJ/,q<:O and RJ/,q ~O.
We may solve (3.29) and (3.30) by precisely the same boundary-layer
type methods that we used in §2.4 to solve induction by a cylindrical
rotor in a transverse field. We suppose that I qa I »1 and Iqa I » I,
and note that the V2 in (3.29) and (3.30) reduces in the first approximation to a 2 /as 2 , so that in cylindrical coordinates
,,( 0)

B

(O,A~O) 'A~O)Je-q(s-a)
(3.32)(O),(3.33)(O~

The superfix (0) indicates that these are the first and largest terms of
a series solution; we shall have to take the approximation two further
steps. fhe constant~
and A(O) are the same for both Band B in
(3.32)(0 and (3.33) 0 cf>because 5f (3.26)1' The fields are confIned to
thin layers, of thickness Iql-1 and Iql-1 on either side of s=a. The
:ont~nuity e~u1tio{l 0.29)2 and (3.30)2 imply that in the next approx~mat1On B =.!! 0 +.!! ~ where

teo)
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But the continuity of Bs on s

mA~O) +kaA~O)

=a

then requires that
"(1)
B
s

= 0,

o.

(3.36)(0)

Since a non-zero B is essential for dynamo action, we must proceed
to the next approximati~n in which (3.29)1 and (3.30)1 give

-O A(l) A(l)l -q(s-a)_ ~ ( _ ) A(O)
L
, if>
' z
-Ie
2a s a ~
•
The final terms in (3.32)(1) and (3.33)(1) arise because of the curvatur
term s- l a/as in the
~2 operators. They play no part in what follows.
The curvature terms in 1.~ and2~'~ ar~ ~~wever crucial when we use
(3.29)2 and (3.30)2 to find B~ 7" and B~ . For example (3.29)2 gives

so that

and similarly

The continuity of Bs on s

=a

now implies

mA~l)+kaA~l)

Finally we must ensure continuity of n x E on s = a. Condition (3.26)2
has already been met; we need apply only (3.26)3 which requires

n < dB,k / ds >
'i'

+ B

S

<u >
if>

=0

,

s

= a.

(3.38)
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Substituting from (3.32)(0), (3.33)(0) and (3.36);1), we finally obtain
(3.39)

~

q + q

the required lldispers ion relation" determining the complex growth rate A.
In solving (3.39), we should recall that, for self-consistency
qa » 1, qa » 1), the magnetic Reynolds number Rm = wa 2 In must be
large.
The transcendental equation (3.39) is easily solved when

(I I

I I

n :: mw

(3.40)

+ kU

1S zero. The significance of n = 0 ma( o~e appreciatra by observing that
according to (3.36) the field (3.32)
and (3.33) ) lies on helices
whose pitch (sd<P/dz} is -ka/m, a constant. Thehelixpitch defined by the
motion (3.25) is variable: ws/U.
These helices are parallel on the
surface of the cylinder when &1=0. When &1=0, (3.31) and (3.39) give

q=

q ~ (iwm/2na) 1/3 ,

(3.41)

or
(3.42)
If

(3.43)
A has a pos1t1ve real part, corresponding to dynamo action.
We expect (§3.2) from Cowling's theorem that the Ponomarenko dynamo
will fail if m=O; from the Cartesian antidynamo theorems we expect
that it should also fail if k=O or U=O. Such indeed is the case, and
(3.43) demonstrates this for the present asymptotic limit.
LRecall here
that, if &1 given by (3.40) is zero, and k or U is zero, then mw=O.j
If we want to ask the question, 'What is the smallest possible
velocity that can make Ponomarenko's model regenerate field,' we must
obtain the dispersion relationship 1n the general case, and search
numerically for the smallest value of

x = U/wa

.

(3.44)

hThe maximum velocity, (U 2 +w 2 a 2 ) 1/2, which occurs on s = a, c!early makes
R more appropriate than R.J It is found that the minimum R occurs
f~r X~1.314, for the modemm=l, ka~-0.38754. The correspon:!ing
frequency is Im(A) ~ 0.41029961(n/a 2 ), and the minimum magnetic Reynolds
number is
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17.7221175 ...

R
m

(3.45)

(These results were obt~ined through several overnight runs of the
author's TI-59 programmable calculator.)
4.

MEAN FIELD ELECTRODYNAMICS

4.1. Turbulent Diffusion.
The working dynam~we have so far encountered, in §2.l and §3.3, are too
artificial to be relevant to naturally occurring dynamos in planetary
cores and stellar convection zones. When we have stepped too close to
relevance, as in §2.2, we have failed to sustain fields. We have nevertheless acquired useful experience. The homopolar dynamo has taught
us to value asymmetry of structure, and the Ponomarenko dynamo has
told us that this asymmetry need not lie in the physical structure of
the body but can instead reside in the (helical) structure of the
motions. The axisymmetric dynamo, governed by (3.8) and (3.9), failed
because it lacked a mechanism to create poloidal field from toroidal
field. We may well wonder whether, by the addition of an asymmetric
motion with a suitably helical structure, we can provide this missing
ingredient.
From this point of view we must be encouraged by the
models of §3.3. And the mechanism sought exists; it is known as
"the a.-effect" (§4.2).
The easiest way to understand the a.-effect is to consider induction
by turbulence of known statistical properties. We must first
establish a notation: by Q(x,t) we mean the average of the field Q,
at location x and time t, over an ensemble of (identical) turbulent
systems. We-then denote by Q' = Q - Q the fluctuating remainder which,
by definition, has a zero ensemble average. In short, we shall write
Q

Q + Q' •

(4.1)

We shall at first suppose that the turbulent inducing velocity has no
mean part:
v

v' .

(4.2)

Consider the turbulent diffusion of some passive scalar field, such
as temperature, that obeys the equation
DQ _ 3Q

Dt =

at +

2
~. J.Q = DmV Q ,

(4.3)

where D is the molecular diffusivity; D/Dt is the motional derivative,
i.e. th~ derivative following the motion of the fluid. When we
substitute (4.1) and (4.2) into (4.3) and average (4.3) over ensembles,
we obtain
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2.Q - D V2Q = -

at

m

V

-

I •

VQ I

-

•

(4.4)

Subtracting this from (4.3) we deduce

~'

at

-D

v2Q'

(4.5)

m

A crude approximation (that can sometimes be defended)omits the final
terms, between square brackets, in (4.5), This is known as IIfirstorder smoothing", We then obtain

ao'
at

.:::;1.

-

D V2Q I = -v'. VQ .
m

- -

(4.6)

Regarding v' as known (see above), we may solve (4.6) as
(4.7)
where r:y. is a linear functional of the unknown Q. Substituting (4.7)
back into (4.4) we obtain a closed linear equation for Q:
(4.8)
Despite the apparent complexity of the last term in (4.8) we may
make a plausible physical guess at its nature. Let us remind ourselves
first how the term D V2Q in (4.3) could be motivated by a crude
argument from kineti~ theory. An imaginary surface,~, is drawn
through ~ perpendicular to ~Q (=~I~QI,say), and it is noted that
molecules within a mean-free-path, i, on each side of...& and moving
towards it, probably cross~ without suffering further collisions.
Since they carry with them Q(x+i~) or Q(x-i~), depending on whether
they start from the side ofJ-with large; Q-or smaller, a flux of Q is
created, proportional to -~iVQ where ~ is the root-mean-square molecular
speed. It is the divergence-of this flux that gives the D V2Q term
in (4.3), with D ~ vi as diffusion coefficient.
m
We shall no~ recall that turbulent eddies behave, in some rough
and ready sense, like molecules in transporting Q. We may not be
greatly in error if we substitute "eddies" for "molecules", "correlation
length" for "mean-free-path", "root-mean:square turbulent velocity" for
"root-mean-square molecular speed", and Q for Q. And the last term in
(4.8) becomes
(4.9)

where D'I',the "turbulent diffusivity", is again of order vi, but with
the different meanings indicated. We can then write (4.8) as
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(4.10)
where
D

(4.11)

is the total diffusivity. "
F'. Krause and K.-H. Radler (980) have written a book that makes
a special study of this and similar results based on first-order
smoothing, an approximation that they consider is justified if either
the microscale Reynolds number, R = V9..!D is small or the Strouhal
number S = VT/R, is small, where T 1fs the ~orrelation time of the
turbulence. They indicate that
(4.9) follows when either Rm »1 and
.
S« 1 or when R «1 and S» 1. In the former case* DT =0(V 2 T), which
is large comparWd with D if R S» 1; in the latter case*,
D = 0(v2R,2/D ) «D.
m
m
T
The ideamthat ~ term such as -v'NQ' on the left of (4.4) could be
represented by a simple diffusion ter; as on the right of (4.9) is very
old. Osbert Reynolds suggested in the nineteenth century that_the
inertial term -v'.Vv' in the equation governing the mean flow v in a
turbulent fluid-could be represented by VTV2~, with v T a turbulent
viscosity. And it is not surprising that historically the first attempt
to understand electromagnetic induction in a turbulent, electrically
conducting fluid emphasized strongly that the mean of the non-linear
term -~.VB, included in
(4.12)
in the induction equation (2.20), would behave like n V2B, with a
turbulent diffusivity, nT possibly large compared with the molecular
diffusivity**, n. This turned out to be an oversimplification, since
it overlooked anmeffect that is very significant for field generation
(see below). This is not to say that an enhanced (turbulent) diffusion
of the mean magnetic field, B, does. not arise. Indeed, the short
(22 year) period of magnetic-activity on the Sun (the solar cycle)
could not be explained unless nr ~ lO'+n m. Rather, it means that in the
transport of a passive vector f1eld like B, there is another consideration
that may outweigh mere turbulent diffusio~ of B.

*

Common~y S =.0(1) in a turbulent. flow, so th~t DT = 0(V2 T) implies _
DT=O~VR,); 1£ ~ =.00), the est1mate DT =0(v2 R,2/Dm) implies DT=O(vR,).

In th1s way, w1~1n the framework of f1rstorder smoothing (but outside its validity), the earlier physical guess is recovered.

** In this section n will not denote the molecular diffusivity but the
sum of turbulent and molecular diffusivities.
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4.2. The Alpha Effect.
The oversight in early theories of magnetic induction arose through
staying too close to the considerable body of knowledge about turbulence
in laboratories and wind tunnels that had been built up since the time
of Reynolds. These examples of turbulence are mirror-symmetric,
i.e. all their statistical properties are unchanged by reflecting the
turbulent motions in a mirror, or theoretically by replacing ~ by -~.
Rotation alone does not destroy mirror-symmetry, but rotation combined
with other forces may do so. For example, turbulent convection in a
rotating fluid layer is not mirror-symmetric (§5.2.2). Prior to the
1950's and 1960's when its importance in magnetohydrodynamics began to
become apparent, non-mirror-symmetric turbulence was regarded as a
curiosity, and was scarcely studied.
The lack of mirror-symmetry in a flow may be gauged by its
"helicity",
H

-v.'i/xv,
- -

(4.13)

or H=v.w, where w='i/xv is the vortl.cl.ty. An even better measure is
perhaps H/vw, whi~h by definition lies between -1 and +1, the extremes
being realized in "Beltrami flows" (w()C.v) which are "maximally helical".
We have already met a helical motion-in-§3.3. The Ponomarenko model
(3.15) has positive helicity if wU > 0 and negative if wU < O. It fails
to work if wU = O. The hint is strong that helicity is "good for field
generation". Corroboration is provided by the two-dimensional Beltrami
flow

y = (cos y - cos z, sin z,sin y) ,

(4.14)

(G.O. Roberts, 1972). The yz-streamlines of this cellular motion are
sketched in Fig. 8, the + signs (- signs) being placed at the maxima
(minima) of vx ' i.e. the component of y out of the paper. The model
resembles an infinite square array of Ponomarenko motions with adjacent
cylinders pointing parallel and antiparallel to Ox, each being in
perfect electrical contact with its neighbours. Whether pointing "up"
or "down" each cylinder contains positive helicity.
The way in which helical flows generate field can be qualitatively
understood with the help of Alfven's theorem (§2.4). We give two
illustrations: first induction by flow (4.14). The lines of force of
a field in the SW +NE direction in the plane of the paper (x = 0) are
twisted in an anti-clockwise sense by the ce11s with positive v which
lift the lines out of the paper, and in a clockwise sense by th~ cells
with negative Vx which depress the lines below the plane of the paper
(x < 0). In this way a field with a component in the SE +NW direction
is created above x=O, and a field with a component in the NW+SE
direction is produced below x = O.
And so
repeating the argument
for every constant-x section of the model, we see how "average field",
B(x), perpendicular to Ox and turning slowly anticlockwise with
Increasing x,can be maintained. There will in addition be complicated
fields B' varying on the yz-lengthscales. The one-dimensionality of

B
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in no way implies that B = B + B' is one - or even two-dimensional. The
anti-dynamo theorem of §3.2 is therefore not relevant and, through the
two-dimensionality of the flow (4.14), we also provide an example of a
two-dimensional motion that regenerates field [see footnote below
(3.15)]. I t may be noted that t~e mean current =!X~llo is also in the
yz-p1ane and anti-parallel to B.
Models like (4.14), which-create magnetic field on a scale large
compared with the motions, can be developed to a high degree of
mathematical rigour, since use can be made of a powerful analytic
technique: the "two~sca1e method". The technique is so powerful that
it can even help answer dynamical questions (see §5.3).
A second and better known illustration, sketched in Fig. 9,
concerns the effect of a turbulent eddy having positive he1icity on a
straight field line. The correlated flow v' and vorticity w' are
though t of as a "wrench", i. e. a pull and a twis t. The puff (from the
top of the page) bends the field line into an Q shape, as in Fig. 9(a).
The twist then turns the Q out of the plane of the paper, as in Fig.9(b).
The field depicted in Fig. 9(b) may be thought of as the original field
line plus a circular loop. Such a loop is the kind of field that is,
by Ampere's law, associated with a current ~ antipara11e1 to the

l

N

!

%

L,

Figure 8. Illustration of the Flow (4.14), and of its Inductive Effects.
Figures 8,9,10 and 11 are reprinted from Lect:ures in A.Eplie~ Mathematics
(1971) "Dynamo Theory" P.R. Roberts, Volume 14 (figures 2,10,11 and 12)
by permission of the American Mathematical Society.
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starting field,~. One now imagines turbulence consisting of a statistical
array of such eddies having all possible orientations and locations,
but all having positive H. The average effect on the mean field B
will be the creation of a mean current, J, antiparallel to B,
i.e. J=aaB, where a«O) is a constant of proportionality, 'Of dimensions
LIT. -More-precisely, in terms of the mean of the turbulent e.m. f. ~ x~,

~

- v'

~

~

X

B'

we have
aB

- nT

(4.15)

-

I/xB

(4.16)

[We have restored in (4.16) the turbulent diffusion identified earlier;
see (4.l2).J
The creation of a mean e.m.f. with a component parallel to B is
called "the a-effect" for no better reason than the choice of letter
used in a very influential paper on the subject (M. Steenbeck, F. Krause
and K.-H. R~dler, 1966) to describe the constant of proportionality.
The choice (r, i.e. 'G' for generation) employed by the discoverer of
the a-effect (E.N. Parker, 1955) and used by a number of subsequent
authors would have been more felicitious. It appears to be too late,
however, to reverse a by now well-established usage. The sign of a
tends to be opposite to that of H.
'
That the a-effect can by itself regenerate mean field (and therefore also a fluctuating field, i.e. maintain a dynamo) can be elegantly
illustrated by two simple gedanken experiments (see F. Krause and
K.-H. R~dler, 1980). Fig. 10(a) shows a cylindrical box full of
helical eddies of the type considered above (H > 0). Fig. 10(b)
illustrates how, if desired, a mean current, J, could be drawn out of
the box, antiparallel to a field B applied do;n the axis of the cylinder.
(The energy extracted electromagn;tically from the box would, of course,
have to be supplied by the kinetic energy of the turbulence.)
Fig. 10(c)
demonstrates how, when J is led round the box (in the
sense indicated) as in a solenoid, it-will produce a field that

a

Figure 9.

b

The a-effect of a helical eddy on a straight field line.
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re-inforces the applied field, B. When the applied field can be
removed without causing the other fields and currents to collapse, the
device is a self-exciting dynamo reminiscent of the homopolar dynamo
(§2.2, Fig. 5).
In Fig. 11, two hollow rings full of helical turbulence (H > 0)
thread each other, each being perpendicular to the plane of the other
as it passes through the centre of that ring. The mean field B in
each ring generates (through the a-effect) the mean current] required
(by Amp~re's law) to produce the mean field in the other.
More important for us is the way the a-effect saves the axisymmetric
dynamo governed by (3.8) - (3.12) . Firs t, we abandon (4.2), and include
a mean axisymmetric motion (3.7). Second, as indicated by (4.16), we
add aB to E when we ensemble average (2.17). Finally, we treat the
resulting Induction equation for B in the way that led to (3.8) and
(3.9). Omitting the bars for simplicity, we obtain

ClA
at

+ .!.v . V(sA) = nllA + aB", '
s -p 'f'

(4.18)

while (3.10) - (3.12) are unaltered. Of course, the crucial fact is that
(4.18) has acquired a source. A way has been found to complete the
regenerative cycle: po1oida1 field generates toroidal field and the
reverse. The zonal field now has two sources, (4.17) containing an

a cb~ ~ a cp c-a b

~
~19Q-O~ ~6A)a~
aL-____________________________________

~

...B

Figure 10.

An a-Dynamo created by Turbulence 1n a Box.
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a-effect term as well as the old w-effect term. In fact, it is possible
to dispense with the mean flow (w = 0) and still drive a dynamo, as the
models shown in Figs. 10 and 11 demonstrate. The w-effect is, however,
such a natural and simple mechanism, and zonal flows are so easily
set up in rotating systems, that one should be cautious before omitting
w.
Introduce two Reynolds numbers, the w-effect Reynolds number(2.39)2
and an a-effect Reynolds number:
R

a

ac/n .

(4.19)

We may distinguish two extremes:
(S) Rw» Ra' The final term in square brackets in (4.17) is
negligible, so that, as in (2.39)1' Bcj>=O(RwBp). Since
Bp = o(RaB<jJ) by (4.18), regeneration requires that "the dynamo
number",
(4.20S)
should be 0(1).

In the resulting mean field,

Bcj>/Bp = OCRjRa) 1/2 »1 ;

(4.2lS)

(W) Ra»Rw'

The w-effect is negligible, so that both Bd>=O<RaBp)
and Bp = O(RaB<jJ)' Regeneration requires that Ra should be 00),
and in the resulting mean field
(4.2lW)

Working as it does on the product of a and w effects, the S-dynamo
is often called an "aw-dynamo", while the W-dynamo which works on a
product of two a-effects is called an "a 2 -dynamo". The letters'S'

Figure ll.

The double-Ring a-Dynamo.
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and 'w' stand for 'strong' and 'weak', and arise because only Bean
be seen outside a star ox a planet; B$ is trapped inside it. -fhus ~p
provides the scale, and the question remains only whether B in the
generating regions is strong or weak compared with ~p' In-reality
dynamos occurring in Nature are unlikely to fall into either extreme
category. In particular, the Lorentz forces associated with an
amplifying o,2-dynamo field may create an w-shear to limit its growth
(§5.l): a kind of anti-w-effect. The dynamo then makes use of all
sources in (4.17) and (4.18); it is an lIo,2w-dynamo".
4.3. Dynamo Waves.
The o,w-dynamo equations
aB",
B
v
-....:r.. + sv V (::.1)= nllB + s_Bp'_V (..:.2)
at
-p's
$
s '

(4.22)

(4.23)
may have oscillatory solutions. These are most easily illustrated in
an infinite fluid, without poloidal flow and without curvature effects,
Cartesian coordinates (y,x,z) replacing spherical coordinates (r,e,$).
It is further supposed for simplicity that
0,

=

constant,

w

=

av

z

lay =

constant.

(4.24)

On seeking solutions of the form
~=~(x,t),

(B

x

= 0),

(4.25)

we obtain from (4.24) and the Cartesian analogues of (4.22) and (4.23)
z

a 2B
z
n - - + wB y'
ax2

(4.26)

.-L

a2 B
n---Y.- o.B
z '
ax 2

(4.27)

aB
at
aB

at

in which B corresponds to the previous poloidal field, and B to the
toroidal. YThese admit periodic solutions
z

B

-

= -0
B

where k,A and

~o

e

i(kx-At)
are constants, provided

(4.28)
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if kaw > 0
if kaw< 0

(4.29)

These states are marginal [RR-(A) = OJ if
D :: walk 3 n 2 = ± 2 ,

(4.30)

and ~.2ro is then a progressive wave travelling in the x-direction with
phase velocity ±nk, and dynamo-maintaining its amplitude against ohmic
diffusion as it does so.
Solutions exist in spherical geometry that are similarly o~ory
and resemble progressive waves travelling from poles to equator or the
reverse. They do not travel from pole to pole, since there are good
dynamical reasons to believe that a has opposite signs in opposite
hemispheres, and that (4.24) should more realistically be replaced by
a = at 0 cos

e,

(4.31)

where at o and Wo are constants. The waves then progress from poles
to equator for aOwO < 0 and the reverse for atOWo > O. A half-cycle of a
marginal state is shown in Figs. 12. The progression in magnetic
activity from poles to equator is obvious, as is the reversal of the
polarity from figure (a) to figure (h). Afurther eight figures, i~~
with (a) - (h) but- with reversed fields, would complete the cycle and
return the system to state (a). Elaborations of these ideas form the
basis of the preferred explanation of the solar cycle today. It would
not be appropriate to take these matters further here. For further
reading, see §6.
4.4.

Nearly Symmetric Dynamos.

The ideas described in §§4.l and 4.2 although, like nearly all aspects
of turbulence theory, hard to put on a secure mathematical footing,
have the merit of being comparatively easy to illustrate. It is doubtful however whether small-scale turbulence really has much inductive
effect m the Earth's core. To draw an analogy, turbulence is so
important in the solar convection zone that n is effectively 10 4 times
its "molecular" value, and correspondingly [see (4.29)J the period of
the solar cycle is reduced from about 10 5 years to the order of a
decade, consistent with the observations. If n were similarly enhanced
in the Earth's core from its "molecular" value, the timescales of the
secular variation would be drastically reduced, to months rather than
centuries. Since there is no evidence for this, one concludes that n
is not large compared with n. (This does not mean that other diffusion
coefficients, such as the kinemWtic viscosity or the thermal diffusivity
of the core, whose molecular values are much smaller than nm, are not
greatly enhanced by turbulence.)
Despite the absence of small-scale turbulence, the at-effect can be
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produced efficiently by disturbances of large-scale, planetary wave
type. The starting point is the dominance of rotation and the
impossibility of sustaining a magnetic field axisymmetric about the
geographic axis, or of regenerating any field whatever with a zonal
motion (§3.2). And yet, the geomagnetic field is predominantly axisymmetric; the angle between geomagnetic and geographic axes is only
about 10°. And it is comparatively easy to generate zonal motion in a
rotating fluid; possibly the westward drift of the field indicates its
predominance in the core. The idea is, then, to evade the anti-dynamo
theorems of §3.2 by seeking almost axisymmetric solutions of the
induction equation, sustained by motions that are almost zonal.
It is convenient to attach a new meaning to the averaging operators
of §4.l. The overbar will now denote not a mean over ensembles, but an
average over longitude:
1 J2'f1"
Q(r,e) = 2'f1"
Q(r,e,~)d~

(4.32)

o

The asymmetric remnant, Q - Q, is denoted by Q', and (4.l~ holds as
before. Expansions of ~ are specified in powers of ~1/ where~, the
magnetic Reynolds number based on a typical flow speed, is supposed
large: such a velocity induces a field also conveniently expanded
in powers of ~1/2:
v

vi

B

B

1/ 2
+ Rm

~

~-

Vi

-1

+ R

m

Vx

-

_A

Lxi]

(4.33)

-1
-"
2
+ R- 1 / B ' + R V x[MJ

m

m -

(4.34)

-

S.l. Braginskii (1964), whose concept this was, showed after
considerable analysis that (omitting the overbars) the mean field
obeyed the (lw-equations (4.22) and (4.23). To be precise, it was
necessary first to replace A and
by certain "effective fields"
closely related to Aand
A precise recipe for (l was deduced: if
(in dimensional units)

X

X.

VI

=

00

L

m=l

[v' (r, e) cos
-mc

m~

+

V

I

-ms

(r, e) s in m~ ] ,

then (also in dimensional units)
(l=n

(v'

xv' )

rv

+ V(

-

v'

-V (~).V(~) +

v-v

-ms-mc~-

,
rv

,

(4.35)

V

,

~sr).V( ~cz)J
v
v

(4.36)

An m-harmonic of Vi does not contribute if v' or v
vanishes (either
.
-mc
-ms
w1th the x and y axes as they stand, or after they nave been turned
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about Oz by any angle):
the "waves", v', must be "tilted" before they
can regenerate. Is the observed asymmetry of the geomagnetic field,
including the tilt of the geomagnetic axis, a manifestation of v'
motions necessary to make the geodynamo work? Are these asymmetric
motions and fields indicative of a basic instability of an otherwise
axisymmetric state? The correct answer to both questions is probably.
"Yes". and we shall discuss how such instabilities may arise in §5.
Meanwhile we must answer an obvious criticism: why, if the Earth is an
aw-dynamo, does it not exhibit a regular oscillation like the solar
cycle and the dynamo wave (§4.3)? The answer seems to lie with ~P'
which was ignored in the models of §4.3. This WaS reasonable for the
Sun on which no appreciable meridional motion is observed. But
theoretical models that possess a meridional flow of order n/c are
found typically to be steady dynamos rather than oscillatory. This
suggests that ~p may not be negligible in the Earth's core.
5.

DYNAMICAL ASPECTS OF DYNAMO THEORY

5.1. Driving Mechanisms.
So far we have concentrated on the kinematic dynamo problem (§3.l). in
which v is specified and an everlasting field. B. is sought which obeys
(2.20)~ Because this equation is linear in B, ~onsiderable mathematical
progress can be made. but in this very linearity lies serious physical
unrealism. If the magnetic Reynolds number. R • exceeds the critical
value. Rmc' defined in §3.l. the induction equ~tion will generally show
that IB I 1ncreases without limit as t +00. The reality is different.
Even if I~I does increase initially in obedience to kinematic theory.
the Lorentz force. J x B, will eventually become too great for v to be
maintained by any drivIng mechanism whatever. Given a specified driving
mechanism. the Lorentz force modifies v and reduces its amplitude until
eventually a new marginal kinematic state is reached. Equilibration is
not always straightforward. For example. it may happen that at first
the Lorentz forces increase Ivl and so produce "runaway field growth"
(§§5.2.4.5.3). Ultimately ho;ever a balance will be struck.
It is clearly of interest to specify a driving mechanism and to
attempt the simultaneous solution of the induction equation (2.20) 'and
the equations of fluid motion. This is a nonlinear system for B and v,
solutions are hard to find, and progress is slow. We will have-spacehere to describe only a few aspects of this "dynamic dynamo problem".
or "fully self-consistent dynamo problem" as it is often called.
One attack on the dynamic theory has been in the context of
turbulence although. when the purely hydrodynamic situation presents
such intractible difficulties (e.g. D.C. Leslie, 1973), it is not
surprising that approaches to the magnetohydrodynamic problem have
often been crude. Behind these approaches lies the idea that Lorentz
forces acting on the microscale will reduce the vigour of the turbulent
motion, and therefore weakens the a-effect, so bringing about the
equilibration of the mean field strength.
Equilibration on the macroscale is another possibility.

The mean
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magnetic field and its Lorentz force can create mean motion that limits
field growth. In particular, as has been remarked already, zonal flows
are easy to excite in a rotating fluid, and those created by the Lorentz
force may provide a balance through an anti-w-effect (§4.2); more of
this in §5.2.
What of the driving mechanism on which the system relies to maintain fields against ohmic losses of energy? After examination of many
alternatives, there is today a concensus that favours buoyancy. (In
fairness it should also be stated that the driving of core motion by
the luni-solar precession has not yet been utterly discredited.)
Whether the density differences that provide buoyancy are produced by
differences in temperature or in composition is not unequivocally
decided. Thermal convection is simpler, and better understood than
compositional convection. It suffers from two deficiencies. First,
it is thermodynamically less efficient than compositional convection,
and it may be that the heat flux from the core is too small to be
consistent with thermal driving of the geodynamo. Second, the presence
or absence of adequate radioactivity in the core is not easily decided,
and geochemists have at various times given different answers. (For
a recent proposal, see R.C. Feber et aI, 1984.)
The proponents of compositional c;nvection start from the usually
uncontested fact that the density, p, of the outer fluid core is
significantly less than that of iron at the same pressure, and that
this betrays the presence of light elements in significant percentages.
There is no general agreement on which light constituent predominates;
Si,S and 0 all have their advocates. Whatever the composition of the
iron alloy, it is likely to be different on liquidus and solidus. If,
as has been suggested (§1.2), the solid core is the result of freezing
the outer core during the general cooling of the Earth, the inner core
boundary, r=c 1 , is a gradually rising, freezing interface at which
light constituent is released as the more tron-rich inner core accretes
solid. This light constituent rises to stir the outer core into a
state of compositional convection.
In addition to the latent heat released during freezing at the
inner core boundary there is, despite the probable small change in
composition between solidus and liquidus, abundent gravitational energy
available, from this sinking of heavy iron in the core, to drive the
geodynamo throughout geological times (S.I. Braginskii, 1963).
Although possibly a majority of geophysicists today believe
compositional convection is more likely than thermal convection as the
cause of core motion, we shall consider below only thermal convection.
We do .so for three reasons: (a) thermal convection and compositional
convection have many points of similarity; (b) the theory of thermal
convection is significantly simpler; and (c) it is more in the spirit
of this meeting,
5.2. Marginal Convection in Rotating Magnetic Systems
5.2.1. Benard Convection.

The classic example of convection is the
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Benard layer.
Only brief reminders need be given here, and a
definition of our notation. An infinite horizontal layer, 0 < z < d,
of homogeneous fluid is bounded at z = 0 and z = d by walls that are
perfect thermal conductors and which are maintained at temperatures
e and e -~e, respectively; it lies in a uniform gravitational field
-~~. Th~ coefficient of thermal expansion of the fluid is
its
is;thermal compressibility is B. its kinematic viscosity is v, its
thermal diffusivity is K, and its mean density is p, all assumed
constant. It is supposed that d« l/gpS, the density scale height; the
adiabatic gradient in the layer is then effectively zero, the applied
superadiabatic gradient is ~e/d = ~ (say) and is constant because K is
constant. We expect that if ~ is "large enough" the static "conduction
state"

a,

~

(5.1)

= 0 ,

will become convectively unstable.
To determine when this happens we naturally see what dimensionless
groupings we can form from the relevant parameters. He find
a.~T

•

p

r

= V/K

,

(5.2)

where p is the Prandtl number. The solutions of the equations of
fluid m6tion and thermal conduction are simplest if we take the
Oberbeck-Boussinesq limit: this is
(i~T + 0 ,

(5.3)

with their product, the Rayleigh number,

(5.4)
finite. By (5.3), the density of the fluid can then be assumed constant,
except in the buoyancy force. Marginal states are sought by linearizing
these equations about the conduction solution (5.1). They then admit
solutions proportional to
exp UCQ,x + my - wt) J

(5.5)

Mode (5.5) becomes marginally stable when Im(w) = 0, and we consider
only the smallest possible value (R, say) of R for this to occur. It
may be shown that the marginal state is steady [R~(w) = OJ, and R is
therefore independent of p. In fact, R depends on ~ and m only in the
combination a = /(R,2+ m2), die horizontal wavenumber; this is hardly
surprising since no horizontal direction is preferred in the original
system. It may also be shown that R(a) is proportional to a- 2 as a+O,
is asymptotic to (ad)4 for a +00, and between these extremes R(a) has a
single minimum, Rc ' the critical minimum Rayleigh number at which
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convection can occur. If the boundaries are stress-free (an experlirentally unrealizable case but nevertheless a qualitatively representative
one), the critical state can be found analytically:

Tr/h ,

a d =
c

(5.60

By (5.6f\, the horizontal dimension J. = Tria of a convective roll is
d/2; roughly speaking, the convection cells ~re "as broad as they are
deep". This statement is even closer to the truth when no-slip
conditions are applied at the walls when, by numerical methods,
3.1162 ... ,

a d
c

R
c

= 1707.76 ...

(5.6r)

5.2.2. Rotating Benard Layer. Now suppose that the problem is generalized to the case where the boundaries both rotate about the vertical
with angular velocity n = n~. In the frame of reference rotating with
the walls - the frame we now employ - (5.1) defines the conduction
solution whose stability is to be examined. In the Boussinesq approximation the centrifugal force pn x (n x r) can be absorbed into the
pressure as '1( ~p \ n x r \2) . It therefore- has no bearing on convection
in the layer; only the Coriolis force 2pn x v is influential. In
convection theory this is usually measure-d by the "Taylor Number"
1

T

v

2

2'
E

E

v

(5.7)

2nd 2 '

although in other branches of rotating fluid theory it 1S the Ekman
number, E, that is usually employed.
Proceeding as for n = 0 above, one seeks solutions of the form (5.5).
If Pr> 1 (which we shall assume, !or simplicity), it may be shown again
that marginal states are ~te~dy; R is independent of Pf; it is also
independent of 9.lm, i.e. R=R(a,T). The effective Tay or number,
4n 2J:.'-+ Iv 2 = T(.I./ d) '-+, for ce 11s of large horizontal scale (el.. = Tria) is
large, and we may therefore expect that R depends strongly on rotation
as a+O. It can be shown however that R- (ad)'-+ as a+"", as before.
The situation is sketched in F'ig. 13, where it is apparent that both
a d and R are greater than their fl=O values (5.6). The increase is
mgnotonicCwith T and
a d
c

O(T

2/ 3

),

T+"".

(5.8)

The increasing inhibition of convection implied by (5.8) can be
understood by reference to the Taylor-Proudman ("TP") theorem, which
concerns the slow, steady motion of an inviscid fluid. In our context
of Boussinesq convection for which, in dimensional units,
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(5.9)
V.v=O,

(5.10 )

where 0' = 0 - 0 0 is the temperature perturbation. The steadiness of the
marginal state justifies the omission of"dv/dt, slowness (the neglect
of v. V v) is assured by the infinitesimal a;plitude of the convection
considered, and vV 2v apparently becomes increasingly unimportant as
T +"". Thus (5.9) leads us to

-J..~

2n~ x v

(5.11)

+ g1X0'i,

and, operating with V x and using (5.10), we obtain
(5.12)
For a homogeneous fluid Ca = 0), (5.12) implies
~

= ~(x.y)

,

(5.13)

i.e. the motion is two-dimensional, the TP theorem.
is present, (5.12) gives
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curve for T=Q and fixed M is qualitatively similar (§5.2.3). For
comparison the curve forT=M=Q is shown dashed (§5.2.1).
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v

Since v

z

(5.14)

z

is zero on the walls z=O,d, (5.14) requires
v

::

z

o.

(5.15)

There are no rising and falling motions; convection of heat cannot,
apparently, occur.
Convection is ,nevertheless possible by violating the conditions of
the TP theorem, by making one or more of the terms neglected in (5.9)
important. In steady marginal convection, the only possibility is the
vV 2v term and indeed, by adopting a small horizontal scale, i..= 0(T- 1/ 6d)
according to (5.8) , the viscous forces are so enhanced that vV 2v
cannot be neglected. The rate of viscous energy loss is very large for
motions on such small scales, and convection cannot occur until it
can be matched by the rate at which buoyancy does work; this demands
the large R of (5.8)2.
After the TP theorem has been violated in this way, vertical
convective motions arise, but they are still small compared with the
horizontal motions implied by (5.12), and so the vorticity is approximately
Clv

W

-

=.

Clv

(_-2. ~
Clz' dZ

'

0)

~

ve'

2n -

(5.16)

and the helicity is (Hide, 1976)

H ::

v.w

* - ga2n -v.ve'
-

(5.17)

E'or convection patterns in rolls, this and the corresponding a take
opposite signs in the upper and lower halves of the layer, in a way
reminiscent of the behaviour of H and a in opposite hemispheres in the
model of §4.3, cf. eq. (4.31)1. Although (5.17) has been derived from
infinitesimal {marginanmotion and gives a quadratically small a that
is non-regenerative, we may confidently expect that finite a is
created by finite amplitude convection. The rotation of convecting
fluids should make them effective dynamos (see §S.3).
One final point should be made. Relevant to §4.l of my chapter
on convecting spherical systems els~where in this Volume is the case
where rotation is horizontal: n = nx. The layer is not horizontally
isotropic, i.e. now R=R(R"m,T)~ It is easily verified that the JI,=O
modes are easiest to excite and that for these (5.6) h~ld precisely as
before, but with a c replaced by mc. In other words, the layer minimizes
(indeed removes!) the constraint of the TP theorem by arranging to
convect in rolls with axes parallel to n.
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5.2.3. Magnetoconvection. Now generalize §5.2.1 in a different way.
Suppose that the fluid is electrically conducting and that a vertical
uniform field ~o = Boi is applied by external sources. Further dimensionless parameters are required:
q =~

(5.18)

In convection theory the strength of !o is usually measured by the
Chandrasekhar number, Q, rather than by the older Hartmann number, M.
The ratio of diffusivities. q. has no name, although p q = v/n is usually
called "the magnetic Prandtl number": to avoid again the complications
of overstability, we will suppose q < I, which is usually easily satisfied
mplanetary cores. The remarks made below (5.7) apply once more. but
with R = R(a.Q). Also.ohmic dissipation is more significant than viscous
dissipation in the energy budget. especially as Q+~. The situation
sketched in Fig. 13 is qualitatively repeated, but in place of (5.8) we
have
R

c

O(Q).

Q+co.

(5.19)

An analogue to the TP theorem explains the inhibition of convection
implied by (5.19). Instead of (5.9) we now have

a.Y.+ v.Vv= -V(.E.)+g;Xe,~+lJ'xB +vv 2v.
at
- -- p
p -0
-

(5.20)

where .:!.' = Yx.!!,' /110 is the electric current density and .!!,'
.!!, -'!!'o is
the field perturbation. Assuming steadiness. slowness. and lack of
viscosity as before, we reduce (5.20) to

o =-VIT

+

gCie'i

aB'
-=110P az

BO
+ -

where pIT is tue total pressure, p+B2/2110'
obtain

a.J.'

az

gap; x ve'
BO

-

-

(5.21)
Operating with yx, we

(5.22)

For clarity, we specialize to the case of convection in rolls in the
xz-p1ane: electrodynamically the situation is analogous to that
discussed below (2.27) but with an infinite horizontal array of parallel
cylinders (the convection rolls) and with coordinates x and z interchanged. As in that discussion, E is zero and Ohm's law (2.17) gives
(5.23)

J ' = crY. x'!!'o .
[Since B' vanishes with

~,

the term crv x B' omitted from (5.23) is
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quadratically small, i.e. negligible.]
<lv

~ = _

dZ

By (5.22) and (5.23) we have

gap <le'
aB2 <lx

(5.24)

o

The analogue of the neglect of viscosity 1n the TP theorem is the
of resistivity in (5.24). This leads to
v

x

v (x)

v

x

-z v (x) +
x

z

v( x)

,

ne~

(5.25)

where we have used (5.10). To make v = 0 on z = O,d we require v = v = 0
z
x
'
and then (5.15) follows, ruling out convection.
The resolution is much as before. By favouring cells of small
horizontal scale, l.., the right-hand side of (5.24) becomes the product
of the small gap/aB 2 with a large <le'/<lx = o(el/~), and is finite:
(5.25) is then fals~. It may be noted that the heat conduction equation,

ae'

at

-

+ v. I/e'

- -

(5.26)

- Sv z

gives, for the slow steady case,
(5.27)
so that by (5.24) and (5.10)

O.

For

rL»

(5.28)

d this becomes

o,

(5.29)

from which the origin of (5.19)2 becomes obvious.
The rate of ohmic energy loss is very large for motions on scale
(5.19)1' and convection cannot occur until it has been matched by
the rate at which buoyancy does work; this demands the large R of
(5.19)2'
Relevant to §5.2.4 below is the case when the applied field is
horizontal: B = B i. This system is not horizontally isotropic,
i.e. now R=R(9-,m,8T. I t is easily verified that 9-=0 modes are the
easiest to excite and that for these (5.6) hold precisely as before,
but with a c replaced by mc' In other words, the layer minimizes
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(indeed removes!) the constraint imposed by the applied field,
arranging to convect in rolls with axes par~llel to ~o'

~o'

by

S.2.4. Magnetoconvection in a Rotatin La er. We now consider (for
Pr > 1, q < 1 a Benar~ layer r9tating about the vertical in a horizontal
applied field: Q = n~, ~o = BO'!' Most other orientations would lead
to results similar to those that follow, but the absence of horizontal
isotropy is a didactic advantage.
~
Suppose that T is fixed and lqrge. Consider the effect of ~
Q gradually from zero. For Q« TI t 3 , the critical R is again approximately (S.8)2 but the preferred mode is a roll perpendicular to ~O.
This is at first sight surprising, in view of the model that concluded
§S.2.3. By selecting this mode, however, the magnetic field is able
parr~ally to offset the constraint of rotation.
As Q increases to
O(T 3) < Q < 0(T 1/ 2 ), R becomes of order T/Q though ,£ remains small.
For Q = 0(T 1 / 2 ), R is 8(T I / 2 ). Finally, for Q=O(T 1 / 2), the rolls are
almost parallel tg ~O in order to minimize the field constraint, although
the Coriolis forces caqnot reduce R below O(Q).
The range Q = 0(T 1 / 2 ) is particSlarly interesting, for as Q/T 1 / 2
increases the direction of the rolls gradually swings round from being
perpendicular to ~o to being parallel. Also in this range
a d = 0(1),
c

R = 0(T 1 / 2 )

for Q = 0(T I / 2 ),

c

T+"'.

(S.30)

The constraints of rotation and magnetic field offset one another, and
as in the case rl = B = 0, the convection cells are "as broad as they
are deep" (see §S.2~£). In this way the system is also able to reduce
its dissipative losses, so that the critical Rayleigh number (S.30)2
is small compared with its value (S.8)2 for the same rotation rate but for
zero applied field. It may be noted that we may rewrite (S.30) as
a d
c

= 0(1) ,

R

gCi6d 2
2rlK

R = 0(1)

for

A

= 0(1) ,

v +0,

(S.3l)

where
B2
A

a

2rllJopn'

(S.32)

are the modified Rayleigh number and A is the "Elsasser number".
According to (S.31), thermal and magnetic diffusion are far more
influential than viscosity in lightly damped convective systems. When
A = 0(1), Corio lis and Lorentz forces are equal in magnitude. That
this is generally an interesting parameter range is the conclusion of
Eltayeb (1972), who looked at cases where rl and B are both vertical,
and where they are both horizontal but perpendicu~ar to one another.
Similar results may also hold when curvature effects are present: see
§4 of the chapter on 'Convection in Spherical Systems', elsewhere in
this Volume.
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5.2.5. Thermodynamic Reasons for Dynamos. The results of §5.2.4 support
a heuristic principle proposed many years ago by Willem Malkus:
"A convecting layer of electrically conducting fluid adopts that mode
of convection that maximizes the heat transport across it (for given
applied temperature contrast ~B). In particular a rotating layer may
set up a dynamo, so that its magnetic field can offset the constraint
of rotation." (Malkus, unpub lished. )
~lthough examples have been given that show Malkus's idea cannot
be applied too literally, there is some feeling that it contains a
qualitative truth. One begins to think that the geomagnetic field may
notbe an incidental bye-product of convection in the core, but may play
an integral part in the cooling of the Earth. The question in §4.2, of
a weak or strong geodynamo, also becomes more intriguing. At first
sight, one might have thought that a large toroidal field is very
unlikely, since it greatly enhances the ohmic energy loss, so that
buoyancy forces must be correspondingly greater before convection can
occur. We now see however that a large toroidal field also increases
the scale of convective motions and so reduces energy losses on the
microscale. Which effect is more important is not easy to answer: the
models of §§5.2.3 and 5.2.4 are too prejudicial since they totally
ignore the energy losses of the (external) mechanism creating ~O' But
there is at least a possibility that strong toroidal fields will be
preferred.
One can imagine a sequence of increasing R in which first a
marginal R 1 is reached, where the convective motions are infinitesimal
and therefgre non-regenerative (§3.l). Next, R attains a second
critical value, R 2' at which field regeneration first occurs: the
necessary helicit§ is present because of rotation. As R rises further,
IBI increases, as does the Lorentz force; a balance being struck of the
kInd described in §5.l. We may expect from §5.2.4 that the scale of
the motions will increase, and that the dissipative energy losses may
at some stage begin to decrease. If so, "runaway field growth" will
occur, in which fields increase rapidly until a regime like (5.31) is
set up, in which Lorentz forces and Coriolis forces come into approx~te
balance, and in which the motions and fields, instead of being on a
small lengthscale, have a comparable scale to that of the body, with a
correspondingly smaller dissipative energy loss. In §5.3, a convective
dynamo is described in which more than an inkling of runaway growth has
been detected. (See also Stevenson, 1984.)
5.3. Nonlinear Models.
5.3.1. An a 2-Model. Attacks on the dynamo problem along the lines of
§§4.l and 4.2 succeed, and can often be made rigorous, by availing
themselves of the power of the two-scale method. The small scale
evinced by (5.8) suggested to S. Childress and A.M. Soward (1972) that
the problem of §5.2.4 could be solved again, with the applied field, ~O'
replaced by a non-uniform field, in fact the ~ generated by the
convection itself, acting as a dynamo. The layer has, of course, to be in
a nonlinear supercritical state R>R 2 (§5.2.5) but, provided R-R 2
is not too large, the horizontal scalg de of the motions remains small
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compared with d, and the requlslte finite amplitude solution can be
obtained by expansion using two-scale methods. The dynamo is of weak
field (a 2 ) type: see §4.2.
Space is not available here to examine the Childress-Soward dynamo
in detail, but one interesting fact should be reported. A.M. Soward
(1974) found clear indications of runaway field growth. It was not
possible to determine the ultimate fate of the system, because (§5.2.4)
runaway growth is accompanied by an increase in horizontal scale, ,L ,
the loss of the two-scale method, and a concomitant failure of the
analytic approach (but see Y. Fautrelle and S. Childress, 1982).
5.3.2. ctw-M6dels. The difficulty of matching the analytic success of
a 2-dynamos by a comparable success for aw-theory has proved frustrating
to those who see the aw-dynamo as physically the more plausible
mechanism, providing in fact the a to w of all planetary and stellar
dynamo questions! Proponents of aw-dynamos have had to proceed more
slowly, and to rely more heavily on large scale computation. But a few
key ideas have emerged.
It has been mentioned in 1 aS.2.4 that a Benard layer convects
particularly easily i f Q = OCT /2) and that the corresponding Lorentz
force is then of the same size as the Coriolis force, with viscous and
inertial forces negligible. That such a balance is the one struck in
the Earth's core has often been mooted. It is based on the idea that
the westward drift (of angular velocity 0.2 0 /year) may indicate a zonal
core velocity of order U 10- 4m/s, and (using values of §1.2) a
magnetic Reynolds number of order R ~ 100. Assuming BI! ~ 4 Gauss, we
see that the w-effect should by (2.~9) create BT~400 Gauss. The
corresponding Lorentz force density, taken to be of order BT2/poc~
4 10-'+ N/m 3 , is not! seen to be of the same order as the Corio lis force
density 2~pU 10- N/m 3 .
These order of magnitude estimates imply that the equation of
motion,

*

*

dV
-=+
v.Vv+

dt

2~xv =

- --

-

-

p
1
2
-V(-)+ga8z+-JxB+vV
v,
A

- p

-

p -

-

-

(5.33)

can, as in the transition from (5.20) to (5.21) above, be replaced by
2fl x v

-V(E.) + ga8_r+ .!.JXB.
-

p

p- -

(5.34)

(Even the buoyancy term appears negligible compared with the rest, but
it is energetically necessary and plays no role in the following
argument. We are considering a spherical Earth with buoyancy radially
upwards.)
J.B. Taylor (1963) noticed that, when the IP-component of (5.34)
was integrated over a cylinder, ~(s), of radius s (see Fig. 14) all
terms except the last vanished, i.e.
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for

O<s<c.

(5.35)

If B initially did not satisfy (5.35) we would have to conclude that
(5.34) had failed and, at the very least, the 3v/3t term in (5.33)
would have to be restored. Taylor proposed that this would quickly
adjust v until (5.35) and the balance (5.34) were realized. He pointed
out that, to add to v in (5.34) a "geostrophic flow", vG(s)~, which is
zonal and constant on ~(s), does not affect the balance (5.34) although
it does considerably alter the solution, B, of the induction equation,
especially through the w-effect of vG. Thus he visualized that, when
the initial B did not satisfy (5.35), the geostrophic flow would
quickly readjust to create a new field ~ + 11:; that satisfied (5.35)
and (5.34). As B evolved subsequently, this balance would be maintained
through an accompanying change in v G. Indeed, J.B. Taylor (1963) showed
how his concept could be used to time-step v and B efficiently. The
feeling was general that a complete and satisfactory solution awaited
oniy the advent of new generations of computers. Before this happened,
however, a new idea emerged.

:Figure 14.

The cylinder e(s) in J.B. Taylor's (1963) argument.
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In 1975 Braginskii proposed quite a different magnetohydrodynamic
in the core, which he named "model-Z" because the meridional
field over most of the core would be principally in the z-direction.
The process of readjustment envisaged by Taylor, which relied on Bs'
would then be largely suppressed, so that (5.35) would not hold.
To test this idea, S.I. Braginskii (1978) examined numerically an
axisymmetric model of given ~, and with an w-shear partly provided by
buoyancy as a "thermal wind" but also including a geostrophic, wG'
created by the model, and a contribution from the Lorentz force. He
found that his models did not evolve to the Taylor state, but to a
model-Z.
Today, attempts are being made to discover reasons why a Taylor
state arises in one circumstance, but a model-Z in another, apparently
similar, case. We do not have space to take matters further here.
We have taken the reader up to the forefront of dynamo theory. In §6
we give references to current work.
~tate·

5.4. Crude Models for Reversals.
Some really simple magnetic systems can exhibit some really complicated
behaviours. No better illustration exists than the Rikitake two-disk
dynamo illustrated in Fig. IS, where two homopolar dynamos of the type
illustrated in Fig. 5 are coupled together, the current induced by one
disk being fed to the wire loop that creates the inducing field for the
other.

Figure 15.

The Rikitake Coupled Disk Dynamos.
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The equations governing the angular velocities n l , n Z of disks
Dl ,D2 and the electric currents 1 1 ,1 2 induced by that mot~on take the
form
dI l
L - + RII
dt
dn l
Cdt

dI 2
Ldt- + RI2

Mn l I 2 '

dn 2
Cdt

G - MIl 12 '

Mn 2I l '

G-MI 2 I l ,

( 5 . 36, 5. 37)

(5 . 38, 5. 39)

where L is the self-inductance of either electric circuit (assumed
identical), R is its resistance, M is proportional to the mutual
inductance between the circuits, C is the moment of inertia of either
disk, and G is the identical couple with which each is driven. Equations
(5.38) and (5.39) are equations of motion; (5.36) and (5.37) are
induction equations.
The system (5.36) - (5.39) admits an infinity of steady-state
"magnetic" solutions, namely

(5.40)
The ± signs in (5.40), which must be taken together, may be thought
of as states of normal (N) and reversed (R) magnetic polarity (§1.5).
There is also the exceptional "non-magnetic" solution:
n

1

=

(G/ch + n

10

, n

2

=

(G/ch + n 20 '

(5.41)

which any stray field makes magnetic. The states (5.40) are likewise
unstable for all K.
According to (5.38) and (5.39), we have
constant

k

(GL/MC) 2 A, say.

(5.42)

Introducing the scaling
CL ~

t -+ (MG) t,

we now obtain the canonical form of (5.36) - (5.39)

(5.44)

The third order dynamical system (5.44) exhibits chaotic behaviour,
and possesses a strange attractor. Fig. 16 shows Yl in a typical
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integration. The current II and its associated magnetic field oscillate
with growing amplitude about one of the states (5.40) and then suddenly
switch
to the other; the process is then repeated with the reversed
field until the original polarity is restored. The intervals of time
between reversals is quite irregular. Sometimes they are long
("polarity epochs"); sometimes short ("polarity events").
Plotted in (X ,X ,Y) space, the trajectories continually approach
a finite surface, the 2 attractor, as illustrated in X2Y-projection in
Fig. 17. Tros surface consists of two sheets connected along the dotted
lines; each sheet is associated with one of the solutions (5.40) but
round each such solution there is a hole, indicating that the trajectory
does not approach either solution during its convergence to the sheet.
The solution trajectory circles the N-hole (R-hole) in a clockwise
(anticlockwise) sense with increasing amplitude until eventually it
meets the left-hand (right-hand) dotted line. It then crosses to the
other sheet.
Many other reversing dynamos have been examined since Rikitake made
his discovery, but his model is still probably the one most thoroughly
studied. Speculative comparisomhave been made with the geomagnetic
IS

4
2
~

0

-2
-4
-6
6

4

-4
-6

Figure 16. A plot of Xl (t) for a typical integration of the Rikitake
System (j.l = 1, K = 2). (F'rom A.E. Cook and P.H. Roberts, 1970).
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field (see R.T. Merrill and M.W. McElhinny, 1983).
are given in §6.
6.

Further references

FURTRER READING

General Sources. No attempt will be made below to give a complete
bibliography; the subject is today too large and too rapidly expanding
to make this practicable. In addition to the citations of the text, the
following reference list contains the locatiornof recent papers through
which much interesting work can be traced.
The following books, or substantial sections of them? are devoted
to dynamo theory: V. Bucha (1983), F. Krause and K.-R. R~dler (1980),
R.T. Merrill and M.W. McElhinny (1983), R.K. Moffatt (1978), E.N. Parker
(1979), E.R. Priest (1984), P.R. Roberts (1967), P.R. Roberts and
A.M. Soward (1978), A.M. Soward (1983) and Ya.B. Zeldovich et al (1983).
Reviews have been written by F.R. Busse (1978), P.R. Robert;-(1971a,b) ,
P.R. Roberts and A.M. Soward (1972) and A.M. Soward and P.R. Roberts
(1977). Work of special interest to each section is mentioned below.

6

5

><4

3

2

Figure 17. A projection of the strange attractor onto the X2Y-p~ane
for the Rikitake dynamo. The right-hand sheet of the attractor l~es
above X = 0, the left-hand sheet be low. The dashed lines show the edges
hidden ~y an overlying sheet: the dotted lines show the apparent joins
between the sheets. (F'rom A.E. Cook and P.R. Roberts, 1970.)
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Section 1. S. Chapman and J. Bartels (1940, Ch. 26) outlines the
history of geomagnetic discovery up to 1940. R.A. Langel (1985) has
recently reviewed observations and their analysis. J.A. Jacobs (1975)
describes the structure of the Earth, and particularly the core.
M. Stix and P.H. Roberts (1984) have made one of the most recent
theoretical attempts to link variations in the length of the day with
the secular variation.
Section 2. To H. Lamb (1881) goes the credit of discovering the toroLUUpoloidal representation of a divergenceless field. Perhaps the most
persuasive case for a thermoelectric origin to the geomagnetic field
was made by S.K. Runcorn (1954): the electrochemical theory seems
never to have been seriously explored. The first suggestion that a
large fluid body owes its field to dynamo action came from J. Larmor
(1919), who had in mind solar magnetism. One discussion of the preMaxwell equations has been given by myself (P.H. Roberts, 1967) but
there are many others.
Perhaps the most complete discussion of induction by rotating
solid conductors is that of A. Herzenberg and F.J. Lowes (1957). The
creation of flux ropes by convection is a topical issue [e.g. See
Chapter 2 of A.M. Soward (1983)J. Proofs of Alfven's theorem can be
found in many places; for a recent account, see H.K. Moffatt (1978).
W.M. Elsasser (1947) first noticed the w-effect and emphasized its
importance for dynamo theory. There are many discussions of the decay
modes of a sphere, all following the lines of §2.5.
Section 3. T.G. Cowling's (1933) theorem provided a sequence of papers,
some extending his result to time-dependent fields (as in S.I.B~kii's
proof given in §3.2), others to compressible fluids, and some (e.g.
D.J. Ivers and R.W. James, 1984, who also cite earlier work) searching
for a higher degree of mathematical rigour.
Ramifications of Ponomarenko's model are considered by A. Gai1itis
and Ya. Freiberg (1979) and by Ya.B. Ze1dovich et a1 (1983). The model
is, in the terminology of §3.1, an overstab1e dyna~. A motion devised
by D. Lortz (1968), also for a cylinder, is a steady dynamo. The
motions are again helical but of a more complicated type than (3.15).
In compensation, only mathematical analysis is required to demonstrate
dynamo action; numerical work is not entailed. The Lortz dynamo is the
subject of a recent paper by P. Chen and ~.L. Mi10vich (1984) where
earlier work~ cited. n Lortz (1972) examines the possibility of
bending his cylindrical model into a torus.
Section 4. It was impossible in §4.1 to do more than hint at what is
now a large topic. Indeed, it forms the theme of F. Krause and
K.-H. R~d1er's (1980) book. Those interested should also consult
H.K. Moffatt (1978), E.N. Parker (1979) and Ya.B. Ze1dovich et a1 (1983).
G.O. Roberts [reported in P.H. Roberts (197lb)] has adapted his-;otion
(4.14) to a sphere, and by convincing numerical work demonstrated an
asymmetric magnetic field sustained by axisymmetric motion. As we saw
in §3.2, this does not violate T.G. Cowling's theorem.
Dynamo waves were discovered and interpreted by E.N. Parker (1955)
in his epoch-making paper that first isolated the a-effect; he was also
the first (E.N. Parker, 1957) to see in these waves a viable explanation
of the solar cycle. Figure 12, taken from a numerical integration by
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P.~. Roberts (1972), supports his idea.
There has been much subsequent
work (see E.N. Parker, 1979, H. Yoshimura, 1983).
Braginskii's concept of the nearly symmetric dynamo (§4.4) has
been elucidated and developed by A.M. Soward (1972) and H.K. Moffatt(1978).
Section S. The theory of compositional convection in the Earth's core
is reviewed by D.E. Loper and P.R. Roberts (1983).
The early parts of §S.2 are essentially all included in
S. Chandrasekhar's book (1963), although there have since been many
(and at least one curious) developments; see D.J. Acheson (1980), where
other papers are referenced. In addition to the unrealism of uniform
~ mentioned in §S.2.S, the models of §S.2 have the second weakness of
ignoring the effect of shear on the convective motions. Some efforts
have been made to include shear: see my chapter in the present book
on "Convection in spherical systems". The model of §S.2.4 has been
taken into the nonlinear regime in several papers, most recently by
A.M. Soward (1986), where earlier work is cited.
The Childress-Soward dynamo was slightly pre-dated by the ~ive
Clw-dynamo ofF.R. Busse (1973), the w-shear being maintained by external
means. Busse has also constructed convective Cl 2 -dynamos for spherical
geometry. The basic ideas are explained in his chapter of P.R. Roberts
and A.M. Soward (1978).
Of the current attempts to understand the relationships between
Braginskii's model-Z and Taylor's concept, we should mention puti~ly
A.M. Soward and C.A. Jones (1983) and G.R. Ierley (1986), papers where
other literature is referenced.
Since Rikitake's discovery, many other self-reversing systems have
been isolated. The idea of an Clw-dynamo limited by a geostrophic flow
created by the Lorentz force (the anti-dynamo effect of §S.l) led
F. Krause and P.R. Roberts (1981) to study the system

P = -P+ClT,

T=

-T + wP ,

(6.1)

in which T and P are the toroidal and poloidal fields and w is the
zonal shear. A related model has been thoroughly studied by
K.A. Robbins (1977). Recently D. Crossley, O. Jenson and J.A. Jacobs (1986)
have added a stochastic element to the integration of such systems.
Evidently, models like (S.44) or (6.1) are extremely crude
representations of the geomagnetic field. Similar models for the solar
field (see Ya.B. Zeldovich et a1, 1983) have been generalized by a
slightly less severe truncatio~ N.O. Weiss et a1 (1984) studied a
fifth order system (the complex Lorenz equati~sr-which even exhibited
periods of low magnetic activity like the Maunder minimum of the Sun.
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NONPROPAGATING SOLITONS AND EDGE WAVES

S. Putterman
Physics Department
University of California
Los Angeles, California 90024
ABSTRACT. In addition to the well known KdV and envelope solitons a
channel can also support a nonpropagating soliton. The cause of
localization of this soliton is similar to that of edge waves except
that its nonlinear properties enable it to exist far from the
boundary.
1.

INTRODUCTION

Solitons are interesting because they are states of matter where
energy is localized and does not spread out on a long time scale.
Many investigations have focused on solitons which are localized in one
spatial direction and include the KdV and envelope solitons. i ) For
fluid in a channel the KdV soliton is a smooth localized elevation of
the liquid level which does not spread as it moves down the channel
with approximately the speed of a long gravity wave. The envelope
soliton is a smoothly modulated wave packet which moves approximately
with the group velocity of deep water waves having the frequency of
the waves in the packet. Since water waves are highly dispersive nonspreading motions cannot be solutions of the linearized· theory. The
shift in frequency due to nonlinear processes is the key effect which
balances dispersion and makes possible these localized states. The KdV
soliton is the localized nonlinear state corresponding to a pulse in
the linear theory and the envelope soliton is the localized nonlinear
state corresponding to a wave packet in the linear theory. Recently
it was discovered that there can exist another type of physical
soliton which is the localized nonlinear state corresponding to an
evanescent wave in the linear theory.2)3)4) Evanescent waves such as
edge waves can only exist at the boundaries of a system.
Nonlinearities enable this soliton to become unstuck from the boundary
and exist in the bulk of the flUid. Thus the nonpropagating soliton
has a particularly important physical property, its existence is a
manifestation of broken translational invariance. Like an edge wave
this soliton can exist with its center of mass at rest. It is also
similar to edge waves in that the optimum manner of excitation is
parametric.
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Consider next a channel which is driven in its first crosswise mode;
the free surface will be

( = ('(x)

cos(ny/t)e i~

(9)

where t is the width of the channel. If 00 < w(nl!) then (' will be an
exponentially decreasing function of x. That is, according to the
linear theory, the disturbance will be trapped at the entrance to the
channel in much the same fashion as an edge wave is trapped to the
shore. Note that the edge wave is trapped when its frequency of
motion is less than w(k m) where km is the wavenumber of modulation
parallel to the edge.
Once again nonlinear processes make it possible for a soliton to
exist, but its role is quite different. The linear solution of the
form (9) is already localized; the nonlinear softening of the
frequency makes it possible for the soliton to leave the edge and move
to any location in the channel. Letting (' = ('(x,t) the leading
order equation is: 3 )

o
where

T

(10)

= Tanhnd/t

v2 =

~

g[ d(I-T2)

+ tT/n]

and the nonlinear coefficient is
A

= 9r- 2

- 16 + 5T2 - 6T~

(11)

The solution to (10) is again of the form (8) but with x replaced by x
as the group velocity can be zero. Actually the velocity of this
soliton is a free parameter.
3.

DISCUSSION

Although the envelope and nonpropagating solitons are both described
by the NLS they are physically different states of fluid flow. The
envelope soliton exists as a result of the nonlinear hardening of the
frequency of a travelling wave in deep water. The non-propagating
soliton exists as a result of the softening of the standing
(crosswise) wave also in deep water; in fact from (11) we find that
A > 0 when T > .77. Although we have emphasized the equilibrium
properties of the KdV and NLS these solutions are stable as can be
demonstrated by the inverse scattering transform. Since the
nonpropagating soliton has internal motion on a fast time scale z 1/00
it is strongly coupled to by a parametric drive at a frequency 200 2)
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in analogy with e~e waves.
Observations 7J in the Andaman sea strongly suggest that solitons
can be stable for very long periods of time in the ocean. These
solitons are about 100 km long and their stability against transversal
break up gives good cause to consider the possibility of the existence
of solitons in higher dimension. The localization of energy is
dramatic with their measured power being about 2000 megawatts. The
Andaman sea solitons are probably some generalization of KdV type
solitons. Whether envelope or nonpropagating solitons playa role in
geophysical phenomena remains to be seen.
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UNIVERSAL POWER SPECTRA FOR WAVE TURBULENCE;
WIND WAVES AND 1/f NOISE

APPLICATIONS TO

A. Larraza and S. Putterman
Physics Department
University of California
Los Angeles, California 90024
ABSTRACT. Nonlinear processes lead to a scattering of waves by waves
and can produce a stationary state power spectrum with self-similar
properties. At lowest nonlinear order one obtains the results of weak
wave turbulence theory. At infinite nonlinear order the power
spectrum accumulates at 1/f noise for non-dispersive waves and 1/ws
noise for deep water waves. Effects resulting from a renormalization
of the phase velocity are also discussed.
1.

INTRODUCTION

Consider a medium which receives a large input of energy at some wave
number ko = 1/L o ' By large it is meant that effects due to the
reversible nonlinear terms in the equations of motion dominate the
damping due to the linear irreversible terms such as molecular
viscosity (inertial motion dominates transport). Since nonlinearities
create sum and difference, frequencies wand wave numbers k, the
medium will soon have motion present at higher harmonics of ko given
by pko where p is an integer.
Kolmogorov 1 ) in pioneering work considered energy in the form of
rotational or vortex motion which was input to a fluid at a constant
rate Q. He argued that in the steady state Q must be balanced by the
rate at which nonlinearities cause the energy to cascade to shorter
and shorter length scales or equivalently higher and higher harmonics.
Using dimensional analysis to balance these rates he was led to a
power spectrum of turbulent motion proportional to k- s/3 for energy
between k and k+dk and to w- 2 dw for energy between wand w+dw.
Experiments 2 ) on tidal motion support the Kolmogorov spectrum.
Spectra proportional to a power of the frequency are also found
for other off equilibrium systems such as wind driven ocean waves in
deep water and voltage fluctuations across a resistor through which an
externally imposed current is driven. For ocean waves the power
spectrum has for years been matched to the Phillips3) spectrum
proportional to w- s , and voltage fluctuations 4 ) follow the virtually
omnipresent S ) 1/f noise law, that appears to characterize most systems
in the limit of very low frequency.
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Deep water waves, sound waves, Alfven waves, etc., differ from
rotational motion in that wave number and frequency are connected by a
dispersion law. For water waves ~ = gk and for sound waves 00 = ck
where c is the sound velocity. For these systems the Kolmogorov
picture can still be applied but the resonant nature of the wave-wave
interactions changes the stationary state power spectrum to which the
system is driven by the nonlinearities. For water waves 6 ) the leading
order nonlinearities yield a power spectrum proportional to 00-4
whereas for sound7 ) the off equilibrium spectrum is 00- 3 / 2 •
As the strength of the external drive increases one expects that
higher order nonlinearities become important in determining the steady
state. These higher order terms modify the power spectrum and in the
limit of infinite nonlinearity lead to a saturation phenomenon where
the spectrum of deep water waves goes as 00- 5 , and the spectrum of dispersionless waves (sound) goes as 00- 1 8). The weak and strong nonlinear
limits are developed in Section 3. In section 2 the basic
underlying nonlinear equations are discussed.
2.

NONLINEAR FLUID MECHANICS

For a barotropic fluid conservation of mass and Newton's law take the
form:

=0

ap/at + ~.p~
~

(1)

~;t~

p[av/at + (vov)v]

(2)

where p, v, p are density, velocity and pressure and where the first
and second viscosities ~, C are assumed constant. The irreversible
viscous forces are derivable from the divergence of a viscous stress
tensor 'Cij
(3)

For incompressible flow p is constant and
~.~ = 0

(4)

The curl of (2) then yields
a(~x~)/at

-

~V2~x~

= ~x[~x(~x~)]

(5)

If in addition the flow is irrotational

~x~

= o or

~

= ~~

(6)

and (2) yields

a~/at + (1/2)(~~)2 + gz + (p/p) = constant
where we take gravity in the z direction.

(7)

This form of Bernoulli's
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law should be supplemented by two boundary conditions at the free
surface Z = (x,y,t). One is the continuity of stress
P

+

~~~

+

2

2

[(xx(l+(y) + (yy(l+(x) - 2(x~x(y
a
(1 + (2 + (2)372
x

] =

y

(8)

Po

where the subscripts "x,y" indicate partial differentiation and ~
denotes the component perpendicular to the orientation of the free
surface and Po is the constant atmospheric pressure. The other
condition states that particles on the surface move with the local
fluid velocity

For sound waves the motion is irrotational yet compressible.
Neglecting g and taking the time derivative of (1) and subtracting the
divergence of (2) yields
(10)

3 2 p/3t2 - V2p = 32(pv1Vj + ~1j)/3r13rj

Expanding p in a taylor series

where p = Po + 6p enables (10) to be rewritten in the form
32 6p _ c2V26p

3t 2

32
( pV1VJ·+~iJ· ) + V2':.
~r.~rj
L

u .u

a=2

4

a1,
(6p) a
. 3p~

(11 )

Rotational turbulence (the original Kolmogorov problem) should be
characterized by (4,5). Compressible or acoustic wave turbulence
should be characterized by (11) and turbulence in deep water waves
should be described by (4,6,7,8,9). A solution of these nonlinear
equations supplemented by some consistent stochastic hypothesis should
yield the stationary power spectra. To our knowledge this procedure
can only be carried out successfully in the case of wave turbulence
where the underlying Boltzmann equation for the spectral intensity or
wave action can be derived. The reason for the difference between
wave turbulence and vortex turbulence is that in the former case there
exists a dispersion law and hence an adiabatic invariant of the
motion. Furthermore for acoustic turbulence one can consider an
expansion in the mach number 6p/po where Po is the equilibrium
density. For the vortex turbulence there is no material property
corresponding to Po and hence the mach number for that case is always
large.
The inertial regime occurs when the amplitudes are so large that
~1j can be neglected compared to the nonlinear terms.
3.

POWER SPECTRA FOR WAVE TURBULENCE

Although kinetic equations for wave turbulence can be derived we will
follow here the simpler Kolmogorov dimensional approach and study the
process whereby wave energy cascades from one length scale to the
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next. Label the properties of successive scales with subscript n
so that we have for the wave numbers
(12)

For sound waves the energy per unit volume on this length scale is:
(13)

The key to the cascade argument is that the rate at which energy rolls
over from one length scale to the next is a function of the energy
contained in that length scale (locality). For sound waves the lack
of dispersion implies that the basic nonlinear interaction is a three
wave resonance so that waves with frequencies 00 1 and 002 scatter to
produce waves with frequency w3 = 00 1 ± w2 . To leading order this
effect is produced by the term in (11) with a = 2 and therefore yields
a rollover time tn for the wave energy given by
(14)

where G = 1 + (p/c)dc/dp is the macroscopic Gruneison coefficient (the
symbol ~ means equality except for a numeric). The stationary state
then follows from setting the rollover rate equal to the input rate Q
or
(1S)

The discrete stationary spectrum then is
En ~ [QPC2 /wnG2]1/2

(16)

so that the continuous power spectral density is
(17)

The energy per unit area of water waves is
(18)

These waves differ from sound wave in that the strong downward
dispersion requires that the leading interaction effect be produced by
a four wave process. Thus instead of (14) one has

-1. ~
tn

W k4f;4

n n n

(19)

Seeking a steady state with
(20)

yields the power spectral density
(21)
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For weak wave turbulence one finds (17) for acoustics and (21) for
surface waves on deep water. For many years ocean waves have been
described by the Phillips spectrum wherein
u(W)

~

pg 3 / wS

(22)

which differs from (21) as regards the power of wand its independence
of the value of the energy input q. For this reason (22) is thought
of as corresponding to some kind of saturation regime. Numerous
technical causes for saturation have been proposed especially whitecapping. We would now like to argue that the passage from (21) to
(22) can be understood in terms of higher order nonlinearities, i.e.
in terms of higher order wave processes.
Although (19) yields the rollover time for a four wave process the
cascade time for an m wave process will be
1/tn ~ wnkn2(m-2)~n2(m-2)

which with (18,20) yields (22) in the limit m 7 m.
This suggests the following picture for the transition from (21)
to (22). As the power input to wave motion is increased higher
nonlinear effects come into play and shift the exponent of w in the
steady state power spectrum. In practice one should observe a
response somewhere between (21) and (22) depending upon which range of
m dominates.
In the acoustic case an m wave (i.e. m phonon) process leads to

where Gm is determined by"the nonlinear equation of state in (11).
Now one finds
em(w)

~ ~ [
w

Q
]1/(m-1)
2 2

pc wGm

which in the limit of large m goes over to 1lf noise. S )
4.

CONCLUSIONS

For nondispersive waves the redistribution of externally imposed
energy by high order nonlinearities leads to 1lf noise. The type of
nonlinear"effect which saturates the nondispersive spectrum at 1lf
noise also saturates the deep water spectrum at w- S noise (22).
However, even in a dispersive medium the response at very low
frequency can shift to 1lf noise due to the renormalization of the
dispersion law. The elasticity of the energy contained in the
spectrum can for sufficiently small k lead to a contribution to the
dispersion law for w that is linear in k and therefore nondispersive.
If the external injection of energy takes place at or below this
region Ilf noise will result even though the quiescent medium is
dispersive. It appears that l/f noise is as fundamental for off-
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equilibrium response as equipartition is to equilibrium.
Recently Phill ips 9) has called into question use of the saturated
spectrum (22). He implies that the fit of experimental data taken over
many years to (22) rather than (21) may have been motivated by a lack
of appreciation of the theory of energy balance of various processes in
the weak turbulence limit. To this extent it should be emphasized that
the generalization of Hasselmann's10) kinetic equation to higher order
nonlinear effects will yield spectra with exponents between those of
( 21) and (22).
ACKNOWLEDGMENT
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Fluctuations and Dissipation in Problems of Geophysical Fluid Dynamics*

Katja Lindenberg, Bruce J. West** and J. Kottalam
Department of Chemistry, B-014
University of California
San Diego, CA 92093 U.S.A.

ABSTRACT. Truncated descriptions of geophysical flow fields are often used to
model the most important macroscopic features of the atmosphere. Fluctuations
are typically added to these descriptions as a heuristic way of including the effect
of the degrees of freedom that have been omitted in the truncated description.
For example, truncated geophysical hydrodynamic systems with multiple equilibria have been used as models of atmospheric blocking. The fluctuations
phenomenologically added to these models provide a mechanism for the transition
between equilibrium states. Using a systematic reduction procedure we arrive at
such a model including the effects of fluctuations and dissipation arising from
small scale structure in the atmosphere.

1. INTRODUCTION

A common characteristic of geophysical flow fields is the absence of a clear
separation in the spatial and/or temporal scales of fluid motions. Thus, when the
flow field is described by a Fourier decomposition, the hydrodynamic equations
give rise to an infinite set of coupled nonlinear rate equations for the Fourier
coefficients "pi. It is nevertheless a common procedure to separate out a set of a
small number of ''significant'' modes which, it is hoped, adequately represent the
macroscopic phenomenon of interest. The customary way of proceeding is to
select a subset of modes, ignore all the other modes, and test whether this truncated description exhibits the macroscopic behavior of interest. Examples of this
strategy can be found in the modeling of Benard convection (Lorenz, 1963), fluid
turbulence (Kraichnan and Montgomery, 1980), meteorological predictability
(Lorenz, 1969) and atmospheric blocking (Charney and DeVore, 1979). In general the selected mode amplitudes which might correspond to potential vorticity,
temperature, etc. are assumed to obey equations of the form
*Supported in paxt by NSF grants ATM 85-07820 and ATM-85-07821
**Center for Studies of Nonlinear Dynamics, La Jolla Institute, La Jolla, California,
92038.
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;Pi = F; ({¢,}) ;

j, I

= 1,2,

... n

(1)

where the description has been truncated to n modes. The form of the function
F; is determined by the geophysical hydrodynamic equations.
Even when it is believed that a highly truncated subset of modes is an
adequate representation of average (macroscopic) properties of the flow, it is clear
that fluctuations around these averages give rise to uncertainties that one associates with small scale variability of the flow field, e.g. turbulence. Thus, although
the scales of these fluctuations may be. unresolved in global circulation models,
their effects are certainly manifest on the scale of the resolved modes. It is generally recognized that small scale turbulence is at least in part a manifestation of
the degrees of freedom that have been ignored in the truncated description.
A traditional way of dealing with fluctuations is to expand the truncated
set (1) so as to include the effects of small scale turbulence by phenomenologically adding fluctuations with assumed statistical properties (Thompson, 1957;
Landau and Lifshitz, 1959; Lei~h, 1971; Hasselmann, 1976; Holloway and Hendershott, 1977; Egger, 1982): ¢; = F.({¢,}) + f .(t). The f jet) are usually
taken to be stationary, zero-centered, Gaussian ana delta-correlated random variables that are independent one from the other. The statistical properties of the
f ; (t) are assumed to be independent of the mode amplitudes. The above set of
stochastic nonlinear differential equations is assumed to be a coarse-grained
representation of the underlying primitive equations in which the effect of the
modes ¢I> n on ¢; is ''represented'' by the noise f ; (t). Although this connection has been recognized, quantitative models of it had not previously been
developed (West and Lindenberg, 1984a, 1984b; Lindenberg and West, 1984; Kottalam, West and Lindenberg, 1985).
We have established a research program to explore the quantitative connection between the observed fluctuations and the coarse graining procedure. In
outline, this is how we have proceeded:
1. We begin the analysis with a set of primitive hydrodynamic equations
describing a geophysical flow field. These equations could be as simple as the
potential vorticity equations on a ,8-plane or they might include coupling of the
vorticity to a temperature field, etc.
2. We transform the set of primitive equations to some appropriate modal
description. wherein the modal amplitudes ¢; satisfy the set of coupled mode rate
equations ¢; = Fj ({¢I }), I, j = 1,2, ... , N ~ 00.
3. mstead of truncating this equation to obtain (1), as is often done, we
systematically eliminate the unresolved modes I, j = n+l, n+2, ... , N by explicit
integration. The solutions thereby obtained allow us to derive a stochastic differential equation for the observed modes of the form

;Pi = F; ({¢I }) + fluctuations + dissipation, I, j = 1, 2, ...

,N

(2)

with functional forms for the fluctuations and dissipation that depend on the particular problem being analyzed, i.e. on the functional form of F ;.
4. Since the fluctuations and dissipation arise from the same eliminated
modes, one would expect them to be related to one another. We establish this
relation as a natural consequence of the coarse-graining procedure.
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2. A GEOPHYSICAL FLOW FIELD
Although quite general, it is simpler to discuss the consequences of the coarsegraining procedure in the context of a particular geophysical problem. A problem
of topical interest is that of atmospheric blocking (Baur, Hess and Nagel, 1944,
1951; Holloway and West, 1984) and seems to be a natural vehicle for presenting
our ideas.
A model of this phenomenon introduced by Charney and DeVore (1979) is
that of a homogeneous ,8-plane barotropic atmosphere confined between zonal
walls .. We accept this model without comment as to its geophysical validity since
our intent is to illustrate our approach to any such model. It may tum out subsequently that our coarse graining procedure will enable us to comment on the
physical merits of such modeling, but we defer any such comments until the
future. We therefore turn to the primitive equation used by Charney and
DeVore, that for the conservation of potential vorticity. The stream function
¢(z,y ,t) satisfies the equation (Pedlosky, 1982)

Here J is the Jacobian determinant, ,8 is the Coriolis parameter, g is a parameter
containing the acceleration due to gravity, 'Y is proportional to the Ekman depth,
h (x,y) is the effect of the lower boundary elevation in the ,8-plane, and the last
term arises from the frictionally-induced time-independent vorticity source
'Y 'V 2 ¢ * (z,y) and vorticity sink 'Y 'V 2 ¢(z;y ,t).
A modal decomposition of ¢(z,y,t), h (z ,y) and ¢ * (z,y) subject to
appropriate boundary conditions in the channel lead to the Fourier series
¢( z ,y ,t) = E ¢" (t ) G" (z ,y) where the G" are trigonometric functions. 'In terms
of the amplitudes ¢" (t ), the conservation equation (3) is re-expressed as

"

(4)
where the a"!l and b"qq' are coefficients determined by the form (3) (Kottalam,
West and Lmdenberg, 1985). In the Charney and DeVore {1979} model one
truncates
this
system
by
retaining
only
the
modes
GA = cos y, GK = cos nz sin y and GL = sin n:t sin y, where n is determined
by the topography. All other modes are ignored. The resulting set of equations
is of the form
for ¢A ,ihr and

itt

(5)
and is the minimal set giving rise to multiple equilibria of the flow field. Thus, in
the phase space spanned by ¢A' ¢K and ¢L one finds three solutions to the
steady state equations F· = 0, j = A , K, L (cf. Fig. 1). Two of these are
stable while one is unstable. Any initial condition {excluding the unstable state}
is in the basin of attraction of either one or the other of the stable fixed points,
and will therefore approach that state asymptotically.
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Figure 1. Phase space for the Charney-De Yore mode~ of atmospheric blocking.
The dots are the solution to the steady state equations tPj = o.
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Figure 2. One-dimensional bistable system. a. Bimodal potential, with stable
states at (1) and (3) and an unstable state at (2). b. Asymptotic state for any
initial condition to the left of state (2). c. Asymptotic state for any initial condition to the right of state (2).

ASYMPTOTIC
DISTRIBUTION

Figure 3. Asymptotic distribution in the presence of fluctuations.
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An analogical description of this behavior can be obtained from a onedimensional system with a bimodal potential U ( Q) spch as shown in Fig. 2a.
The system evolves according to the rate equation Q= U' (Q) and has two
stable and one unstable flXed points. Any initial condition to the left of the
unstable flXed point will asymptotically coalesce with state 1 (cf. Fig. 2b), while
starting at the right of this point will lead to state 3 (cf Fig. 2c). Figures 2b and
2c represent the phase space distribution function for the asymptotic trajectory of
the system; this distribution is a delta function for this (as for any) deterministic
model with isolated flXed points.
Deterministic models with multiple equilibria such as those discussed
above may mimic the occurrence of various possible atmospheric blocking states,
but they predict that such states once achieved will persist forever. The finite
lifetimes of such states in geophysical systems motivated Egger (1982) to introduce phenomenological fluctuations in the truncated equations, thereby making
the lifetime of these states finite. He reasoned that the ignored modes act as a
source of fluctuations that can induce transitions between the basins of the stable
flXed points. Egger augmented Eqs. (5) by adding zero-centered, mutually
independent, Gaussian delta-correlated fluctuations to each equation:

;Pi = F i + I i (t) ,

j=A,K,L

(6)

The strengths D i of the fluctuations in the averages < I i (t ) I i (r )> =
2 Di c(t -r)cii were determin~d by heuristic reasoning. Our analogic equation
of motion is now replaced by Q= U' (Q) + I (t~ and the asrmptotic distributions appropriate to different initial conditions Figs. 2b, 2c) now merge and
broaden as shown in Fig. 3. The width of eac peak is proportional to the
strengthD of the fluctuations I (t) and is a measure of the rate at which the
system makes a transition between stable states. In the blocking model these
effects generalize to multivariable probability distributions peaked at the stable
states 1 and 3 and of widths determined by the D i 'so The distribution has a global minimum at the unstable state 2.
Variants of Egger's treatment have been considered by other authors. For
example, Benzi, Hansen and Sutera (1984) and also Moritz (1984) consider the
case where only the flow parallel to the channel is subject to fluctuations, i.e.
I K (t) = I L (t) = O. This choice is made for computational convenience. In
addition to the delta-correlated fluctuations mentioned above, they consider the
effects of colored noise as embodied in a .finite correlation time r A ,

< 'A(t)IA(r»

= (DA/rA)exp[-lt-rl/rAl·

We note that the above procedure has a distinguished lineage. It is in the
spirit of the phenomenological approach of Landau and Lifshitz (1959) whereby
they introduced fluctuations in the stress tensor into the Navier-Stokes equation
and fluctuations in the heat flux in the internal energy equation. This tradition
was carried on by Thompson (1972) in his use of fluctuations in the modeling of
two-dimensional vorticity in the atmosphere.
3. FLUCTUATIONS AND DISSIPATION IN REDUCED DESCRIPTIONS
It is worthwhile to recall that there exist a variety of simple model systems in the
physical and chemical literature in which the origins, nature, and role of
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fluctuations and dissipation and the relations between them are well understood.
We mention here two such examples with a view towards anticipating these
effects in more complicated geophysical flow fields.
The first example is that of a ''Brownian'' oscillator in.a thermal environment at temperature T (Ford, Kac and Mazur, 1965). Let Q (t) denote the displacement and P (t) the momentum (!,f the oscillator. When isolated, such an
oscillator is described by the equation Q( t ) = Q (t) where 0 is its natural
frequency. In a thermal environment the dynamical equation becomes

w;

Q(t)

w

t

= _w 2 Q(t) - J dT K(t-T) Q(T) + 1 (t)
o

(7)

Here w is a frequency shifted from w0 by environmental effects. The integral
term is a dissipative force representing the irreversible extraction of energy from
the oscillator by the environment. If the environment is a fluid then the dissipative memory kernel can be associated with the fluid viscosity (Reichl, 1980). The
state-independent or additive force 1 (t) represents the rapid thermal t1uctuations whereby the oscillator acquires energy from the environment. If the system
is to be thermodynamically closed, then the fluctuations and the dissipation must
be related to one another by the generalized fluctuation-dissipation relation
(FDR) (Callen and Welton, 1951; Ford, Kac and Mazur, 1965; Lax, 1966; Reichl,
1980) kB T K (t -T) = < 1 (t)1 (T) > that represents the balance between the
influx and the effiux of energy. Here kB is Boltzmann's constant. This balance
of energy fluxes insures that asymptotically the phase space distribution attains
equilibrium, W(Q ,P) oc exp[ - (P 2 + w 2 Q2)/ 2 kB T J. If the frequency spectrum of the environment is sufficiently broad band then the dissipation is instantaneous, K (t -T) = 2 A t5(t -T), and (7) reduces to the more familiar form

Q(t)

= w 2 Q(t) - AQ(t) + 1 (t)

(8)

together with the FDR < 1 (t)1 (T) > = 2 kB T A t5(t -T), i.e. the fluctuations
are then delta-correlated in time.
A more complicated situation arises when the environment induces rapid
fluctuations in the oscillator frequency. For a thermodynamically closed system
it has been shown that the equation of motion replacing (7) now is (Zwanzig,
1973; Lindenberg and Seshadri·, 1981)

Q(t)

t

= -w 2(t) Q(t) - JdTK(t-T)Q(t)Q(t-T)Q(T)
o

(9)

The time-dependent squared frequency can be decomposed as w2( t) = w2 + 7 (t )
where the parametric or multiplicative fluctuations 7(t) are zero-centered. The
fluctuations in (9) are state-dependent, being amplified or suppressed depending
on the oscillator displacement. The dissipative term is now nonlinear, and the
memory kernel is' again related to the fluctuations by the generalized FDR
< 7 (t h (T ) > = kB T K (t -T). We note that phenomenological equations with
such multiplicative fluctuations, but with linear dissipation, may be energetically
unstable in some parameter regimes (Bourret, Frisch and Pouquet, 1973;
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Lindenberg, Seshadri and West, 1980; Seshadri, West and Lindenberg, 1981). A
third example we mention to establish a clear distinction from the other two is
that of a system with a statistical but time-independent parameter (van Kampen,
1981). For instance, consider an ensemble of oscillators each of which has a constant frequency whose value varies randomly from member to member of the
ensemble. The equation of motion for the ith member of the ensemble is

Q(t)=-wlQ(t)

(10)

This deterministic equation contains no dissipative contributions because it
represents an oscillator in a frozen (Le. unresponsive) random medium.
The examples sketched above have been derived starting from complete
dynamical Hamiltonian descriptions of the system and the environment (Ford,
Kac and Mazur, 1965; Zwanzig, 1973; Lindenberg and Seshadri, 1981). The
reduced descriptions (7), (9) and (10) are a result of the elimination procedure
alluded to in the last section. In the same way, we propose to arrive at reduced
descriptions for geophysical flow fields starting from primitive equations in which
the modes to be eliminated constitute the environment. The following questions
immediately present themselves:
Are the fluctuations additive or multiplicative, rapid or frozen or combinations of these?
What is the form of the dissipative contributions to be associated with the
fluctuations? Are there FDR's?
These questions are answered if one starts from the full set of hydrodynamic equations (4) and carries out the elimination procedure. Rather than
carrying out this analysis here, we choose to illustrate its salient features using a
simple linear set.
Let X (t) represent a set of observables and Y (t) a set of unobservables,
e.g. unresolved hydrodynamic modes. Suppose that these variables satisfy the
linear rate equations

X=

AX +BY,

y= ex

+EY

(11)

where A , B, e and E are constant pIatrices. A direct truncation of this system
would yield the equation of motion X = AX , whereas the phenomenological stochastic model would yield X = A' X + I (t). In the former the effect of BY has
simply been excluded while in the latter it has been parameterized by modifying
the elements of A (e.g. to include a dissipation) and adding the fluctuating vector I (t).
.
The systematic procedure begins with the explicit solution of Y:

Y(t) =

e Ot

Y(O)

t

+ f dr
o

eO(t-T)

EX(r) ,

(12)

where Y (0) is the initial vector of unobservables. To arrive at a consistent
interpretation of the terms in the reduced description it is often necessary to
write Eq. (12) in the equivalent form obtained by an integration by parts (Lindenberg and Seshadri, 1981; Lindenberg and West, 1984b),
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,

Y (t )+C- l EX (t)

t

= e Ct [Y (O)+C- l EX (0)]+ f

o

d r e C(t-r)c- 1 EX(r) . (13)

Substituting this latter equation into Xyields
X(t) = A' X(t)

+1

(t) -

t

fo dr K(t-r) X(r)

(14)

where A' = A - BC- l E,
1 (t) =
Be Ct [Y(0)+C- 1
EX (0)], and
K (t -r) = - Be Ct(t-r) C- l E. Equation (14) clearly has the lorm of a generalized Langevin equation [cf. Eq. (7) I provided that one can interpret the various
terms appropriately.
The matrix A' differs from A by the shift BC- l E and thus represents a
modified potential function due to the interaction with the unobserved degrees of
freedom. The function 1 (t) depends on the initial values of both observed and
unobserved variables. Whereas the former can be specified, the latter by definition can not. Said differently, for any specified initial state of the observed system, there is a large number of possible initial states for the environment that are
consistent with the dynamic equations. This uncertainty in the value of Y (0) is
made manifest through the specification of an ensemble distribution function
W ( Y (0) = 1/ ). Consequently 1 (t) is also uncertain and hence specified only
via this distribution. This is precisefy the sense in which a function is said to be
stochastic in statistical mechanics: its value at each time varies randomly from
one member of the ensemble to another. We note that in addition it may happen
that each realization 1 (t) varies erratically with time (e.g. 1 (t) may be
ergodic). Whether or not it does so depends on the spectrum of C and the
weights contained in B.
Knowledge of W (Y (0) = 1/ ) is sufficient (but not always necessary) to
determine the statistical properties of 1 (t). In particular, if the elements of
Y (0) are independent of one another and if B couples many of them to X then
the Central Limit Theorem can be invoked to deduce that 1 (t) is Gaussian. Its
mean value is determined by that of Y (0) and its correlation properties by the
second
moments
of
W (Y (01 = 1/ ).
If
we
write
< [Y (0) + C-l EX (0)1[ Y (0) + C- l EX (0)] > = Q -1 where Q is the hermetian
correlation matrix then < 1 (t)1 +(r» =Be Ct Q-l e C+r B+. If furthermore
C
is
antihermetian
so
that
Q-l C+ = - CQ-l
then
< 1 (t)1 +(r) > = - BeC(t-r) Q-l B+ and therefore the fluctuations are stationary. We also note that the matrix of correlation functions is related to
memory
kernel
matrix
by
< 1 (t)1 +(r) > = K (t -r)M
where
M = E-l CQ-l B+. If K(t-r) is dissipative, then this is a generalized FDR
that emerges naturally from our elimination procedure. If M = kB T 1 (where 1
is the unit matrix) then this reduces to the familiar relation in thermodynamically closed systems as discussed in the previous section. We note that the elements of the matrix M in general provide a relative measure of the excitation of
the unobserved degrees of freedom. Finally, the conditions on the elements of B,
C, and E necessary to insure that K (t -r) is indeed dissipative (i.e. positive
definite) have been studied by a number of investigators (Ford, Kac and Mazur,
1965; Zwanzig, 1973; Haken, 1975, 1978; Lindenberg and Seshadri, 1981).
It is important to recall the integration by parts that lead to the form (14)
in which the dissipation is proportional to X rather than X. Had we not
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performed this integratioIh the "dissipative" term would have been proportional
to X (1') and to a kernel K (t -1') = -Be C(t-r) E. We have elsewhere discussed
the reasons whr this latter form is inappropriate and, in particular, why K (t -1')
and < f (t) f (1' ) > are not related to one another by a proper FD R (Lindenberg and West, 1984b). In fact, we have shown that the convergence of one often
implies the divergence of the other.
Finally, we note that an unresponsive (frozen) enviro.nment corresponds to
the case C = E = o. In this case Y (t) = Y (0) and X(t) = AX + BY (0).
Although BY (0) is a random matrix, it is constant in time and has no associated
dissi pation.
In summary, our elimination procedure consists of the following steps:
1. Separate the dynamical equations into those of the system and those of
the environment using separation of scales where possible.
2. Eliminate the degrees of freedom of the environment by explicitly solving their equations of motion. This could be done exactly for the simple linear
example but must in general be done perturbatively for nonlinear systems.
3. Choose an ensemble of initial states for the environment.
4. Identify fluctuations by their dependence on the initial state of the
environment. Identify the corresponding dissipation (if appropriate).
5. Verify the existence of a generalized FDR. Note that this relation
implies that any perturbative solution to the equations of motion of the environment cannot be uniform: if fluctuations are retained to a given order in the
expansion parameter (, e.g. O( f), then the dissipation must be retained to twice
that order, e.g. O({2) (Lindenberg and West, 1984a; Kottalam, West and Lindenberg, 1985; Cortes, West and Lindenberg, 1985).
The result of these steps is then the desired generalized Langevin equation
for the physical observables.
4. APPLICATION TO ATMOSPHERIC BLOCKING
Let us now return to the geophysical model introduced in Section 2 and let us
make the identifications X -+ 'I/J A 'l/JK' 'l/JL' Y -+ all other modes. The equations
of motion for the modes to be eli'minated are, of course, highly nonlinear in this
case. These modes describe the dynamics of the smaller spatial scales and oscillate rapidly when a mean zonal flow is present (Pedlosky, 1982). The results of
our analysis lead to the following equations (Kottalam, West and Lindenberg,
1985):
t

ipA = FA ('l/JA ,'l/JK,'l/Jd + I A (t) - £d1' KAA (t-1') ipA (1') + e-"I t ul ,(15a)

iPK

t

=

FK(tPA ,tPK,tPd + IK(t) - J d1' KKK (t-1') iPK(1'),
o

t

(15b)

itt = FL('l/JA,'l/JK,'l/JL)+IL(t)-Jd1'KLL(t-1')itt(1')+e-"I t ul·(15c)
o
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Explicit forms for all the functions appearing in these equations in terms of the
coefficients in the primitive equation (4) are available but will not be reproduced
here. Rather, we describe the general features of these results.
1. The functions 1 i (t), j = A, K, L are rapid fluctuations that arise
from the modes that have been eliminated. The statistical properties of these
fluctuations are quite similar to those assumed in phenomenological models. In
particular, we have been able to prove that the rapid fluctuations in the zonal
flow, 1 A (t), are indeed stronger than those in the other components, 1K (t) and
1L (t), as assumed by Benzi et al. (1984) and by Moritz (1984).
2. The integral terms containing the memory kernels Kii (t -r) are the
"dissipative" contributions that balance the rapid fluctuations. The quotation
marks are used to indicate that we have not established that the kernels are positive definite. We have, however, established that the kernels are related to the
correlation functions < 1 i (t)1 j (r) > by generalized FDR's. None of the
phenomenological models recogmze the necessity of including these dissipative
terms to balance the corresponding additive fluctuating terms.
3. The quantities ul are time-independent random quantities that arise
from the orography. Their effects decay slowly and were not included in previous
analyses. These frozen fluctuations have no associated dissipation as discussed in
section 3.
We have thus arrived at a new model equation for the study of atmospheric blocking. The equation has the same multiple equilibria as has the model
of Charney and DeVore (1979). However, the transition between these states
may exhibit different characteristics than those predicted by Egger (1982) and
others (Benzi, Hansen and Sutera, 1984; Moritz, 1984). One is immediately faced
with the problem of constructing new measures of persistence of blocking events.
In the past it has been adequate to apply existing first passage time ideas to the
calculations of the transition between steady states (Benzi et al. 1984; Moritz,
1984). All of these ideas rely on the stochastic differential equations being timelocal, ergodic and stationary. Thus, the nonstationarity, nonergodicity and nonlocality in time in our stochastic blocking model requires the development of new
ancilliary techniques.
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AtMOSPHERIC DYNAMICS

DETERMINISTIC AND STOCHASTIC ASPECTS OF ATMOSPHERIC DYNAMICS

Edward N. Lorenz
Center for Meteorology and Physical Oceanography
Massachusetts Institute of Technology
Cambridge, Massachusetts, U.S.A.

ABSTRACT. We raise the question as to whether the atmosphere should be
treated as deterministic or stochastic, for the purpose of investigating
atmospheric dynamics most effectively. Because the atmospheric
equations are nonlinear, all but special solutions must be sought
numerically. The range of scales which numerical models can handle
explicitly is limited, and the influence of smaller scales must be
introduced through parameterization. The most realistic
parameterizations contain stochastic terms in addition to the
deterministic ones. However, since realistic atmospheric models
ordinarily possess aperiodic general solutions with or without their
stochastic terms, they tend to yield similar results in either event.
The choice between a deterministic and a stochastic formulation of the
equations can therefore be dictated by convenience.
1.

INTRODUCTION

Among the many questions which have inspired considerable debate among
meteorologists, one in particular has also attracted some prominent
mathematicians: Should the weather be treated as a deterministic or a
stochastic process, for the purpose of making the best attainable
weather forecasts? The differences of opinion have led to the
development of two rather different objective methods of weather
forecasting, popularly known as numerical and statistical weather
prediction. In the former method one attempts to predict future
atmospheric states by integrating formally deterministic systems of
differential or integro-differentia1 equations which represent the
governing physical laws, using observed values of atmospheric variables
as initial conditions. In the latter one attempts to establish formulas
which minimize the expected mean-square error in prediction, using
observations of past weather to determine the numerical values of the
coefficients in the formulas. Former champions of the two methods
include John von Neumann and Norbert Wiener [1].
One should not conclude that practitioners of numerical weather
prediction believe that the atmosphere is deterministic. The assumption
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is simply that, despite any possible randomness, a formally
deterministic approach will produce acceptable forecasts. Likewise, the
use of statistical weather prediction does not presuppose any
randomness. The assumption is simply that the laws, even if
deterministic, may not be perfectly known or may be too difficult to
apply, and that empirical procedures offer an acceptable alternative.
It might be added that the equations generally used in numerical
weather prediction, even though formally deterministic, are not derived
exclusively from the physical laws, but contain some empirically
determined functions and coefficients. Likewise, the selection of
predictors to be used in a statistical forecasting scheme is often
guided by a knowledge of the physical laws.
Since we shall be dealing with the general topic of atmospheric
dynamics, let us pose the following more general question: Should the
atmosphere be treated as deterministic or stochastic, for the purpose of
investigating atmospheric dynamics most effectively? Our ensuing
discussion will be directed toward reaching a suitable answer to this
question.
We must immediately note that the system in whose deterministic or
stochastic nature we are interested is actually not restricted to the
atmosphere, but includes also those portions of the underlying oceans
and continents which influence the atmosphere, and which in turn are
significantly influenced by the atmosphere. It therefore includes at
least the upper layers of the ocean and land, and the sea ice and
continental snow and ice cover and soil moisture. We shall nevertheless
find it convenient to refer to this system as the atmosphere.
We should also point out that neither question is equivalent to
asking whether the atmosphere actually is deterministic or stochastic.
We shall not dwell at length on the determinism of the atmosphere, and
simply note that it is influenced to some extent by human activity,
particularly when that activity consists of clearing large forests or
building dams to create large lakes. Even on rather short time scales,
intentional or inadvertent weather modification through cloud seeding or
setting large fires sometimes occurs. Any claim that the future of the
atmosphere is predetermined would therefore imply a claim that human
activity is predetermined. However, our concern in this discussion is
not whether the behavior of the atmosphere involves some randomness, but
whether it is important to take any such randomness into account.
2.

OBSERVATIONS AND PHYSICAL LAWS

To deal effectively with the dynamics of any time-dependent system,
whether it is a spiral galaxy, a planetary atmosphere, a glacier, or a
small waterfall, we need a set of observations and a set of governing
physical laws. Observations are needed first of all to make us aware of
the system's existence, and subsequently with some degree of precision
to reveal the system's typical structure and behavior. The goal of
dynamical studies is to explain the observed features in terms of the
physical laws, and sometimes to anticipate or predict additional
features which have not yet been observed.
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At this point we may ask why the roles of observations and laws
should not be reversed, i.e., why the goal of dynamical studies should
not be to deduce the physical laws from the observations. The answer is
that this might well be the goal in dealing with certain systems. In
historical times the discovery of the laws of motion was facilitated by
observations of the motions of the planets. In the case of present-day
studies of systems like the atmosphere, we can still deduce rules, some
of which may be useful for weather forecasting or other practical tasks,
but we tend to think of the physical laws are something more basic than
specialized rules; possibly an extensive set of rules could be analyzed
into basic laws. We also assume that the most basic laws--the laws of
motion and thermodynamics--are already known with sufficient. precision.
Turning to the atmosphere, let us enumerate a few observed
features. Some of the qualitative features are revealed by casual
observation; quantitative measurements may require sophisticated
instrumentation.
First, the atmosphere consists mostly of a gas, with small amounts
of liquid and solid matter. Readily noticed properties are the wind and
the temperature; these vary from one location to another, and at any
location they vary from one time to another. The pressure and density
vary Similarly, although the changes at one elevation might go unnoticed
in the absence of instruments. Most of the gaseous constituents occur
in nearly constant proportions, the most notable exception being water
vapor. At high levels, variations in ozone content are significant,
while over long periods the carbon dioxide content appears to undergo
progressive changes. Liquid and solid water occur in the form of
droplets and small crystals which are suspended as clouds, and larger
drops and flakes which fallout as precipitation. Dust and other solid
matter also occur in variable concentrations. The state of the
atmosphere may be expressed in terms of the spatial and temporal
distributions of wind components, temperature, pressure, density, mixing
ratios of the various pha~es of water, and concentrations of other
substances such as dust.
Observations also. show that the atmospheric variables are not
randomly distributed, but that certain spatial and temporal
distributions are highly favored over others, so that the atmosphere
tends to be organized into identifiable structures, each having a
typical size and shape, and life span and life history. A partial
listing of these structures, arranged in order of decreasing size, could
include circumpolar westerly wind belts, migratory extratropical
cyclones, tropical cyclones, squall lines, thunderstorms, fair-weather
cumulus clouds, tornado funnels, individual wind gusts, hailstones, snow
crystals, and cloud droplets. Separate occurrences of a particular
structure, other than a cloud droplet, are generally not exact
repetitions, but they tend to have much in common.
The laws governing the atmosphere include the basic laws of motion
and thermodynamics, and some more specialized laws involving such
processes as the absorption, emission, and scattering of radiation by
atmospheric constituents and the changes of phase of water. The latter
are complicated by the occurrence of water in the form of cloud droplets
and ice crystals, and the presence of hygroscopic particles. The laws
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are commonly expressed as a system of mathematical equations.
equation may be written
dx/ dt

= F,

A typical
(l )

where t represents time, x represents the value of an atmospheric
variable, such as temperature or a wind component, and F represents the
sum of the physical processes which change x.
As originally formulated the laws apply to a fixed mass. Because
the atmosphere is a fluid whose different parts move at different
velocities, an initially concentrated mass tends to be stretched and
twisted, so that tracing a particular mass may prove difficult. It is
thus more convenient to introduce a coordinate system which is fixed in
the atmosphere, and to rewrite eq. (1) to apply to fixed locations. The
result is
ax/at

=-

~

•

~x

+ F,

(2)

where v represents the three-dimensional wind vector.
3.

APPLICATION OF THE PHYSICAL LAWS

The difficulties encountered in applying eq. (2) directly to the
atmosphere become apparent when we ask what we mean by a point, at which
eq. (2) is to be applied. Certainly we do not mean a geometrical point,
which would be smaller than a molecule, whence the velocity and
temperature at the point would not even be defined. The use of the
gradient operator in eq. (2) implies that we are treating the atmosphere
as a continuum, and any "point" must actually be large enough to contain
many molecules. Similarly, except in clear air, any point must be large
enough to include many cloud droplets. Values of the variables at such
a point must actually be averages over a region with a diameter of at
least a centimeter.
Further difficulties appear when we note that we do not have
observations spaced at one-centimenter intervals, and, except in
data sets gathered for special studies, we do not even have observations
at ten-kilometer intervals. To apply the equations to globally
distributed observational data, we must therefore interpret "values at a
point" as meaning averages over regions with horizontal extents
comparable to 100 kilometers. For dealing with the internal dynamics of
individual structures, such as thunderstorms, the regions may be
considerably smaller.
These requirements might seem to disappear when we apply the
equations to idealized rather than observed distributions of the
variables, but here another practical difficulty arises. The advective
term -~ • !x in eq. (2) contains the product of one variable, ~, ,with
the gradient of another variable, x, and is therefore inherently
nonlinear. Of course, the function F might also be nonlinear, as in the
case when it represents the effect on temperature of radiative heating
and cooling. Analytic solutions of nonlinear equations generally
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represent specialized cases, with different properties from the general
solutions, and, particularly since the advent of high-speed computers,
it has been customary to seek approximate solutions using numerical
methods. Even the largest computers have their limitations, and at
present it is not practical to solve the equations when the state of the
atmosphere, or of the individual atmospheric structure which is being
studied, is represented by more than about one million numbers. Even
restriction of the data to four physical variables and ten elevations
would allow only 25000 regions at each elevation, and for global
coverage the diameter of a region would still have to exceed 100
kilometers.
It appears, then, that eq. (2) should be replaced by an equation
governing changes of the average values of the variables over rather
extensive regions--regions which may actually contain many of the
smaller individual structures. One way to do this is to use the
equation of continuity of mass,
Clp/Clt =

-J.. •

(Px.),

where p represents density.

(3)

When combined with eq. (3), eq. (2) becomes

(4)
Cl(px)/Clt = -v • (pxv) + pF ;
the quantities px and pF are values per unit volume when x and Fare
values per unit mass. When averaged over a region, eq. (4) becomes
Cl px/Clt =

-J.. •

(px ~ -

v•

(px)'.!.' + pF,

(5)

where a bar over a quantity denotes a regional average, and a prime
denotes a local departure from a regional average. In addition to terms
obtained simply by replacing quantities in eq. (4) by their averages, we
find a new term which depends on variations within the region.
The averaging process which produces eq. (5) entails two new
practical difficulties. First, the regional averages which may be
computed from observational data are generally averages of rather small
statistical samples, and may therefore contain sampling errors. If the
observing stations in a particular region had been established at
slightly different locations, the computed averages at any time would
presumably be somewhat different. A region might contain a single
thunderstorm, and the computed average temperature, wind, and water
content will depend upon whether the thunderstorm coincides with an
observing station. Thus, for example, a realistic processing of a data
set, instead of concluding that the average temperature over a region is
l8°C, might more realistically conclude that it is l8°C plus an error,
whose expected absolute value is I.2°C.
The second difficulty involves the term -V • (px)'.!.' in eq. (5).
This term includes the transport of the property represented by x across
the boundary of the averaging region by the circulations associated with
structures of smaller spatial scale than the region itself. If, for
example, the regions are 200 kilometers square and 2 kilometers deep,
the term includes the exchange, between vertically adjacent regions, of
heat and water and possibly momentum by cumulus-cloud circulations. If
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the region is considerably smaller, it may still include transports by
individual wind gusts.
Since these transports often account for important fractions of the
total change of a variable, it is important that the equation which we
finally use in our investigations should not disregard them altogether.
It is presently standard practice to include the effects through
parameterization [2]. That is, we assume that the effects can be
expressed reasonably well as functions of the averaged variables which
now appear as dependent variables in our equations.
For example, we might assume that the number and size distribution
and typical structure of cumulus clouds in a region is fairly well
determined by the average temperature, mOisture, and wind velocity in
the region, and the manner in which these averages vary from this region
to the regions immediately above and below. From the assumed
cumulus-cloud statistics we could evaluate the amounts of heat,
moisture, and momentum carried upward or downward by the cloud
circulations. We would then include expressions for these amounts, in
terms of the averaged quantities, as additional terms in our equations.
It has been found through experience that systems of equations
which parameterize the effects of unresolved processes can perform
considerably better than those which merely disregard the effects.
Nevertheless, the distribution of cumulus clouds or other small-scale
structures contained in any region or influencing the region at any
instant constitutes at best a statistical sample drawn from the set of
distributions which could conceivably have been present. A cloud which
occupies a region may move out of the region within a few minutes, or it
may alter its shape considerably, during which time the average
properties of the region may not have detect ably changed. We therefore
face a sampling problem again; in addition to a deterministic term,
which represents the "expected" or most probable effect of the
unresolved structures, the equations should contain a stochastic term,
representing the distribution of departures from the expected effect.
It appears that this uncertainty in the equations far outweighs any
possible uncertainty due to unpredictable human behavior.
We thus find that averaging produces two types of uncertainty, one
in estimating the initial state, and one in formulating the governing
laws. The effects of these uncertainties on operational weather
forecasts appear to be far from negligible.
Instead of introducing regional averages we may expand the fields
of the variables in series of orthogonal functions, such as spherical
harmonics if the investigation is global, or multiple Fourier series if
it is local. The coefficients in the series then become the new
dependent variables. However, in order to retain a finite system, we
must discard all but a finite number of coefficients in each series;
ordinarily these represent features of small spatial scale. We find
that the difficulties introduced by averaging, although perhaps
slightly alleviated, are by no means eliminated. After all, a Fourier
coefficient is nothing more than an average of the product of a variable
and a trigonometric function, and statistical sampling problems remain.
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It would thus seem that the atmosphere might best be treated as a
stochastic system. That this is not necessarily the case will become
evident after we consider in detail the phenomenon of chaos.
4.

CHAOS

The term "chaos" has been used in mathematical and physical works with a
number of meanings [3]. Often it is used as a synonym for randomness or
lack of complete determinism, so that, in this sense, any stochastic
process would be chaotic. More recently the term has been used to
describe any system which varies aperiodically, or perhaps more often
any system of equations where, in some sense, almost all solutions are
aperiodic [4]. Under the category of periodic solutions we include not
only those which exactly repeat themselves, but also those which
eventually acquire a state arbitrarily close to some previous state,
provided that the evolution following the near repetition remains
arbitrarily close to the evolution following the original occurrence.
We also include any other solutions which asymptotically approach those
solutions which we have already included as periodic.
The distinction between the concepts of chaos more or less
disappears if we confine our attention to finite systems of linear
ordinary differential equations, since the solutions of these equations
are generally periodic if the equations are deterministic, and not
exactly periodic if stochastic terms are added. The concepts differ
when we turn to nonlinear equations, which often have aperiodic general
solutions ,even if they are deterministically formulated.
Some investigators prefer to reserve the term "chaos" for those
aperiodically varying systems which are governed by formally
deterministic equations. Others liberalize the definition to include
stochastic systems, provided that it appears that the system would
remain aperiodic even if the stochastic part of the governing equations
were eliminated. This modification makes it possible to include real
physical systems, whose actual determinism is likely to be in doubt.
The feature of aperiodically varying systems which has earned them
the designation of "chaos" is their sensitive dependence on initial
conditions [5]. If a system possesses a finite number of variables, and
if each variable continues to oscillate between fixed upper and lower
bounds, the system will in due time necessarily assume a state
arbitrarily close to some previously encountered state. By definition,
if the system is aperiodic, the evolution following the near repetition
cannot forever remain arbitrarily close to the evolution following the
original occurrence. If there is no semblance of periodicity, the
evolutions following the two occurrences will ultimately go their own
ways. Thus two states which are nearly alike will ultimately evolve
into two states which lack any resemblance. If, for example, the system
is a chaotic atmosphere and the observations are anything but exact,
there will be no basis for choosing among a number of possible
evolutions, and weather forecasting at some sufficiently distant range
will be impossible.
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The idea that deterministic equations may have aperiodic general
solutions is not particularly new. For a long time, investigators of
fluid turbulence have worked with deterministically formulated systems,
and have assumed that the turbulent motion which satisfies these
equations is non-repetitive. What is relatively new is the general
realization that systems consisting of very few simple nonlinear
ordinary differential equations may have aperiodic solutions.
The possibility of studying chaos with small systems, together with
the general availability of high-speed computers, has made it feasible
to examine the attractors of chaotic systems [4]. An attractor is
actually a kind of multidimensional graph, and it is most easily
described in terms of the phase space of a system. This is a Euclidean
space with as many dimensions as the number of variables, and these
varibles serve as coordinates. An instantaneous state is thus
represented by a point in the phase space, while a time-variable
solution is represented by an orbit.
A particular point which is approached arbitrarily closely,
arbitrarily often, by a point traversing a given orbit is an attracting
point for that orbit. A point which has a greater-than-zero probability
of being an attracting point for a randomly selected orbit is a point of
the attractor set. This set may be connected, or it may consist of a
number of disjoint connected sets, in which case each of these is an
attractor.
If almost all solutions of a system of equations approach a single
repeating solution asymptotically, the attractor is simply the closed
orbit representing this solution. If the system is chaotic, the
attractor set is generally more complicated. When the system in
question is the atmosphere, points on the attractor set represent states
which are likely to be approximated again and again as the weather
continues to evolve, i.e., states which are compatible with the
climate. For example, hypothetical states where the poles are warm and
the equator is cold, where the surface winds are everywhere of hurricane
strength, or where the winds blow the wrong way around most of the high
and low pressure centers are represented by points which are not on the
attractor set.
To obtain an approximate picture of an attractor, we may select an
arbitrary initial state and perform an extended numerical integration.
We discard the leading part of the solution as possibly representing
transient conditions, and assume that the remaining part lies as close
to the attractor as the resolution will allow [6]. Unless the system
consists of only two equations, an actual picture is likely to be the
projection of the attractor on a plane, or the intersection with a
plane.
A procedure which is equally good in concept although more
difficult to approximate in practice consists of taking a small sphere
centered at an arbitrary point, and finding the successive shapes into
which the interior of the sphere is deformed as each point in the
interior moves along its orbit. Ultimately the deformed sphere should
look like an attractor, or perhaps several attractors connected by
infinitesimal threads. If the system is dissipative, the volume of the
deformed sphere will shrink toward zero. If it is also chaotic, with
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sensitive dependence on initial conditions, the maximum diameter will
grow. If the sphere is initially very small, it will for a while be
deformed into an approximate ellipsoid. The long-term average rates of
stretching or compression of the axes of the ellipsoid are called the
Lyapunov exponents, and the condition for chaos is that at least one
exponent should be positive [4]. If the equations are differential
rather than difference equations, one exponent will also be zero,
indicating that two points within the sphere moving along the same orbit
will tend to maintain their initial separation. If the system is
dissipative, the sum of the exponents will be negative.
As the deformation continues, the ellipsoidal shape will be lost.
In the case of a dissipative chaotic system of three ordinary
differential equations, the deformed sphere will come to resemble a
strip of paper, which is continually becoming thinner but increasing in
area. As the strip is stretched, it is bent and twisted so that it
continues to fit within a reasonably confined volume. In due time
different parts of the strip will be brought close to one another, so
that locally two and then several sheets of paper will appear to be
pressed together, although they will never actually merge. In the limit
there will be an infinite number of sheets, which an ordinary picture
might resolve into several. A transverse line will intersect these
sheets in a Cantor set. An attractor with such a Cantor-set structure
is called a strange attractor [7].
The above arguments may be generalized to systems of more than
three equations. It would be difficult to draw a picture of a chaotic
attractor, or even visualize its shape, in a high-dimensional system, so
mathematicians who are principally interested in the topology of
attractors have tended to use small systems as illustrative examples.
Obtaining a picture of an obviously strange attractor is often an
effective way of convincing oneself that a given system is chaotic.
5.

EXAMPLES OF CHAOS

For a first example we shall choose one of the simplest possible
nonlinear systems--the quadratic difference equation
(6 )

in the single variable x. Starting with an initial value Xo of x, with
o 5 Xo 5 4, we let Xu be the value of x after n applications of eq.
(6). It is evident that 0 5 Xn 5 4 for all values of n.
If Xo is an even integer, the sequence xo, Xl, • • • soon becomes a
repetition of 4's, while if Xo is an odd integer, it becomes a repetion
of l's, but, for most non-integer values of xo, the sequence is
aperiodic. Special values_of Xo where the sequence is periodic but not
steady include xo
(3 + 15)/2 = 2.618, when x alternates between
(3 + 15)/2 and (3 - 15)/2.
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Table I shows values of x when Xo = 0.5. The lack of periodicity
is apparent. These values are compared with values when Xo = 0.5001,
and the differences are also tabulated. The continual although
non-uniform increase in the difference, until it becomes large, is
typical of the sensitive dependence on initial conditions exhibited by
aperiodically varying systems.
To demonstrate that the solutions are truly aperiodic, we let Yn
be one of the solutions of the equation

= 2(1 +

Xn

with 0

~

Yn

< 1.

x n+1

cos

(7)

(2~yn»'

It follows from eq. (6) that

=

2(1 + cos

(8)

(4~n»'

so that eqs. (6) and (7) can be satisfied for all values of n, with
Yn < I, i f
Yn+1

o~
(9 )

2Yn(mod 1)

Table 1. Values xn' and xn" of xn determined by
successive iterations of eq. (6) from initial values xo' and
xO" , and difference En = xn' '-xn '·
n

xn'

0
1
2
3
4
5
6
7
8
9

0.5000
2.2500
0.0625
3.7539
3.0762
1.1582
0.7087
1.6676
0.1105
3.5701
2.4653
0.2165
3.1809
1.3945
0.3667
2.6677
0.4458
2.4155
0.1726
3.3394
1.7940

10

11
12
13
14
15
16
17
18
19
20

xn "
0.5001
2.2497
0.0624
3.7545
3.0782
1.1626
0.7013
1.6866
0.0982
3.6169
2.6143
0.3774
2.6329
0.4006
2.5582
0.3116
2.8506
0.7236
1.6292
0.1375
3.4689

En
0.0001
-0.0003
-0.0001
0.0006
0.0020
0.0044
-0.0074
0.0191
-0.0123
0.0468
0.1490
0.1609
-0.5480
-0.9939
2.1915
-2.3561
2.4048
-1.6919
1.4566
-3.2019
1.6750
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If Yn is expressed in binary notation, eq. (9) simply shifts the bits
of Yn one place to the left and drops the leading bit. The sequence
YO, YI, • •• , and hence the related sequence xo' xl, • •• , is
therefore periodic or aperiodic according to whether the bits of YO are
arranged periodically or aperiodically, i.e., according to whether or
not YO is a rational fraction. Thus almost all choices of YO, and hence
of xo' lead to aperiodicity. For example, the value Xo = 1/2 of Table I
corresponds to YO = (1/2~) cos-I(-3/4), which is not a rational
fraction.
It will not surprise anyone to learn that one can obtain aperiodic
solutions of a discontinuous equation simply by choosing an aperiodic
infinite sequence of O's and l's and continually shifting left and
removing the leading member. What is not so obvious until the above
analysis is performed is that the possibility of doing so implies also
that one can find aperiodic solutions of simple continuous equations,
with simple rational numbers as initial values.
Eq. (6) does not possess an attractor with a Cantor-set structure,
because it is not dissipative. In fact, the attractor is the entire
interval 0 S x S 4, and it is only because two distinct values of xn
can produce-the-same value of xn+l that a small one-dimensional
sphere, i.e., a segment, is not stretched to infinite length. The
single Lyapunov exponent is log 2, i.e., on the average, the length of a
small segment doubles with each iteration.
The more general equation
xn+! = (xn - c)

2

(10)

possesses aperiodic solutions for some values of c between 1.4 and 2.0,
although in most cases it cannot be converted to an equation like eq.
(9) by a trigonometric transformation. Identification of the
transitions from periodic to chaotic and from chaotic to periodic
behavior which occur as c continually increases constitutes an
interesting problem in dynamical-systems theory.
For examples of chaos more closely related to the atmosphere we
turn first to a system of 12 ordinary differential equations which we
introduced about 25 years ago for the specific purpose of obtaining a
meteorological model with an aperiodic general solution [8]. As we have
noted, even a million numbers governed by a million equations would give
a somewhat incomplete picture of the atmosphere, so a 12-variable model
must be very crude indeed. The model was obtained by representing the
horizontal wind components by a stream function, expanding the fields of
the vertically averaged stream function and the vertically averaged
temperature in orthogonal functions, and then truncating each series to
six terms. Vertical variations of the wind were identified with
horizontal temperature gradients through the geostrophic relation.
Other variables were inferred implicitly or disregarded altogether. The
equations assumed the general form
(11 )
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with xi representing a stream function if 0 < i_< 6 and a temperature
if 6 < i ~ 12. In each equation at most four coefficients aijk and at
most two coefficients bij differed from zero.
We integrated the equations numerically, using six-hour time steps,
for a total of about 20 years. Fig. 1 shows the variations of xl,
representing the strength of the globally averaged westerly wind
current, during a typical 18-month interval. Although no true
periodicity is apparent, we see a succession of episodes, each lasting a
month or somewhat longer, and each bearing a fair resemblance to the
others. Each episode is marked by a rapia rise from very weak to very
strong westerlies, followed by a somewhat less rapid fall to weak
westerlies. The episode is completed by oscillations with periods of a
week or two, generally about low values of xl. but occasionally, as from
days 140 to 170 and 380 to 410, about rather high values. The
appearance of pronounced regularities, which, however, fall short of
exact repetitions, is a typical feature of chaos which is
deterministically generated. The succession of episodes may be regarded
as a model of the atmosphere's index cycle, although the true index
cycle is less regular [9].
Some of the properties of the 12-variab1e model are more easily
illustrated by turning to a 3-variab1e model, which may be derived from
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Fig. 1. Variations of the variables xl in the 12-variab1e
model governed by eq. (11), representing the strength of the
globally averaged westerly wind, during a particular 18-month
interval.
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the larger model by replacing the 12 variables by 12 linear
combinations, 'and then performing additional truncations [10]. As might
be expected, the new model is an even cruder approximation to the real
atmosphere than the old one, yet it retains some of the real
atmosphere's properties.
The equations of the new model are
dx/dt

_y2 _ z 2 - ax + aF

(12)

dy/dt

xy-bxz-y+G,

(13)

dz/dt

bxy + xz - z •

(14)

Here x denotes the strength of the globally averaged westerly current,
which is identified through the geostrophic relation with the
cross-latitude temperature contrast, while y and z denote the cosine and
sine phases of a chain of superposed waves, whose troughs and ridges are
constrained to tilt westward with increasing elevation. The waves
transport heat poleward, thus reducing the temperature contrast, as
indicated by the _y2 and _z2 terms in eq. (12). The energy thus removed
from the zonal current is added to the waves, as indicated by the xy and
xz terms in eqs. (13) and (14). The waves are also carried along by the
current, as indicated by the -bxz and bxy terms. The linear terms
represent mechanical and thermal damping, while the constant terms
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Variations of the variable x in the 3-variable model
by eqs. (12)-(14) with a = 1/4, b = 4, F = 8, and
representing the strength of the globally averaged
wind, during a particular 18-month interval
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represent thermal forcing. The time unit equals the damping time for
the waves, which is assumed to be five days.
For suitable choices of a, b, F, and G, eqs. (12)-(14) produce
chaos. Such choices include a = 1/4, b = 4, and F = 8, with G some
number between 0.85 and 1.3. Fig. 2, which is like Fig. 1, shows the
variations of x for a typical 18-month interval, when G = 1.25. Again
we see aperiodic variations, but with certain preferred types of
behavior. The oscillations may again be regarded as modeling the
atmospheric index cycle, but a six-month sequence produced by eq. (11)
would probably not be mistaken for one produced by eqs. (12)-(14), nor,
presumably, would a sequence produced by either model be mistaken for a
real atmospheric index-cycle sequence.
A simple measure of the difference between two states is the
distance in phase space. Fig. 3 shows the growth of such a difference,
during a 12-month interval. The two initial states are the initial
state of Fig. 2 and the same state with a small perturbation added.
Eventually the difference becomes large, but the significant increases
seem to be confined to the phase of the index cycle when the westerlies
are approaching a maximum, and there are intervals as long as three
months with no growth at all. The Lyapunov exponents prove to be 0.18,
0.00, and -0.52; the first exponent indicates that, on the average,
small differences double in about 3.6 time units, or 18 days. We might
add that by real atmospheric standards this growth is unreasonably slow.
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Fig. 3. Variations of the root-mean-square difference between
the solution given in Fig. 2 and a second solution obtained by
adding 0.00001 to the initial value of each variable, during
the first 12 months of the 18 month interval of Fig. 2.
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Fig. 4. The intersection of the attractor of eqs. (12)-(14)
with the plane z = 0, when a = 1/4, b = 4, F = 8, and G = 5/4,
as represented by 15000 successive intersections of a single
orbit with the plane z = o.
One feature of the 3-variable model which is easily examined is its
attractor set. Fig. 4 shows the intersection of the single attractor
with the plane z = 0, as approximated by 15000 successive intersections
of a single orbit with the plane; these took place during about 160
years. The points appear to be concentrated on a few dozen curves, and
nearby curves are approximately parallel. Between the curves are large
areas which are avoided. In particular, the line y = 0 is avoided,
indicating that states where y = z = 0, i.e., where the flow is
independent of longitude, are never approached.
Fig • .5 shows an enlargement of a portion of Fig. 4, while Fig. 6 is
an enlargement of part of Fig. S. Additional curves are resolved.
Further enlargements, not shown, reveal further curves, and it seems
evident that a line cutting across all the curves would intersect them
in a Cantor set, i.e., that the attractor is strange.
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Fig. 5. An enlargement of a portion of Fig. 4, as represented
by 8000 successive intersections of a single orbit with the
included portion of the plane z = O.
For our next example of chaos we proceed from one of the smallest
possi ble "global circulation models" to one of the largest yet
constructed. This is the operational forecasting model of the European
Centre for Medium Range Weather Forecasts (ECMWF). The principal
dependent variables of the model are horizontal wind components,
temperature, and water-vapor mixing ratio; other variables are
determined from these by auxiliary diagnostic formulas. The variables
are independently defined at 15 elevations, and, in a recent version of
the model, each horizontal field is represented by more than 10000
spherical-harmonic coefficients. The model thus consists effectively of
more than 600000 ordinary differential equations in as many variables.
The model contains such physical features as orography. The
effects of structures which are unresolved by the model, such as cumulus
clouds, are included via parameterization. The intent is to make the
model as good an approximation to the real atmosphere as is practical,
in view of today's observation and computation systems. Diagnostic
studies are regularly performed to determine how closely the climate
produced by the model resembles the real atmosphere's climate, and
significant differences generally lead to further research aimed at
eliminating the discrepancies.
As the name of the Centre might imply, the principal purpose of the
model is to produce weather forecasts at the "medium range" extending
from a few days to a week or two. The present operational routine
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Fig. 6. An enlargement of a portion of Fig. 5, as represented
by 6000 successive intersections of a single orbit with the
included portion of the plane z = o.
involves preparing, every day, a ten-day forecast of the global
atmospheric state, using the present day's state as initial conditions.
Since the equations are solved by stepwise integration, forecasts for
intermediate ranges are automatically produced, and one-day, two-day,
• •• , ten-day forecasts are routinely archived and made available for
further research. However, forecasts more than ten days in advance are
not generally prepared, arid anything like an 18-month time series,
comparable to Fig. I or 2, is unavailable.
Since the climate of the model differs from that of the real
atmosphere, initial states determined from the real atmosphere need not
lie on the model's attractor, and, since transient effects may well take
more than ten days to die out, not even one point on the model's
attractor set is known, let alone an entire attractor. That the model
behaves chaotically rather than periodically is best determined by
examining it for sensitive dependence on initial conditions.
We have performed a detailed examination of this sort. It would
have been computationally expensive to perform many additional runs, in
which the operationally used initial states were slightly modified.
Instead we have capitalized on the fact that the model produces rather
good one-day forecasts, so that the state predicted for a given day, one
day in advance, may be regarded as equal to the state subsequently
observed on the given day, plus a relatively small error. By comparing
the one-day and two-forecasts for the following day, the two-day and
three-day forecasts for the day after that, etc., we can determine how
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rapidly the error grows. Moreover, there are no practical barriers to
averaging the results over a large sample of forecasts.
Fig. 7 presents the principal results. Points labeled i,j, where i
and j are integers, indicate the globally averaged root-mean-square
temperature difference at the SOO-millibar level between i-day and j-day
forecasts for the same day, averaged over 100 consecutive days beginning
1 December 1984. A O-day forecast is simply an initial analysis.
The upper curve, connecting points labeled O,j, for different
values of j, therefore measures the model's performance, and indicates
how rapidly the difference between two states, one governed by the model
and one by the real atmospheric equations, will amplify. The lower
curve, connecting pOints labeled i,j, with j - i = 1, indicates how
rapidly the difference between two states, both governed by the model,
will amplify.
The lower curve clearly indicates sensitive dependence on initial
conditions. Extrapolation of the curve to very small differences
suggests a doubling time of about 2.S days. Detailed forecasting of
weather states at sufficiently long range is therefore impractical.
However, the difference between the slopes of the two curves indicates

Fig. 7. Root-mean-square differences between i-day and j-day
forecasts of the SOO-millibar temperature for the same day,
made by the ECMlolF operational model, averaged over 100 days
beginning 1 December 1984. Numbers i, j appear beside
selected difference values, which are plotted against values
of j.
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that there is still considerable room for improvement in forecasting,
and implies that we may, for example, some day produce one-week
forecasts as good as today's three-day forecasts. Fig. 7 closely
resembles a figure constructed from an earlier version of the ECMWF
model [11], and both studies tend to confirm the results of earlier
studies performed with less elaborate models [12J.
Our final example of chaos is the weather itself. In contrast to
the case of large atmospheric models, our evidence for chaotic behavior
is mainly the absence of any tendency for exact repetitions, and the
accompanying presence of continua in the many available variance
spectra. We cannot perturb the atmosphere and observe what happens, and
at the same time know what would have happened if we had not introduced
the perturbation. In principle we could wait for an atmospheric state
which closely resembles a previous state, and regard the new state as
equal to the old state plus a small perturbation, but in practice we
would have to wait too long. We recently estimated that we would have
to wait 140 years to obtain one pair of states with a difference of one
half of the difference between randomly chosen states [13J.
Frequently we observe atmospheric states which closely resemble one
another over limited regions; for example, two extratropical cyclones
may look very much alike. After a few days the local resemblance will
be much weaker, but it is not certain whether this is so because of
local amplification or because of the influence of more distant regions
where the states are quite different.
Probably our confidence in the chaotic nature of the atmosphere is
fortified by the fact that the various large global models exhibit
behavior resembling that of the real atmosphere fairly closely, and all
of these models show sensitive dependence on initial conditions and
agree fairly well as to the rate of error growth. We may also be
influenced by our familiarity with baroclinic instability, where
perturbed states will depart from unperturbed states.
6.

CONCLUSIONS

We may now return to our question as to whether, in investigating
atmospheric dynamics, we ought to treat the atmosphere as a
deterministic or a chaotic system. The possibly surprising answer is
that for most investigations it does not matter. The system of
equations which we will be using to study the atmosphere will
necessarily involve some approximations, and it may be regarded as a
model. Provided that the model is realistic enough to produce a chaotic
atmosphere with essentially correct gross features, its behavior will be
about the same whether or not it contains some stochastic terms. Here
we are assuming that the magnitude of these terms is not completely out
of proportion with the actual randomness present in the laws governing
the atmosphere.
Our choice between a formally deterministic and a stochastic model
will therefore be one of convenience. If our reasoning can be
facilitated by the knowledge that our equations contain no randomness,
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we should use a deterministic formulation. If explicit randomness will
aid our investigation, we should introduce it.
As with most general conclusions, there are particular exceptions.
If we are studying the growth of the difference between two atmospheric
states, using a model in which the smaller scales have been
parameterized, and if the initial difference is very small, it will grow
quasi-exponentially and require a number of days to become appreciable,
if the parameterization is deterministic. With a stochastic
parameterization the difference, even if it is initially zero, will
quickly become appreciable, possibly during the first day. The latter
type of behavior seems more realistic, since it appears that if the
small scales could be carried explicitly, uncertainties in these scales
would rapidly spread to the larger scales [14], [15]. Once the
differences in the resolved scales have become appreciable, it matters
little whether the parameterization is deterministic or stochastic.
We are not maintaining that a system of equations with no random
terms, and the same system with random terms added, can produce
quantitatively identical results. Qualitatively the results may be
nearly indistinguishable, or they may be quite different if some of the
constants in the system are close to their bifurcation values. In the
latter event, the addition of small random terms may still be nearly
equivalent to making small alterations in the numerical values of the
constants.
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THE BLOCKING TRANSITION

J. Egger
Meteorologisches Institut
Universitat Munchen
FRG

ABSTRACT. The atmosphere tends to reside in relatively
persistent circulation patterns called grosswetterlagen.
Blocking is one of these. It has been suggested by
Charney and DeVore (1979) that these grosswetterlagen
are linked to the existence of multiple equilibria of the
dynamic equations underlying the large-scale flow. Trans; ti ons
between grosswetterlagen can be seen as a consequence of
instabilities of these equilibria. Work on this topic is
reviewed. It is demonstrated that the dynamic mechanism for
establishing these equilibria as proposed by Charney and
DeVore is not effective in the atmosphere.
A different approach is discussed as well where grosswetterlagen and their transitions are seen as the result of
the interaction of large-scale flow with flows at smaller
scale. One obtains quite realistic simulations of the
blocking process if this interaction is prescribed according
to data. This suggests that models of just the large-scale
flow will not be sufficient to clarify the blocking problem.
1. GROSSWETTERLAGEN AND TRANSITIONS

The term grosswetterlage has been coined (Baur et.al. 1944)
in order to characterize persistent circulation patterns of
large scale in Europe and over the northern Atlantic. By
definition a pattern must persist for at least three days
to be acceptable as a grosswetterlage (correspondingly,
there are days when there is no grosswetterlage). The
original classification contained as many as 21 grosswetterlagen. However, Hess and Brezowsky (1969) when
applying a somewhat modified scheme proposed aliso a
classification where all these patt~rns are lumped together
to form three categories: zonal, meridional and mixed. In
Fig. 1 we show a grosswetterlage of the meridional type. A
enormous ridge dominates the eastern Atlantic with well
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developed troughs ·to the east and west. Correspondingly
one has meridional flow over central Europe. The
category of meridional grosswetterlagen contains blocking
situations as a subset. The grosswetterlage depicted
in Fig. 1 is a blocking situation. Flow patterns like those
shown in Fig. 1 have been called "blocks" since low
pressure systems of smaller scale which travel towards
the blocking anticyclone from the west are hindered by the
block to move on towards the east. Thirty years ago quite
a number of criteria had to be satisfied for a flow
pattern to qualify as a block. These criteria were derived
from synoptic experience and were adapted to visual map
analysis (e.g. Rex, 1950). More modern selection criteria
are geared to computerized map analysis. Typically one
searches for anomalies (deviations from long-term means)
of the stream function at 500 mb, say, which exceed a
threshold value for more than five consecutive days. It
turned out that both methods yield about the same results.

Figure 1. Example of an Atlantic blocking situation.
500 mb height in dam on 24 June 1949. Adapted from
Rex (1950). Distance of isolines is 8 dam.
A zonal grosswetterlage is characterized by strong
westerly flow over the Atlantic. Correspondingly the
isolines of geopotential height (stream function) are
roughly parallel to latitude circles.
Strictly speaking grosswetterlagen are defined for
Europe only. However there is no reason why a similar
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classification could not by be worked out for other parts
of the globe. In particular, blocking is known to occur
frequently over the Pacific (e.g. Treidl et.al., 1981).
Nevertheless it should be kept in mind that all these
patterns do have a relatively local character. It may be
difficult if not impossible to define hemispheric
grosswetterlagen.
The synoptician and the dynamic climatologist will
not be content to have a complete list of grosswetterlagen
at hand. They would also like to know the mean residence time
for each type and, perhaps even more urgently, the
probability of transition from one type to the other.
Spekat et. al. (1983) have evaluated these statistical
characteristics for the three types of grosswetterlagen
mentioned above. They found a mean residence time of about
seven days for the meridional type, of six days for the
zonal grosswetterlagen and of five days for the mixed
situation. In Fig. 2 we show transition probabilities
on a day to day basis. The transition probabilities are
of the order 0.08. Transitions from meridional to zonal
are seen to be relatively unlikely.

8

~
~.~J'~
~

8

zonal

o'?

0.08

~

0.05

•

Figure 2. Transition probabilities between three categories
of grosswetterlagen on a day to day basis. After Spekat
et al. (1983).
These findings call for an explanation. Why is it
that we observe just these types of grosswetterlagen? Why
do they persist for such a long time? What processes
cause the transitions?
In this paper we want to discuss these problems. In
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the following section the dynamic systems approach of
Charney DeVore (1979) to the problem is described.
Problems with this approach are discussed in Sect. 3 and
extensions and modifications of the original research
programme of Charney and DeVore are presented in Sec. 4.
A rather different approach to the problem,which relies on
observed vorticity transfers, is presented in Sect. 5.
2. THE CDV-MODEL
Since the forties, theoretical work on the blocking
problem was mainly concerned with elucidating the basic
mechanism of blocking development. Almost all conceivable
mechanisms have been proposed: hydraulic jump (Rossby,
1950), linear resonance (Tung and Lindzen, 1979), nonlinearly modified resonance (Egger; 1978; Malguzzi and
Speranza, 1981) and baroclinic instability (Schilling,
1982). Charney and DeVore (1979; hereafter referred to as
CdV) took a more global view partly inspired by the work
of Lorenz (1963) on different circulations regimes in a
differentially heated annulus. They suggested that grosswetterlagen can be associated with stationary or
oscillating states of the underlying equations. More
specifically, they suggested that zonal and meridional flow
types can be interpreted as belonging to two distinct,
quasi-stable stationary solutions of the barotropic
vorticity equation.
To fix ideas we shall briefly present a simplified
version of the CdV-model. This model is based on the
barotropic vorticity equation for forced E-plane flow over
topography. The equation reads
(2.1)
where YJ is the stream function of the barotropic atmospheric
flow, 4'* is a stream function forcing o fo a midlati tude
value of the Coriolis parameter with E as the derivative
with res pect 4 to latitude. With Ho we introduce a scale
height (vl0 m), h is the orographic profile and C is a
damping parameter. The symbol Va. denotes the Laplacian
and the Jacobian

J (0., b)

~b
= - dQ.
'\0"b3t-

~ d~ ~
'S); 1i~

in (2.1) describes the advection of absolute potential
vorticity q = ~l~ + foh/Ho + Ey by the flow. With respect
to the atmosphere it 1S best think of ~ as the vertically
averaged flow in the troposphere.
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CdV used a channel of width L/2 and length L as flow
domain. It is a main point of the approach of CdV that it is
sufficient to resolve only the largest scales of motion in
the model. Grosswetterlagen are by definition of
relatively large scale. Smaller scale low pressure systems
travelling within this coarse grain flow are seen as
superimposed perturbations. Such a coarse grain representation of the flow is best carried out by projecting the
stream function on Fourier modes
(2.2)

where k = 2'iT miL, and \.1-"""", are complex Fourier coefficients.
The zonal mean flow when averaged over the flow domain is
denoted by Uo with positive values of Uo denoting westerly
flow. The coarsest resolution possible 1S to restrict
the flow to one wave mode and the zonal mean flow u o . The
stream function of the coarse grain flow is

(2.3)
whe re v r

=

Re ('f 1) k l' vi

=

Im (It 1) k 1 .

The subscript 1 will be dropped in the following. Inserting
(2.3) in (2.1) yields after standard manipulations the
three prognostic equations of the simplified CdV model:
(2.4)

(2.5)

(2.6)

where u is the forcing of the mean flow corresponding to
the str2am function forcin~ in (2.1). The orography has
been chosen such that h = n cos kx sinky. An hitherto
unspecified forcing is provided by the terms Fi.
The first terms on the right hand side of (2.4), (2.5)
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represent advective processes. Linear resonance is said to
occur if U o = ~/2K~ Due to the special choice of the
orographic profile it is only vi which can be affected
directly by the orography. The
third equation can be seen
as a momentum equation for the mean flow. The mean
momentum can be transferred to the earth through interaction of the wave mode with the orography or by friction.
Imposing steady-state conditions it is straightforward to derive from (2.4)-(2.6) a third-order polynomial for the equilibrium zonal ~low Go. This equation
may have one or three real roots uoi. Correspondingly we
have one or three equilibria. In Fig. 3 we give the st~ady
state solution ao and the corresponding values of ~r' vi
as a function of the parameter L. For L- 2 x 106m there is
one equilibrium E1 with ~o~~ u~. According to (2.6) the
mountain torque term must De small in that case
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..... , Vr2
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Figure 3. Equilibrium solution ~o as a function of wave
length L. Also given are the velocit1 components of the
stable equilibria. Velocities in ms- j u; = 10 ms- 1 ,
and, indeed" vi 1"'" o. With increasing L two more equilibria
appear, an inLermediate equilibrium E3 and an equilibrium
E2 with a rather small value of u o . At E the mountain
torque term must be large and negative t~ balance the
forcing term C (u~ - u o ). Strong zonal flow prevails at
E1 and a pronounced wave is seen at E2 • The equilibrium E1
can be associated with a grosswetterlage of the zonal type
whereas E2 corresponds with a grosswetterlage of the
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meridional type. It is customary to call EZ a blocking
equilibrium although the corresponding flow pattern is
only vaguely reminiscent of blocking. A conventional
stability analysis shows that El and EZ are stable with
respect to perturbations in the model. E3 is unstable.
The situation described above constltues the starting
point of the "research programme" (Lakatos, 1978) proposed
by CdV: grosswetterlagen are associated with multiple
equilibria of the underlying equation. In particular the
meridional equilibrium is characterized by a strong
mountain torque and low values of the zonal flow. At the
zonal equilibrium we have strong zonal flow and a small
mountain torque. As is typical of research programmes
at an early stage the CdV-model should not be expected to
answer all the basic questions posed above. The basic model
must be improved and extended step by step in order to
overcome inconsistencies and digest conflicting evidence.
Part of this work has been done by Charney himself and
coworkers. Major problems are as follows:
1. Relevance of the physical mechanisms incorporated
in the CdV model: it is by no means obvious that the
mountain torque plays such a central role in atmospheric
dynamics.
Z. Transition: in the CdV-model there are no transitions between stable equilibria even in a time dependent
formulation of the model.
3. Stability with respect to motions and physical
processes excluded in the model.
In what follows we shall comment on these problems.
3. VALIDATION OF THE CDV-MODEL
The CdV model predicts a high index state characterized
by strong zonal flow uo~ uJ and weak mountain torque and
a low index state with a strong mountain torque and relatively
weak zonal flow. This prediction can be tested by looking
at data. One has to estimate the mountain torque and the
zonal mean flow for blocking and nonblocking situations.
This has to be done for a hemispheric domain since
boundary fluxes become extremely important if just a certain
longitude sector is chosen for the data analysis.
Metz (1985) has carried out this analysis. Some of
his findings are presented in Figs. 4, 5 where the
deviations of the zonal flow and the mountain torque
from the respective time mean are shown for blocking
situations in winter. For a strict comparison with CdV
the curves have to be integrated over latitude. The zonal
flow has a negative anomaly before the onset of blocking
throughout the northern hemisphere. For mature blocks,
0
however, negative deviations are found to the north of 40 N
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only. But even there typical deviations of the zonal wind
are smaller than 0.75 ms- 1 . There is nothing like the
dramatic drop of Uo required by the CdV-model for
blocking situations. Quite to the contrary. The hemispheric
mean Uo may have even anomalously positive values for
mature blocks. The deviations of the mountain torque from
the time mean are given in units of ms- 1 dai~ This
corresponds with (2.6). The curves in Fig. 5,when integrated over latitude/give the change of Uo per day as
enforced by the "anomalous" mountain drag during blocking.
The mountain torque term is "anomalously" positive in the

onset of blocking period but negative later on •
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Figure 4. Deviation of the zonal mean wind from
climatolo~ical mean for three stages of the blocking process.
After Metz (1985).
Again the deviations are quite small. Even if the
negative values of the onset period would stay on throughout the whole blocking period the mean flow would be
reduced by not more than 1 ms- 1 within ten days. One has
to conclude that the blocking mechanism as envisaged by
CdV does not exist. The CdV-model must be seen as an
illustrative model. Using this model helps to formulate
a description of large-scale weather phenomena in terms of
attractor sets, stochastic forcing etc. However, to
eventually resolve the problem of blocking and the
corresponding transition problem this way one has to turn
to different mechanisms and models thereof.
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Figure 5. Contribution of mountain-torque to the tendency
of the zonal wind. Deviations from climatological mean
for three stages of the blocking process. After Metz (1985)
4. THE BLOCKING TRANSITION IN MODIFIED CDV-MODELS

As we have seen the CdV -model cannot serve as a basic
model of the dynamics of grosswetterlagen. Nevertheless
some of the principal problems can be studied using this
model. In this section we wish to adress the transition
problem in the light of extended and modified versions of
the CdV model. Of course, CdV were aware that a more
realistic model of grosswetterlagen would have to include
the possibility of transitions between the attractor basins.
They proposed that each of the equilibria has its own class
of smaller scale instabilities and that each of them would
be capable of undergoing transitions with the aid of these
instabilities. To activate the instabilities one has to
include more modes in the model (e.g. Legras and Ghil,
1985). However, there is a somewhat simpler way to induce
transitions. In a high-resolution model many modes would
interact with the modes resolved in the CdV-model. We can
take this interaction into account in the CdV-model by
prescribing it as a random forcing. In other words we
have to specify the Fi in (2.4)-(2.6). We choose a forcing
which resembles the interactive forcing found in the
atmosphere. Egger and Schilling (1983) determined this
forcing using atmospheric data and found that the forcing
has the characteristics of red noise. For the sake of
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simplicity let us, however, assume that the forcing has
the characteristics of white noise (see Egger, 1981, and de
Swart and Grasman, 1985, for a discussion of this
problem). Thus we have
(4.1)

where ~ is lag, Q measures the intensity of the forcing
and the bar stands for an ensemble average. With (4.1) we
can write down the Fokker-Planck equation for the
stochastically forced CdV-problem:
(4.2)
in the phase space of the CdV model (coordinates u o ' vV' vi)'
In (4.2) p is the probability density, K is the vector
of the right hand sides of (2.4)-(2.6) ~ithout stochastic
forcing (see, e.g. Egger, 1981, for details).
Steady-state solutions of (4.2) give the climatological
probability to find the system in a certain part of the
phase space. The Fokker-Planck equation (4.t) has been
solved numerically and it has been found that both the
zonal and the meridional equilibrium are enclosed by
surfaces of constant probability density. This means that
transitions occur between the attractor basins of both
equilibria. One can also calculate residence and exit
times for neighbourhoods of the equilibria. De Swart and
Grasman showed that the residence times are wexp(Di/Q2) for
small forcing (Di constant). They found that the residence
times are much longer than those given by Spekat et al.
(1983) if realistic forcing intensities are chosen (see
also Benzi et al. 1984).
Legras and Ghil (1985) essentially took up the original
idea of CdV and extended the CdV-model to include up to
25 modes. Orography is still restriced to one large-scale
mode. Legras and Ghil were able to determine the equilibria
even for this rather large system. The equilibria exhibit
blocking and zonal flow patterns and indeed most of these
equilibria are unstable with respect to perturbations in the
model. Therefore, transitions between the various neighbourhoods of the equilibria must be expected.
Long-term integrations of the model have been carried
out. Transitions and residence times can be monitored by
computing the distance
C(t) =

II ~ (~T"t..) - ~Ct-}Il t--1
~

~
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between two states ~ of the model with lag ~ in the phase
space of the variab~es. For small C we have a persistent
behaviour. States drift rapidly apart if C is large. As
an example we show in Fig. 6 the function C as obtained
in a time integration.
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Figure 6. Evolution of the distance function C in an
integration of the extended CdV-model according to
Legras and Ghil (1986). The lag ~ equals two days. Units
of C are normalized. The triangles mark blocking periods
with high persistency.
It is seen that relatively short periods where C is small
interrupt longer periods with relatively'large C values. I
By computing composite flow patterns for the low-C
periods Legras and Ghil where able to show that these
are periods of blocking where the composite pattern show a
good resemblance to the blocking equilibrium pattern. It is
however, not possible to detect all the other equilibria
in the time dependent solution. We can conclude that
multiple equilibria have a clearly visible influence on
the transient behaviour of an CdV model with many modes.
Transition between flow regimes occur and are caused
internally.
So far we have considered barotropic models. In 1980
Charney and Straus extended the CdV model to include
baroclinic effect. Reinhold and Pierrehumbert (1982)
used the same highly truncated representation of largescale flow as Charney and Straus but added a wave of smaller
scale. This wave was chosen such that the equilibria of
the large-scale flow were baroclinically unstable with
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respect to this wave mode. Integrating this model in time
Reinhold and Pierrehumber found that the state of the
model aperiodically vacillates between two distinct grosswetterlagen which are not located near any of the
stationary equilibria of the large-scale flow. Both grosswetterlagen are characterized by a pronounced large-scale
wave and belong to the meridional category. Transitions
between these grosswetterlagen are caused internally and
occur rather rapidly. It appears that the CdV-model's flow
characteristics are changed drastically once baroclinic
effect are incorporated. More recent developments of the
theory of multiple equilibria in baroclinic flows are
described in the article of Benzi in this volume.
5. BLOCKING IN FORCED BAROTROPIC FLOW
Except for the stochastically forced CdV model (Egger,
1981) all the models discussed in the last section
generated transitions between grosswetterlagen internally,
i.e., there is no need to add a random forcing to achieve
transitions. On principle this is a most welcome feature
of these models since it demonstrates that one of the
most striking characteristics of the atmosphere, namely
the existence of grosswetterlagen with transitions, are
also found in low-order models. On the other hand it is
hard to believe that the dynamics of grosswetterlagen
in the atmosphere are governed by just a few modes. Instead
it is quite likely that many modes interact to create
and destroy grosswetterlagen. This suggests to extend
the approach chosen by Egger (1981) where both the largescale flow and flow at smaller scales were represented.
We use the barotropic vorticity equation (2.1) to
describe the large-scale flow. With M = 5, N = 5 the
large-scale flow patterns are described by 25 wave modes.
Atmospheric flow modes with higher wave numbers in either
zonal (m> 5) or meridional direction (n') 5) are called
synoptic-scale modes and are not included explicitly in
the model. Orographic forcing is not included. Correspondingly
there is no mountain torque in the model and we obtain
from the mean flow equation in analogy to (2.6) U o = u~.
To simplify matters as far as possible we discard even
all nonlinear terms in (2.1). The resulting system of
equations has an extremely simple attractor: u = u~;
~~~= O. Nevertheless we can create blocking pa~terns and
other grosswetterlagen in this model if the interaction
of the large-scale modes with the synoptic-scale modes is
prescribed as forcing. In analogy to (2.4)-(2.6) we have
to specify Fi for all wave modes of the large-scale flow.
To obtain realistic forcing functions it is best to turn
to observations. The corresponding procedures are described
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in Egger and Schilling (1983; 1984). To compute of the
modes included in the model with the motion at smaller
scales on a day-by-day basis using atmospheric data. If
this is done one obtains a time series of the forcing
functions Fi for each mode of the model.
A typical numerical experiment is carried out as
follows (Metz, 1986). We start a numerical integration
of the large-scale flow equation from the initial state
U o = u~,
~~~= 0 and prescribe the forcing terms Fi at
each day of the model run according to the observations.
This way we induce wave motions in the model and a
large-scale flow forms. Metz (1986) has analyzed this
flow with particular emphasis on the blocking problem.
He found that blocks form in the model with surprisingly
realistic characteristics. In Fig. 7 we show the mean
stream function anomaly averaged over all Atlantic blocking
cases in the model and the corresponding mean as obtained
from the data for the same period.
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Figure 7. Mean stream function ( 106m2s-1) anomaly for winter
time blocking in the Atlantic (40 0 W-10 0 W). a) observations
b) model result. Stippled: 95 % confidence areas. Adapted
from Metz (1986).
is seen that the simulated field comes rather close to
the observed pattern. In particular we have the characteristic high over the Atlantic in both charts although the
simulated anticyclone is somewhat too weak. There are also
transitions in the model. In Fig. 8 the distribution of
residence times for blocking situations is shown as
observed and as computed.
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Figure 8. Frequency distribution of blocking highs with
duration as observed (a) and as obtained in the forced
model (b). Adapted from Metz (1986).
The blocks in the model are too persistent as compared to
the atmospheric blocks but again we have a reasonably
good agreement. This means that grosswetterlagen of the
meridional type can be created even in linear large-scale
flow if the forcing is chosen as observed. Since the flow
is linear transitions are not due to instabilities. It is
the forcing and the linear dynamics of large-scale Rossby
waves which are responsible for the buildup and decay
of blocking situations in the model.
6. CONCLUSION
Let us try to answer the questions raised in the introduction. Charney and DeVore (1979) suggested that the
existence of grosswetterlagen in the atmosphere and their
respective residence times and transition probabilities
are linked to the existence of multiple equilibria and
their attractor basins.Low~order dynamical models of largescale flow with multiple equilibria have been developed
and links between grosswetterlagen in the model and these
equilibria have been established. Transitions can be
enforced (Egger, 1981) or occur due to instabilities
(Legras and Ghil, 1986; Reinhold and Pierrehumbert, 1982).
However, the model used so far are rather simple and
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somewhat unrealistic. In particular the importance of the
mountain torque for the formation of blocking patterns
~s unrealistically large in models of the CdV-type.
Correspondingly such models must be used for illustrative
purposes but cannot help to establish links between
grosswetterlagen in the atmosphere and some kind of
equilibria.
On the other hand realistic blocking patterns are
seen to occur in the large-scale flow model of Metz (1985).
in this model all the large-scale flow must be seen as a
response to the forcing which is specified according to
observations (Egger and Schilling, 1983). There is no nontrivial equilibrium in the model. The relative success of
this model suggests that it is the interaction of large
planetary modes with smaller synoptic-scale systems which
is responsible for at least part of the blocking activity
observed. In other words grosswetterlagen appear to be
partly caused by fairly complicated dynamical processes.
The same must be true for the transition between grosswetterlagen. One has to conclude that it is unlikely that a
simple concept like that of multiple equilibria will be
able to solve the problem. It should be kept in mind,
however, that forcing experiments like those carried out
by Egger and Schilling (1983, 1984) and Metz (1985)
cannot solve the problem either. In these experiments the
forcing turns out to be of crucial importance. This forcing
is taken from observations and it remains, therefore, to
explain the structure of these forcing terms. What appears
to be necessary is to combine both approaches.
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1. INTRODUCTION.

One of the basic problems in meteorology, if not the basic one, is to explain the general circulation
of the atmospheric fluid, namely its average flow and statistical properties of its time fluctuations.
Even if many fundamental steps have been taken in the process of solving this problem, the
meteorological community is still waiting for a unified solution in which theoretical and observational
results so far obtained are assembled.
As noted by Lorenz in 1967, the difficulty we face in trying to resolve this problem is a measure
of our limited ability deducing the observed circulation from the equations governing the motion
of the relevant physical quantities such as the wind velocity, temperature, pressure, humidity and
so on. For the sake of comparison, we may say that this problem proposes the same sort of
difficulty as that of deducing the thermodynamic behavior of a real gas starting from Nevvion's
law of mechanics and the atomic hypothesis concerning the structure of the matter. In this latter
case, the major breakthrough followed the introduction of the idea that there are well defined
average quantities whose dynamic evolution is much slower than that of their atomic constituents.
The presence of such a time-gap separation allowed the establishment of a statistical mechanical
approach which solved the problem. Pushing further this comparison, we may also say that what
is missing in our problematic context is an "atomic hypothesis", physically connected with the
existence of a time-gap separation. In meteorology we are used to define a number of scales of
motion, but no time separation scale spectral gap has been observed up to know. Still it is a
common feeling that the slow time evolution of the general circulation is governed by a limited
number of degrees of freedom. If this is the case, the first question to answer is: what are the
slow component of the physical system and how we can describe their dynamics without explicitly
resolving the dynamics of the "fast" component? Such question is the main object of these lectures.
We shall try to give a systematic approach to this problem with the aim of clarifying the nature
of the physical problem rather than solving it.
2. THE EQUATIONS OF MOTION.

Let us consider the quasi geostrophic equation of motions on a j3 plane:
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(2.1)

(2.2)
where the notation used is the same as in Charney (1973). The boundary conditions of equation
(2.1,2.2) are:
(2.3)
where h is the bottom topography ( note that the boundary condition are applied in z = 0 and
not in z = h ). A systematic derivation of equations (2.1,2.2,2.3) from the basic fluid dynamic
equations can be found in Charney (1973). In these lectures all the dynamical interpretation of
long time, large space scale behavior of the atmosphere is discussed in the framework of the
quasigeostrophic approximation.
Integrating equation (2.1) in z and using bottom boundary conditions we obtain:
(2.4)
that is the so-called barotropic version of the quasi geostrophic equations. Equation (2.4) describes
the evolution of a flow which is homogeneous in the vertical. In several respects this approximation
fails as we shall see later, for the real atmosphere. A flow described by equation (2.4) cannot
perform any conversion of potential energy into kinetic energy.

3. OBSERVATIONAL PRELIMINARIES
It is known that tropospheric variability at time scales exceeding 10 days is dominated by planetary
flow patterns (see for example Sawyer 1970, Blackmon 1976, Dole 1982). The maximum variance
is localized in fixed geographical areas. The meteorological features that contribute to such variance
are usually stationary or slowly migrating. Such properties are clearly evidenced by space-time
spectral analysis. In the space-time spectral domain the low-frequency component of the variance
appears as a distinct peak in the region corresponding to periods exceeding 10 days and to zonal
wavenumbers less than 5 (see for example Freidrich and Bottger 1978). In so far as propagating
and non-propagating wave-components can be separated (for summary and discussion of this
problem see Hayashy, 1982), the low-frequency variability is almost totally non-propagating on
average. Analysis of specific segments of the time evolution of single wave component seems to
show only during limited extents oftime a tendency for wavenumber 1-2 to propagate to the West
and for wavenumbers above 4 to propagate to the East (in agreement to Rossby dispersion
formula). At this point, it is worth mentioning that the results concerning the partition of the
variance into stationary and propagating somewhat depend on the nature of the eigenfunctions
chosen for projection. Lindzen et.al. (1984), for example, chose as an expansion base the
eigenfunctions of the Laplace tidal equations. Such functions (Hough functions) are fully global.
They average therefore the Northern Hemisphere variance where, as mentioned, the low-frequency
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variability is almost non-propagating and the southern hemisphere variance where the low-frequency
variability is essentially of the propagating type (Mechoso,Hartman 1982; Fraedrich,Kietzig 1983).
However, even in this projection, identifiable wave trains are characterized by variances that are
generally small (5%-20%) compared to the total low-frequency variance (Straus, 1984). It therefore
seems impossible to explain the low-frequency variability in terms of traveling neutral waves
produced by some readjustment process on the gIo bal scale. This impression is confirmed by the
analysis of the spectral energetics and its time variations (Chen 1982; Chen and Marshall, 1984)
which reveals the presence of a well-marked peak in all the cross-correlations in a band of periods
between 10 and 20 days. Care must be taken here not to interpret the presence of a distinct process
in a specific spectral band as a sign of periodicity. In fact, in our case, the process is distinctly
intermittent: it is the transformation operation that projects the signal on a periodic support. As
mentioned, the results of spectral analysis depend to a certain extent on the projection operations.
The analysis we refer to above are all based on transformation in longitude. This may cast doubts
on the robustness of the properties of the Fourier spectrum with respect to different latitudinal
decompositions. However, preliminary analysis of two dimensional spectral distributions in horizontal domain (Lambert 1984) confirm the results obtained with spectral decomposition only in
the zonal direction.
In a sequence of papers Lindzen and Tung (Tung and Lindzen, 1979a,b; Tung, 1979) give a full
account of the linear theory of three dimensional, neutral planetary waves in the middle latitude
circulation. They discuss the possible interpretation large amplitude stationary waves and blocking
anomalies in terms of neutral Rossby waves forced by zonal non-homogeneities in the boundary
conditions (topography) or in the external forcing (heat sources and sinks). Low frequency
variability is interpreted as caused by the linear "adjustment" of the circulation to changes in the
basic zonal wind, the evolution of which is conceived as determined by independent dynamics. In
the language of dynamical systems, the picture that emerges is that of an atmospheric circulation
performing "small" (linear) oscillations around an equilibrium point essentially determined by the
dynamics of the zonal flow (not discussed in the above mentioned papers).

A detailed analysis of the linear theory for three dimensional planetary waves forced by orography
and heat sources can be found in Charney (1973) and Held (1983). The two kind of forced waves
have different vertical structures: waves forced by orography are vertically coherent while heat
sources produce westward vertical shift. The observed vertical structure of stationary planetary
waves seems to be near the one predicted by orography forcing at middle latitude. In the following
we shall concentrate on the orographic forcing as main source of forced stationary waves.

4. BAROTROPIC THEORIES

Let us consider the barotropic equation (2.4). We start discussing a quite simple picture of
orographically modulated flow by means of a unidimensional version of Charney DeVore model
(1979, hereafter CDV). Our preference for unidimensional formalism is due not only to its
intrinsic simplicity, but also to the fact that it provides us with a field theory characterized by
some useful mathematical properties. In particular, the stationary solution of the unidimensional
problem we intend to discuss, are solutions of the barotropic equation. The same is not true for
the stationary solution of the original CDV system. As a matter of fact, this difficulty is encountered
each time, following a classical procedure, the equations of motions are projected onto the
eigenfunctions of the Laplace operator. Such eigenfunctions form a complete set, but their linear
combinations are not necessarily solutions of the stationary nonlinear problem: the stationary
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solutions of any truncated version of the projected equation is not, in general, a solution of the
original stationary problem.
In the case of unidimensional formalism, on the other hand, we shall deal with stationary solutions
that are solutions of the full barotropic equations. In future work this property may prove to be
crucial to an appropriate representation oflocalized (soliton type) solutions.
Orography is assumed to be of the form:
hex) =

(4.1)

he cos ~x

The streamfunction is composed of a uniform zonal flow plus a wave of the same shape as the
topography:
'V(X, t) = - U(t)y

+ A(t)cos~x + B(t)sinkmx

(4.2)

Inserting (4.2) into (2.4) it can be seen that the wave is maintained by the zonal flow over the
topography slope and dissipated by friction:
·

A

v
+ -A
+ (U -

km

~
k m2

-)B = 0

(4.3a)

·
v
~
fohe
B+-B-(U--)A+
U--=O
2

km

km

H~2

(4.3b)

and the zonal flow is forced by some momentum convergence mechanism U·, dissipated by linear
friction and accelerated or decelerated by mountain drag:

he - v'(U - U)•
U· = fo~ 4HB

(4.4)

Equation (4.4) is called the form-drag equation and cannot be derived from the barotropic vorticity
equation (2.4) by simple substitution of the form of the solution (4.2) (see Buzzi et al. 1984).
Indeed equation (4.4) is a statement of angular momentum conservation for the model atmosphere.
Note that for v -> 0 equations (4.3) and (4.4) conserve the total kinetic energy. Equilibrium
solutions of eqs.( 4.3) and (4.4) can easily be found by solving the linear system (4.3) for B (the
amplitude of the wave component out of phase with respect to topography), as a function of U,
and by searching for the intersection of the resulting curve B(U) with linear relationship corresponding to the stationary version of (4), as shown in Fig 1. Once the appropriate points in the
plane B,U are selected, A is also determined along the curve A(U). By means of stability analysis,
equilibrium E1 was identified by CDV as "zonal", E2, as blocked, and the third, E3, as an
"intermediate" equilibrium, unstable with respect to a new kind of instability, called "orographic",
because of the role played in its growth by the orographic drag action appearing in (4.4).
It is clear that the presence of multiple equilibria is due to a simple folding of the state surface in
the direction U· in parameter space. Although the physics is simple and interesting, one already
notices at this early stage some of the theory's inadequacies. For example, the locations of the
equilibria along the U axis are not realistic: the corresponding value of the zonal flow are never
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observed in the real atmosphere (we shall return to this point later). This sort of distortion of the
observed dynamics can perhaps be tolerated in such a simple model. However, even more serious
inadequacies are found in the statistical properties of the CDV model atmosphere. Given the
equilibrium structure of phase space illustrated in Fig. 1, it is obvious that the as),mmetric time
behavior of the time-dependent system (4.3,4.4) is characterized by only two possibilities: orbits
in phase-space can,in a certain span of time, die either in £\ or in £2. In order to produce
transitions between zonal and blocked states, we have to superimpose on the stationary solution
some sort of perturbation. This can be done by increasing the dimensionality of the model or,
more simply, by taking into account the effect of small random noise on the deterministic CDV
dynamics. This last approach was first taken by Egger (1981), who integrated numerically the
Fokker-Plank equation for the evolution of probability density in phase space of the stochastically
perturbed CDV system and obtained the intuitive result that the asymptotic statistics of occupation
of states in the CDV system are characterized by maxima centered at the stable equilibria. The
same problem was also studied by Benzi,Hansen and Sutera (1984) (from now on, BHS), with
an analytic technique for estimating the expectation values of exit times, From the potential wells
of the CDV theory, use of tIus analytical technique, instead of numerical integration, makes the
overall picture of the model's statistical properties more controllable. The estimate is based on
the assumption
1

1

v«'E

t

(4.5)

where ~ is the time typical of dissipative processes and is the time-scale of random noise. In
the limit (4.5) it can be proved that the behavior of the entire system is approximated by the
single stochastic differential equation for the zonal \vind:

av +
dU = - (-)dt
au

/-EdW

(4.6)

'I

where V(U) is the equivalent of a potential for the motiQn of perturbed CDV system in the
phase-space, and W is a Wiener process with amplitude E. The corresponding stationary probability density is

J

2V(U)
P(U) = Nexp(- -E-)

where N is a normalization constant. in the limit
exit times 'tee) can be estimated as:

(4.7)
E ~

0, the expectation values ( < .. > ) of the

(4.8a)

(4.8b)
where D.1,2 = V3 - V1,2 represent the potential barriers to be overcome in order to escape from
the blocked a nd zonal potential wells. Exit times are shown in Table 1. It is clear that dramatic
changes take place when tlJe external forcing U· changes. The structural dependence on U* can
be stabilized if we include red noise in the zonal momentum equation ( see BHS for details),
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Fig 1. Absolute value of the component out of phase with respect to the topography fcomputed
from the unidimensional model equation (2.3). The amplitude is expressed in meters and the
resonant wind is about 13 m/sec. The straight line represents the form-drag relation as in CDV.
E1¢, ¢E2¢, ¢E3 indicate respectively the "zonal, blocked and intermidiate" equilibria of CDV.

Zonal forcing

T (block)

T (zonal)

10 meters/sec.

days

days

.64

43.2
10.2
6.1
4.3
3.3
2.6
2.2
1.9
1.7
1.6

101.6
24.6
28.1
44.7
90.0
223.0
669.6
2400.
10000
54000

.77

.89
1.02
1.15
1.28
1.41
1.54
1.66
1. 79

Table 1. Exit times for the Charney-Devore model as a function of the zonal forcing U*. T(block)
and T(zonal) are the times for the blocking-to-zonal and zonal-to-blocking transitions, respectively.
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however the problem of fitting the observed statistics remains unsolved because the remarked
separation in intensity of the zonal wind of the two stable equilibrium states makes the statistics
too dispersed in U itself.
To give a physical picture of the nature of the problem, we have represented in Fig. 2 the
distribution of instantaneous states in the CDV parameter space B-U computed from observations
of 500 mb height during two winters (1977-78 and 1978-1979). It is clear that the distribution of
observed values of zonal wind is much less dispersed than in CDV. No similar disagreement with
the range of observed variability can be noticed in the wave amplitude.
It is dear that, if we accept the observed zonal momentum distribution as a preromenologica1 law
and still insist on the idea of multiple equilibria, we need a mechanism capable of stabilizing, at
finite amplitude, the wave in a limited range of zonal wind values. Going back to the barotropic
equation we see that there are two main contribution to the modificati0?t of the wave amplitude:
wave-wave interaction J('I', Ll'l') and waYte-orography interaction J('I',10 H)' In CDV theory the
only effect taken into account is J('I',10 H)' Hence the linear structure oflhe wave equation does
not allow the existence of different wave amplitude for the same zonal wind U. On the other
hand insertion of non-linearity in the wave equation, by means of J('I', Ll'l'), can easily "bend" the
resonance, thus creating a folding with three branches of stationary solutions superimposed in the
wave amplitude direction of parameter space.
The easiest way of producing resonance bending consists of introducing weak non-linearity into
the solutions of the stationary, inviscid equation (Malguzzi and Speranza, 1981, from now on MS):
(4.10)

A solution of this equation is:

for any function F. If F is a linear function then equation (4.11) is identical to the inviscid version
of CDV theory. We are interested in the case of nonlinear F. For simplicity we shall assume
ay ~ 0, i.e.
'l'xx

h

+ py + fo H

= -

2

k 'I' -

C\jf

3

Equation (4.11) can be studied using multiple scale analysis with h -

At the zeroth order we obtain:

the solution of which is

(4.11)
C -

E

< < 1 and assuming:
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with k 2

"'0 =

- Uy

= ~.

Introducing the "long" scale X

+ Aei10c +.

h(x, X) = heei1oc+IAX +

= EX and writing the

orography as

(.)

we obtain at the first order:

All tenns on the r.h.s. must sum to zero in order to avoid resonances for

"'1. Assuming:

A(X) = ae iAkX

we obtain

Let us consider the simple case y = 0:
3ca 3

he

+ 2ktika + fa H

= 0

Assuming c > 0 we can easily check that multiple equilibria exist for tik < 0, i.e. for U <

~.
km

What is new and important for this model respect to the CDV theory is that multiple equilibria
do exist for the same value of U.
In order to produce resonance bending in the context of the forced-dissipative dynamics of CDV,
we shall introduce a nonlinearity associated with wave selfinteraction. Before proceeding with the
necessary modification of CDV, it is useful to consider briefly the nature of the different nonlinearities appearing in the quasi-geostrophic equations. Non linearity of the Jacobian operator
has two distinct parts: wave-wave interaction and wave-zonal flow interaction. The latter has very
frequently been considered in theoretical studies (see, for example, Pedlosky, 1981), while the
former has usually been neglected. This is because, in the usual one-wave representation of the
wave field near neutral stability, direct wave self-interaction vanishes. In the following theoretical
treatment of equilibrium solutions of the barotropic equation (BMSS), we prefer to consider as
basic non-linearity (that bends the resonance in the B,U plane) the self-interaction of waves. Here
again, of crucial importance is the choice of the eigenfunction in terms of which the streamfunction
field is written: our choice is that of separated modes of the form A(x,t)g(y) with a latitudinal
structure such as to guarantee wave self-interaction. In mathematical terms, we expand the
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barotropic wave equation with dissipation in tenns of functions of the fonn
(4.12)
(4.13)

and, multiplying by gn (Y), integrating in y and keeping only one mode, we obtain:
(4.14)

where the non-linear self-interaction coefficients have been defined as ( {.... } =

J....dy ):
(4.15)

The nature of the coefficients defined in (4.15) clarifies the meaning of the previous remarks
concerning non-linearity in our model. This non-linearity depends on the latitudinal structure of
the modes: it would vanish for an eigenfunction of Laplace operator of the kind considered by
Pedlosky (1981) and many others. It can be proved (Speranza et.al., 1984) that local topography,
for example, is able to produce the latitudinal structure needed to produce self-interaction. In the
following we shall assume 'Y = 0 because of lateral b.c. and concentrate on the role of the
nonlinearity associated with o. The ordering of parameters that turns out to be necessary for
resonance bending in CDV parameter space is (E is a small parameter):
(4.16)

which, in physical tenns, means that Jacobian interaction is stronger than topographic action and
dissipation. Introducing long time and space scales
(4.17)
(4.18)

and assuming the amplitude of the wave mode is of the fonn
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Al (x, X, t, 1) - A

(0)

(x, X, 1)

+ EA (I) + E3 •••••.••••

we obtain from (4.12-13), at zero order in
(Ua

+ j3)A~) + UA~
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(4.19)

E

= 0

(4.20)

The solution of (4.20) is:
(4.21)
where
(422)

that is, a modified wavenumber of the stationary Rossby wave (4.21). At first order in E, we obtain:
(4.23)

A particular solution of (4.23) is
A(I)

SlBI

= _

2

j3 + Ua
At second order in

E,

_

2

QB2
2

exp( 2iksx)

j3 + Ua 2

- k; U

(4.24)

secular terms appear and the solvability condition reads:
(4.25)

7 2.

- - S Ik
6

s

IBI 2

B

(13 + a 2 U)

2

2

= - v(a - k )B
s

The introduction of slight detuning I::.k = km - ks, allows us to write
heX) = ho(i/::,.kX) + (*)

(4.26)

which, introduced into (4.25), gives the stabilization equation
(4.27)

The stationary version of this equation is a cubic condition which produces resonance bending in
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the CDV parameter space (as shov,-n in fig. 3). Although the expansion outlined above is based
on ad hoc assumptions, the phenomenology of resonance bending is very robust and can easily
be observed in many physical systems. Moreover in the context of barotropic dynamics such
phenomenology is confirmed by numerical experiments ",ith both finite difference (Rambaldi and
Mo 1984) and spectral (Legras and Ghil 1983) models of high spatial resolution in both of which,
however, the dominant non-linear interaction is associated ",ith wave-zonal flow, rather than
wave-wave interaction as in our case.
The structure of the wave amplitude equilibrium solutions that we have drawn above is obviously
apt to produce a time dependent behavior with statistical properties in essential agreement with
observations. However, in order to write a consistent dynamical system, we must close (4.27) with
a prognostic equation for zonal wind. Here, we face the essential difficulty of all barotropic theories:
in order to produce orographic waves of the observed amplitudes, we must postulate an orographic
drag much smaller than the observed one (see BMSS for a discussion). The problem is most
easily expressed in terms of the energetics of the barotropic models. The form-drag equation is
exactly what we energetically require in order to transfer energy from the zonal flow to the wave:
in absence of potential energy sources or direct wave forcing (i.e. in the CDV type of energetics)
the only way of amplifying planetary waves is through the action of mountain drag. However,
observational analysis of this term, both for seasonal average waves ( Holopainen 1970) ~ their
time fluctuations (Schilling, 1982), shows that its role is consistently negligible (- 10 - 2
More recent analysis of winter data in general by Chen (1982), Chen and Marshall (1984f,1 and
more specifically, of blocking versus non-blocking cases by Hansen and Shilling (1985) confirm
the above results, together \vith the general observation that the mountain drag term does not
play an important role in the real atmosphere (see Speranza 1984 for a discussion). As we shall
see in the next section, form-drag can operate as an essential catalyst for baroclinic conversion,
although it directly forces only irrelevant amounts of energy in the ultra-long waves.

-T)'

5. BAROCLINIC ENERGETICS AND NON-LINEAR RESONANCE

The barotropic model has served well the purpose of isolating the mechanism of non-linear
stabilization required in order to produce theoretical multiple equilibrium states in the observed
range of variability of the Northern Hemisphere circulation. However, as we have seen, the
energetics of the observed variability is dominated by baroclinic conversion. We shall now discuss
here how to extend the concepts concerning non-linear stabilization to a baroclinic model atmosphere. For mathematical convenience we make use of the quasi-geostrophic, two-level model in
the standard formulation (Pedlosky, 1964):
(S.la)
(S.1b)
where

In (5.1) F1,2 represent any kind of forcing and/or dissipation.
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Equation (5.1) can be derived by (2.1),(2.2) and (2,3) by a descretization in the vertical axis z (see
Pedlosky 1964). Separation of symmetric and non symmetric flow components is obtained, in
analogy with the procedure used in setting the barotropic model, by assuming that :
(S.2a)

(5.2b)

and wave-wave nonlinearity by defining:
(S.3a)
(5.3b)

where the gn (y) satisfy the same conditions as in the barotropic case. We 'will consider one wave
approximation (N= 1) with topography h(x,y) projected onto the same g function. The forcing
on the wave field is pure laplacian dissipation:
(5.4a)
(5.4b)

Substituting (5.2-3) into (5.1) and projecting onto g(y), we obtain the quasi unidimensional wave
equation:

where h has only projection on g(y), i.e. h(x,y)

-+

h(x)g(y) and:

(5.6)

are the nonlinearity coefficients of our system. Another coefficient y = Sg2gydy originally appears
in the projected equations (2.11), but vanishes because of the boundary conditions As in the
barotropic case, the choice of non-trigonometric g(y) allows non linear interaction of waves to
take place in the midlatitude channel.
In order to close the wave dynamics described by (5.5), we need to write additional equations for
the time evolution of the zonal flow. As already mentioned for the barotropic equation (see Buzzi
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et al. 1984 for a discussion), since the symmetric circulation defined in (5.2) has no horizontal
vorticity, the derivation from the potential vorticity equation is not straightforward, involving a
limit to unifonn latitudinal structure (Hart 1979). An altemative is to derive the quasi unidimensional
approximation for the zonal flow directly from the momentum equations. Since neither procedure
is particularly illuminating in the context of the problem in question, we do not give a account
here, the results being in any case very familiar.
Energetic closure of (5.5) is guaranteed by two equations. The first is the fonn-drag equation for
the average zonal momentum U = 0.5( UI + U2) :

aru =

--

*

(5.7)

- A2hx - vu(U - U)

where the overbar represents zonal average and Vu is the inverse of a typical relaxation time of
the system. As usual U* is the external momentum forcing, provided in the real atmosphere
mostly by convergence of zonal momentum fluxes associated with small and fast eddies which are
not explicitly represented in our minimal model. Such forcing is often omitted in the baroclinic
case (as, for example, in Charney and Straus 1980) because the average baroclinicity associated
with planetary latitudinal thermal contrast is available as a primary driving of the circulation, as
we shall see in the discussion of the next closure equation. However, this procedure leads to the
consequence that, in order to mantain a stationary balance in (5.7), dissipation must be, against
any observational evidence, compensated by fonndrag acceleration. We therefore maintain explicit
momentum forcing U* as in the barotropic case. The second closure equation describes the time
evolution of the average baroclinicity m = 0.5( UI - U2) :

- - + A2h"
-- -

Calm = 2FA2A IX

*

vm(m - m )

(5.8)

where, again, Vm is the inverse of a relaxation time and m * is external baroclinicity generation
associated with gIobal1atitudinal thermal contrast. C is a constant representing the inertia of the
average baroclinicity field m. This constant is determined by two contribution: the first, associated
with the horizontal vorticity of the zonal flow, is kinematic, while the second, associated "'ith
vertical shear, is thermodynamic. The thermodynamic inertia dominates in the earth atmosphere.
Equations (5.5,5.7,5.8) fonn a closed system of partial differential equation in the zonal shape of
the wave field AI ,2(X, t), the total zonal momentum U(t) and the average baroclinicity met). The
purpose of the next section is to show that this system of equations admits multiple wave amplitude
stationary solution in a limited range of values of U and m, as required by observations.
In order to set up an approximation suitable for the search of multiple equilibrium solutions of
(5.5,7,8), we observe that, in the presence of orography, the symmetric circulation U2 = 0 produces
rather realistic instability patterns (see Buzzi et.al. 1984 for a discussion of orographic baroclinic
in the unidimensional formulation). Of particular importance are the baroclinic character of the
instability, as well as its vertical coherence and its stationary phase. Moreover, we are interested
in limited deviations from symmetric circulation. We shall therefore consider states with most of
the momentum concentrated in the upper level. The rest of our scaling consists in the classical
quasi resonant approximation (see BMSS) which provides the nonlinear resonance folding.
Specifically, having defined a small parameter
nance), we assume:

E

(usually the wave detuning with respect to reso-
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os

(5.9)

where all the dissipations have been assumed equal to v and slow space-time modulations have
been introduced. The arrows indicate substitution of the scaled variables to the original ones. We
expand the wave field:
_

(0)

A1.ix,t,X,'t) - A 1•2(X,t,X,'t)

2 (2)
+ &A (I)
I •2(X,t,X,'t) + I: A 1•2(X,t,X,'t) + .....

(5.10)

and consequently expand equation (2.11). At the lowest (zero) order we obtain:
(5. 11 a)
(S.l1b)
which define a nondissipative , free baroclinic Rossby wave :
(S.I2a)

(S.12b)

(b -

(12) except for slow modulation
The wave is stationary, with resonant wave number ks = _/
in space and time. The vanishing of A&O) reveals that the Wave lis essentially confined to the upper
level as the zonal flow: only at second order in I: corrections in the wave field of the lower level
will appear.

At the first order in the small parameter s:
(S.13a)
(S.13b)

which describe a non-linearly modified, nondissipative, free Rossby wave:
(5.14a)
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(5. 14b)
modulated on the zonal wavenumbers 0 and 2ks . The slow space time modulation al (X, t) is
determined by the balance with frictional dissipation and topographic action at the second order
in E:
(5.1Sa)

arJ;"A(O)
+ PRA(2)
+ F(l/.2A Ix
(0) · I
2x

l/.

A (2»
I 2x

+ l/.2''x
1. =

0

(5.15b)

Equation (5.15b) is linear in A~2):

(5.16)
which, substituted into (5.1Sa), gives:

(5.17)

where we have assumed:
hex) = 2hocosJcmx = hoexpi(~

+ l:ik)x + (+)

(5.18)

and l:ik = k m - ks is the detuning with respect to resonance. Choice of al(X,t) = a(t)expil:ikX
finally gives the nonlinear equation for near resonant wave amplitude:

Substituting (5.16) and (5.19) into the closure equations (5.7) and (5.8) we obtain:
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(5.20)

(5.21)

+2F
~ _
FU [F(aa.* - a *.a) I

ik", U21!o(a

- a •)) - 2v(m - m •).

Equations (5.19),(5.20),(5.21) fonn a closed dynamical system describing the dynamics of the
nonlinear (cubic) folding of resonant response to orographic modulation in an almost zonally
symmetric baroclinic flow. Here our major concern is to find the stationary states and their
stability properties, because of their impact on the statistics. We find stationary solutions by solving
for a, as a function of U and m, the cubic algebraic condition resulting from the stationary version
of (5.19), and consequently choosing U· and m*, satisfying the stationary version of (5.20-21) for
those values of U and m that allow multiple wave amplitude solutions with a choice of a
corresponding to its maximum equilibrium value. Having fixed U· and m *, we can then compute
the multiple equilibria for all other states by means of a Newton iteration procedure. Convergence
is quite fast.
An illustration of our results is given in Table II. The first set of values (Table IIa) corresponds
to multiple equilibria near the symmetric circulation ( U2 = 0 ): the two states of maximum and
minimum amplitude are stable and separated by about 100 meters of geopotential. The intennediate
state is unstable with respect to nontravelling baroclinic distrubances of orographic nature. The
difference in zonal flow and average baroclinicity between the large and small wave amplitude
stable states is confined in the range of meters per seconds as required by the observed statistics.
The maintenance of the stable equilibria is, again in agreement with observations (Hansen 1985a),
essentially baroclinic (see Benzi, Speranza and Sutera 1986).
It is interesting at this point to contrast the above results with those obtained by studying a
barotropic nonlinear system computed from the same equations, setting m= O. To this purpose
we show in Table lib a second set of equilibrium values computed for the above-defined barotropic
dynamics. One can immediately see the large differences in the zonal wind of the two extreme (in
wave amplitude) equilibria. This difference is due to the balance between zonal and wave kinetic
energy, emphasized before as a necessary consequence of barotropy.
In conclusion, our results support the interpretation of the discrepancy between the prediction of
barotropic theories and the observed statistics: different wave amplitude states are maintained by
baroclinic conversion, with fonn-drag exerting only a catalytic role. This explains how the wave
amplitude can display widely varying values and at the same time bimodal statistics, while the
zonal flow has almost coincident equilibrium values and, consequently, essentially unimodal statistics.
As regards the theoretical manipulation of minimal models of atmospheric circulation, it is also
worth noting that the asymptotic stability of both extreme amplitude equilibria is here critically
dependent on the process of resonance bending. It is, in fact, this bending which permits the
coexistence of different equilibria on the same side of the linear resonance, therefore displaying
similar stability properties (Speranza 1985b). We thus escape the embarassement of finding globally
attractive large amplitude states like other authors (Chamey and Straus 1980, Yaden 1983,
Rambaldi and Salustri 1984, Itho 1985) dealing with the same system, but without resonance bending.
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u

m

A1

A2

E1

2.1

1.7

0.73+10.78

0.12+iO.ll

E2

2.15

1. 72

-0.76+iO.61

-0.l+iO.1

E3

2.37

1.83

-0.15+iO.01

-0.01+iO.002

Table IIa. Stationary solutions for equations (5.19), (5.20) :;nd (5.21) com~uted for the follo~g
set of parameter: C = 5, a = 0.2, D = 0.5, F = 1., P = 1., U = 2.38 and m = 1.84. The rescaling
of variables has been performed using a wind scale of 10 meters per second and a characteristic
length of 1000 km. In this way the amplitude of the waves is expressed in units of hundreds of meters.

u

m

A1

A2

E1

2.1

O.

2.08+10.63

4.16+il.21

E2

4.72

O.

-1.53+10.13

-1.83+iO.17

E3

5.1

O.

-0.58+iO.02

-0.61+iO.02

Table lIb. Stationary solutions of equations (5.19), (5.20) and (5.21) for the case"m = m* = O.
The values of the parameters are the same of Table la.
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6. OBSERVATIONAL EVIDENCE OF MULTIPLE EQUILIBRIA

It is very important, although apparently obvious,
that any theoretical explanation of low
frequency variability in the atmosphere must be subjected to observational verification using the
same physical quantities for which the theory has been developed. In the preceding sections we
have constructed a self consistent theory of low frequency variability which predicts multiple
equilibria of ultralong planetary wave amplitude for nearly the same value of the zonal flow and
the zonal vertical shear. In this section we shall verify whether there is any observational evidence
of such statistical behaviour in the real atmosphere.

The specific mechanism of resonance folding described in the preceding sections is robust with
respect to generalization to more spectral components (Benzi,Iarlori, Lippolis and Sutera 1986).
In the light of such extension of the theory, we have to expect a complex region of folding, more
spread in the spectral domain than in the simple process of fig. 3. For this reason, in the data
analysis described below, we use as an indicator of ultra-long wave amplitude the quantity:
(6.1)
that represents the total power present in the near resonant band.
Our data consists of twice-daily (OOOOGMT and 1200 GMT) National Meteorological Center final
analysis of the Northern Hemisphere 500 mb heights from 1966 to 1977 as provided by Roy
Jenne. As is well known, the original data is interpolated on the NMC octagonal grid (5lx47
points). Following the quasi unidimensional approach discussed in the preceding section, after
subtracting the zonal average, we integrated the geopotential field between 30 and 75 degree north.
The resulting instantaneous fields were then Fourier decomposed in longitude. The wave amplitude
indicator was then constructed by means of formula (6.1) and the time series of the zonal wind
by averaging in latitude between 30 and 75N and in longitude. Because of the quasi-geostrophic
balance, the zonal field is simple proportional to the difference in geopotential height averaged
along the 30N and the 75N latitude circles. The physical process we want to study is concentrated
between 10 and 40 days. This range is intermediate between the 2-5 days range typical of ordinary
baroclinic instability and slow modulations on seasonal scale or longer (probably associated with
variations in the macroscopic parameters of the system). Previous studies (Dole 1982,1983) quote
an order of magnitude of 20% for season to season variability of long lasting anomalies in the
extratropical circulation. A certain amount of filtering and detrending of the data is therefore
required if we want to be able to superimpose different winters. The filtering is performed with
a spectral procedure: periods below 5 days and above 1 year are eliminated directly from the
Fourier spectrum of the time series. The results of applying this procedure are shown in fig.4
where filtered and unfiltered series are compared for each winter. The filtered time series still
contain some trends. This is shown in fig. S where the results of filtering with a different choice
of periods on which the Fourier spectrum is computed are shown for the winter 1975-76. Application of a procedure of digital detrending at 4S days removes the residual trend as shown in fig.
6. At this point we are left with two time series of instantaneous values of the wave-amplitude
indicator and the average zonal wind that presumably describe some projections of the fluctuations
of the atmospheric circulation in the low-frequency range (10-30 days). These constitute the basis
of our analysis.
Having constructed an suitable data set, we proceed now to the analysis of statistical properties
of the observed circulation in the parameter space of quasi unidimensional theory. The first
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Fig. 5.Filtered signal of I for winter 75-76 as computed from the Fourier spectrum of the period
65-77 and 69-79. We note the appearance of some trend, possibly due to the seasonal cycles.
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Fig 7a. Histogram 11 bins for the zonal wind U for the winters 67-78.
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Fig 7b. Histogram 31 bins for the zonal wind U for the winters 67-78.
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quantity we wish to estimate is time occupation in different regions of phase space. A classical
estimator of probability density is the histogram. Examples of the histogram of the zonal wind,
computed cumulatively for several winters, are shown if fig. 7. As we can see, the distribution
does not appreciably deviate from a gaussian distribution. However one can consider other estimators of probability besides histogram (as for example discussed in BMSS and in Sutera 1984).
For most of the distributions discussed here, use of other estimators did not appear to change the
basic qualitative properties of the distributions. A detailed discussion of this point is given by
Sutera (1985) and by Benzi and Speranza (1986). In fig. 8 we show the histogram for our indicator
of planetary wave activity: two peaks, separated by approximately 30 meters in geopotential, appear
consistently in almost all the distributions.
Fig. 9 and 10 show the combined two-dlmensional histogram in the U-A parameter
space of quasi unidimensional theory: two maxima in the projection onto the wave amplitude
axis correspond to a single peak in the projection onto the zonal flow axis. 'Ibis result seems to
be more in agreement with a process of folding than with the stabilization due to the wave-zonal
flow interaction envisaged in CDV. At any rate, whatever the physical mechanism of generation
of low-frequency variability may be, the probability distribution in the wave amplitude seems
rather spread. Moreover, if there is a quantized structure in the wave amplitude, the different wave
equilibrium values correspond to mean zonal flows confined in a narrow range.
At this point, we should open a discussion concerning the reliability of the computed estimators
for the probability densities. For example, use of the Kolmogorov criterion (based on the maximum
distance from the theoretical distribution) gives for the Kernel estimators a reliability consistently
larger than 95% for the bimodal distribution (see Sutera 1984). We prefer, however, to give the
reader an impression of the physical meaningfulness of the computed distributions of ultra-long
wave activity by contrasting them Viith the analogous distributions of wave-activity in the range
of wavenumbers 7-18 (corresponding to ordinary baroclinic instability) displayed in fig. 11: the
different statistical nature of the two processes is quite clear.
As already mentioned in the introduction, most of the variance of the process we are studying is
of the non propagating type. 'Ibis property reflects the nonhomogeneity of the probability distribution of phases shown in fig. 12. The occurrence of phases is clearly peaked in a limited range
of values. Moreover the phase of wavenumber 3 displays a marked bimodality.
However, it is important to realize that in the presence of the various spectral components of
orographic modulation at the lower boundary it may be very difficult get a good correspondence
between the days selected by the bimodal distribution of our indicator and those obtained by the
bimodal distribution of the phase of wavenumber 3. Hence, we are not certain as to the specific
physical identification of phase behavior.
Up to now, we have discussed cumulative (over several winters) statistical distributions. The low
frequency variability is characterized by a considerable amount of season to season variability. It
is therefore interesting to analyze the statistical distribution for single winters. 'Ibis is discussed
by Benzi and Speranza (1986). From their analysis one can see that the zonal wind distribution
shows very unequal variations from year to year. The appearance is often that there is a superposition of different processes. At any rate, no specific regularity in the occurrences of peaks in the
occupation frequency is apparent. As a consequence, the cumulative distribution is unimodal (see
again fig. 7). The distributions of wave amplitude for single winters are more regular: they quite
consistently display two major peaks. The minimum of the probability distribution shows some
variation from year to year. 'Ibis may be due to the fact that, despite the filtering and the detrending
procedure used, some year to year variability is still present in our data.
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HISTOGRAM 31 FOR 67+78

Fig 8a. Histogram 31 bins for the cwnulative probability distribution of the detrended indicator I
for winters 67-78. The dashed line refers to the period 67-76.
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Fig. 8b Histogram 31 bins for the filtered but not detrended indicator for the period 67-76.

222

R. BENZ! AND A. SPERANZA
MOOEI

35
30
25
20
15

10

o

HISTOGRAM ZONAL WIND POWER SPECTRUM WAVES 2,3,4, WINTERS 66-76

Fig. 9. Two dimensional histogram of the zonal flow U and the wave indicator I. The horizontal
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Fig. 11. Histograms of the power spectrum in wavenumber 7-18 for the period 67-78. From the
original signal we have subtracted a running average of 16 days.
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HISTOGRAM PHASE WAVE NUMBER 3. WINTERS 67+76

Fig. 12.b
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Fig. 12.c

Fig. 12. Histograms of the phase of wavenumber 2(I2a), 3(l2b), 4(12c) for the period 67-76. The
horizontal scale is expressed in radiants.
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It is interesting to show what one can be found when analyzing the statistical distribution of values
of meteorological quantities measured at specific locations (White 1980, Dole 1982) instead of
spectral projections. Fig. 13 shows the hi'stograms of the wave amplitude indicator computed at
selected longitudes. It can be clearly seen that the bimodal character appears only at some locations
(d,e,g of Fig. 13) which coincide perfectly with the regions of persistent anomalies individuated by
Dole (1982, 1984). Obviously, the total fields analyzed by White and Dole also contain all the
other spectral components that, presumably, mask the bimodal character of the distribution.

Up to now we have considered pure statistical properties of the low-frequency variability. In such
a range of variability we find atmospheric features of great meteorological interest, in particular
blocking. It has been known for some time that synoptic definition of blocking, in any of its
different formulations, cannot be simply reduced to the amplification of ultralong waves" although
many blocking patterns project quite substantially onto the first few wavenumbers. TIlls, as we
shall see, has also been our own experience in the course of the present research. Therefore, the
problem of explaining low frequency variability must, for the time being, be maintained distinct
from that of understanding the physical mechanism of generation and maintenance of blocking
anticyclones.
A first impression regarding the synoptic structure of the meteorological fields associated with
low-frequency variability can be gleaned from the composite of all the maps falling near the two
peaks of the statistical distribution of wave amplitude that we indicate with MODE 1 ( small wave
amplitude) and MODE 2 (large wave amplitude). An example of such composite is shown in
Fig. 14. As expected the main difference between the two "modes" consists in the amplification
of a wave number 3 pattern in MODE 2. The main amplification takes place during periods of
major blocking activity although, as mentioned, this cannot be taken to signify the identity of the
two phenomena in question. Hansen (1984) shows the Hovrnuller diagram of the wave amplitude
indicator for the winter 1981-1982. From such a diagram it can be seen the ridging activity over
the Pacific and the Atlantic (it is worth noting that there is no sign of phase propagation in the
Hovrnuller for any period); the wave amplitude indicator essentially captures Pacific and large scale
Atlantic blocking, but misses very localized Atlantic "dipoles", Such blocks, presumably maintained
by "synoptic" forcing, rather than baroclinic conversion (Hansen-Sutera 1983, Shutts, 1984, Egger
et.al. 1984), seem to be captured by other indicators associated with wave-wave interaction as
opposed to the amplitude of ultra-long waves. An example is given in fig.s 15,16 and 17 where
we discuss the meridional transport of enstrophy Q = [6.",f average on the channel for the winter
1967-68. Following the theoretical considerations of section 4, we can easily see that:

We considered the power spectrum of JAAxAxxdx analyzing the contributions on wavenumbers
2,3,4 decomposing it into two parts: one part induced by wavenumbers 2,3,4 themselves and the
other one by all wavenumbers greater than 4 The dashed lines in Fig.s 15,16 and 17 refer to the
days selected by the our indicator for wave amplitude activity in the MODE 2. We see that large
and small scale meridional advection of enstrophy are active during MODE 2 events except for
in cases (pointed out by the arrow in fig. 17) where small scale advection is active but no large
scale activity is present. The 10 days composite 500 mb geopotential map for this event shows a
well defined synoptic blocking present on the Atlantic region.
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If the qualitative properties of the statistical indicators are associated to the presence of a different
"equilibrium flow configuration" of the general circulation, a fundamental dynamical role must be
played by the instability causing the divergence in phase space associated with the minimum in
the occupation frequency of wave amplitude. It is therefore important to study not only "equilibria",
but also the transitions between them. Such transitions occur typically as sudden amplifications
of the ultra long waves.
Cases of strong ultra long wave amplifications have been analyzed by Itho (1983). The cases
selected by Itho are those exceeding one standard deviation of the amplitude over the period
1965-1974 (only winter season). Fig. 4 of Itho's paper shows the time evolution of amplitudes
and phases of wavenumber 3 at 55N for for SOD mb height and 850mb temperature. At least two
aspects are striking. First of all, the phases are locked at a specific value (around -30 degrees) for
all the events. Second, the amplitude pattern grows with an e-folding time around 7 days with
little dispersion around the average over the ensemble of cases.
The evolution suggests of the presence of a tube in phase space in which the system rapidly moves
along the dilatation axis, while the other components essentially contract. The energetics of this
process is predominantly baroclinic although not of ordinary type. That this is the case is quite
clearly shown by the synoptic analysis of transients performed by Dole (1984) for the onset of
Pacific anomalies: a large scale, vertically coherent, baroclinic conversion cell develops with no
sign of phase propagation leading to the formation of a mature block in less than one week. We
can conclude that available information points in the direction of a process non-propagating,
vertically coherent with a strong baroclinic component. At the present there seems to be not
known instability displaying such properties except "orographic baroclinic instability". This instability requires not only a source of available potential energy, but also a mountain induced feedback
onto the zonal flow for its existence (see Buzzi, Trevisan and Speranza 1984 for a discussion of
the theory of orographic instability in various conditions), although topography does not apply a
direct energetic role in the unstable wave generation.
We therefore expect the time variation of zonal ,,"ind to be small althoug correlated 'with simultaneous variations of the ultra long waves. In fig. 18,19 and 20, we show the cross correlation
between the time derivative of the zonal flow and the amplitude of different waves. A striking
correlation appears in the range 10-20 days. This is in agreement with previous findings by Chen
and Miller (1984). This result does not entail that the zonal flow is forcing the wave. As already
mentioned, the energy comes from available potential energy and the zonal flow somehow enters
(catalizing action of the form-drag?) the process of ultra-long wave amplification. Our investigation
in the spectral domain confirms those of the extensive spectral analysis of Chen and Miller (1984):
all the cross correlations of different physical quantities (different forms of energy, conversions,
etc ....) show a distinct peak in the range of low-frequency variability (10-20 days). Inspection of
the time evolution of the meteorological features contributing to this portion of the variance shows
that the process is intermittent, with rapid entrance into and exit from the "equilibrium" configurations. An idea of the meteorological patterns associated \vith transitions is given by the difference
between geopotential fields in MODE 1 and MODE 2 shown in fig. 14, The structure of this
flip-flop pattern is characterized by a wavelike pattern centered over the Rocky mountains and
moving north of the Hymalayas.
Returning now to the statistical approach, we can try to outline some other physical properties
of the transition process. Fig. 21 shows the probability of the persistence of events corresponding
to the two "equilibrium" states. As we can see, they are similar and are characterized an expected
value of decay time of about 7 days; this is in good agreement with the previous estimates based
on the analysis of selected cases. It is important to note here that this is the result which is to be
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expected on theoretical groWlds for the statistics of exit from localized potential wells. The physical
picture of an intermittent process due to transitions between two potential wells, separated by a
region of divergence in phase space associated with an instability of the system, seems not to be
contradicted by data analysis.
7. SUMMARY AND CONCLUSION

In these lectures, after a reexamination of the CDV theory, and introduction of the modifications
(essentially the introduction of nonlinearities different from that of form-drag) necessary to limit
the variability of the zonal flow within the observed range, we have analyzed the occupation
statistics of an ultralong wave amplitude indicator and of the zonal 'wind integrated in the latitude
over to band 30N-75N as deduced from the 500 mb observations during the period 1966-1978.
The results of this analysis are striking in that they show some sort of "'quantization in the
statistical distribution of wave amplitude, but not of the zonal wind. Analysis of single winters
confirms these results. variability. Comparison v.ith other techniques of analysis (EOF) and with
other processes (baroclinic instability in the short wave range of the planetary spectrum) confirms
the physical meaningfulness of our results. 'If the peaks in the statistical distribution are taken as
representative of HequilibriaH in the general circulation, they must be somehow connected with
flow patterns of particular meteorological interest. Comparison with synoptically defined blocking
shows a good, but not total correspondence. In particular, the ultralong wave amplitude indicator
seems not to capture events of localized, dipolar blocking in the Euroatlantic region (which,
however, can be captured by other indicators).
H

The minimum in the probability distribution of the wave amplitude appears as the most stable
statistical feature. Analysis of events of ultra-long wave amplification seems to confirm the presence
of a region of rapid difiluence in phase space. The nature of the corresponding instability is unclear
although its main characteristics (baroclinic conversion, vertical coherence, non-propagation) are
in favor of a physical process invoking interaction of Wlstable modes v.ith the mean flow of the
kind, for example, postulated in the theory of orographic baroclinic instability. The problem of
transitions remains,in all case, the most important, although virtually Wlexplored.
Our analysis seems to point out consistently the presence in the low-frequency range of an
intermittent process of baroclinic conversion capable of stabilizing the amplitude of the longest
planetary waves at discrete values. To what extent theories of resonance "'foldingHcan account for
such phenomenology is not yet clear: progress in theoretical studies in this sector is, a necessary
condition for the continuation of the studies concerning the statistical properties of general circulation.
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ABSTRACT.
We consider regimes of low-frequency variability in largescale atmospheric dynamics. The model used for the study of these
regimes is the fully-nonlinear, equivalent-barotropic vorticity equation on the sphere, with simplified forcing, dissipation and topography. It is found that certain limited regions in the system's phase
space are visited recurrently and for extended periods by model solutions. Flow patterns associated in physical space with these regions
correspond to synoptically defined zonal and blocked Northern Hemisphere midlatitude flows.
Based on recent ideas from dynamical system theory, it is shown
that the system's macrodynamics can be described by two or more
planetary flow regimes, the expected residence time in each regime,
and the transition probabilities from one regime to another. Connections are made with the classical concepts of statistical-synoptic
long-range forecasting (LRF). In particular, transitions between
regimes in the model's nonlinear, deterministic dynamics turn out to
occur along the directions of maximum variance, i.e., along the first
few principal components.
These model-derived ideas are further tested by applying them to
a time series of atmospheric data from the Southern Hemisphere. The
effect of anomalous surface conditions on planetary flow regimes and
their predictability is discussed and perspectives for practical LRF
are foreshadowed.
1. INTRODUCT ION

After explaining the words in the title, I shall try to give you some
feeling for the extent to which climate on the time scale of months to
years might be predictable. The lecture is not about actually forecasting climate, for that is still in the experimental stage.
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Motivation

The motivation of our work i8 first of all to understand the lowfrequency variability of the atmosphere. At this point I should say
what "low frequency" is and in what sense one talks about climate as
opposed to weather. For operational forecasting purposes, anything
that has periods longer than one-to-two weeks has low frequency. One
to two weeks is roughly the life time of a cyclone or a family of
cyclones, which is definitely what one understands, at least in middle
latitudes, by "weather". Predictability of atmospheric motions is
limited to about one or two weeks precisely by the rather wild behavior
of these cyclones -- the fact that they evolve and move in unstable and
hence unpredictable patterns. Beyond two weeks the detailed predictability of, say, rainfall or temperature at a point at a given instant is
lost and we start talking about low-frequency variability ~nd climate,
rather than weather.
Three days are virtually the limit of practical predictability
for anyone who listens to radio weather forecasts, and ten days or perhaps two weeks is a limit of theoretical predictability (Lorenz, 1985).
In other words, no matter how good our models will ever get, how fine a
resolution they will have, how well they will represent physical processes, we shall still not be able to tell whether a hurricane will hit
New Orleans two years from now on a certain day of the month of May.
But if we understood low-frequency variability better, we might also be
able to extend the practical range of numerical weather prediction, in
a sense that should become apparent forthwith. So much for theexplanation of one word in the title, at least for now.
I emphasize that we first have to understand, since there is
really no hope of confident prediction without understanding. A further
motivation for our undertaking is that there are new, more extensive,
and more accurate data sets on atmospheric flows and fine statistical
tools which give us more information about atmospheric behavior as it
really is. Next, certain advances in nonlinear fluid dynamics, as well
as in computing power, give us new tools for both understanding and prediction.
Finally, the phrase "order in chaos" is making the rounds of the
scientific community these days. There is a feeling, not only in the
geosciences, but in many areas of continuum physics and even biology,
that very disorderly behavior, which in the past might have seemed
chaotic or random, is actually subject to certain deterministic laws.
Previously we had only statistical tools to describe this chaotiC,
irregular behavior, like the fluctuations of temperature in Heraklion
from day to day. Now we are trying to bring dynamics to bear on it so
that the statistics and the dynamics are combined. Basically this
lecture is an illustration of how this combination looks and works.
First of all, what is the object of our study? Fig. 1a is a
stereographic projection of the Northern Hemisphere with contours of
a particular height of the 500mb pressure surface, namely the contour
of 5520 geopotential meters which is a crude indicator for the polar
front (Reinhold, 1981). It is not just a map of the 500mb surface on
a given day, but rather of this particular contour on successive days -
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- not a snapshot, but a movie which concentrates on one particular
part of the picture. Across the Atlantic the contour only undergoes
small changes from one day to the next and remains nearly zonal, i.e.,
nearly parallel to circles of latitude; over the Eastern Pacific, the
contour positions vary widely in time. This picture covers the 18
days from January 26 to February 15, 1980. The agitation over the
Eastern Pacific is characteristic of cyclone disturbances and explains
basically why you will not be able to predict the weather over the
United States beyond a few days.

Fig. 1.

Successive positions of the 552 dekameter contour on the 500
The flow is aperiodic, or weakly turbulent. The disturbances over the North Atlantic
arise from cyclones with characteristic life times of 3 to 5 days.
(b) February 5 to February 20, 1977. The flow regime is persistent
with a blocking high over the American West Coast. (c) February ZZ
to March 8, 1977. The flow is weakly turbulent everywhere (after
Reinhold, 1982).

mb surface. (a) January 26 to February 15, 1980.
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Fig. 1b shows a different situation, the 16 day period from
February 5 to 20, 1977. The flow is much better behaved and furthermore that nice behavior is associated not with zonal flow like in Fig.
1a but with a blocking ridge which deflects the flow. There appears
to be hope in a situation where this flow regime prevails that one
could predict U.S. weather more accurately for a longer period of time.
This is not to say that blocked flows are always, or necessarily, more
persistent and therefore more predictable: in Fig. 1a it is the zonal
flow which is persistent, and thus predictable. We shall see later
that blocking regimes are more often persistent, but very persistent
zonal regimes occur too.
Fig. 1c shows the is days from February 22 to March 8, 1977, the
period immediately following that of Fig. 1b. Here the block breaks
down and the cyclone waves start travelling through so that the previously steady portion of the flow is also quite agitated, even more
so than in Fig. 1a. Persistent events like that of Fig. 1b leave
their telltale trace on mean monthly maps.
Fig. 2 is a mean map for the month of January 1977, during which
the situation shown in Fig. 1b also prevailed. The blocking event of
the winter 1976-1977 was, as far as I know, the longest in recorded
meteorological history and extended over two whole months. Such an
event belongs therefore to what we called before low-frequency variability, or climate. Hence the climate of January 1977 was rather
different from the climate of the month of January of other years,
when this blocking ridge did not obtain.

Fig. 2. Mean 700 mb height contours for January 1977; contour interval is 3 dekameters (from Wagner, 1977).
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Multiple Regimes

Next the question arises of what creates these particularly persistent sequences? The major topic of dynamic meteorology over the
past 30 or more years has been to study weather, the cyclone disturbances. These have been studied very successfully, and in particular
they have been studied precisely as small disturbances of zonal flow.
The current generation of meteorologists was raised on the basic idea
that everything that can be known about the atmosphere will be known
by doing some perturbation analysis about zonal flow. J.G. Charney
and E.T. Eady were most instrumental in establishing this point of
view, with two now.classical papers in the late 1940s (Charney, 1947;
Eady, 1949).
While Eady did not live to see the cascade of variations on his
theme (Drazin, 1978), Charney, 30 years later, following up on some work
of J.Egger (1978), turned around and said: well it doesn't really look
very likely that such a persistent ridge as the one in Figs. 1b and 2
will only be a small perturbation of zonal flow, it just might be
something entirely different. So he studied a very simple dynamical
model, the well-known quasi-geostrophic equation of equivalent
barotropic potential vorticity conservation in rectangular geometry
(Pedlosky, 1979), using a very crude, low-resolution representation of
the atmospheric fields which supposedly satisfy that equation.
With this model, Charney and DeVore (1979) obtained the following
picture: as a forcing parameter in the problem was changed (Fig. 3a)
there was not just one stable stationary solution, namely the zonal
flow which everybody expected until then, but a second solution which
looked like blocked flow. Figs. 3b and 3c show the contours of these
two stationary solutions for a very simplified Northern Hemisphere
topography in which there are basically two oceans and two continents
of equal size. The zonal flow pattern (Fig. 3b) is not perfectly
zonal of course, but it has only small amplitude waves and these waves
are in phase with the topography. The other solution pattern (Fig. 3c)
has first of all much stronger meandering, and furthermore is out of
phase with the topography. The high can be thought of as representing
the West Coast ridge in the previous figures.
Of course, it is very thrilling that you can solve a nonlinear
problem and obtain two stable equilibrium solutions instead of one,
but when you look at the data, the atmosphere is not quite in equilibrium. It is not in one equilibrium, but it is not really in two
equilibria either. This can be demonstrated with the diagrams in Fig.
4 prepared by R.n. Dole (1982) who looked in detail at the statistics
of such persistent weather anomalies.
In Dole's observational work the Atlantic and Pacific do not have
equal width and equal properties as in the simple barotropic channel
model of Charney and DeVore. By the time of this work, the question of
multiple regimes and blocking had become somewhat of a bone of contention among various groups of meteorologists; so Dole tried to avoid
those words and only talked about positive and negative geopotential
anomalies. An anomaly is a deviation from the climatological mean
pattern, defined in operational use as the 30 year average pattern.
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Fig. 3. Multiple flow regimes of a simple equivalent barotropic model.
(a) Change in number and nature of solutions as the forcing parameter
changes (after Ghil and Childress, 1986). (b) and (c) Flow patterns
of two stable stationary solutions: Zonal (b) and Blocked (c) (after
Charney and DeVore, 1979).
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Since the climatological mean pattern contains both blocked and zonal
events, a negative anomaly is more straight and more zonal than the
mean (Fig. 4b). By contrast, Fig. 4a shows for the Atlantic a positive
a~omaly which corresponds to a blocking ridge and to a splitting of
the westerly jet around that block; sometimes such a pattern is called
an Q-block, after the shape of the Greek letter.

Pacific

Atlantic

Zonal

Blocked
( n)

Positive
Anomaly
18

(c)

(a)
900 e

Ridge

Zonal
Negative
Anomaly
0°

0°

180°
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900W

Fig. 4. Spatial patterns of observed persistent anomalies: (a, b)
North Atlantic positive and negative; (c, d) North Pacific positive
and negative, respectively (after Dole, 1982).
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In the Pacific the situation is somewhat different, because the
Pacific is wider and most of the points selected by Dole to define
anomalies lie in the mid-Pacific. A positive anomaly there (Fig. 4c)
corresponds in fact to zonal flow across the West Coast, and a negative anomaly at these points (Fig. 4d) often goes with blocked flow
over the West Coast.
What Dole and many of us were interested in was whether these
anomalies are in any way different from a first-order auto regressive
process, or Markov process, or "red noise". In other words, if you
have a purely random motion, with fluctuations decaying towards the
mean, there still is a certain chance of the fluctuation staying
above or below zero for a certain extent of time. That is called a
run in statistics. Dole looked at the number of anomalous events,
positive or negative, of a certain duration, and Fig. 5 shows their
distributions.
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Fig. 5. Persistence properties of circulation anomalies (normalized
by standard deviation). Note the differences between regions: positive (solid) and negative (dashed) anomalies differ significantly from
a red-noise process (dotted) for the Pacific (PAC) and Atlantic (ATL)
regions, but not for Eastern North America (AME) or East Asia (EAS).
Regimes tend to be of shorter duration over the latter than over the
former (after Dole and Gordon, 1983).
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Positive anomalies again imply blocking flow in mid-Pacific, with
zonal flow across the West Coast, and negative anomalies the reverse
pattern. The areas in which the corresponding curves for a red-noise
process would be expected to lie with 907. probability have been shaded.
This shows that not only are the positive and negative anomalies
distinct from one another in pattern (Fig. 4), but that they are
distinct also in a well-defined statistical sense as to persistence.
Depending on actual duration (notice cross-over in Figs. Sa and 5b
between two and three days), positive anomalies can have more often a
given persistence than negative ones, or vice versa, in either case, the
two types of flow patterns, zonal and blocked, have distinct persistence
properties.
The conclusion from these observations is that in the atmosphere we
have "multiple" - yes, but "equilibria" - no. In other words, we have
UltiPle regimes which are more complicated than simple equilibria.
hat explains two more words out of the lecture's title, planetary
low regimes. Atmospheric flows have several preferred regimes. The
word of mouth around the community was that among these, blocking is
characterized by strong persistence. Blocking contours certainly have
weak vacillations; in other words they stay pretty constant. Against
that mean zonal flow was regarded as weakly persistent, with strong
vacillations.

i

1.3. Dynamics and Statistics
At this point, we have to see how statistics comes into our
business. I shall again illustrate with a very simple model, formulated by E. N. Lorenz (1963). It has three components, and is a model
of thermal convection, rather than of atmospheric circulation. It was
the first deterministic model to exhibit clearly chaotic behavior. That
behavior is displayed schematically in Fig. 6 which shows a solution
projected onto the coordinate planes of three-dimensional phase space
defined by the variables X, Y, Z of the model. The solution moves
around the points marked C and C', which correspond to two states
of steady convection, in an entirely random fashion. You could think
about one lobe as being zonal flow and the other lobe as being blocked
flow, except for the fact that of course the symmetry in the Lorenz
model does not have a counterpart in the atmospheric flow regimes that
we are interested in.
Now let us adopt the point of view of some observer who knows
nothing about the underlying dynamiCS, and suppose that such a person
would try to describe statistically what is going on. Especially in
models with many more than three components, one then tries to determine
the directions of maximum variability. Those directions of maximum
variability are called the "principal components" or the empirical
orthogonal functions (EOFs) of the second-order statistics or "moments"
of the phenomenon. More precisely, EOFs are just the eigenvectors of
the covariance matrix, i.e., of the matrix of second-order moments.
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Fig. 6. Numerical solution of the simplified convection equations.
Panel (a) shows the evolution in time of one variable, Y; panels (b)
and (c) show the projections of the trajectory in phase space onto
the (Y,Z)-plane and the (X,Y)-plane, respectively. Numerals in (b)
and (c) indicate successive epochs, 1,000 time units apart along the
solution (after Lorenz, 1963). In contrast to large-scale circulations, both convection regimes in this model have an extremely simple
flow pattern. Moreover they both have the same persistence characteristics, whereas the persistence of zonal vs. blocked flow is
asymmetric.
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But physically speaking, these vectors determine the directions
of maximum variability. For the Lorenz model, a statistician who
would not know where his time series came from and just computed its
first EaF will get something that pOinted from one lobe to the other;
EaFs are only defined up to sign: they indicate directions.
To make clearer what is meant by the connection between dynamics
and statistics let us look more generally at a system with a small
number of variables. If the system is subject to forcing and
dissipation, it can only behave in one of the following ways in the
long term: 1) In time all variables can approach a constant value (Fig.
7a), corresponding to a fixed point in phase space (Fig. 7b). 2)
Alternatively the system can approach a limit cycle in phase space
(Fig. 7d), corresponding to a periodic solution in time (Fig. 7c).
3) The case of the Lorenz model is more complex and described by a
strange attractor (Ruelle, 1980, 1985).
What is a strange attractor? First of all, the term "strange" has
to be taken as limited in meaning to its mathematical definition, just
as in the case of "irrational" or "complex" or "imaginary" numbers,
which are inseparable from modern physics. In the same way I am confident that you will not be able to conceive of physics, or even biology,
in the next two decades without strange attractors. The term describes
long-time behavior in a system with three or more variables: Because of
dissipation, the flow along trajectories in phase space converges to a
subset of zero volume, but of high complexity.
This subset is made of an infinity of sheets of dimension two or
higher, according to whether the number of variables is three or higher.
The sheets are closely packed together, like folded linen or onion skin,
but still leave very small gaps between them. Thus two trajectories
lying in two adjacent sheets can be arbitrarily close at one moment and
still separate soon thereafter to visit very different portions of the
attractor for the foreseeable future. Every point on the attractor is
stable in the direction or directions perpendicular to the sheet it lies
in; but it is unstable in all directions tangent to the attractor. Consequently two trajectories which come together no matter how closely
will diverge again, exactly like two sequences of atmospheric flow or
two solutions of general circulation models (Lorenz, 1985).
To illustrate the concept of strange attractors and to give you
an idea of what an EaF would do for such an attractor, let us look first
at the simpler case of the limit cycle or periodic motion. In Fig. 7e
we see the periodic motion of a planet around the Sun. The speed of the
planet at each point of its orbit is given by Kepler's Law of Areas,
according to which equal areas are swept out by the radius vector in
equal periods of time. In other words, the planet slows down considerably as it comes to aphelion and it speeds up as it nears perihelion.
By symmetry, the mean (the first-order statistic) has to lie on
the major axis of the elliptic orbit and it will be closer to the part
where the concentration of points lying equal intervals of time apart
is bigger. Again if you did not know what law was governing the motion
of the planet, you would just take successive observations and see that
the cloud of observations is much denser around the aphelion. So the
time mean is closer to this pOint; furthermore the direction of maximum
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Fig. 7. Long-time behavior of solutions to forced dissipntive models
of nonlinear dynamics. Panels (a) and (c) indicate how one variable,
x, behaves in time t, with x indicating the long-time mean. Panels
(b) and (d) indicate the phase-portrait of the attractor set: fixed
point (b) or limit cycle (d), and the directions of stability and
motion. Panels (e) and (f) show in further detail the illustrative
case of elliptic motion of a planet around the Sun, with time spent
along different portions of the orbit (e), and the EOFs which obtain
(f). The dark shading in (e) and (f) is proportional in thickness to
the local density p of successive pOints equally spaced in time, with
p ~ 1/v, v being the local tangent velocity.
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variability, or of the first EOF, just pOints from this cloud where it
is thickest to where the fewest pOints are found near the perihelion.
Similarly in the case of Fig. 6 the direction of the first EOF simply
joins the centers of the two concentration maxima in phase space.
Having now explained the various words in the title we are ready
to get into the substance of the lecture. In order to make the ideas
more precise, I shall formulate a model which is slightly more complicated than the ones discussed up to now, with 25 variables rather than
two or three. We shall pass in review stationary solutions, their multiplicity and stability, and the flow patterns associated with them.
More realistic nonstationary flow regimes occur in this model, resembling the ones that appear in the atmosphere and in particular we shall
consider the persistence and predictability of their flow patterns.
In other words, we shall try to answer the question, "What can really
be predicted beyond two weeks, aside from just means and variances?"
We shall come back to the EOFs, and shall also discuss some
Southern Hemisphere data. In addition, something will be said about
30-to-50 day oscillations, an important phenomenon in the low-frequency
variability of the global atmosphere. Much, but not all of what I have
to say is contained in greater detail in two books. One of these (Ghil
et a1., 1985) has just come out and contains the contributions by
Lorenz and Ruelle already cited; the other (Ghil and Childress, 1986)
will appear shortly.
2.

MODEL DESCRIPTION AND DYNAMICS

The model, like those of Egger (1978) and Charney and DeVore
(1979), is barotropic. The atmosphere's low-frequency variability is
characterized by rather barotropic, nearly two-dimensional structures:
the mean monthly ridge at the 700 mb level (Fig. 2), which is the one
operational long-range forecasters like to look at (e.g., Namias,
1968), would appear pretty much the same at 500 mb and 850 mb, and
perhaps even at 300 mb. That such a ridge is not significantly distorted or displaced from one level to another is one of the intriguing differences between the low-frequency variability we discuss
here and synoptic-frequency variability: cyclone waves are definitely
baroc1inic, tilting with height, and hence truly three-dimensional,
while mean monthly features are predominantly barotropic. Baroclinic
phenomena are important in transitions between persistent anomalies,
and even in their maintenance, but once an anomaly is established and
persists it tends to have a barotropic structure.
2.1. Model equations
The model is governed by the equivalent-barotropic form of the
equation for the conservation of potential vorticity on the sphere
(Ghil and Childress, 1986, Chapters 3 and 6; Legras and GhB, 1985):
(1)
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Here V is the streamfunction, fi is the horizontal Laplacian, J is the
Jacobian operator, f is the Coriolis parameter, h is the topographic
height, H, is the scale height of the atmosphere, V· is the forcing
streamfunction and a- 1 is the relaxation time. Horizontal coordinates are the longitude ~ and the sine of the latitude ~ = sin e.
All variables are scaled by the radius of the Earth a, its
angular velocity Q and a characteristic speed U, yielding the nondimensional variables

LR =

a~,

h =

Hh~,

= t~/2Q;

t

(V,V·) = aU(*~,*·~), a = 2

0 a~, f

(2a,b,c)

= 20

~.

(2d,3,f,g)

The nondimensional form of the equation, dropping the primes, is thus
given by:

Jl (fi - ~-2)V + pJ(V,fiV) + JfV, ~(1 +

at

h)} =

afi(V· - V)

(3)

where the nondimensional number p = UI2Qa measures the intensity of
the forcing.
Equation (3) is discretized throu~h a truncated expansion in
spherical harmonics Y m(~,~) = p m(~)elm~,
n
n

N

n

E E
n=O m=-n

(4)

where Pnm(~) are associated Legendre functions, and N = 9. Equatorial
symmetry of the flow, as well as a sectorial periodicity (mod n) in
longitude are assumed. The resulting H = (N+1)2/4 = 25 modes allow
132 triadic nonlinear interactions.
The topography represents two equal continental masses separated
by two equal oceans, i.e., a crude approximation of Northern Hemiphere topo~raphy,
h

= 4hO~ 2 (1

-

~

2

) cos

2~

,

(Sa)

where hO = 0.1. The mean forcing is a zonal jet, expanded in the
first two zonal components.

\I,.
=
~
-

-

K~

3

= a Y1 O()
~

+ bY 3 O( ~ )

(Sb)

is a nondimensional constant chosen so that the maximum forcing
speed, which occurs at SO N, has a dimenSional value of 60 ms- 1 for
p = 0.20. The forcing V· models, in the absence of explicit baroclinic effects, the mean thermal wind which would be observed in the
case of an idealized purely zonal circulation, with no meridional
mass transfer. Higher p corresponds therewith to the winter circulation, lower p to the summer.
The right-hand side of (1) models, at the same time as the forcing by V·, the dissipation across a hypothetical Ekman boundary layer.
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The characteristic relaxation time «-1 in mid-troposphere, at the
equivalent barotropic level, is of the order of 10 days.
Figure 8a shows the wavenumber combinations, or "modes" which are
allowed, giving a reasonable representation of the largest scales of
the flow; at the same time they permit a rather detailed analysis of
what is going on dynamically. Fig. ab is a map showing the same
simplified model topography already used by Charney and DeVore in a
periodic midlatitude channel (Fig. 3). The plot uses stereographic
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Fig. 8. Model truncation and topography. (a) Truncation of model.
Active "modes" are circled. Wave-wave interactions are allowed. (b)
Simplified relative topography of model (after Legras and Ghil, 1985).
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projection in which 270 degrees have been mapped onto a half disc; we
have one full ocean and one full continent, together with half an
ocean on one side, and half a continent on the other side, showing the
repetition of the pattern.
2.2. Stationary Solutions
The general approach in nonlinear dynamics toward searching for
order in chaos requires some guide posts on its difficult route, and
the guide posts are simple solutions. The idea is to start out with
the simplest possible solution of the nonlinear problem one can lay
hands on; that is usually a stationary solution. Then as you vary
parameters-- the parameters are your handles on the difficulty-- you
can follow that solution around and see how it gives rise to successively more complicated solutions. First of all, if the dissipation
is very large, in other words if Eq. (1) is basically dominated by its
right-hand side so that the nonlinear terms on the left are unimportant, the solution will look like the forcing. The results can be
summarized by a plot of the potential energy E of the solution as
ordinate versus the intenSity of the forcing p as abscissa. Fig. 9
shows such a plot in which the different curves correspond to different values of the dissipation coefficient a, the reciprocal of the
lie-folding" decay time; stable solutions are denoted by the symbol x
and unstable solutions by other symbols.
The top curve shows the case of very strong dissipation, with a
decay time of roughly one day; the solution is stable and simply
follows the forcin along the abscissa. As the dissipaton a is decreased so that a- increases, the very strong driving by the forcing
diminishes in importance, as it were, and folds develop in the solution curve. An interesting thing happens when the relaxation time
reaches the order of six days; then the solution actually folds back
on itself, in a saddle-node bifurcation, so that more than one solution exists for a single value of the forcing parameter. Furthermore,
at least one of the coexisting solutions is unstable.
Fig. 10 is an enlarged section of Fig. 9. Symbols along solution
branches indicate the number of modes of instability growing on that
solution: a plus sign indicates an OSCillatory instability, while a
dot indicates a sufficient number of competing instabilities in order
to generate chaotic solutions, as in Fig. 6. A transition in which a
stationary solution loses its equilibrium and transmits it to a
periodic solution is called a Hopf bifurcation. We shall concentrate
hereafter on a realistic value of the dissipation time of the order of
20 days, and Fig. 10 therewith.
The parameter value p = 0.20 when translated into flow strength
corresponds to an intenSity of the forcing jet at SO degrees latitude
of 60 meters per second, comparable to the mean speed of the observed
westerly winds. Near this value of the forcing there are plenty of
stationary solutions; however all of them except those marked by x are
actually unstable. So what good are these solutions if they are

1
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unstable? We have been raised to think that only stable solutions can
be observed in an experiment, whether in a laboratory experiment or in
a numerical experiment or in nature itself. Still, it will soon become
apparent that these stationary solutions, although unstable, play
their role of guide posts very well. To prove this and to justify the
descriptive names which are attached to the branches in Fig. 10 we
turn now to the flow patterns represented by solutions.
Figs. 11 a, b show the flow patterns of the solutions marked Zonal
1 and Zonal 2 in Fig. 10. The flow in both cases is largely zonal,
with the suggestion of a climatological trough over the eastern part of
the continent. The flow pattern of the solution branch marked Blocking
in Fig. 10 is shown in Fig. lic and exhibits a closed high over the
west coast with splitting of the jet into two branches passing north
and south of the high.
These patterns prove that the resolution used here provides
realistic-looking solutions. A summary of their dependence on the
parameters is shown in Fig. 12. The dissipation parameter a is the
abscissa and the forcing parameter p is the ordinate. For larger
dissipation (smaller relaxation time) the solutions will look like the
forcing; everywhere to the right and above the hatched area stationary
solutions look a lot like zonal jets and are stable. However as one
moves in towards more realistic values of dissipation and forcing the
hatching indicates that no stationary solutions are stable, and that
their place is taken by either periodic or even more interestingly
aperiodic solutions. In other words, solutions appear which behave
somewhat like the atmosphere.
2.3. Time-Dependent Solutions
It is really this region of aperiodic or chaotic flow that we
are interested in when searching for order in the atmosphere's chaos.
How do we inspect, describe and understand this aperiodic behavior?
Since we are interested in perSistence, one way of looking for persistent sequences is simply to measure the root-me an-square difference, of "RHS distance" between successive maps. Fig. 13 shows time
sequences of such successive distances for three different values of
the forcing parameter p, increasing from top to bottom. When the
successive distances are large the flow is non-persistent; when the
change in distance per unit time is small, then the solution is persistent. The tick marks on the abscissa in Fig. 13 are SO days apart
so that every minimum in the plotted curve corresponds to a few tens
of days. Of course we can look at such a long record only because
the model is relatively simple and solutions can be computed numerically for a very long time.
The minima in the top curve (Fig. 13a), marked by arrows, are
perSistent blocking episodes. As the value of p increases, persistent
blocking alternates with persistent zonal episodes (Fig. 13b).
Finally in the bottom curve (Fig. 13c) zonal episodes have the lowest
minima and are most persistent, while blocking episodes are very transient. Note that the range of the ordinate in the top curve is only
from 0 to 0.011, while the ordinate in the bottom curve ranges up to
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Fig. 11. Flow patterns of solutions indicated by stars in Fig. 10.
Panels (a) and (b) are two types of zonal solution; panel (c) is a
blocked solution. The position of the model's continents is shown by
a heavy dark segment on the outside of the disc (after Legras and Ghil,
1985) .
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Fig. 12. Parameter dependence of solutions and their stability.
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Hopf bifurcation is indicated by dashed lines, transition to aperiodic
solutions by dash-dotted ones. Double-pOinted arrow at a = 0.05
indicates position of (E,p)-cross section in Fig. 10 (after Legras and
Ghil, 1985).
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is the streamfunction. When C is small the solution is persistent.
The three panels show successive map distances for increasing value
of the forcing parameter p. Zonal flows in the model are agitated,
while blocked flows are more quiescent, in agreement with observations
(after Legras and Ghil, 1985).
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0.050. Thus, when the flow is predominantly zonal you can have very
persistent sequences of zonal flow; but the deviations from them are
very large, while when the flow is dominantly blocked the deviations
are relatively small.
To see how the persistent sequences look, it suffices to average
all the maps which occur during a given sequence. The composite map
of a blocking sequence is shown in Fig. 14a. The very large deflection
of streamlines and some of the splitting which characterized the unstable stationary solution called Blocking are still visible in the
composite. Hence persistent flow episodes occur close in phase space
to the stationary solution they resemble visually. Transient episodes
in the solution look much more zonal (Fig. 14b). In the opposite
situation where zonal flow is dominant (Figs. 14c,d) the persistent
composite again looks much like the unstable stationary solution designated in the same way, while the transient shows a well formed dipole
structure, like the ones associated sometimes with Atlantic European
blocking.

Fig. 14. Composite maps of (a) the blocking episode centered at t =
2640d in Fig. 13, for p = P2; (b) the transitional period indicated
by a pOinter in Fig. 13a; IC) a zonal episode centered at t = 2330d
in Fig. 13c, for P = Ps; and (d) a transitional period centered at
t = 2220d in the same figure (from Legras and Ghil, 1985).
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That this can be so is again known by synopticians: Q-blocks are
sometimes very transient, and can last as little as two days only.
To clarify the connection between unstable stationary solutions
and persistent sequences we go again to very, very simple models in two
or three variables. Fig. 15a shows a fixed point with one direction of
stability and one direction of instability; such an unstable fixed
point is called a saddle. What happens in the presence of such a
saddle? Let us say that a solution is ejected because of the instability from the neighborhood of the fixed point and then wanders
around, but eventually gets close to the nonlinear continuation of the
stable direction,i. e., to the so-called stable manifold of the
solution. If it actually moved precisely along the stable manifold it
would take an infinite time to get into the fixed pOint; but even if
it misses the manifold by just a little it will stay for a very long
time. So, basically, persistent sequences in many variables can be
generated by aperiodic solutions getting into the neighborhood of a
generalized saddle point that has a lot of directions of attraction
and only a few directions of repulsion. Fig. 1Sb is the same sort of
picture as 15a, but in three dimensions; it is hard to depict the
situation in more than three dimensions. In Fig. 1Sb the approach to
the fixed point is spiral and the ejection is still exponential, but of
course in 25 dimensions or more the mode of instability can also be an
oscillatory mode. That is actually the case in some of the model
solutions mentioned before.
Fig. 15 also suggests that precursors for the break of a perSistent
flow pattern are easier to determine than precursors for its onset:
the number of directions of instability, and hence the unstable flow
patterns, are fewer than those of stability, i.e., than the possible
precursors for onset. This conceptual picture is thus in agreement
with operational practice in long-range forecasting.
2.4. Persistence and Predictability
Now more quantitatively, what about the persistences? Fig. 16a is
a diagram analogous to Fig. S, which showed the duration of observed
atmospheric anomalies, but now taken form the model. The heavy solid
lines correspond to situations in which blocking was dominant, and
dashed lines to zonal flow dominance. We notice that, in spite of the
fact that this is a perfectly deterministic model, solution sequences
have a certain probabilistic distribution. Persistent sequences are
not all of equal length, their number decreases as the duration of the
perSistence increases. However, if the process governing model
solutions were purely a stochastic red-noise process, the blocking
distribution line and also that for zonal flow would have to be
perfectly straight in these coordinates.
The behavior of the deterministic model has an aperiodic component,
but its perSistence curves are significantly different from a straight
line. For a certain range of durations they falloff more rapidly; for
another range they falloff more slowly. There are definite breaks in
both the solid and the dashed lines. A similar plot based on Southern
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Hemisphere data is shown in Fig. 16b. The data sets for the Southern
Hemisphere are a little shorter, so the curves are not as smooth as the
ones from the model (Fig. 16a) or from the Northern Hemisphere (Fig. 5),
but the same type of behavior prevails.
How can we interpret the model results so far in terms of the
real atmosphere and its long-range predictability? The forcing parameter p has to be thought of really as the intensity of the equator-topole temperature gradient. This gradient changes with the seasons.
We also know that i t varies with changes in lower boundary data for
the same season from one year to another. In other words, not only
the atmosphere likes to be anomalous but also the upper ocean, for
instance, likes to be anomalous.
The strongest and best known of these oceanic anomalies is of
course the El NiTIo warm anomaly in the tropical Pacific (Rasmusson and
Wallace, 1983). There are many people who put their hope for extended
range prediction or climate prediction in a very simple response to
such boundary forcing. The idea is that, if you have such a strong
anomaly, the atmosphere will have to do precisely one thing which that
anomaly tells it to do. However, the atmosphere does nothing of the
kind. Fig. 17 is from the paper of Namias and Cayan (1984) on El Ni~o
implications for forecasting. Over the last 40 years since World War
II, there have been nine El NiTIo events. Fig. 17 shows the mean
temperature anomalies for Northern Hemisphere winter (December to
February) over the United States during these El Ni~o years. People
like D. Gilman and J. Namias, who do actual long-range forecasting,
see in this figure six distinct patterns, each associated with an El
NiTIo anomaly; but of course if you look at precipitation (Fig. 17b)
even these experts admit that for the nine years there are nine
different mean winter anomalies.
Is it possible then to reconcile these rather differing statements about the effect of anomalous boundary data on extended
prediction? Of course, sea surface temperature anomalies, SSTAs for
short, and other boundary anomalies such as anomalous snow fall over
Europe or North America, do modify the forcing, but the atmosphere
still disposes of all its internal variability in responding to the
anomalous forcing. You have to remember that a winter is only 90 days
long and can have only one or a few events of blocking or of
particularly strong zonal flow.
The exceptionally long 1976-77 blocking event (Figs. 1b and 2),
for instance, was associated with an El Ni~o and the very strong zonal
flow of 1982-83 (see last panels in Figs. 17 a,b) also occurred in an
El NiTIo year. During those 90 days if you have an El Ni~o SSTA there
may be a stronger likelihood of a certain type of atmospheric persistent anomaly to occur and to last longer. It doesn't mean that it will
be the only response of the atmosphere in that winter, but there may be
a better chance that in that winter you will have one or two events of
the favored type. In other words, what the forcing does is to select
one of the curves in Figs. Sa, Sb, or 16a; it does not select the
actual event which will occur, it will only select the preference for a
certain type of event being more prevalent and more persistent.
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(a)

(b)

Fig. 17. Mean winter (December through February> anomalies during
recent El-Nifio years. (a) Temperature anomalies: N - normal, A - above
normal, B - below normal. (b) Precipitation anomalies: M - moderate,
H - heavy, L - light (from Namias and Cayan, 1984).
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EOFs. AND NONLINEAR DYNAMICS

For a further illustration of the connection between the statistics
and the dynamics of persistent anomalies, I shall use model results
which parallel some of the Southern Hemisphere data of K. Ho (1986).
Fig. 18 repeats Fig. 10 with some changes of notation, for greater ease
of reference. The subscripts b, z, and m stand for blocking-dominated,
zonal-flow dominated and mean pattern, respectively.
For the sake of brevity, I shall only discuss results corresponding
to the parameter value Pm' at which blocked and zonal flow are about
equally likely. Circulation patterns of model solutions will be shown
from now on plotted stereographically onto the full Northern Hemisphere
(NH) disk, to be compared more easily with the observational Southern
Hemisphere (SH) data discussed later. The position of the model
continents is indicated by heavy dark lines on the outside of the disk,
as before.
3.1. Persistent Sequences and EOFs
First of all, Fig. 19 is the grand mean of a solution segment 7000
time units ~ long, with ~ ~ 3 days. Clearly a remnant of the blocking
ridge of Fig. llc or 14a is preserved in the mean. Fig. 19b gives the
anomaly of the stationary blocking solution, i.e., the solution of
branch E of Fig. 18 minus the mean in Fig. 19a. Here the anomaly's low
over the ocean is more prominent than the anomalous high over the west
coast. Fig. 19c shows the corresponding zonal flow anomaly; this is
based on the solution marked Bm in Fig. 18, with a blocking ridge over
the ocean and zonal flow across the west coast of the continent. Notice
that the anomaly of Fig. 19c has almost exactly the same shape as, but
sign opposite to that of Fig. 19b. Hence the mean of this time-dependent solution lies almost precisely in the middle between the model's
blocked and zonal equilibria. Fig. 19d is yet another type of zonal
flow, corresponding to the solution marked em in Fig. 18.
It turns out that the objective persistence criterion used in
Section 2, Fig. 13, and based on distance between successive maps,
does not yield all the persistent sequences a skilled synoptician
would notice. A better objective criterion seems to be computing the
pattern correlation between successive maps and requiring that this
correlation be higher than 0.5 for five successive days. This was
done for all solutions marked by pOinters in Fig. 18. The nature of
persistent sequences, their number and average duration is shown for
each p-value in Table 1.
The corresponding composite anomaly maps, for Pm only, are given
in Fig. 20. The blocking sequence map (Fig. 20a) shows the anomalous
low over the ocean and the extended blocking ridge. In the zonal flow
composite (Fig. 20b), the main anomaly is positive over the ocean.
Finally, the composite map Fig. 20c shows a wave train similar to that
found in recent observational studies by Blackmon, Lee and Wallace
(184) as a feature of intermediate-frequency variability (10 to 30
days) in the Northern Hemisphere.
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Fig. 19. Flow patterns of model solutions for the mean value of forcing,
P = Pm: (a) time-mean pattern for 20,000 simulated days; (b) anomaly
pattern of blocking equilibrium Em; (c) anomaly of zonal equilibrium
Bm: (d) anomaly of zonal equilibrium em (from Mo and Ghil, 1986).
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Classification and average duration of the model's
persistent sequences (from Mo and Ghil, 1986).

E~
Blocked
Zonal 1
Zonal 2
PNi\'
Reverse PHA
Wave train
Time mean
Total

Pb
average
No. duration (1:)
6
13.8
2
10

-

-

4

14.5
9
9.5

4.

2

-

-

18

13.3

Pm

average
No. duration
8
89
3
71.6
1
13

-

6

11

29

Pz

average
No. duration
16
30
13
25
7
12

(1: )

-

-

-

20
120
62.7

3
23
62

(1: )

-

-

9

36

23.8

(a)

(c)

(b)
Fig. 20. Flow patterns of persistent model events: (a) similar to Em
anomaly, (b) similar to Bm anomaly, (c) wave-train anomaly (from Mo
and Ghil, 1986)
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The EOFs computed for this time sequence and the variance fractions associated with them are shown in Fig. 21. The first EOF (Fig.
21a) really defines a line joining the blocked sequences (Fig. 20a)
and the zonal sequences (Fig. 20b). This corresponds to the fact that
the time mean (Fig. 19a) lies almost exactly between the blocked and
zonal equilibria, as was the case for the Lorenz model (Fig. 6). Fig.
21b is the second EOF: it shows a wave-train pattern. The third EOF
(Fig. 21c) resembles the alternative zonal flow of Fig. 19d; notice
that EOFs are defined only up to sign, so that in Figs 21c and 19d
highs and lows are interchanged.

EOF 1
(37%)
EOF 3
(11%)

EOF 2
(17%)

Fig. 21. Empirical orthogonal functions (EOFs) of a 20,000 day model
sequence. Numbers give the percentages of associated variance (after
Mo and Ghil, 1986).
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3.2. The 30-50 day oscillation
Spectral analyses of the amplitudes of the EOF fluctuations in
time are shown in Fig. 22. Note that there are peaks at 28 days and
14 days in these time series. The exact position of each peak depends
on the intensity of the forcing; for the lower value of the forcing Pb
the larger peak is at 36 days, for the higher value Pz it is at 37
days.
At first 30-to-50 day oscillations were discovered in the tropics
(Madden and Julian, 1971). But recently people have realized that
there are oscillations with this period and an amplitude of 0(10- 1 ) of
the mean in the global angular momentum of the atmosphere, and that
they are particularly strong in the Northern Hemisphere. Recent work
by Hide, Rosen, Dickey and others <Hide et a1., 1980; Anderson and
Rosen, 1983; Eubanks et a1., 1985) supports the view that interactions
between midlatitude westerlies and the topography, as studied in this
model, are the prime suspects for creating the oscillations. The
second spectral peak (in other words, the second harmonic of the model
oscillation) also seems to be somewhat supported by data; a 17 day
peak occurred in the data of Anderson and Rosen and there is also quite
a literature about a similar recurrence period of polar air outbreaks
over Eastern Asia and about the so-called index cycle (Namias, 1950).
These cold air surges could provide the link between the midlatitude
jet oscillations and those of cloudiness and easterly winds in the
tropics.
A further comment should be made on the width of this peak in the
atmosphere, between 30 and 50 days. This can be explained first by
line broadening due to the flow's irregular character, and second by
the seasonal dependence of the peak's exact position. That is something that has not been studied carefully enough in the data. In
other words, by restricting the time series (which unfortunately are
rather short, anyway) only to summers or only to winters, the work
reported here would suggest that the peak should be found in slightly
different pOSitions.
3.3. Southern Hemisphere Wintertime Circulation
Fig. 23 shows three patterns of persistent events which have been
identified by K. Mo, with techniques similar to those explained
earlier, from an 11 year winter data set provided by the Meteorological World Data Center in Melbourne, Australia. Fig. 23a is an example
of very interesting persistent events in these data which are clearly
dominated by wavenumber three, and also contain a significant wavenumber-one component in the sense that features are much stronger in
the Western Hemisphere than in the Eastern Hemisphere. Fig. 23b shows
anomalies which are roughly the reverse of the previous ones, while
the amplitude of wavenumber one here is clearly larger. Fig. 23c
shows a somewhat less frequently occurring, but rather persistent
event, dominated by an anomaly pattern with wavenumber four.
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(a)

(b)

(e)

Fig. 23. Observed Southern Hemisphere persistent circulation
anomalies. (a) wavenumber-three pattern (average duration 8 days);
(b) reversed wavenumber-three pattern with stronger wavenumber-one
component (duration 6 days); (c) wavenumber-four pattern (duration
8.5 days) (after Mo and Ghil, 1986).
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Fig. 24. EOFs of Southern Hemisphere data (after Mo and Ghil, 1986).
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The EOFs of this data set are shown in Fig. 24. Their features
are more complex than those of the model patterns in Fig. 21. However,
the Pacific high "embracing" the low centered on New Zealand in the
first EOF (Fig. 24a) and the high extending into the Atlantic have
counterparts in Fig. 23b. The second EOF (Fig. 24b) exhibits again a
strong combination of wavenumber three and wavenumber one, as does Fig.
23a; it has the opposite sign, which we know is immaterial. Finally,
the third EOF is most amusing because it is basically a Pacific-North
American (PNA) pattern, reflected in the Equator. This pattern, documented very consistently in the Northern Hemisphere (Wallace and
Gutzler, 1981; see also Table 1 above) but, as far as I know, not previously detected in the Southern Hemisphere, should be called the
Pacific-South American, or PSA, pattern.
4.

SUMMARY AND CONCLUSIONS

At this point I shall try to summarize some of the information
presented, and then draw some tentative inferences for long-range
forecasting (LRFl. Observations suggest that the atmospheric circulation has multiple regimes and that these regimes have different persistence properties; moreover some regimes tend to be more persistent
in the presence of certain types of forcing than others. Simple dynamical models reproduce such regimes and their persistence at least
qualitatively, if not in detail. Statistical methods, such as EOF
analysis, can improve the description and prediction of the regimes.
The situation is illustrated schematically in Fig. 25. The
atmosphere has regimes we called zonal (Z in the figure) and blocked
(B), as well as other regimes: PNA, wave trains, wavenumber three in
the Southern Hemisphere, etc. The time mean lies somewhere between
these regimes (Fig. 25a). Now in spite of the fact that the underlying dynamics are perfectly deterministic, the atmosphere's behavior
appears to be complex to the point of randomness, and therefore we want
to describe it in a minimal way.
The only thing to be said, at first, is that the zonal regime has
a certain mean persistence, call it ~Z (Fig. 25b) , the blocking regime
~B (Fig. 25c), and the other ones ~C'
Once the atmosphere is in one
regime it has a given chance of being in it for a certain length of
time, and other probabilities for remaining in it half that length of
time, twice that length of time, etc. In due course the atmosphere
leaves the regime. Where does it go? All one can tell is that with a
certain probability it will go to one new state, and with some other
probability it will go to another state.
From the point of view of practical extended range prediction,
what seems feasible at present is to determine as precisely as possible
the residence times and the transition probabilities. We have done
such computations, both for the model (Table 2) and for the Southern
Hemisphere data set (Table 3). They indicate that each regime has
nonzero probabilities of transition to two or more other regimes, that
reentries into the same regime are possible, and that certain regimes
are preferred way stations on the path between two other regimes.
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Duration
(b)

Duration
(e)

Fig. 25. "Markov chain" description of multiple regimes. Notation:
PXy- transition probability from regime X to regime Y; ~X - average
duration of regime X.
Since atmospheric data sets are limited in extent and the model
described here falls considerably short of total verisimilitude, it is
tempting to try using much more detailed general circulation models
(GeMs) in this enterprise. The task is to see whether a GeM does have
the same persistent flow patterns with the same frequencies of
occurrence, and, to the extent to which that can be told from the data
available, the same persistence characteristics and transition probabilities. If that is so then you can artificially extend your data set
while you are running your model on ever bigger computers, improve the
statistics, and perhaps determine preferred directions of instability
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Table 2. Relative frequencies of transition from one preferred
region of the model's phase space to another. Entries indicate
Bt (Blocking), Z1 (Zonal 1), Z2 (Zonal 2), PNA, RNA (reverse PNA) ,
WT (Wave train) and TH (Time mean) (from Ho and Ghil, 1986).
Pb

P

I~
From

Bt

Z1

WT

1

0
0
0

1

PNA RNA Total

Bt
Z1
WT
PNA
RNA

1
1
3

1
0

1

1
0

1

Total

6

1

2

4

4

WT

TH

Z2

0

3

0
0

7
3

0
0

11

0

0
0
0

1
1
1

5

2
1
0

2

0

4
4

2

':;Z
17

Pm

~
From
Bt
Z1
WT
TH
Z2
Total

Bt

Z1

4

0
0

2

0
2
0

2
1
0

1
1
3
1

8

3

6

0

3
5
0

0

11

0

Pz

:~
From

Bt

Z1

WT

TH

Z2

2
4

2
3

1

0

10
3

2

2

0

Bt
Z1
WT
TH
Z2

1
5
3

7
1

1
1

7
1

Total

15

13

3

23

0

0

2

3

0

7

Total

6

1

~
28

Total
16
13
3
23
6

'::Z
61
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Table 3. Relative frequencies of transition from one
persistent type of event to another in the SH wintertime
circulation. Entries indicate (+3) for the most frequently
occurring wavenumber 3 pattern (Fig. 23a), (-3) for the
similar pattern of opposite sign (Fig. 23b), (4) for the
wavenumber 4 pattern (Fig. 23c), TM for the events with
pattern resembling the time mean, and Other (from Mo and
Ghil, 1986).

+3

-3

4

TM

+3

3

1

1

-3

0

1

4

0

TM

1

From
~

Other

Total

1

2

8

1

0

1

3

1

1

0

2

4

0

0

0

0

1

--

f--

Other

4

1

1

0

0

6

Total

8

4

4

1

5

t~
22
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(recall Fig. 15). In other words, improve upon transition probabilities by saying, not only do I know that my model is in this particular
regime, but I also think it approaches a particular direction of instability which will throw it into regime X, rather than into regime Y.
Here I come to the last conclusion: there is clearly a long way
to go. At the same time as we improve our understanding of the
existing atmospheric data sets and extend them by the use of GeHs, we
also have to understand better yet the low-frequency variability that
we are trying to predict; and we have to include into the simple dynamical models (which can be dissected at will) baroclinic processes,
higher resolution, and various local features. In other words, the
gap between the resolution you have seen here and the actual details
of atmospheric events is to be bridged not so much by ever increasing
the resolution of the simple models or decreasing that of geMs, but
rather by also having models which look in a more specialized way at
the local nature of those features.
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AN ANALYTIC APPROACH TO ATMOSPHERIC WAVES IN THREE DIMENSIONS
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ABSTRACT. Assuming homogeneous incompressible flow and using the momentum
equation of ideal hydrodynamics, the problem of linear three-dimensional
atmospheric waves is treated in true spherical geometry. In order to
avoid instabilities associated with a nonuniform equilibrium height of
the atmosphere, it turns out to be necessary to take into account the
geoid shape of the Earth or planet under consideration. It is demonstrated that spatial gradients of the vertical velocity are in general equally as important as gradients of the horizontal velocity components. Complete neglection of intrinsic vertical velocities proves to be in contradiction with momentum conservation. After employing a self-consistent
approximation scheme, a linear second-order differential equation for the
wave motion is derived and solved analytically for several special cases.
This equation depends on the ratio R = (2 x gravity force x height of atmosphere)/(centrifugal force x planetary radius) as a parameter which is
z 0.7 for the Earth's atmosphere. There are strong indications that for
R + 0 a spectrum of unstable modes arises. Extrapolation to the parameter
value of the Earth leads to typical growth times in the range of a few
days.
INTRODUCTION
In the treatment of atmospheric problems usually a series of approximations is introduced. Prominent among these are the neglection of intrinsic vertical velocities and the so-called ~-plane approximation (see,
e.g., [1]) in which the influences coming from the spherical planetary
shape are essentially dropped. On the other hand, in treating specific
problems various other effects are frequently introduced, such as Ekman
pumping [2], orography [3], etc. This procedure implies, of course,
that the neglected terms are small as compared to the terms which are
kept on or taken up. The question arises whether or not some of the
neglected terms could not sometimes lead to the same effects as some of
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the additional terms considered. For example, Ekman pumping involves
originally vertical velocities, although technically it leaves the problem two-dimensional. Therefore, one wonders if Eckman pumping could not
sometimes be replaced by frictionless vertical motions which are explicitly introduced into the equations.
The introduction of vertical velocity components and the consideration of all spherical effects will of course appreciably complicate the
theory, and there are certainly a number of interesting problems for
which one can well do without these complications. However, in this paper
we are interested in very large scale perturbations of the atmosphere
where this approach would be very doubtful. It can be shawn that, on the
contrary, some of the neglections commonly made are in fact prohibitive
in this particular case. It turns out, e.g., that in general derivatives
of the vertical velocity can by no means be neglected, even though the
vertical velocity itself is small.
In this paper we take a new approach to the problem of large-scale
atmospheric waves in which all spherical curvature effects are taken into
account as well as vertical velocity perturbations. Starting with a
basic state which corresponds to a homogeneous and rigidly rotating atmosphere, we study the linear stability of this problem. The influence of
the thermal wind is not taken into account in this paper. It appears
possible, however, that it can be included in the same kind of treatment.
We do not want to exclude the applicability of our theory to planetary
atmospheres with a larger ratio of centrifugal force over gravitational
force from the very beginning, and shall therefore treat these forces as
independent quantities. It will turn out that this kind of treatment
necessitates taking into account the geoid shape of the Earth or planets
under consideration. The complications that arise with curvature effects,
geoid shape and vertical velocities can be handled by employing a selfconsistent approximation scheme which takes advantage of the smallness of
several parameters of the problem. In the end, the problem of linear
wave motion can be brought into a tractable form.
The structure of the paper is as follows: In section 1, we introduce
the basic equations of the problem in a suitable dimensionless form. In
section 2, we introduce the equilibrium state of the atmosphere and discuss its implications for the height of the atmosphere. Section 3 deals
with the boundary conditions of the problem. In section 4, an approximation scheme is introduced and applied to the linearized equations and
boundary conditions of the problem. In section S, we derive a secondorder differential stability equation for one of the perturbation velocity components. Section 6 deals with uniqueness and regularity conditions
for the solutions of this equation. Finally, in section 7 we solve this
equation analytically for several special cases.
1. BASIC EQUATIONS
In order to exclude all complications connected with sound waves we shall
deal only with incompressible flows of uniform density p. (All dimensional quantities are marked by a tilde.) Furthermore, we shall neglect all
effects of fluid viscosity. These assumptions imply that in addition to
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V·v

the corresponding equation
= 0 of mass conservation, we have only
momentum conservation to consider. We do this in an inertial frame and
have the equation

_

0- v
t -

_ -_

Vp. - ga2
= V -r

+ -v·Vv
+ -p
-

where t = time, v = flow velocity, p = pressure, a = radius of the Earth
(or planet) at the equator, and g = gravity acceleration at
=
The
gravitational force which is employed in this equation is due to a spherical mass and does not take into account the contribution which comes
from the small pad filling the space between a sphere and a geoid. As
will be seen, this neglection is of no relevance for our problem. The
transition from our inertial frame to the frame of the rotating Earth (or
planet) will be mad~ at a later s!age, Nhere it is more convenient (section 5). Defining T = 1 day/2n, V = afT = rotational velocity of the
equator (z 464 m/sec fgr the Earth), we £onvert to dimensionless quantities by setting t = tiT, r = ria, ~ = vlv, and p = p/(pv2). In these,
our basic equations read:
-

r a.

V·v = 0

(1.1 )

(1.2)

where

(1.3)

is the ratio of centrifugal force and gravity force at the equator,

~

(1.4)

curlv

is the vorticity and where use has been made of the identity
Vv2 /2 -v x w.

~.V~
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In our dimensionless quantities we have of course r = 1 and rotational velocity v = 1 at the equator for all planets under consideration.
The ratio £ = centrifugal force/gravity force is z 3.4.10- 3 for the
Earth, z 0.09 for Jupiter, and z 0.16 for Saturn. Considering the height
of the atmosphere we employ the model of a homogeneous atmosphere and
have (in dimensionless units) H z 1.25.10-3 for the Earth (corresponding
to H Z 8 km, a Z 6378 km), H z 2.10- 3 for Jupiter (corresponding to H
Z 150 km, a Z 71422 km) and H z 1.7.10- 2 for Saturn (corresponding to H
Z 10 3 km and a z 59800 km).
The numbers for Jupiter and Saturn are very
rough estimates and have been deduced from atmospheric data given in [4]
and [5].
Taking the curl of Eq.(1.2), we get rid of the two gradient terms
and obtain the integrability condition

0t

~

- curl v

x

w

o

(1.5)

Equation (1.5) with (1.4) suffices for calculating the velocity field.
For calculating the pressure, one has to return to Eq.(1.2).
The steady state solution of Eqs.(l.l) - (1.2) presented in section
2 will be denoted by V for velocity, Q for vorticity, and P for pressure.
For studying its linear stability, we-replace v + V + v, w + Q + wand p
+ P + p, where after the replacement v, wand p are time-dependent
perturbations. Linearization of the basic equations leads to the
following set of linear stability equations:

V'v

=0

(1.6)

w

curl v

(1.7)

0t w -

curl(~ x ~) - curl(~ x ~) =

0

(1.8)

0t

~

(l.9)

Vp = v x Q

+

V x w - V(~ • ~) -

2. THE BASIC SOLUTION
We shall consider a uniformly rotating atmosphere which is at rest in the
reference frame of the rotating Earth (planet) as the basic solution for
our stability analysis. Although we shall be dealing with a geoid-shaped
Earth (planet), it is still useful to employ spherical coordinates r, e,
~ (see Fig. 1).
It is easily seen that
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z

x

Coordinate system and graphical representation of the quantities
rO' HO' r i • Hi and H.

Fig.~.

v

(2.1)

= rsine ~

and
(2.2)

p

is a solution of Eqs.(l.l) - (1.2).
corresponding to this solution is

Q

= 2(cose

~

- sine

~)

The vorticity

~

= curl

V

(2.3)

Since cose ~ - sine ~ = ~ is a unit vector in the direction from pole
to pole and since V = 1 at the equator, it is obvious that our solution
does in fact represent a uniformly rotating atmosphere.
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In the frame of the rotating Earth (planet), the pressure force Vp
must be balanced by the gravitational + centrifugal forces, and the geoid
shape of the Earth (planet) is adjusted exactly such that the sum of
these forces remains perpendicular to its surface. Since VP is invariant
under the transformation from an inertial to a rotating frame, we have
the result that the Earth's (planet's) surface r = raCe) must be a
P = const. surface. Using Eq.(2.2) and equating the pressure at the
equator (e = n/2 and ra = 1) to the pressure at r = raCe), we obtain the
equation

(2.4)

for the determination of raCe).

Inserting in this the definition

(2.5)

we get the implicit equation

(2.6)

for determining Ra(e). According to section 1, E is a very small number
for the Earth and still a relatively small number for Jupiter and Saturn.
Expanding Eq.(2.6) with respect to E, we get to the lowest significant
order

(2.7)

=

Even for Saturn, the next order term adds only a correction of
2.5% to
this, so that we may consider (2.7) as a reasonably good approximation.
The upper boundary rl(e) of the atmosphere is determined by the condition that the pressure P should vanish there. Introducing
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(2.8)

and denoting the height H1 (n/2) of the atmosphere at the equator by H
(see Fig. 1), we get from this condition

-[~(l+H)2+
2

11

(2.9)

E(1 + H)-

at the equator and

o

elsewhere.

(2.10)

Combining Eqs.(2.8) - (2.10) we obtain the implicit equation

f or determining Hl • Thi's time, we make a simultaneous expansion wi th
respect to E and H to the lowest significant order, obtaining

H1 (9) =H -

I

(1 - sin2 9)

Again, this is a very good approximation for the Earth
good one for other planets, since H also is in general
number.
Using the approximations (2.7) and (2.12) and the
(2.5) and (2.8), for the local height r 1 (9) - r o(9) of
get the result

(2.12)

and a reasonably
a rather small
defining equations
the atmosphere we
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(2.13)

i.e., the height of the atmosphere is constant for this order of approximation.
It can now be explained why it is in fact inevitable to account for
the geoid shape of the Earth or the planet under consideration. For
spherical shape we would have rI(e)
1, and the height of the atmosphere
would be given by Eq.(2.12). First of all, it would become impossible to
use the concept of a homogeneous atmosphere, since for the numbers given
in section 1 we would obtain negative values of HI at the poles! Even
assuming an equator height of H Z E, one would obtain a height HI of Z 22
km at the equator and of only Z 11 km at the poles in the case of the
Earth. The artificial hump created in this way might be expected to
cause unrealistic instabilities, and a corresponding calculation
confirmed this expectation.

=

3. BOUNDARY CONDITIONS
The total velocity V + v must be tangential to the planetary surface at
r = ro(e), and since this is true for ~ the same must hold for~. Using
the fact that VP stands perpendicular there, we obtain the boundary condition

o
Since this condition is already linear it is not changed by linearization. Inserting Eqs.(2.1) and (2.5) we get

from this. If the upper boundary of the atmosphere is perturbed from its
equilibrium value (2.8) into

(3.2)
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h being a small perturbation, the relative fluid motion must be tangential to this surface. This means that inserting the trajectory r(t),
e(t), ~(t) of a fluid element into Eq.(3.2) must yield an identity. The
time derivative of this is

Since r(t) = v r ' r9(t) = ve and rsine~(t) = V~ + v~ = rsine + v~, we
obtain for the boundary condition at the upper edge of the atmosphere

Linearization yields the simpler condition

(3.4)

In addition to these velocity boundary conditions we must require that
the total pressure P + P vanishes at the displaced upper boundary (3.2).
Using Eqs.(2.2), (2.9) and (3.2) we thus obtain the nonlinear pressure
boundary condition

o

(3.5)

For its linearization we make use of the equilibrium condition (2.10)
with (2.9) and obtain
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o

(3.6)

4. EXPANSION WITH RESPECT TO r-l AND E
In trying to solve the linear stability Eqs.(1.6) - (1.9) it appears
natural at first glance to try a solution with vr
O. The most general
solution of Eq.(1.6) would be v = Vr x V~ in this case, ~(r,e,$,t) being
a stream function. Inserting this and Eq.(2.1) in the r-component of the
vorticity Eq.(1.8) leads to a second order differential equation for ~
which has essentially the dispersion relation for Rossby waves as a
solvability condition. However, if one inserts v solutions thus obtained
into the e- and ~-components of Eq. (1.8) one finds that these are
violated. This means that the assumption of strictly horizontal flow is
in contradiction to momentum conservation, and we must admit vr t O. The
complications which are involved by this fact can be partially
circumvented by employing an approximation scheme which will now be
introduced.
In our problem, the independent variable r varies essentially in the
region between the surfaces r = rO(e) and r = rl(e) given in Eqs.(2.5)
with (2.7) and (2.8) with (2.12). Inserting both for Ho and Hi the
largest possible value we obtain the range of variability -E/2 ~ r-1 ~ H.
Since for the planets considered in section 1 both limits are relatively
small, we do not make much of a mistake if we expand all r-dependent
quantities around their values at r = 1 up to the lowest significant
order in r - 1. In doing so we set

=

(4.1)

and similarly for the other velocity components. Furthermore, we expand
all quantities which depend on H or E with respect to these up to the
lowest significant order, e.g.

(4.2)

This kind of expansion has already been used in deriving Eqs.(2.7) and
(2.12), and we have seen that even under less favorable circumstances
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(data for Saturn), there is only a relatively small error involved. One
should, however, be aware of the fact that the applicability of the
theory presented will to a certain extent be limited through this.
Inserting the expansions (4.1) - (4.2) in the equations of our problem will greatly simplify these. Let us first deal with the boundary
conditions. In expanding Eq.(3.1) we make use of Eq.(2.7) and obtain

v 0
r

~ (1 - sin2e)v 1 + EsinecoseveO
2
r

(4.3)

to the lowest significant order. As was to be expected v 0 is a first
order quantity. Expanding Eq.(3.3) and making use of Eq.{2.12) we obtain

2
vr 0 + [H - ~
2 (1 - sin e)lv
.. r 1

(4.4)

Inserting Eq.(4.3) in this we obtain

(4.5)

Finally, expanding Eq. (3.6) we obtain

o

(4.6)

The pressure pO entering this equation can be obtained by returning
e.g. to the ~-component of Eq.(1.9) and determining the corresponding
lowest order approximation

(4.7)
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Applying the same approximation procedure to Eqs.(1.6) - (1.8), we obtain

o

(4.8)

for the continuity equation. As a small quantity of first order
(Eq.(4.3» v r o did not contribute to this equation. Note that in spite
of the smallness of v r o + v r l (r-1), the derivative v r l of vr is equally
as important as veO and v¢O in Eq.(4.8) and may by no means be neglected.
To lowest order in our expansion, the components of Eq.(1.7) in
spherical coordinates are

w

r

0 -

-

0 v 0 + ctge v 0 - __1__ 0 v 0
e ¢
¢
sine ¢ e
-(v 1

¢

+

(4.9)

v 0)

¢

Inserting these and Eqs.(2.1) and (2.3) in Eq.(1.8), in spherical
coordinates we obtain to lowest order

- 2sin2ev 0

e

2sinecosev r 1

(4.10)

(4.11)

(4.12)

Putting together the three boundary conditions (4.3), (4.5), (4.6), the
pressure equation (4.7), the continuity equation (4.8), and the three
vorticity equations (4.10) - (4.12), we have eight linear equations for
°h t u nk nowns vr 0 ' vr 1 ' ve 0 ' ve 1 ' v¢ 0 , v¢ 1 , p an dhO• 1 t 1S
t h e e1g
obvious that all quantities except for one can be eliminated. Since
Eqs.(4.11) - (4.12) can be considered as determining the quantities vel
and v 1 and since these do not appear in the other equations, we may use
Eqs.(t.5) - (4.8) and (4.10) in order to derive an equation for veO only.
This will be done in the next section.

°

0
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STABILITY EQUATION FOR Vee

We shall discuss linear stability and wave propagation in terms of normal
mod~~ ass~ing that the ¢ and t dependence of all dependent variables is
~ e~\m¢+Wt). It is very simple at this point to perform the transition
from our inertial frame r,e,¢ to rotating coordinates r' ,e' ,¢'. Since r
and e do not change in this transition, we shall keep the old notation
and that for z, respectively. For the time normalization chosen in
section 1, ¢ transforms according to ¢ = ¢' + t. From the identity
exp(m¢ + wt) = exp[m¢' + (m + w)t] we get

w' = m

+

(5.1)

w

for the frequency in the rotating frame.
to introduce the abbreviation

wm

= -w'
=
m

It turns out to be convenient

1 + w/m

(5.2)

With this and our normal mode ansatz we get, e.g.,

and similarly for all other quantities.

Equation (4.7) becomes

(5.3)

Inserting this in Eq.(4.6) and Eq.(4.6) in Eq.(4.5) yields

v 1
r

(5.4)
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where we have introduced the abbreviation R = 2H/e. In the original
dimensioned variables, this quantity is given by the ratio

-

R= 2!!.

g

; (V2 /;)

(5.5)

i.e., R = (2 x gravity force x height of the atmosphere)/(centrifugal
force x Earth radius). Formally, R looks like a Richardson number.
Inserting the numbers of section 1, we have R Z 0.73 for the Earth, R Z
0.2 for Jupiter and R 0.05 for Saturn. R is the only parameter which
is left in the problem at this stage. Inserting Eq.(5.4) in Eq.(4.8)
yields

=

v<jl

°

(5.6)

Inserting this back into Eq.(5.4), we get v r 1 as a function of ve O only;

v 1

(5.7)

r

This result shows that in general v f 1 cannot be neglected. Even if
wm = 1 and vaO = sine, for which vr vanishes, it can easily be seen that
Eq.(4.10) can never be satisfied. This demonstrates again that a co~
plete neglect of the vertical velocity field is in contradiction with
momentum conservation. Only for R + ~ or \w \ + 0 can v r 1 be neglected.
According to Eq.(5.5), R + ~ means that one Ts considering a very slowly
rotating planet, which is not very interesting. The meaning of \wml + 0
will be discussed in section 7b.
At this stage it turns out to be convenient to introduce the new
independent variable

z

=

1 - cos29

(5.8)
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(Note that this z is different from the one in Fig. 1.) At the north pole
we have z = 0 (corresponding to e = 0). and z increases monotonotically
to z = 2 at the equator. From there, it returns monotonotically to z = 0
at the south pole. We shall see later that due to regularity conditions,
it suffices to treat only one hemisphere.
The amplitude of veO will be denoted by y(z), setting

°

y(z)ei(mcl>+wt)

ve

(5.9)

Inserting our results (5.6) - (5.7) into Eq.(4.10) and making use of the
definitions (5.2) and (5.8), after some lengthy calculations one obtains

z(2-z)w 2
z(2-z)y ...... + (4 - ~ z + _ _ _m_)y" - ~ {m2 - 1 +
2z
2
R - W 2z

(5.10)

m

W

2(2-z)(R-2w z)
m 1}Y
2'
R-W Z

+(1-~)z+~(4+4w-m2w2)-2(l+W)z- m
wm

R

m

m

m

0

m

This is the basic stability equation of our problem. It must be completed by some conditions arising from uniqueness and regularity requirements which technically play the role of boundary conditions. Note,
however, that all physical boundary conditions have already been incorporated into Eq.(5.10).
6. UNIQUENESS AND REGULARITY CONDITIONS
Since in spherical coordinates the cones e = n + a and e = n - a are
identical, our solutions must be the same for e = n + a and e = n - a.
This is automatically satisfied due to their dependence on z = 1 - cos2e.
The singularity of spherical coordinates at the poles implies an
additional condition: for any velocity field with nonvanishing velocity
~ at one of the poles we have

°

ve

whence we get the condition

(6.1)
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yeo)

o

(6.2)

for m '" 1

i.e., for all modes which don't have the ~-dependence of Eq.(6.1).
Furthermore, the poles (z = 0) and the equator (z = 2) are singular
points of our stability equation (5.10). For z + 0, the asymptotic
behavior of the solutions can be determined from

2zy'" + 4y" - ~ (m2 - 1)
2z

o

(6.3)

This equat~~~ ~as , regular solution y ~ z(l ml-l)/2 and a singular solution y ~ z Iml+l) 2. For physical reasons we must exclude the singular
solution. The regular one satisfies exactly the uniqueness requirement
(6.2), and it is useful to extract the asymptotic behavior at z = 0 by
setting

y(z)

Iml-1
z - g(z)
2

(6.4)

Inserting this transformation into Eq.(5.10), we obtain the equation

(2-z)zg"" + [2(lml+1) -

(~+ Iml +

R-2w 2

m }z]g"

R-w 2 z
m

(6.5)

1

for g(z). Again, of course, it has a singular solution at z = O. The
physical solution is regular and tends towards a finite value ~ 0 for

z

+

O.

The asymptotic behavior of the solutions at the second singular
point z = 2 of Eq.(6.5) can be obtained from

o
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2

I I+m2 _ _
1 _m_w_
m )g
Z(Z-z)g ...... _ g'" _ 1 (m
2"
Z
Wm
R
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o

(6.6)

This equation has two regular solutions: g ~ (Z-z)O and g ~ (Z-z)1/2.
The last one has a derivative g"'(z) ~ (Z_z)-112 which diverges and we
shall therefore call it the singular solution. We shall now show that we
have to choose the regular one again.
For physical reasons, we must require continuity of vee and aVeO/ae
across the equator. For g ~ (Z-z)1/2 we get Vee ~ (1 + cos2e)1/2, and
putting e = n/2 + a, we have Vee ~ lal for a ~ O. Obviously aVeO/ae
becomes discontinuous and we must therefore exclude this solution.
According to Eq.(6.6), the solution ~ (2-z)O has a finite derivative
g"'(z) at the equator. For this reason, aVeO/oe ~ 2g"'(z)sin2e is
continuous across the equator and becomes zero there.

7. SOLVABLE SPECIAL CASES
Equation (6.5) possesses polynomial solutions in all special cases for
which it can be reduced to the simple form

(2-z)zg ...... + (A + Bz)g'" + Cg

A, Band C being constants.

o

(7.1)

Inserting the ansatz

(7.2)

g

into Eq.(7.1) one obtains the recursion scheme

B+C
2(A+2) c 1

(C/ A)ca

v(v-1) - vB - C
(v+l) (A+2v )
Cv

The closure condition

c~+l

o yields

the dispersion relation

(7.3)
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t(t-1) - n - C

o

(7.4)

Note that our regularity conditions for g(z) are automatically satisfied
for any t < co.
a) Special Case R +

co

For R + co (very slowly rotating planet), and on the assumption that wm
stays finite, Eq.(6.5) assumes exactly the form of Eq.(7.1) with

A

= 2( 1m I +

1) ,

B

3
= -( 1m I + -)
,
2

1
C = _ Iml + m2 +-4
2wm

(7.5)

.

Using Eq.(5.2), the dispersion relation (7.4) becomes

2m

W'"

(7.6)

This is essentially the well known dispersion relation for Rossby waves
(see, e.g. [6]), the main difference being that we have a coupling term
between the lateral and zonal wave numbers. This result is not very
surprising since we mentioned earlier that for R + co we have v r 1 + 0,
thus losing one of the main features of our treatment.
b) Special Case Iwml

+ 0

for Finite R

Assumin~ Iwml + 0, in Eq.(6.5) we may neglect all terms ~ WV with v ) 0
and 2w
or wm2 z as compared to R, provided R stays finite. Since we
shall find wm ~ 1/(lml+Zt)2, our assumption requires large values of m
and t in order to be valid, and we shall therefore keep the terms - Iml
or m2. Again, Eq.(6.5) reduces to the structure of Eq.(7.1) with

A

= 21m I

B

-Iml,

C

=_

Iml+m2 + _1_
4
2wm

(7.7)
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The dispersion relation becomes

Z

(7.8)

= -----------------2

Wm

m + (H)2 + 4~lml

where the terms which are linear in ~ and Iml have now been neglected.
Equation (7.8) is the limit of Eq.(7.6) for large ~ and Iml and represents again Rossby waves. Note that according to Eq.(S.S) we have also
vr 1
0 in this case. Again, this result is not very surprising, since
for very large ~ and m or very short wavelengths the usual approximations
(neglection of vr and ~-plane approximation) should become valid.

=

c) Special Case R

~

0

We set

IE

(7.9)

and shall restrict our consideration to modes for which wm depends
linearly on ~. i.e.

(7.10)

Expanding Eq.(6.6) with respect to
each coefficient, we get

~(Z-z)zg"

+

+

~[Z(lml

v

and keeping only two orders of

~

in

2
+ 1) - (-z1 + Iml + l-Zv )zjg'
I-v 2z

.!.. (.!.. _ 2v(Z-z)
2

~

1-v2z

_ ~Z-z))g
~

o•

(7.11)

We can obtain an approximate solution to this equation by employing a WKB
approach. Hith the ansatz
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(7.12)

where go is a constant, we get the equation

~(2-z)z~" + ~(2-z)z~'2 + ~[2( \m\ +

1) -

(~+

2-z
+.!.. (.!.. _ 2v(2-z)) --=
0
2 v

for

If

~'.

~

1-v2 z

2

\m\ +

1-2v2)z]~' +

1-v2 z

(7.13)

~

is expanded according to

(7.14)

~o

and

~l

must obey the equations

(7.15)
and

+ ~ (~ _ 2v(2-z))
2 v

o.

1-v2z

(7.16)

One of the solutions of Eq.(7.15) is

~o

2/-z,

(7.17)
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which will turn out to be the proper one for satisfying the regularity
condition at z = O. (The other solution, ~O = -2/z, corresponds to the
solution g which is singular at z = 0). After ~O' from Eq.(7.17), has
been inserted in Eq.(7.16), this can be brought into the form

_ l/(4v) + v/(~_ v 2 /2 _ (1+2Iml)/4 + 1/4
(2-z)/z
Iz·
l+vlz
z
2-z

o

(7.18)

= _1__ 1

I2v

Integrating this and combining the solutions for
approximate solution

~o

and

~l'

we obtain the

(7.19)

g

It must now be ascertained that our approximate solution for g can be
fitted to the regular solutions at z = 0 and z = 2.
Let us first consider z = O. Since $l~~(z) has been neglected in
Eq.(7.16) and diverges for z + 0, our solution can only be good for,
e.g., 1~(2-z)z~1~~1 « 12(2-z)z$0~~1~1 which yields the condition z/~2 »
1/4 for small values of z. It must therefore not disturb us that our WKB
solution diverges for small values of z/~2.
An asymptotic representation of the regular solution at z = 0 can be
obtained from Eq.(7.11) by series expansion. Collecting terms of the
same order in ~, one obtains easily

v
Iml !x
+
v =0 v! ( 1m I+v ) !

~

O(~)

x

=

(7.20)

where ~ can go up to infinity and where the O(~) term vanishes as ~
so it can be neglected. The asymptotic behavior of the approximate
solution (7.19) for z + 0 is given by

+

0
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(7.21)

z(1+21ml )/4

where the free factor go has been chosen appropriately. It was found
numerically, and there is some analytical evidence, that gap(z) is well
fitted by gas(z) up to arbitrary large values x » 1 if only ~ is chosen
large enough. This is demonstrated in Fig. 2 for the special case m = 1.
(Note that this behavior is independent of the eigenvalue v.) These
findings support strongly that Eq.(7.19) represents the solution which is
regular at Z = 0 without further requirements on v.
Considering the singular point z = 2, it turns out to be favorable
to rewrite Eq.(7.11) in terms of the original variable 9 to obtain

~g(9)

2 . 29
+ ~ c~s 9 (1 + 21ml + 4 v LS1n L

s1n9

)°(9)

1-2v sin 9 g

(7.22)

o
Note that the singular point z = 2 is converted into a regular point
(9 = n/2) by this transition. The problem is, of course, not fully
removed in this way. Our approximate solution turns into

(7.23)

and may become infinite at 9 = n/2 for Re 6 < O. Furthermore, the terms
neglected in the derivation of Eq.(7.23) may blow up even for finite g if
g(9) diverges. Since

g

~

(9 - n/2) 26

for 9 + n/2, both possibilities are avoided by requiring Re 6>1.
Inserting the definition for 6 from Eq.(7.18), we get finally the
condition
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log 9
20

10

x

-10

Fig. 2. Numerical evaluation of gas(x) (dotted) and gap(x) (drawn) for
m = 1 and t = 32. The factor g* in gas was chosen such that the
curves do not intersect but only touch. This happens at x = 456.
The descending drawn curve is the other WKB solution corresponding
to 4>0 = -2/z.

(7.24 )

vr and v t being the real and imaginary parts of v resp. Any value of v
which is chosen inside the circle in the complex v plane defined through
inequality (7.24) leads to a regular solution of our stability equation.
This means that we have a continuous spectrum. Since vi can assume
positive and negative values there, we have thus obtained also a
continuous spectrum of unstable solutions.
The largest growth rate compatible with inequality (7.24) and
Eq.(7.10) with (5.2) is given by
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m/R
1012

(7.25)

(Since in deriving Eq.(7.11) terms ~ ill and ~ m2 have been neglected,
Eq.(7.25) is restricted to reasonably small values of m.) Returning to
dimensional quantities, we obtain

t

1012
> -mi
211: R

2.25
days::: -1- days
m R

(7.26)

from this for the typical growth times. Extrapolating this result to the
value R ::: 0.7 for the Earth yields typical growth times in the order of
magnitude of a few days.
CONCLUSION
An essential outcome of our treatment is the fact that the spatial
derivative of the vertical velocity field is tightly coupled to the
horizontal velocity field and can in general not be neglected. There
exi'st special circumstances (very slow planetary rotation or very short
wavelength phenomena) under which a neglection is possible. For these
one finds essentially Rossby waves, the dispersion relation being
slightly modified as compared to that obtaind under the usual
approximations. For long wavelength phenomena and rotation velocities
such as those of the Earth, Saturn or Jupiter, the influences of the
vertical velocity field become of major importance. Extrapolating
slightly from the analytically tractable case R + 0 we expect the
appearance of unstable wave motions with typical growth times of a few
days in the case of the Earth. The rigorous application of our analysis
to the Earth will require a numerical treatment of the stability equation
which will be taken up as the next step.
The problem of stability depends on the parameter R = (2 x gravity
force x height of the atmosphere)!(centrifugal force x Earth radius). In
the transition from large R to R + 0 we expect a critical value Rcr for
which instability occurs for the first time. It can be expected that
this becomes a bifurcation point for either steady state equilibria or
periodically oscillating states. If this expectation turns out to be
correct, a future step to be taken will be a study of this nonlinear
bifurcation problem.
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ABSTRACT.
Climate dynamics is a new and rapidly developing geophysical discipline. Selected problems from this discipline are
presented, starting with their physical motivation. Both equilibrium
models and oscillatory models are introduced. Mathematical aspects
emphasize multiple equilibria and their stability on the one hand, and
nonlinear oscillations, entrainment and detrainment by periodic and
quasi-periodic forcing, on the other.
Based on this nonlineaf analysis, a specific prediction is made
about the existence of combination tones in the power spectrum of time
series from the Quaternary. Such combination tones appear in recent
Fourier analyses of marine cores and ice cores with sufficiently high
sedimentation rates. We also discuss the consequences of a complex
power spectrum, with multiple lines superimposed on a continuous background, for the detailed prediction of future climates, or simulation
of past climates.
1.

INTRODUCTION

Climate dvnamics is a relatively new member of the family of geophysical sciences. Descriptive climatology goes back, of course, at
least to the ancient Greeks, who realized the importance of the Sun's
mean zenith angle in determining the climate of a given latitude belt,
as well as that of land-sea distribution in determining the regional,
zonally asymmetric characteristics of climate. The general human perception of climate change is also preserved in numerous written records throughout history, starting with the floods described in the
epic of Gilgamesh and in the Bible.
Only recently did the possibility of global climate monitoring
present itself to the geophysical community, through ground-based
observational networks and space-borne instrumentation. This increase
in quantitative, detailed knowledge of the Earth's current climate was
accompanied by the development of elaborate geochemical and micropaleontological methods for sounding the planet's climatic past.
Observational information about present, spatial detail, and
about past, temporal detail were accompanied in the 1960s by an increase
313
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of computing power used in the processing of climatic data, as well as
in the modeling and simulation of the seasonally varying general circulation of the atmosphere and ocean. The knowledge thus accumulated led
to an increase of insight which was distilled in simple models, in an
attempt to analyze the basic ingredients of climatic mechanisms and processes.
In the following lecture, I shall describe a few simple models,
and try to convey the flavor of the new, theoretical climate dynamics.
As in every area of the exact sciences, the fundamental ideas suggested
by simple models have to be tested by further observations and detailed
simulations of the phenomena under study. It is hoped that this description of preliminary, theoretical results will stimulate the comparisons
and verifications required to further develop the theory.
Theoretical climate dynamics as presented in this lecture is
covered in Part IV, Chapters 10-12, of Ghil and Childress (1986; hereafter GC) and in Part V of Ghil et a1. (1985). For this reason, only
the main ideas are explicitly mentioned here, and extensive references
to additional research and review papers are given.
2.

RADIATION BALANCE AND EQUILIBRIUM MODELS

The major characteristics of a physico-chemical system, such as
the climatic system, are given by its energy budget. The climatic
system's energy budget is dominated by the short-wave radiation, Ri'
coming in from the Sun, and the long-wave radiation, Ro, escaping back
into space. The approximate balance betweeen Ri and Ro determines the
mean temperature of the system. The distribution of radiative energy
within the system, in height, latitude and longitude, determines to a
large extent the distribution of climatic variables, such as temperature, throughout the system.
We consider in this section a spatially zero-dimensional (0-0)
model of radiation balance, with mean global temperature as the only
variable (Ghil, 1985). The dependence of the solar radiation's reflection on temperature, the so-called ice-albedo feedback, and the dependence of infrared absorption on temperature, the greenhouse effect, are
discussed. Stationary solutions of this model and their linear and
nonlinear stability are investigated, via a variational principle.
The same analysis is then carried out for a spatially one-dimensional (1-0) energy-balance model, in which surface air temperature is
averaged with respect to longitude (zonally), but allowed to depend on
latitude (Budyko, 1969; Ghil, 1976; Held and Suarez, 1974; North et
a1., 1981; Schneider and Dickinson, 1974; Sellers, 1969). The main
results are that the present climate is exponentially stable and that
its mean temperature changes by roughly 10 K for one percent change of
insolation. Additional stable and unstable model solutions exist, but
their connections to observed past climates appear to be rather tenuous.
3.
3.1.

GLACIATION CYCLES:

PHENOMENOLOGY AND SLOW PROCESSES

Climatic Variability and Climate Modeling
The previous section dealt with the climatic system's radiation
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balance, which led to the formulation of equilibrium models. Slow
changes of these equilibria due to small external forcing, internal
fluctuations about an equilibrium, and transitions from one possible
equilibrium to another one have also been studied (Benzi et a1., 1982;
Ge, Chapter 10; Nicolis, 1982).
Climatic records exist on various time scales, from instrumental
records on the time scale of months to hundreds of years, through historical documents and archaeologic evidence, to geological proxy
records on the time scale of thousands to millions of years. These
records indicate that climate varies on all time scales in an irregular
fashion. It is difficult to imagine that a model's stable equilibrium,
whether slowly shifting or randomly perturbed, can explain all this
variability.
A summary of climatic variability on all time scales appears in
Mitchell (1976). The most striking feature is the presence of sharp
peaks superimposed on a continuous background. The relative power in
the peaks is poorly known; it depends of course on the climatic variable
whose power spectrum is plotted. Furthermore, phenomena of small spatial extent will contribute mostly to the high-frequency end of the
spectrum, while large spatial scales play an increasing role towards
the low-frequency end.
Many phenomena are believed to contribute to changes in climate.
Persistent anomalies in atmospheric flow patterns affect climate on
the time scale of months and seasons (GhU, 1986; Ge, Chapter 6). On
the time scale of tens of millions of years, plate tectonics and continental drift play an important role. Variations in the chemical composition of the atmosphere and oceans are essential on the time scale of
billions of years, and significant on time scales as short as decades.
The appropriate definition of the climatic system itself depends
on the phenomena one is interested in, which determine the components
of the system active on the corresponding time scale. No single model
could encompass all temporal and spatial scales, include all the components, mechanisms and processes, and thus explain all the climatic
phenomena at once.
Our goal in this lecture is much more limited. We concentrate on
the most striking phenomena to occur during the last two million years
of the Earth's climatic history, the Quaternary period, namely on glaciation cycles. The time scale of these phenomena ranges from thousands
to millions of years. We attempt to describe and model in the simplest
way possible the components of the climatic system active on these time
scales - atmosphere, ocean, continental ice sheets, the Earth's upper
strata - and their nonlinear interactions.
We sketch the discovery of geological evidence for past glaCiations,
review geochemical methods for the study of deep-sea cores and describe
the phenomenology of glaciation cycles as deduced from these cores
(Duplessy, 1978; Ge, Chapter 11; Imbrie and Imbrie, 1979). A nearperiodicity of roughly 100,000 years dominates continuous records of
isotope proxy data for ice volume, with smaller spectral peaks near
40,000 and 20,000 years. The records themselves are rather irregular
and much of the spectral power reSides in a continuous background (Ge,
Section 11.1; Hays et a1., 1976).
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Cryodynamics and Geodynamics

We give a brief introduction to the dynamics of valley glaciers
and large ice masses. The nonlinear Visco-plastic rheology of ice is
reviewed (Glen, 19S5) and used in deriving the approximate geometry of
ice sheets. The slow evolution due to small changes in mass balance
of an ice sheet with constant profile is modeled next (Birchfield et
a1., 1981; Oerlemans and van der Veen, 1984; Paterson, 1981). A simplified, but temperature-dependent formulation of the hydrologic cycle
and of its effect on the ice mass balance is given. We study multiple
equilibria of the ice-sheet model thus formulated and their stability,
pointing out similarities with the study of energy-balance models in
Section 2. A hysteresis phenomenon occurs in the transition from one
equilibrium solution to another as temperature changes, due to a double
saddle-node bifurcation (Ghil, 1984; GC, Section 11.2; see also lecture
by G. Nicolis in this volume).
Next, we study the deformation of the Earth's upper strata under
the changing load of ice sheets. The rheology of lithosphere and
mantle is reviewed and approximated by a linear visco-elastic model.
Post-glacial uplift data and their implications for this approximate
rheology are outlined. A simple model of creep flow in the mantle is
used to derive an equation for maximum bedrock deflection under an ice
sheet, and for the way this deflection affects the mass balance of the
sheet (GC, Section 11.3; Peitier, 1982; Turcotte and Schubert, 1982).
The equations derived and analyzed in this section for ice flow
and bedrock response will lead, when combined with an equation for
radiation balance from the previous section, to a system of differential equations which govern stable, self-sustained, periodic oscillations. Changes in the orbital parameters of the Earth on the Quaternary time scales provide small changes in insolation (Berger et a1. 1984;
GC, Section 12.3). These quasi-periodic changes in the system's forcing
will produce forced oscillations of a quasi-periodic or aperiodic character, to be studied in the next section. The power spectra of these oscillations show the above mentioned peaks with periodicities near 100,000
years, 40,000 years and 20,000 years, as well as the continuous background apparent in the data.
4.

CLIMATIC OSCILLATIONS

In Section 3 we reviewed some of the geological eVidence for glaciation cycles during the Quaternary period. Large changes in global
ice volume and changes of a few degrees in global mean temperature have
occurred repeatedly over the last two million years. It is these
changes we would like to investigate in the present section, with the
help of very simple models.
These simple models do not represent the definitive formulation of
a theory for climatic variability on the time scales of interest.
They are used merely to illustrate some ideas we believe to be basic
for an understanding of this variability, an understanding which is
still in early stages of development. Other models and related ideas
can be found in the references of Section S, as well as in other contributions to this volume.
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Self-Sustained Oscillations

We formulate and analyze a coupled model of two ordinary differential equations, for global temperature and global ice volume. The
equations govern radiation balance (Section 2) and ice-sheet flow (Section 3), respectively. This model exhibits self-sustained oscillations
with an amplitude comparable to that indicated by the records and a
period of 0(10 ka), where 1 ka = 1000 years. Phase relations between
temperature and ice volume, and their role in the oscillation's physical
mechanism, ate investigated (Ghil, 1985; GC, Section 12.1>' Stochastic
perturbations of such self-sustained climatic oscillations have also
been considered (Nicolis, 1984; Saltzman et al., 1981).
Exchange of stability between equilibria (Section 2) and limit
cycles (Section 3) in models with an arbitrary number of dependent variables and spatial dimensions is studied next. The distinction is made
between a stable limit cycle which grows slowly in amplitude from zero
as a parameter is changed (direct or supercritical Hopf bifurcation)
and sudden jumps from zero to finite amplitude (reverse or subcritical
Hopf bifurcation). Structural stability and the special role of limiting, structurally unstable, homoclinic and heteroclinic orbits is discussed (Ge, Section 12.1; see also lectures by C. Nicolis and by G.
Nicolis in this volume).
4.2.

Forced Oscillations

We introduce the geometry and kinematics of orbital changes in the
Earth's motion around the Sun, from the perspective of the small insolation changes they generate. Eccentricity, obliquity and precession of
the Earth's orbit are defined. A few fundamental concepts of celestial
mechanics and the associated mathematical methods are reviewed (Arnold,
1978; Brouwer and Clemence, 1961; Buys and Ghil, 1984;
Gallavotti, 1985; GC, Section 12.3; Ghil and Wolansky, 1986;
Wolansky, 1985). We report currently accepted results on the periodicities of insolation changes during the Quaternary period: 19ka and 23
ka for precession, 41ka for obliquity and 100ka and 400ka for eccentricity. Their action on the climatic system's radiation balance and hydrologic cycle is modeled.
Finally, we take up the effects of this action upon the climatic
oscillator above, augmented by a third equation, governing bedrock response to ice load (Section 3). The free oscillations of this model
are found to differ but little from those of the previous one. Eccentricity forcing is shown to produce a very small or very large response
according to whether the system operates in an equilibrium or in an
oscillatory mode, Le., the model exhibits nonlinear resonance (Ge,
Section 12.4).
We study in detail the internal mechanisms by which forcing at one
or more frequencies can be transferred through the system to additional
frequencies, as well as to the climatic spectra's continuous background.
Entrainment results in the system's free frequency becoming locked onto
an integer or rational multiple of a forcing frequency. Loss of entrainment leads to aperiodic changes in system response.
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Combination tones are linear combinations with integer coefficients
of the forcing frequencies. In addition to direct, nonlinear resonance
at periodicities near 100ka, the model also produces a strong peak at
109ka as a difference tone between the two precessional frequencies of
1/19ka and 1/23ka. Most models of glaciation cycles do reproduce this
peak well-known from many proxy records (e.g., contributions by G. E.
Birchfield and B. Saltzman to this volume, and references therein, as
well as in Section 5 here). The model under discussion here predicts,
however, also a peak at the sum tone of the above frequencies, with a
period of 10.4ka, and at the sum tone of each precessional frequency
with the obliquity frequency, 1/41ka, with periods near 13ka and 15ka,
respectively. Higher harmon'ics of the precessional frequencies, e. g. ,
at 11.Ska and 9.Ska, are also predicted, along with higher harmonics
of the sum tones above, e.g., at S.2ka and 2.6ka, or at 6.Ska and 7.Ska.
These combination tones and harmonics result from the model's nonlinear, parametric response to orbital forcing. They are superimposed
on a continuous background associated with aperiodic, irregular terminations of glaciated episodes (Ghil, 1985; GC, Section 12.5).
Four of the combination tones predicted by the model discussed
here are found in deep-sea cores with sufficiently high sedimentation
rates, and hence resolution, by Pestiaux and Duplessy (1985); among
them are peaks at 13ka, 10.4ka and 9.5ka. A peak at 2.5ka, indistinguishable in practice from the 2.6ka predicted here, is also found in
the well-dated upper part of ice cores from Greenland and the Antarctica (Benoist et aI., 1982; Dansgaard et al., 1982),
4.3,

Periodicity and Predictability

The search for periodicity in geophysical time series is motivated
by the desire to understand, as well as to predict, Constant behavior
is the most predictable; it is without surprises, but is seldom encountered in nature. The next most predictable type of behavior is purely
periodic.
The consequences of multiple spectral lines and of the continuous
background for predictability, or the lack thereof, are investigated.
It is argued that irretrievable loss of predictive skill over a time
interval O(100ka) is intrinsic in the aperiodic nature of Quaternary
climate changes (Ghil, 1985; GC, Section 12.6).
The damped periodicity of lagged correlations shown in the references above is in fact model-independent. It can be obtained from the
power spectrum of the data themselves by the Wiener-Khinchin formula,
which connects spectral density and the correlation function. Hence,
detailed simulation with arbitrarily small, prescribed errors of the
Earth's paleoclimatic history is not possible, based on the limited
amount and accuracy of proxy data available.
On the other hand, much can be learned about climatic mechanisms,
and about orbital changes, by studying paleoclimatic records in the
spectral domain. The distribution of power between the peaks and the
continuous background, as well as the exact position of the peaks and
their power relative to each other, give tell-tale indications about
the climate's internal workings and the external changes which affect
it.
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CLIMATIC PREDICTABILITY AND DYNAMICAL SYSTEMS

C. NICOllS
Institut d'Aeronomie Spatiale de Belgique
Avenue Circulaire 3
1180 Bruxelles
Belgique.
ABSTRACT. The applications of the methods of dynamical systems to
the analysis of climatic variability are discussed. Climatic change
is viewed, successively, as the transition between multiple steady
states, as the manifestation of sustained oscillations of the limit
cycle type and as a non-periodic behavior associated to a chaotic
attractor. A method to reconstruct the climatic attractor from time
series data independent of any modelling is presented. The results
suggest that long term climatic change is described by a chaotic
attractor of low fractal dimensionality.
1. INTRODUCTION
In this chapter we attempt to clarify the relative role
of internally generated and external mechanisms of climatic change.
Much of our discussion will be concerned with long term problems and,
in particular, with the quaternary glaciations. However, similar ideas
and techniques could most certainly be applied to short and intermediate scale problems as well.
The classical tool of the paleoclimatologist is the analysis of variance spectra of various climatic indices, such ~s the
oxygen isotope record of ice or deep sea core sediments 1 ,2) (Figs.
1 and 2). Although the importance of this tool should not be underestimated, we believe that it is essential to develop alternative
methods. Indeed, besides allowing one to identify the characteristic
time scales involved in a problem, spectral analysis gives only limited information on the nature of the underlying system, since it refers
to gross, averaged properties. As a matter of fact a striking theorem
proved recently3) asserts that a power spectrum does not even allow
one to differentiate between noisy or deterministic evolutions!
The approach we shall adopt is motivated by the concepts
and techniques of the theory of nonlinear dynamical systems. At the
basis of our analysis is the idea that climatic change reflects the
ability of a certain dynamical system to undergo instabilities and
transitions between different regimes. We will examine some typical
321
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Fig. 1. Oxygen isotope record deduced from the V28238
deep sea core')
scenarios of such transitions. We will also assess the role of
external periodic perturbations, arising from the earth's orbital
variations, or of internally generated fluctuations, on these
transitions. Next, we will propose a new method of analysis of the
climatic record based on developments of dynamical systems theory,
which will allow us to actually identify the dynamical regime represented by the data. This conclusion will finally be confronted
with the predictions of mathematical models.
2. CLIMATIC VARIABILITY VIEWED AS TRANSITION BETWEEN MULTIPLE STEADY
STATES
As shown in the chapter by G. NiCOlis 4 ), the simplest
attractor representing the long term behavior of a dynamical system
is the point attractor. If only one such attractor is available the
system will end up in a unique stationary state, and the problem of
variability simply will not arise. We therefore inquire, in this
section, on the possibilities arising from the coexistence of
multiple point attractors in climate dynamics.
Energy balance models, a Jlasss of climatic models treated
more amply in the chapters by Ghil 5 and Saltzman 6 ), are known to
generate quite naturally this behavior. To simplify matters as much
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Fig. 2. Typical variance spectra deduced from the
paleoclimatic record of the last million
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as possible consider the case of globally averaged (also referred
to as zero-dimensional O-d) models
dT

dt

incoming

c { ( solar energy
1
C

)

outgoing
) }
( infrared energy

(1)

where T is the space averaged surface temperature, C the heat capacity, Q the solar constant, a the albedo, U the Stefan constant and
£8 the emissivity factor representing the deviation from black body
radiation. The surface-albedo feedback can be readily incorporated
in this picture by modelling the albedo as a stepwise linear function 7 ). The resulting energy balance is represented in Fig. 3.
For plausible parameter values it can give rise to two
stable steady states, T and T , representing respectively a glacial
b
and a more favorable cl~mate, separated by an intermediate unstable
One, T . If (as suggested by the record) the difference T - Tb is
small,Othe system could be further assumed to operate nea¥ a p~tch-
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Fig. 3. Incoming and outgoing radiative energy curves
as functions of T (global average temperature).
Their intersections T , Tb and T are the
steady states predict~d by eq. (9).
fork bifurcation point. As shown in the chapter by G. Nicolis JUCh a
system can be brought to the following universal, normal form 4 :
dx
-d,; = f(x , A)

3
Ax- ux

(2)

where x, ,; ,u and A are appropriately scaled combinations of initial
variables, time and parameters.
Whether viewed in the form of (1) or (2), climatic change
necessitates a transition between states a and b. Now, in the model
elaborated so far no mechanism allowing for such a transition is
present except for the trivial one, whereby the system initially at
Tb (say) is perturbed and brought near T . Such massive perturbations are however hard to imagine. We th~refore enlarge now our description by incorporating the effect of random fluctuations F(t) which,
as explained in ~revious chapters, are always present in a complex
physical system 4 . We model these fluctuations as a Gaussian white
noise 8 ) :

< F(t) >

=a

< F(t) F(t') >

q

o(t - t')

(3)
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where q is the variance of fluctuations, and write the augmented
energy balance equation as
dx

do,
where g(x) represents the coupling of the internal dynamics to F(~).
This equation can be studied by the methods of the theory
of stochastic processes. The main result is that the random forcing
induces a diffusion-like motion between stable attractors which
occurs on a time scale given by9)

~ a, b

exp

{%

6U a, b }

(5)

The quantity 6U or 6U is known as potential barrier. It is defined
a
b
by
6U

a,b

= U

0

- U
a,b

(6a)

where U is the integral of the right hand side of eqs
U(x,

A)

= _

IX

dx' f(x',

(1)

or

(2)

(6b)

A)

By analogy to mechanics U can be referred to as climatic potential,
since its derivative au/ax represents the "force", f responsible for
the evolution. If as expected the variance of the fluctuations q is
small and the barrier6U finite, ~ or, will be much larger than
the local relaxation time and couYd wel~ be in the range of glaciation time scales 9 ). In contrast, the local evolution in the vicinity
of each attractor is given by the inverse of the first derivative
of f, evaluated on a or b. For an energy balance model it should be,
typically, of the order of the year. Still, eq. (4) cannot be considered as a satisfactory model of quaternary glaciations : the transitions between a and b occur at randomly distributed times, whereas
the climatic record suggests that quaternary glaciations have a cyclic
character bearing some correlation with the mean periodicities of
the earth's orbital variations. Let us therefore study the response
of our multistable model to both stochastic and periodic perturbations. Taking the simplest case of a sinusoidal forcing one is led
to
dx
dr

f(x, A)

+

g(x) [Gsinw~

+

F(~)]

where G and ware respectively the amplitude and frequency of the
forcing. It should be pointed out that G is very small, of the order
of a fraction of percent.
The most striking result pertaining to eq. (7) is, undoubtedly, the possibility of stochastic resonance 10) : when 6U ~ 6U
and the forcing period, 2n/w is of the order of the charac~erist~c
passage times ~a b the response of the system is dramatically amplified. Specificaliy, the probability of crossing the barrier is sub-
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stantially increased and the passage occurs with a periodicity equal
to the periodicity of the forcing. This allows us to understand, at
least qualitatively, how despite its weakness a periodic forcing may
leave a lasting signature in the climatic record.
The interest of the description outlined in this section
lies in its generality. Whatever the detailed features of a system
might be, we know that near a simple bifurcation point (pitchfork
or limit pOint), the dynamics will reduce to a universal form involving only a few parameters. It is therefore tempting to develop
a modelling whereby these parameters are first tuned to reproduce
some known properties (like for instance the past record), and subsequantly are used to make predictions about the future evolution.
3. CLIMATIC VARIABILITY AND SUSTAINED OSCILLATIONS
Ou·r next step will be to account for the cyclic character of
long term climatic changes like quaternary glaciations in a more
straightforward manner. Indeed, according to the theory of dynamical
systems, one-dimensional attractors in the form of limit cycles can
account for periodic, sustained oscillations. Let us therefore explore
the possibilities afforded by oscillatory climate models.
)
Large parts of the chapters by Ghil S ) and Saltzman 6 are
devoted to the derivation of such models. Here, we shall first adopt
a more general viewpoint, and use later on these models to illustrate
the basic ideas.
Suppose that oscillatory behavior arises through a Hopf
bifurcation, leading from a hitherto stable steady state to a selfoscillation of the limit cycle type 4). We know that a dynamical
sytem operating in the vicinity of such a bifurcation can be cast
in a universal, normal form. Specifically, there exists a suitable
linear (generally complex-valued) combination of the initial variables
obeying to the equation 11 )
dz

(~ + iw e )

dt

z - cz Izl2

(8)

Here t is a dimensionless time, ~ the distance from the bifurcation
point, we the frequency of the linearized motion around the steady
state, and c = u + iv a combination of the other parameters occurring
in the initial equations. In Appendix A a detailed illustration of
the process of reduction to a normal form is provided, using
Saltzman's model oscillator describing the interaction between sea-ice
extent and mean ocean temperature 6 ).
Coming back to the normal form, eq. (8), we switch to radial
and angular variables through
z

=r

ei<p

(9)

Substituting into (8) we readily verify that the evolution can be
separated into a radial part, which is independent of <p, and an
angular part depending solely on r :
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o

3

327

(lOa)

2

(lOb)

The first of these equations allows us to evaluate analyticaly the radius of the limit cycle. Setting drldt = 0, which in the
(r, ~) representation places us on the limit cycle, we obtain:
r

(

s

~

)1/2

(Ila)

This solution exists provided that A/u is positive. To test its stability we study the evolution of a small perturbation op = r-r . Linearizing eq. (10a) around r , by virtue of the theorem of linearIzed
stability (see chapter 5y G. Nicolis4~, one obtains:

2
(A - 3ur )

~
dt

op

- 2 A

s

op
(ll b)

As long aSA > 0 (and thus automatically u > 0 also) this predicts
an exponential relaxation to the limit cycle. In other words the
variable r enjoys in this range asymptotic stability, in the sense
that any perturbation that may act accidentally on r will be damped
by the system.
The situation is entirely different for ~. Setting r equal
to its value on the limit cycle, which is legitimate in the limit
of long times (and provided of course that A > 0, u > 0), one can
integrate eq. (10b) straightforwardly to get
cP

=

CPo

+

(w

o

-

~v

) t

(lIe)

In other words cp increases continuously in the interval (0, 2~) from
the initial value cp • If cp is perturbed, this monotonic change will
start allover agaiR from ~he new value, and there will be no tendency
to reestablish the initial phase ~ 12).
In order to realize moreOfully the consequences of this
property let us consider the following thought experiment (Fig. 4)
Suppose that the system runs on its limit cycle r = rs' At some moment,
corresponding to a value cP = CPl of the phase, we displace the system
to a new state characterized by the values r ' CPa of the variables
o
rand cpo According to eq. (llb) the variable r will relax from rO
back to the value r , as the representative point in phase space will
spiral toward the lImit cycle (cf. Fig. 4). On the other hand,according
to eq. (11c) the phase variable cp will keep forever the memory of
the initial value CPO' In other words, when the limit cycle will be
reached again, the phase will generally be different from the one
that would characterize an unperturbed system following its limit

328

C. NICOLlS

Imz

Rez

Fig. 4. Schematic representation of the
evolution following the action of
a perturbation leading from state
A1 on the limit cycle to state AO'
in the space of the variables of
the normal form.
cycle during the same time interval. In as much as the state into
which the system can be thrown by a perturbation is unpredictable,
it therefore follows that the reset phase of the oscillator will also
be unpredictable. In other words, our non-linear oscillator is bound
to behave sooner or later in an erratic way under the action of
perturbations. This is tantamount to poor predictability.
The above surprising property can be further substantiated
by a stochastic analysis. As stressed repeatedly in this Institute
complex physical systems possess a universal mechanism of perturbations generated spontaneously by the dynamics, namely the fluctuations 12 ). Basically, fluctuations are random events. By modelling
them as Gaussian white noises one is led to an augmented equation
(8) in which the normal form variable z becomes itself a random process.
The explicit form of this equation for Saltzman's model oscillator
and its asymptotic solution are given in Appendix B. Here we summarize
the most representative results.
i) one shows that the separation of the radial and phase
variables is reflected, at the stochastic level, by the factorization
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of the probability distribution. In the limit of long times one obtains
a stationary distribution,
1

Per,

=

~)

per) = 211 per)

P(~/r)

(12 )

ii) While the distribution of the phase variable is flat,
the radial distributinn per) has the form

per)

~

exp { -

~

UCr)}

(13a)

where Q is an effective variance of fluctuations and U(r) is the
potential associated with the right hand side of eq. (lOa)

U(r)

r2

= -( A 2

- u

r4

4

)

(13b)

It follows that ~ is "chaotic", in the sense that the dispersion around
its average will be of the same order as the average value itself.
On the other hand, the dispersion of the radial variable around its
most probable value is small, as long as the variance Q is small.
Nevertheless, the mere fact that the probability of r is stationary
rather than time-periodic implies that a remmant of the chaotic
behavior of ~ subsists in the statistics of r : if an average over a
large number of samples (or over a sufficient time interval in a single
realization of the stochastic process) is taken, the periodicity predicted by the deterministic analysis will be wiped out as a result of
destructive phase interference 12 ).
In short, an autonomous oscillator cannot leave a marked
signature on the long term climatic record : We have to look elsewhere
to find an explanation of climatic changes believed to present a cyclic
character, like the quaternary glaciations.
We shall now outline the analysis of a climatic oscillator
forced by a weak periodic perturbation simulating, for instance, the
earth's orbital variations. We shall show that under certain condition~
a stabilization of the phase of the oscillator can take place. This
will remove unpredictability and guarantee the subsistence of periodic
behavior over arbitrarily long times.
We shall illustrate this possibility by assuming the forcing
to be additive. This is indeed the case for Saltzman's model as shown
in Appendix C where further explicit results on the effect of forcing
on this particular oscillator are outlined. The normal form, eq. (8)
now reads'3) :
dz
2
(A - iw )
+ ~s cos w t
dt
a
e

z - czlzl

Here 2nlw e is the external periodicity, ~ an effective forcing amplitude assumed to be small, and s a complex-valued coefficient describing
the coupling of the forcing with the normal form variable.
It will prove convenient to work with the equations for
the real and imaginary parts of our variable z. Setting
z

=

x

+

iy

s = sx

+

is y
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we obtain from eq. (14)
dx
dt

= AX

*

_

W

0

() (

Y _ (ux _ vy) (x 2 + y2) + £s x cos 6)e t

= W X + AY - vx + uy x 2 + y2) + £s cos We t
t o y

(15)

A rather elaborate argument, which is not reproduced here,
shows that phase stabilization - the phenomenon we are looking forcannot be expected unless the system ~s in the immediate vicinity
of bifurcation (A = 0) and resonance (w = kw , k integer). Now,
in this ran~e standard perturbation tecRnique§ fail (see also
reference17». The following singular perturbation scheme seems
to satisfy all requirements. First, we express the vicinity of bifurcation and resonance through
- 2/3
- 2/3
=A£
,we-wo=W£
Next, we introduce a
(T = w t) and a slow
e
d
d
dt = we dT
Finally, we expand x
x

£

y

£

1/3
1/3

(16a)

fast time scale adjusted to the external forcing
one (, =£2/3 t ) accounting for resonance:
2/3 d

+

(16b)

£

and y in perturbation series as follows:

x1
(16c)

Y1

Substituting into eqs (15) we obtain, to order £1/3, a homogeneous
system of equations
dX 1
dT = - Y1
whose solution is a harmonic oscillation
x1

A('d cos T

+

B(·r) sin T

A(,) sin T - B(,) cos T

(1S)

The integration coefficients A, B remain undetermined at this stage,
They are expected to depend on the slow time scale , which has not
entered in eqs (17). To fix this dependence we consider the perturbation equations to the subsequent orders. As seen more explicitly
in Appendix C these equations are now inhomogeneous. In order that
they admit non-singular solutions we must make sure that certain
solvability conditions are satisfied which, roughly speaking, guarantee
that there is no risk of dividing a finite expression by zer~8). For
the problem under consideration there are two such solvability conditions which provide us with the following set of equations for the
coefficients A and B :
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dA= M
d't'

dB
d't'

s

x
wB - (uA + vB) (A2 + B2) +
2

wA + );,B + (vA - uB) (A2 + B2)

s

J..

2

(19)

These equations can admit up to three real steady-state
solutions which, by eqs (18), correspond to time-periodic solutions
of the original system oscillating in resonance with the forcing.
More importantly, since A and B are given once the parameters are
specified, the phase of this oscillation relative to the forcing is
well-defined 13 ). We have thus succeeded in reestablishing predictability thanks to this phase-locking phenomenon. Naturally, in order
that phase-locking be physically relevant we must make sure that it
corresponds to a stable solution of eqs (19). This is indeed so in
a certain range of parameter values. On the other hand, beyond this
range eqs (19) may give rise to a Hopf bifurcation for A and B.
According to eqs (18) this corresponds to quasi-periodic solutions of
the original system. The phase of the system relative to the forcing
will now be a complicated function of time, and this will result in a
rather loose predictability.
As in the preceding section, the interest of the description
based on the normal form lies in its generality. For instance, w ,
wand s in eq. (14) can be tuned to the values suggested by theOrecord
a~d the astronomical theory, while parameters A and c are related
to the amplitude of the oscillation. If information on this latter
quantity is available, eq. (14) can then be used to study different
scenarios concerning, for instance, the effect of disturbances of
various kinds on the evolution.
4. CLIMATIC VARIABILITY AND NON-PERIODIC BEHAVIOR
Let us contemplate once again the climatic record, Figs 1
and 2. We see a broad band structure, in which an appreciable amount
of randomness is superimposed on a limited number of preferred peaks.
So far the broad band aspect was discarded in our discussion. We now
raise the question, whether it could not be accounted for by dynamical
regimes more complex than the phase locked one analyzed in the previous
section. As a byproduct such regimes could still lead to distinct
peaks in some preferred frequencies, but this would by no means imply
that the behavior is periodic in time. The question we have just raised
will lead us to examine a class of oscillatory models in which the
coupling with the external forcing introduces a completely aperiodic
behavior 19 ,20).
The normal form of a periodically forced oscillator in the
vicinity of a Hopf bifurcation (eqs (14) - (15» cannot account for
this type of solution 12 ,13). On the other hand in the theory of dynamical systems one shows that such a behavior can arise near parameter
values for which the system admits very special orbits known as homo-
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clinic orbits, a
Fig. 5 depicts a
dynamical system
two stable fixed

flavor of which is given in the chapter by G.Nicolis 4 )
typical phase space portrait of a two-variable
involving a pair of homoclinic orbits. We observe
points (x ' 0) and (x ' 0) around which the system
a
b

y

x

Fig. 5. Phase space portrait of a two variable system
involving a pair of homoclinic orbits.
performs damped oscillations. An intermediate unstable point ex =
0, 0) gives rise to a pair of unstable and a pair of stable tra3ectories known as separatrices, which eventually merge to form the double
loop structure. These are precisely our homoclinic trajectories, which
can also be viewed as infinite period orbits. Further away in phase
space the system admits a large amplitude stable periodic solution
of finite period.
As an illustration of the phase space portrait of Fig. 5
consider Saltzman's oscillator (see chapter by Saltzman 6 ) and Appendices A to C). One has, in dimensionless variables,

(20)

where 1'] and e are, respectively, the (suitably scaled) deviations
of the sine of latitude of sea ice extent and of the mean ocean temperature from a reference state. The system given by eqs. (20) may 1/2
admit up to three steady states ce s = n" s = 0 and e' s="n' s = -+(b-a)
).
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The linearized equations (20) around the trivial state
a = a + oa) are simply
s

(~

don = liB _ Ii~
dt

dlia

cit

= bliB - ali~

They admit solutions which depend on time exponentially, with an exponent given by the characteristic equation (see chapter by G. Nicolis 4 »
w

2

_ web -

1) + a -

b = 0

(21)

When a > band b =
this equation admits a pair of purely imaqina,y
solutions. For b >
and a > b the real part becomes positive 12 ,13).
This is the range of Hopf bifurcation, which was discussed extensively
in Section 3. On the other hand for a < b the characteristic equation
admits two real solutions of opposite sign. The reference state
(8
= ~s = 0) behaves then as a saddle, just like (x
= 0, 0) in Fig.
s. SSoth kinds of regimes merge for a = b, b = 1 for ~hich values both
roots of the characteristic equation vanish simultaneously.
We now set
(22 )

Substituting into eqs. (20) we obtain

~
dt

3.

(b - 1) f,

dt

+ (b -

a)~ - 1']

3

-

1']

2

f,

(23)

Near the degenerate situation in which both characteristic roots vanish
simultaneously one has
b

b - a

=

t:

2

«1

(24)

It can be verified that for € = 0.8 € eqs (23) generate the phase
portrait of Fig. S. As a matt~r of fact eqs (23) are no less than
the normal form of any dynamical system operating near the degenerate
situation in which both characteristic roots vanish simultaneously19)
The validity of our conclusions extends therefore far beyond the specific model of eqs (20).
We now study the coupling between the above defined system
and a weak periodic forcing. To simplify as much as possible we consider
an additive periodic forcing acting on the second equation (23) alone:

~
dt

= C,
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~

(25)

dt

where sand ware, respectively, the amplitude and the frequency of
the forcing. We perform the following scaling of variables and parameters :
2
4
s
, 1:;
xll
1)
Pil
Yll
<::

1

1IIl

t

"t"1l

2

<::

-1

2

121l

w

nil

2

Il «
(26)

Eqs (25) become
dx
d,

Y

~
d,

= 1 2x

- x

3

2

- x Y
+ 1l('lY
r

+

P sin

n, )

(27)

These equations can be viewed as the perturbations (for II
a reference system described by
dx

0

d,
dyo
d,

«

1)

of

Yo

=1 x
2

0

- x

3
0

(28)

Remarkably, this is a Hamiltonian system known as Duffing's oscillator 19 ). For 12 > 0 its phase portrait is depicted in Fig. 6. We now
have a continuum of periodic trajectories as well as a pair of homoclinic orbits existing for all positive values of the parameter 1 2 .
Going from eqs (28) to eqs (27) amounts therefore to inquiring how
this phase space structure and, in particular, the infinite period
homoclinic orbits are perturbed by both the "dissipative" terms
1 y - x 2 y and by the periodic forcing.
1
Let us first formulate this problem analytically. Setting
x = x + II u, Y = Y + Il v, we obtain the following equations for the
pertu~bations u, yo:
du

d,

v

dv

d,
We now are in a situation similar to that arising in the perturbative
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Yo

1-~2'V2'O)

Fig. 6. Phase space portrait of Duffing's oscillator for 72 > D.
analysis of'eqs (15) : we have an inhomogeneous system of equations,
which admits a non-singular solution provided that a solvability
condition is satisfied. The argument is somewhat more elaborate than
in Section 3 however, and will not be reproduced. We merely give the
final result, known as Melnikov integra1 21 ) :

/00
- ""

d1: YO [1'1 YO -

x~

o

YO + P sin £'h]

(30)

This relation allows us to identify a critical forcing amplitude, p
beyond which the homoclinic orbit is destroyed by the periodic per~urba
tion. One obtains, after a lengthy calculation 22J

Ch

Pc

1 3/2
4
(?'1 - 5 ?'2)
?'2

3"

Ch

Qrt

(2

?'2

)1/2

+ 1
(31)

Qrt

2(27 2 )

1/2

In the theory of dynamical systems one shows that for p > p a variety
of complex non-periodic behaviors may arise 20 ). In order toCidentify
the nature of these regimes we turn to numerical simulations.
As stressed by other authors in this book, the most unambiguous way to characterize the type of regime displayed by a dynami-
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cal system is to perform a Poincare surface of section. Remember that
we are dealing with a forced system involving the two variables x
and y. Effectively, suCh a dynamics takes place in a three-dimensional
space, since one can always express the forcing through bsinx ,
dX /dt = Q, thereby introducing its phase X as a third variaBle.
On~ can now map the original continuous dyn~mical system intoadiscrete
time system by following the points at which the trajectories cross
(with a slope of prescribed sign) the plane cos
= C, corresponding
to a given value of the forcing. One obtains, inethis way a
Poincare map (Fig. 7) that is to say, a recurrence relation

Sinfh;

x

Fig. 7. Schematic representation of a Poincare map
for a forced system. As the system evolves,
a representative trajectory cuts a plane of
section C at discrete times , . The study
of the dynamics on the surfac~ of the section
gives valuable information of the qualitative
behavior of the initial system.

where n labels the successive intersections.
Suppose now that the trajectories of the continuous time
flow tend, as , -"'" to an asymptotic regime. In the three-dimensional
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state space, this regime wil be characterized by an invariant object,
the attractor. The signature of this object on the surface of the
section will obviously be an attractor of the discrete dynamical
system, eq. (32). Conversely, from the existence of an attractor on
the surface of the section, we can infer the properties of the underlying continuous time flow.
Figure 8 depicts the Poincare surface of section for values
of p near the threshold p of eq. (31). We observe the coexitence
of two attractors: A peri6dic one, with a period three times as large
as the forcing period; and a quas~-periodic one, represented in the
full phase space by a two-dimensional toroidal surface.
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Fig. 8. Poincare map of the forced system eqs. (27)
for i = 1, i = 1.01,11 = 0.1, Q = 3 and
q = q2 + 0.2. 10epending on the initial
condi~ions the system evolves either to a
quasi-periodic attractor (closed curve) or
to a periodic one, with a period three times
as large as the forcing period (points in
crosses).
By increasing p further from p one observes the coexistence
of two period three (Fig. 9a) and two pefiod two attractors (Fig.
9b). As a matter of fact the attractors of a given period, differ
by their phase relative to the phase of the forcing.
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Fig. 9a. Poincare map of the forced system eqs. (27)
for the same parameter values as in Fig. 8
but with q = 12q . Note the coexistence of
two different pefiodic attractors (points
and crosses) with a period three times as
large as the forcing period.
For still larger values of p the periodic attractors disappear, and a manifestly non-periodic stable regime dominates (Fig.
lOa). We conjecture that we are in the presence of a chaotic attractor.
This seems to be corroborated by the time dependence of the variables
(Fig. lOb), as well as by the power spectrum, which exhibits an important broad band component along with a well-defined peak at the forcing
frequency (Fig. 10c). More complex dynamical regimes which can be
qualified as intermittent are also observed. For instance, after
spending some time on a seemingly chaotic regime the system jumps
on a period-three regime.
I n short, we. have i denti f ied an add i t ional mechan ism 0 f
climatic variability. The final question to which we now turn our
attention is, which of the various regimes described in Sections 2
to 4 is best suited to interpret the climatic record?
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Fig. 9b. Same paremeter values with Fig. 9a. Note
the coexistence of two additional periodic
attractors (points and crosses) with a
period two times as large as the forcing
period.
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Fig. 10a. Non-periodic attractor of system (27) for
the parameter values of Fig. 8 except q =
20Qc·
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Fig. lOb. Time evolution of variable x for the
parameter values used in Fig. lOa.
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2

4
FREQUENCY

Fig. 10c. Power spectrum of the variable x whose
time evolution is given in Fig. lOb.
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5. RECONSTRUCTION OF THE CLIMATIC ATTRACTOR FROM TIME SERIES DATA
As pointed out in the Introduction much of our information
on the climatic variabilit." of the last million years is based on
the oxygen isotope record 1)(see Fig. 1). We will now show that it
is possible to extract from such a record information going far beyond
the traditional spectral analysis. In particular, we will be able
to characterize the nature of the dynamical regime involved as well
as to determine the minimum number of variables needed for its description 23 ). We will illustrate this new method of data analysis on
a particular deep-sea core known as V28-238.
Let X Ct) be the time series available from the data, and
O
XkCt) , where k : 0, 1, ... n-1, the full set of variables actually
taking part in the dynamics. X
is expected to satisfy a set of
k
first-order nonlinear equations, whose form is generally unknown but
which, given a set of initial data XkCO) , will produce the full
details of the system's evolution.
By successive differentiations in time one can reduce this
set to a single Cgenerally highly nonlinear) differential equation
of nth order in time for one of these variables. Thus instead of xkCt),
k : 0, 1, ... n-1, we may consider X Ct), and its n-1 successive derivatives xCk) Ct), k : 1, ... , n-1, toObe the n variables of the problem
spanning ~he phase space ofrthe system. Now, both X Ct) and its derivatives can be deduced from a single time series CtRe one for X Ct)
as provided by the data). We see therefore that, as anticiPatedOat
the beginning of this section, we have in principle sufficient information in our disposal to go beyond the "one-dimensional" space
of the original time series and to take into account the multidimensional character of the system's dynamics.
Actually, instead of X Ct) and xCk)Ct) it will be easier
o
to work with X Ct) and the set of variables obtained from it by
shifting its vglues by a fixed lag ~24). It suffices for this to choose
~ in such a way that one keeps n linearly independent variables
X Ct )
o 1

, X Ct ), ................... XoCt )
N
o 2

XoCt1+~)

, X Ct +T), .................
o 2

X Ct +Cn-1)T),
o 1

XoCtN+~)

X Ct +Cn-1)T) ............. X Ct +Cn-1h)
o 2
o N
(33)

We will be interested in the structure of the trajectories
of the dynamical system in the above defined phase space. The theory
of dynamical systems shows that the structure of these trajectories
is conditioned by two basic elements :
Ci) The dimensionality of phase space, in other words, the
number n of variables present.
Cii) The nature of the attractors, that is, of the asymptotically stable states attained in the course of time. The latter
depends, in turn, on the dimensionality of the attractor.
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The principal question to which w~ will try to answer is
thus the following: ·Is it possible to obtain a lower bound on the
numb~1Z n of variables which capture the essential features of the
c. NICOLlS
long term evolution of the climatic s¥stem? And, concomitantly, is
it possible toT~ef~n~naiBilma~1~t~~~ra8t~~iwRi~~ ~~Pte~e~t~Ot~~swe~o!s
lutibR~sahBetbo~!£!~Q~e:its ~ba~~t~t~~e k~oa~~~iQsaltR~elt~O~~~eRgibR~
alitQ~mber n of variables which capture the essential features of the
10ng t~hW aXg*~ti~8 ~het~egO~~~lbhs ~~slnmth~ngffl~~a~~~~iat~y, is
It i~tb~geaiBheat~e£nb6nreeentl~a~~~eibbe8ct~rG~Q~sBefgQfe~nats this evoProc~~~lgQp)~nget8restl~~e~~bih9 ~H§l~~Bb~~Br~r~Ritt~!tll~~ibi~sugimension

to oBtaiX?quantitative information on the nature of the climatic 23)
attractor andIT'~ egf!!~uigr~hSAei!ye~i~gBlib~a~!t~h~ea~f~§w~~!v'n .

Fi9.~~1~sab~fi2~,g£9~t~t~g~~i~~:g1tt~t·~e~5Jggt~igYa~~Rf~g;~~ffi~n~t~nal

PhasergD~g~:aThi~ Yle~rt~le~¥IrI1e~~~b1t~ ~~gch~o~R~eXi~vf~thth~nl~na~r~s

lYin~~~gtI~~~ ~~~~~~f~ t~;.a~ ~r~~~1~3g0~a~r~ent~uala§ an~ecgn~T~ttgo

from ~hl~cf~~u~Q ~l5Re~altl~~ ~r~eog~f !~sRmi9sBRg~aBt~f!zePt~~en , In
compl~~lt~10fatn~aE~h~Mlblt~8r~i§~a~pl~h~~d~bi~cpai£i~u~~f;eE81~§g~~~nal
its ~~~tlaf~tl~s ~R~sd~+f~r~~e§§l~iiAhr~~~8mtRoisg~plexlty of the underlying motIon. However, the data are too coarse to draw any conclusion
from this figure alone. It will be our task to characterize the
complexity of the dynamics more sharply and, in particular, to assess
its similari es and differences with random noise.

-I.S

Fig. 11.

selPor
generated by the time series
Fig. 1 (1: = bot, bot = 2 Kyr).

Conside~i~he1~etTBfe~-8b~n~§i8Bt~iR~BsfrB~rbo~itime series
embedded in a phase !pace 8fnnr8iman~~Bh~:borb~ecOn9~n~eRfe we introduce
a vector notation : Xi whi~~gst!n&~ for t &~bint2o~yp~ase space whose
coordinates are X (t.)l ... ' X (t.+(n-1).) .
Cons~de~ ~he setOoflN points obtained from our time series
embedded in a phase space of n dimensions. For convenience we introduce
a vector notation : X. which stands for a point of phase space whose
coordinates are X (t:), ... , X (t.+(n-1h)
o

1

0

1
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A reference point X. from these data is now chosen and all
->
->
l
its distances
x. from the N ~ 1 remaining points are computed.
This allows us to cou~t the data pOInts that are within a prescribed
distance, r from point X.. Repeating the process for all values of
i, one arrives at the qu§ntity

I\ -

C(r)

I

N

1
2

N

L

B(r -

i,j=

if

Ix.1 - X.I
)
]

j

where B is the Heaviside function, B(x) = 0 if x < 0, B(x) = 1 if
x > O. The non-vanishing of this quantity measures the extent to which
the p~esence of a data point Xi,affects the position of the other
points. C(r) may thus be referred to as the (integral) correlation
function of the attractor.
Suppose that we fix a given small parameter E and we use
it to define the site of a lattice which approximates the attractor.
If the latter is a line, the number of data points within a distance
r from a prescribed point should be proportional to r/~. If it is
a surface, this number should be proportional to (r/E) and, more
generally, if it is a d-dimensional manifold it should be proportional
to (r/E)d. We expect, therefore, that for r, relatively small C(r)
should vary as
C(r)

r

d

" (3S)

In other words, the dimensionality d of the attractor is given by
the slope of the log C(r) versus log r in a certain range of values
of r :
log C(r) = d Ilog r

I

(36)

This property remains valid for attractors of fractal dimensionality.
The above results suggest the following algorithm:
(1) Starting from a time series, we can construct the
correlation function, equation (34) by considering successively higher
values of the dimensionality n of phase space.
(2) Deduce the slope d near the origin according to equation
(36) and see how the result changes as n is increased.
(3) If d reaches a saturation limit beyond some relatively
small n, the system represented by the time series should possess
an attractor. The saturation value d will be regarded as the
dimensionality of the attractor. Thesvalue of n beyond which saturation
is observed will provide the minimum number of variables necessary
to model the behavior represented by the attractor.
This procedure has been applied to the analysis of the data
pertaining to core V28-238. Figure 12 gives the dependence of log C(r)
versus log r for n = 2 to n = 6. We see that there is indeed an
extended region over which this dependence is linear, in accordance
with equation (36). Figure 13 (points in circles) shows that the slope
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Fig. 12. Distance dependence of the correlation
function on the climatic attractor.
Parameter values as in Fig. 11, except
that 1:" = 4 ""t.
reaches a saturation value at n = 4, which is about d = 3.1. The
same plot also shows the way in which d var~es with nSif the signal
considered is a Gaussian white noise : there is no tendency to saturate.
In fact, in this case d turns out to be equal to n. It should be
emphasized that the above results are independent of the choice of
the time lag 1:", provided that the latter is of the order of magnitude
of the time scales pertaining to the long-term climatic evolution,
and the linear independence of the variables is secured.
The existence of a climatic attractor of low dimensionality
shows that the main feature of long-term climatic evolution may be
viewed as the manifestation of a deterministic dynamics, involving
a limited number of key variables. The fact that the attractor has
a fractal dimensionality provides ~ natural explanation of the
intrinsic variability of the climatic system, despite its deterministic
character 26 ). Moreover, it suggests that despite the pronounced peaks
of spectra in the frequencies of the orbital forcings, the actual
behavior is highly non periodic 5 ).
This last aspect was further substantiated by the estimation
of the largest positive Lyapounov exponent 4 ). We know that there exist
as many Lyapounov exponents as phase space dimensions. In this particular case this number is four. One of them is necessary equal to
zero expressing the fact that the relative distance of initially close
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d

4

6

n

Fig. 13. Dependence of dimensionality, d on the
number of phase space variables n, for
the climatic attractor (0) and for a
white noise signal (x) for the same
parameter values as in Fig. 12.
states on a given trajectory varies slower than exponentially. Others
are negative, expressing the exponential approach to the attractor.
Finally, if the dynamics is chaotic, there will be at least one
positive Lyapounov exponent witnessing the exponential divergence
of nearby initial conditions on the stable attractor. Clearly, such
a quantity is the ideal tool for describing the limits of predictability in climatic change. Note that in a well-behaved dissipative
system the sum of all Lyapoun9v exponents must be strictly negative 4 ).
Recent algorithms 27 allow for the calculation of the largest
positive Lyapounov exponent of a dynamical system from time series
data. We have applied this procedure to the data set of Fig. 1 and
found indeed a positive number ~, between 2.5 x 10- 5 and 4 x 10- 5
yr- 1 . Its inverse, ~-1, between 25 and 40 kyr gives the limits of
predictability of the long term behavior of the system 28 )
A further characterization of the nature of the underlying
dynamical system is provided by the time correlation function of our
data set. Figure 14 depicts this function. We observe a decay for
small to intermediate times, a negative region and subsequently
ir~egular oscillations around zero. This leads us to several important

346

C. NICOLlS

1.0,..-----,-----r----r-----,-------,

G

0.5

0.0

50

100
150
t (2xl0 3 yrs)

200

Fig. 14. Time correlation function of the
variable X on the climatic attractor.
o
conclusions. First, the fact that the correlation function is not
merely periodic or quasi-periodic, proves that climate dynamics cannot
be viewed as a passive response to the orbital forcings. Second, the
fact that the correlation function decays for short to intermediate
times proves that we are dealing with a process displaying unpredictability. Barring white noise, the simplest example of such a process
is a Markovian red noise generated, for instance, by an OrnsteinUhlenbeck process. If however this was the case here, the correlation
function would never go to zero and would decay strictly exponentially.
Neither of these two properties holds for Fig. 14. We conclude that
we deal with a process possessing memory28). Moreover, the limits
of predictability provided by the inverse of the largest positive
Lyapounov exponent correspond, roughly, to a time in the interval
between the vanishing and the first minimum of -the correlation function.
We believe therefore that we have produced strong evidence that long
term climatic variability is to be viewed as a chaotic dynamics
possessing a low dimensional attractor characterized by an unstable
dynamics of limited predictability.
6. CONCLUDING REMARKS
The principal idea which we tried to convey in the present
chapter is that dynamical systems theory provides us with new ways
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to look at the long standing problem of climatic variability. For
instance, modelling based on normal forms is a pragmatic tool for
making rapid progress in problems involving a multitude of variables,
which would remain otherwise intractable or would require extensive
empirical parameterizations. Even more significant, perhaps, is the
possibility to arrive at quantitative predictions of such quantities
as attractor dimensions or predictability limits from time series
data, independent of any modelling.
In the light of these possibilities problems related to
intermediate and short range variability constitute a promising area
of future investigations.
APPENDIX A
Consider Saltzman's model oscillator describing the interaction between sea-ice extent and mean ocean temperature 14 )

~
dt
de
dt

- CP2T)

+

CPI e

(Al)
-24>2 8 - 4> 3 T) e
Here CP., 4>. are positive parameters, T) is the deviation of the sine
of the1latItude of the sea-ice extent from the steady state and
is the excess mean ocean surface temperature. By performing the scaling
transformation
3/2
1
'P

<Vl~ +

e

"= (:~

r

2

-='-;-----

4>I~2

e ,

t

t

CP1

we can cast eqs. (An in a form displaying two dimensionless parameters
~

- T) +

de
dt

- aT) + be - TJ

dt

e
2

e

(A3)

with
a

4> 1 ¢ 1

b

2
CP2

4>2
¢2

The procedure transforming eqs. (A3) to the normal form
can now be outlined. We first compute the characteristic roots of
the linearized stability problem. Straightforward algebra gives
A.

At A.

+ iw

o

2

+ [(b - l)2 - 4(a _ b) ] 1/2}
(A4)

0 the system undergoes a bifurcation beyond which a limit cycle
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is expected to emerge. In general the full problem of exactly solving
eqs (A3) in this range is intractable. We therefore limit ourselves
to the case where A« 1. To this end we cast the dynamics in a form
corresponding to a full diagonalization of the linear part of eqs
(A3). This is achieved by a linear tranformation T, which in the
present case is a 2 x 2 matrix whose columns are the two right eigenvectors of the matrix coefficients of the linear part of (A3). This
tranformation.matrix T turns out to be

1
(AS)

iw

+

A - iw

1

o
o
Operating on both sides of (A3) with the inverse matrix T- 1 and introducing the new (complex) variables

(:* )

T

-1

(A6)

or more explicitly
z

T]

2 R

e

2 (R z - w

e

e

0

Imz)

we obtain to the dominant order in A, the following equation for the
transformed variable z :

:~ = (A +

iw

o) z + ~w o

(3 + iw

o) zlzJ 2

(AS)

giving rise to a radial and angular part of the form of eqs (lOa)
and (10b) respectively with u = 1/2 and v = - 3/(2w ).
o
APPENDIX 8
Let us incorporate the effect of fluctuations by adding
random forces ~, Fe to the deterministic Saltzman oscillator 14 ),
eqs (A3)

~ =-

T] +

e+

FT]

de
2
dt = - aT] + be - T] e + Fe
Repeating the procedure given in Appendix A, transforming eqs (81)
to the normal form we obtain :
dz

=

(A

+ iw ) z +

L
2w

{(3

zJzJ2

+ iw o )
+ (1 - iw o ) FT] F}
- e (B2)
o
Setting z = x + iy, substituting into eq. (82) and separating real
and imaginary parts one gets :
dt

0
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dx
dt

- = AX -

~ =
dt

W

0

W

0

y

x + 'Ay

2

(i + i)

1
2

(i + i)
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(x + -3

W

y) +F
0

-3

(y

W

x

x) + F
0

(B3)

Y

whe.re we have set F = FTj /2 and F = (FTj - Fe )!2w . We assume
FTj' Fe to define a ~ulti-Gaussianywhite noiseS) 0
qTj

(t - t')

< Fe(t) Fe(t'»

qe

(t - t')

< FTjCt) Fe(t'»

qTje

<

F (t) F (t'»

Tj

T)

(t - t')

This allows us to write a Fokker-Planck equation for the probability
distribution of the climatic variables

ap
a
=at
ax

;

-

+i) +! y)}
+ i)
-! x)}

(x2

(x

o

a

(y

ay

o

a2 p

(BS)

(lxay

where q , q ,q
are the variances of F and F .
x
Y xy
x
y
In general eq. (BS) is intractable. However, the situation
is greatly simplified if one limits the analysis to the range in
which the normal form (eqs (10» is valid.
To see this it is convenient to introduce polar coordinates
x = r cos ~, y = r sin ~. Note that the latter transformation being
nonlinear, one should take into account the subtleties of ItoStratonivitch calculus 1S ). One obtains after a lengthy calculation 16 ).

ap(r, CPt t)
at

a {
t..r - -1 r 3 + -1 Q }
ar
2
2r ~~

--

L

{w

a~

o

+_3
2w

Q~~

qx sin2~

Qrcp

- qx sin cp cos cp
+

q

y

sin

1

- 2"
r

Qr~

}p

Q
a2
a2
~+Qrr + 2 ara~
a~2
r

ai

where

2

0

[L

1
+2

r

p

~

- 2q

cos

xy

~,

sin cP cos
+

q

xy

~

2

+

(cos cp -

2
P
~l
r
(B6)

qy cos

2

. 2 cp)

s~n

CP,
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Q rr

=

qx cos 2~

'
+ 2
qxy S1n
~

cos

~ +

qy sin 2

~,

and qx' q

and q
are suitable linear combinations of qn' qe, qn e
YTo go f~rther it is necessary to introduce a perturbation
parameter in the problem. It is reasonable to choose it to be related
to the weakness of the noise terms. Mathematically, we express this
through the following scaling

Q~~

= EQ ~~ ,

Q

=E Q

r~

Q

rr

=

EQ

r~

(BS)

rr

We next scale both the bifurcation parameter A and the deviation of
the radius r from its value on the limit cycle, r = r , by suitable
powers of E. We do this in order to be in accordance ~ith the conditions of validity of the normal form (eqs. (10». However, we should
keep in mind that the qualitative predictions should still describe
the general trend beyond the vicinity of the bifurcation point. Note
that no scaling can be applied to the angular variable ~, as the latter
increases in the interval (0, 2n) and does not enjoy any stability
property. Summarizing we write 16 )
A
r

r

E

S

2m
+ pE

k

+

pE

k

(B9)

~

The (non-negative) exponents k and m are chosen in such a way that
both the drift and diffusion terms contribute to the evolution of
P in eq. (86). Indeed, should the diffusion terms be negligible, the
probability P would be a delta function around the deterministic motio~
and as a result the effect of fluctuations would be wiped out. If
on the other hand the drift terms were negligible, P would exhibit
a purely random motion similar to that of a Brownian particle in a
fluid, and would tend to zero everywhere as t ~oo. The best way to
estimate the magnitude of these two terms is to introduce the conditional probability P(~/p, t) through
PCp,

~,

t)

= PC~/p,

t) pep, t),

(BIO)

where
PCp , t)

1
= -2n

d~

PCp,

~,

t).

(BI1)

Integrating eq. (B6) over ~ and taking the scaling (B8) and (89) into
account, one can see that oPCp,t)/ot is of order E. PCP,t) is therefore a slow variable : this is the probabilistic analogue of the fact
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that the variable r varies at the slowest of all time scales present
in the problem. Using this property and dividing through eq. (86)
with P(p,t) we obtain a closed equation for P(~/p,t) which to dominant
order in e reads :

a

ap(cp/p,t)
at

--w
o~

0

(BI2)

p(~/p,t)

This equation admits a properly normalized stationary solution,

= 1/(211;).

P(~/p,t)

(B13)

Introducing this into eq. (810) and integrating eq. (86) over <p, we
can obtain a closed equation for the slow variable P(p,t). From this
equation one can see that the drift and diffusion terms are of the
same order of magnitude if and only if
k

= m --

1

(B14)

-4

The equation for P(p,t) then reads
op(p,t)
at

-

1/2
- e

0

op

-

[

- 2A.p

( ~ y/2

3

+ Q
2(2~e)1/2 + p

p + e

1/2 _ 0 2

p

Q-

op2

2
2
p

p

3

(B1S)

where
(BI6)
This equation admits a steady-state solution. Switching back to the
original variables and parameters r, A. and Q through the inverse
scaling (eqs. (88) and (89», we can see that this steady-state is
of the form

(BIn

APPENDIX C
forcing

14)consider Saltzman's oscillator forced by a weak periodic
:

En = dt
de
dt

1)

+
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with £ « 1.
£Si' ware respectively the dimensionless amplitudes of the forcing
and i~s fre~uency. By applying the same procedure as in Appendix
A the normal form of eqs (Cl) is:
dz = (A + iw ) z + i
dt
0
2w
Setting z

=
dx
dt

~
dt

x

{C3 + iw o)

o

[0 -

zlzl2 + £

(C2)

iy we obtain
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(x + - Y) + £S cos w t
w
x
e
0

(x

2

0

+

2

+

2

y )

3
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0
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2w

y

(s
0

TJ

y

cos w t
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(C3)

where we have set
S
x

iw o ) Sn -Se] cos wet}

Se)

(C4)

We are interested in solving eqs (C4) in the case in which the system
operates near the bifurcation point (A « 1) and near resonance
(w ~ W ). Following the singular perturbation scheme, eqs (16), one
ge~s th~ solutions for the first order in the expansion x and y
given by eqs (18). The latter contain two unknown quantitIes A a~d
B which may depend on the slow time scale ,.
The next order £2/3, leads to equations identical to (17)
and therefore adds nothing new. To the order £, on the other hand,
we obtain
w

e

(

aX3

aX 1

aT

a,

I

'2

+ >:'x 1 + wY I

2
2
3
(xl + YI ) (x 1 +w0

w
e

(

Y1) + Sx cos

T

aY3

aT

This is an inhomogeneous system of equations for x , y . It admits
a solution only if a solvability condition expressfng ~he absence
of terms growing unboundedly in time, is satisfied. Such terms may
arise by the following mechanism. To obtain (x , y ), we have to
"divide" the right-hand side of eqs. (C5) by t~e dffferential matrix
operator
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(C6)

but this is precisely the operator appearing in eqs. (17). According
to this latter equation and eqs. (18), it possesses a non-trivial
null space, that is, non-trivial eigenvectors corresponding to a zero
eigenvalue. By dividing with such an operator, one may therefore
introduce singularities, if the right-hand sides of eqs. (C5) contain
contributions lying in this nul space. The solvability condition 18 )
allows one to rule out this possibility, by requiring that the righthand sides of eqs. (C5) viewed as a vector, be orthogonal to the eigenvectors of the operator (C6). The latter are (cf. eq. (18))
(cos T, sin

T)

and

(sin T, - cos T).

(cl)

The scalar product to be used is the conventional scalar product of
vector analysis, supplemented by an averaging over T. The point is
that we will dispose of two solvability conditions which will provide
us with two equations for the coefficients A(,), B(,) appearing in
the first order of the perturbative development (eqs. (18)>. After
a lengthy calculation one finds eqs. (19).
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MODELING THE S180-DERIVED RECORD OF QUATERRARY CLIMATIC CHANGE VITH LOW
ORDER DDlAMICAL SYSTEMS

Barry Saltzman
Department of Geology and Geophysics
Yale University
New Haven, CT
06511
The observed long-term changes in planetary ice mass appear
to have occurred at rates generally too slow to be calculable
deductively from first principles based on the fundamental hydrothermodynamical 'partial differential equations. A more inductive (or
inverse) approach to a theory for these changes therefore seems
necessary, perhaps best formulated in terms of low-order, multicomponent. nonlinear. stochastic-dynamical systems of equations
governing the variables and feedbacks thought to be relevant from
qualitative physical reasoning (e.g •• "conceptual models"). A brief
review 0lSprevious attempts to formulate such dynamical system models
of the b 0 record of the ice ages is given, and a recently developed
prototype model based on three prognostic components is described in
greater detail. These comp~~ents are identified here with three
variables influencing the S 0 record of climatic change: snow-derived
ice mass, mean surface temperature of the ocean (including pack ice
fields). and deeper ocean (or thermocline) temperature. The effects of
a representation of the external forcing resulting from variations in
the earth orbital parameters on the near-lOO k yr free behaviorlgf the
system are included in an attempt to account for the obserrgd S 0
record. It is shown that the major features of both the S 0 and the
associated surface water temperature variations including the 'spiky'
behavior. can be accounted for, and side predictions are made
concerning the concomitant evolution of the deep ocean temperature.
The solution is shown to involve some rapid, high-energy transitions
that may be amenable to a more quantitative treatment by a general
circulation type model.

ABSTRACT.

1.

Introduction

Due to the generally small rates of change of ice mass and ocean
temperature involved in the major Quaternary glacial variations,
not feasible to account for these variations quantitatively from
principles based on deductions from the equations of geophysical
dynamics (Saltzman 1983). Instead, it seems promising to make a

it is
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355
C. Nicolis and G. Nicolis (eds.): Irreversible Phenomena and Dynamical Systems Analysis in Geosciences, 355-380.

© 1987

by D. Reidel Publishing Company.

B.SALTZMAN

356

on the problem by forming simple dynamical systems that can account for
the global aspects of the problem (both in the geographical and
Yftthematical senses), particularly with regard to the sedimentary core
S 0 record that constit~~es the primary continuous climate signal over
the Quaternary. This S 0 record is be lieved to be influenced mainly
by global ice mass changes, and also by local changes in the ocean
temperature where the foraminiferal material later deposited in the
sediments is formed. In the above reference, and more recently in
Saltzman (1985), we give general discussions of (1) the global
constraints on energy and ice mass variations (emphasizing the ~
equilibrium nature of the problem and the need for a qualitative,
"inductive" approach) and (2) the formulation of climate as a "forced
stochastic-dynamical system" based on a response-time distinction
between the prognostic and diagnostic climatic variables. To a large
degree, the problem of formulating a thI~ry of the long term global
ice-age variations as revealed by the & 0 record reduces to one of
discovering the relevant prognostic (i.e., dynamical) system governing
the slow response-time variables - that is, to discover what we might
call the slow climatic attractor.
In the next section we ~resent a generalized model governing the
variables determining the Sl 0 record, followed by a brief review of
some of the simpler one and two-variable models formulated in this
search for the slow attractor. Next, a more detailed discussion is
given of a three-variable model involving three slow variables that
seems capa~he of accounting for a good deal of the variance of the
observed & 0 record over the last 500 k yrs.
2.

A generalized, 1IIUlti-variablf.' dynamical model for the
variables determining the S 0 record

In Fig. 1 we show a typical variation of 518 0 with time and the
associated variations of ocean surface temperature Ts over the last
500 k yrs derived from two cores in the South Indian Ocean by Hays et
ale (1976). The dominant 100 k yr oscillations over this period are
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Variation of S180 in units of %0 (solid curve) and surface
water temperature in °C (dashed curve) over the past 500 k
yr, as determined from two South Indian Ocean cores RCll-120
and E49-18, from Hays, Imbrie and Shackleton (1976).
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clearly exhibHed, as well as the tendency for a relatively rapid
cot lapse of b 0 from its maximum fSa lue accompanied by a warm surface
water "spike". As we have said, Ii 0 is believed to be mainly a
function of global ice mass I, and to some extent also a function of
the temperature of iRe ocean T where the fossil planktonic fomanifera
used to determine & 0 variations were formed (Ruddiman, 19S5). As in
the above case, this ocean temperature is usually that of the upper
mixed layer, which we denote by Ts ' but can also be for a measure of
deeper water temperature Td if benthic foraminifera are used. Thus.
f [I, Ts (A,~)]
f [I, Td (11,,,)]

or

(1)

(2)

where for convenience, hencefor~~ we abbreviate blSO by S in our
mathematical developments (Ii;; & 0), and >. and ~ denote geographic
longitude and latitude, respectively. We could further decompose the
total ice mass I into a part S representing the mass of snow and
ice sheets, and a part ~ representing the snow-derived marine ice
masses comprised mainly of ice shelves, icebergs, and sea-ice. That
is, 1= ;j + )(. , where S and X are the area integrals of the depth
per unit area, hJ ()\,4» and h1:(),t», of ice sheets and shelf ice,
respectively, i.e., ($,~) ...., SS(hj , h¥)d>.ci<P. ~ has a strong inverse
effect on sea level, whereas X has little effect.
To a first
order, we can write
I

S (.,., rI> )

(3)

where kl ~= as In), ks (=~S/aTs)' and kd (=~G/~Td) a:r.:.e c<;.>nstants,
and the pr1fgs denote departures from standard values I • Ts' and Td
for which b 0 equals a corresponding standard value in parts per
thousand ('~. For shallow dwelling foraminifera kd = 0, and for
benthic foraminifera ks = O.
We now seek to formulate a simple set of dynamical equations for
the variations
the two key variables I and
Ts (~,~) that
determine the S 0 variations associated with the more commonly
studied shallow planktonic species. These equations express
qualitatively conservation of ice mass, and mixed layer energy at a
point. In general these equations are of the following form, assuming
the primes denote departures from a steady-state (i, Ts' Xi)
corresponding to some fixed values of the external forcing parameters
such as the earth orbital parameters:

fa

dI'

-- = f I (1)

(I

dt

dt

f (1) (1
s

T

's

(4a)

(4b)
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f.(1) (I

dt

(4c)

1.

where xi denotes the many additional physical variables (indexed by i)
that are relevant in determining the rates of change of I and Ts
(e.g., all the atmospheric variables including temperature, wind,
cloud, and CO2 content, ocean currents, salinity and thermocline
temperature, bedrock depression, and the geographic distributions hj
and h~), and F(t) denotes stochastic and deterministic forcing that can
be additive or multiplicative.
Let us now postulate that I has a very much longer system
response time than the mixed layer temperature Ts(~'~)' and,
moreover, that of all the many possible variables included in Xi the
candidates most likely to have response times comparable to I are the
separate components $ and X and their geographic distributions
hJ~,_) and h~(A,.), the mean deep ocean (or thermocline temperature)
Td(~'.) whose spatially average value we denote bye, and the bedrock
depression under the ice sheets h£(~,.) whose global mean value we
denote by 6 • In addition, although at any point Ts (A,~) is a 'fast
response' variable, we can define a new 'slow' variable which is the
average of Ts over all of the world ocean not covered with shelf ice,
including that part of the ocean which has undergone phase transition
to sea or pack ice. This new variab Ie, which we denote by ,; , can
have a very slow response time because of the positive feedbacks
engendered by the 'ice albedo' effects and possible CO 2-surface
temperature effects. Like T (). tI» , all other variables, x· are
assumed to have relatively fast response times, say of period18less
than several hundred years (a rough averaging period for the ~ 0
data). It follows (see Saltzman 1983) that I,"t', e, and 6 , and the
geographic distribution functions hi' h~, h£, and Td , are the
prognostic, "carriers", for the long term dynamical evolution of the
system, and Ts and Xj are the diagnostic variables assumed to be in
quasi-static equilibrium with these prognostic variables.
As a first step, in order to form a simpler, global, model for the
slow variables we shall assume further that we can consider the massive
ice components.$ and X as the single variable I and neglect the
geographic variables (hI' he and Td) in favor of their global mean
values that are proportional to I, E, and e. This is tantamount to
assuming that changes in the global values can be diagnostically
related to the geographic changes and tend to be of the same sign. An
aspect of this question is discussed in Saltzman (1984). Thus, our
system (4a-c) becomes
dI'
dt

= f (2) (I' t:;' "
'"'
I
""

d'f.'

dt

= f'(.(2) (1','1:',

9',e',

F(t»

(Sa)

F(t»

(5b)
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f (2) (I',
II

dt

e',

Eo "

F( t)

(Sc)

(I',1:',e',£', F(t)

(Sd)

T; (,iI,~) = f S (2) (I', '(,',8',£0', X'j' F(t)
2 ) (I', 'to', e', ~', Ts', x'k' F(t)
X'j =

(Se)

f

and

't: ' ,
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dt

E:

(2)

f/

(Sf)

Equations (Sa-d) constitute the "dynamical" system governing the
slow evolution of climate, and (Se, f) are fast-response "equilibrium"
distributions obtainable from steady-state physical models <e.g.,
GeM s) providing we specify or solve simultaneously for h~, h~, h~, and
Td (cf., Saltzman 1984). This system constitutes what we might call
the "master" global climate model.
We seek the least complicated, physically plausible,
representation we can make for f I , f T , f8' •••• and F(t) capable of
yielding robusf solutions for I , and Ts that are compatable with
the observed ~ 80 and ocean surface temperature records derived from
the sedimentary cores. This will constitute our theory for these
records. The verification of this theory must depend on the side
predictions made with regard to concomitant paleoclimatic variability
determined from all sources and the "reasonableness" of the weight!§gs
deduced for the I and Ts variations needed to account for the S 0
record. Before discussing our particular representations we first
discuss some of the simpler models that have been advanced recently.
3.

The simplest low order models
3.1

Single-variable forced systems

The most severe reductions of the system (5) are based on the
assumption that we can treat a single v~~iable I to which all other
variables are diagnostic, and on which S 0 solely depends. Thus, we
have
dI'
dt

By further assuming that
model of the form
dI'
dt

(6 )

fI (I', F(t»
fI

is of linear form we obtain an elemental

- a II + F(e,j4-,Tf ;t) + R(t)
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where a-I is a dissipative, time constant, F represents additive
external forcing due to the variations of the earth orbital parameters
e (eccentricity), J4 (obliquity), and T (precessional index), and R
denotes additive stochastic forcing. In making the above assumptions
one is essentially taking I as a measure of ~ which in turn is
closely related to ice extent or to global average surface temperature
Ts.
(In fact we can formally write
is the area of the earth, c denotes
continental values including ice shelves and w denotes oceanic
values.); hence (6) constitutes a ~-dimensional energy balance model
in which we can substitute ~ or Ts for I. Assuming a is positive,
(7) has a single stable equilibrium corresponding to a standard (e.g.,
mean) set of values of the earth orbital parameters (e Q , ~Q' ~p).
Applications of (7) have been made by Imbrie and ImbrLe (1980) for
a = a large constant, and R = 0, so that
I =

a-I F(e,/" ,11'; t}

by Fong (1982) for
dI
-

dt

0:=

F

a~ 0

(near-neutral stability) and R

(8)

0, so that
(9)

and by Hasselmann (1976), Lemke (1977) and Fraedrich (1978), for F = 0
but R i= O.
18 In all these cases it was not possible to replicate the observed
, 0 record. Even if one were to assume the more general deterministic
form of (6), where fI can b~ highly nonlinear, it would not be
possible to replicate the ~1~0 curve by assuming that I is the quasistatic "equilibrium" response IE(e,~, 11"; t) of a more generall~orm
than (8) (Saltzman, 1985). The problem of accounting for the & 0
record is thus inescapably one of "dynamics".
A fundamental difficulty in accounting for the S180 record purely
as a forced effect, even if one assumes the full nonlinear dynamical
equation of the form (6), is that the 20 k yr precessional (n) and 40 k
yr obliquity ~) effects on the terrestrial radiative/thermal state and
hydrologic cycle are so much greater than that of the 100 k yr (e)
effect. Thus it would appear that only with very strong nonlinear
rectification can a purely forced model yield the observed output.
Although, in principle, this is not impossible, it has not yet been
shown that such a plausible model can be constructed.
A notable attempt in this direction based on a modific,tion of (7)
was made in the paper by Imbrie and Imbrie (1980), where awas
assumed to be a two-valued function depending on whether dI/dt is
positive or negative. A simple continuous approximation to their
discontinuous nonlinear model can be written in the form
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dI'
-

dt

Z -

(ao + alI')I' + (a2 + a3I') F (e,,,,Tf;t>

(10)

where a Q , aI' a2' and a3 are positive constants determined by two
independent parameters, and F is expressed in terms of three
additional parameters determining the phase and relative wei~ing of
e, /1-, and 'If. This mode 1 can produce so lut ions that fit the I; O-curve
with respectable accuracy for the past 400 k yrs, but is deficient in
several respects: (1) the near 20 and 40 k yr variations induced by ~
and J4 are indeed too strong compared to the dominant 100 k yr
variability, (2) as a single component system there is no prediction
made of concomitant variability of other features of the climatic
system such as the temperature curve shown in Fig.la, and, as noted
above, (3) the tacit assumption is made that the & 0 record is
completely determined by ice mass (unless mixed layer temperature is
exactly 1800 out of phase with I, which is unlike the picture shown in
Fig. O.
Another one-component forced model worthy of special consideration
is that of Sutera (1981) and Benzi et al (1982, 1983) (see also Nicolis
1982), based on an energy balance model (cf. Ghil 1976) in which the
albedo dependence is formulated in such a way that reasonably-spaced
steady states corresponding to glacial and nonglacial conditions are
present, separated by an unstable ''barrier'' point. The reJevant
dynamical equation is of the general form
dI'
dt

= aoI' - a I I,3 + F(t) + R(t)

(11)

These authors showed that when stochastic forcing R is applied to
this bistable system a new time scale is introduced, the "exit time"
for transition between the glacial and non-glacial modes. Although the
range of exit times can be broad, for reasonable parameter values the
mean exit time can plausibly be near the dominant period shown in Fig.
1, 100 k yrs, and with the introduction of the eccentricity forcing the
str.eDllJlLnf_ tbe_ ''ha.rZ''J~!' ~<:;£u ··o/"eu.-y -au ~b:i:L5 -scaJ.e • J.ead1ng to a
"resonant" response. It is only by this sort of stochastic forcing
acting on a bistable system that a one-component model can be made to
exhibit free variations with which external forcing can resonate. With
the addition of the near-20 and 40 k yr forcing in addition to the 100
k yr eccentricity forc\~ one can expect that a fairly good
approximation to the ~ 0 curve can be obtained. Although this model
is extremely s imple, and still contains most of the deficiences of the
Imbrie and Imbrie model, it possesses the important property of
replicating the observe18bimodality, with relatively rapid transitions,
characteristic of the S 0 record [see Fig. 2 for tfg histogram of the
SPECMAP (Imbrie et a!. 1984) representation of the £i 0 record over the
last 500 k years]. The identification of this bimodality with a
fundamental instability of the climatic system is stated in its most
simple terms in this model.
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Before proceeding to the two-component models, it is worth noting
that an intermediate (~ and A half-component) class of dynamical
systems can be formed. In this scheme, a measure of the variation of
the mean planetary temperature, say ~ I , is considered as an
additionfs global variable, with I being identified with variations
of the ~ O-record, and ~ I with that of the global ice extent governed
by an energy balance model in which the direct effect of earth-orbital
or other forcing appears. However, while ~ may affect I , there is
no feedback of I on 't:, i.e.,
(12a)

d1:

(l2b)

dt
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In essence, (12b) offers the possibility for nonlinearly transforming
the observed external forcing F(e, II- • 1f; t) into one that more
closely approaches a forcing with dominant period near the observed 100
k yrs. This type of model, which along with the diagnostic relation
(5e), would appear to be of the kind discussed by North and Crowley
(1985). is essentially equivalent to the one-component model (6). One
unrealistic feature of this model, however, is the decoupling of ice
mass and surface temperature; it seems plausible to expect that
variations in planetary ice mass I (as well as deep water temperature
e ) would have at least as much effect on sea ice extent or mean
surface temperature ~ as earth orbital forcing. In the following
sub-section, we discuss some proposed models that contain such a
coup led feedback.
3.2 Tvo-variable models

With a dynamical system comprised of at least two coupled
variables we have the possibility for internally-generated, free,
oscillatory behavior as we 11 as for the forced oscillatory behavior we
have just discussed. Since it is likely that more than one slow
variable participates in long-term climatic change (e.g., the
additional candidates we have enumerated in Section 2) it is highly
probable that the spectrum of climatic change (e.g •• Mitchell 1976) is
created by some complex combination of both free and forced oscillatory
variability. Although the first proposal for considering multicomponent oscillatory dynamical systems to account for the ice ages
appears to have been made by Eriksson (1968), the most detailed effort
to apply this line of attack was made by Sergin (1979) during the mid
1970's.
A prototype of the ~-variable systems treated most recently is
based on considering the ice mass I to be dynamically coupled with a
measure of mean ocean surface temperature or sea ice extent. ~. This
prototypical system is of ,the general form.
dI'
dt
d't'

dt

(13a)

(I3b)

where a and b are constants and N denotes nonlinear terms.
The model of Kallen et ale (1979), as amplified by Ghil (1984). is
of the form (13), characterized by the following sign choices of the
coefficients: a o < O. al > 0, b o < 0 and b 1 > 0 (instability due to
the ice-albedo feedback). These coefficient choices provide the
conditions for self-sustained oscillations with -C maximum (or sea ice
minimum) preceding an ice mass maximum. The assumption is made here
that, on balance, large sea ice extent or cold surface temperature
inhibits ice sheet growth through its negative effect on evaporation
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and the hydrologic cycle.
Another model of the form (13) was proposed and developed in a
series of papers by Saltzman (1978, 1982) and Saltzman et al. (1981,
1982), and further elucidated by Nicolis (1984, 1985). As in the
Kill Hn et a1. (1979) model a o < 0 and b~ > 0, but a1 < 0 and b o > O.
In the Saltzman et ale (1981, 1982) vers~on and succeeding analyses by
Nicolis (1984, 1985) the nonlinearity is of the form NI = 0, N~ =
-b2II2~ I, leading to a modified form of the van der Pol oscillator.
The supposition in this model is that variations in ~ are strongly
related to variations in deep ocean (thermocline) temperature
that
depend critically on the ice-insulator effect of the large shelf and
sea ice masses included in I (Newell 1974, Saltzman 1978). In this
case the instability associated with b I > 0 is assumed to be related to
a positive feedback associated with atmospheric CO 2 (Saltzman and
Moritz, 1980) as well as to the ice-albedo effects associated with ~'.
As noted, this model also leads to a self oscillating system but with
~ (or e ) maxima preceding total ice mass (I) minima.
To the degree
that the mean surface temperature ~ is related to the mixed layer
temperature in the Indian Ocean portrayed in Fig. 1, it would appear
that there is a tendency for ocean temperature maxima to precede ice
mass minima as in this latter model. The free versions of both models,
however, are incapable of showing the IIspiky" character of the
temperature curve shown in Fig. I, a point we will return to later.
Many of the forced properties of this model (R~ 0, F ~ 0) are
discussed in the above papers.
Before closing this brief review of two-variable systems, we note
that another class of such models involving ice mass in the form of
continental ice sheets, t , and the depression of the underlying
bedrock, c , have been suggested, notably by Oerlemans (1980), Peltier
(1982) and Birchfield and Grumbine (1985). The IIglobal ll versions of
these models are essentially of the form
dS'

(14a)

dt
dC'
-- =

dt

bo~' + ble'+ N~

(14b)

With the assumption that increased bedrock depression leads to
reduced ice sheet elevation and hence to increased ice accumulation
(al > 0), and that b > 0 , we have the possibility for unstable ice
sheet growth under t~e restraint of linear dissipation, b l < 0, and of
the nonlinear dissipative terms for large departures. Although we
recognize the plausibility of some effects of this type, we shall not
emphasize bedrock-ice sheet models here.
3.3

Difficulties with the

~

and two-variable models

With the inclusion of nonlinear terms, the simple models discussed
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in this section already have the potential to account for a good deal
0l8the observed late Quaternary climatic variability recorded in the
6 0 records. As we have noted. the one-component forced models of
Imbrie and Imbrie (980) and the "stochastic resonance" models of Benzi
et al. (1982) and1~icolis (1982) both seem capable of replicating key
features of the' 0 record. In addition. the two-component models
illustrate a second major possibility. i.e •• that free oscillations rRn
account for the main 100 k yr oscillatory behavior observed in the 5 0
record (perhaps with the "phase locking" influence of earth-orbital
forcing (Nicolis 1984». It remains as a fundamental problem to
determine whether forcing alone can generate this near-lOO k yr
variability or free oscillatory behavior is necessary. Stated in other
related terms, it remains to be determined whether the long term
oscillations are taking place near a stable or unstable equilibrium
point.
In any event, there are several inherent deficiencies of onevariable purely periodically forced models, and two-variable, not
periodically-forced (autonomous) models that make it unlikely that they
can pl~vide a fully adequate theoretical basis for an explanation of
the 6 0 record of ice age variations:
(1) In these models, only by introducing stochasti5:lorcing can
one reproduce the red-like appearance of the 6 O-spectrum.
In the absence of this stochastic forcing only a linespectrum characteristic of a periodic or quasi-periodic
response is obtainable. While this mechanism of stochastic
forcing is acceptable, and in fact is a necessary feature of
all models dealing with heavily time-averaged global climatic
variables (cf. Saltzman 1983), the theory will be incomplete
until the basic de'terminism underlying a good deal of the
stochastic behavior so introduced is represented, leaving
only an essential unrepresentable white noise component as a
residual. Only with a minimum of three-components (possibly
including a component due to non-autonomous periodic forcing)
can such deterministic aperiodicity or "whiteness" be
generated.
(2) Related to the above, only with at least a 3-component model
can one internally, deterministically, generate very fast
transitions between climatic states, e.g., the "sudden
glaciations" that have been suggested, 5.~e signatures for
which are only weakly apparent in the S 0 record because of
natural averaging processes (e.gl~ bioturbation). In fact,
the Ts-curve accompanying the $ 0 record in Fig. 1 already
gives ample testimony to the possibility for an extremely
"spiky" behavior for t~~s variable that may contribute
significantly to the b 0 record itself (equation
This
spikiness, which requires a broad continuous spectrum for its
representation. is, in this sense, a realization of
stochastic forcing. No one-variable, or unforced twovariable deterministic system is capable of yielding such a
time record.
(3) In order to obtain a 100 k yr response from a two-variable

(1».
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intern1l se If-osci llatory fode 1 the "t ime constant" [e.g.,
(-a o )- of (13a), or (-b l )- of (l3b)] must be of the order
of about 40 k yr (e.g., Oerlemans 1980, Saltzman et al.
1982). Although it is conceivable that such a long time
constant is appropriate in view of possible positive
feedbacks, some shorter time constant (perhaps no larger than
about 10 k yr) would seem to be more appropriate. As we show
in the next section, with a three-variable system a free 100
k yr period can be. obtained easily with a time constant of
less than 10 k yr.
In the presence of a periodic forcing, however, a two-variable
system essentially becomes at least a three-component autonomous
dynamical system (e.g., C. Nicolis, this volume); with proper matching
of the forcing to the free period of the two-variable system a chaotic
response can be generated (Holmes, 1980) and additional longer periods
(e.g., 100 k yr) in the forcing can be amplified through entrainment.
Thus all of the features described in (I), (2), and (3) above are
achievable, in principal, in a two variable system with periodic
forcing. This possibility should be tested more fully (e.g., M. Ghil,
this vo lume).
More generally. as noted in Section 1, it is reasonable to
expect that more than two "s low" variab les are part icipat ing
dynamically in the major climatic changes. At a minimum we have the
major snow-derived ice masses in the form of continental ice sheets and
ice shelves, their underlying bedrock, the deep ocean or thermocline
temperature and the mean ocean surface temperature and associated pack
ice fields. For example, it seems unreasonable to exclude possible
effects of slow variations of the deep water or thermocline temperature
from (l3b). The inclusion of some of these additional variables
enables us at least to be able to offer some predictive consequences
with regard to other slow response variables of the climatic system.
For these reasons we are led to consider a three-variable model.
As is well known (e.g., Lorenz, 1963) such a thr;;':;;riable system
already contains so. much possibility for dynamical richness that one
need not hasten to go beyond to four or more, at least at the outset.

4.

A three-variable system

Let us return now to our ''master'' system (Sa-£) governing all the
climatic variables including, sp~~ifically, the variations of I and
Ts that largely determine the " 0 record. We begin by specializing
this system by assuming the diagnostic relations (Se, f) for the
departure of Ts(A,~) from its equilibrium value can be approximated
as a function of the global variables I, ~ , and e.
We assume the
following first order representation
(15)
where DC<'~,.) = ilTs/i)I, $(ll,tP) = ~T /at, and ¥'(A,.) = 'bTs/aB. Let us
now define Is' i , tt , and 9 as ctaracteristic maximum departures
from equilibrium values of Ts ' I • 1: • and 9 , respectively (i.e.,
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,.
*
,. *
,. *
,. *
1
T * I* , ,;* ,
Ts I =T
*
s T s ' II =II , ' t l ='t't , and9 =91 , where s J
are nondimensional numbers between 0 and 1). Then we can write
and 9
(15) in a nondimensional form
(16)

* "',.

where ec = IT -1
_*,.
= 't "T -1 and Y*,.
= & ,.Ts -1 • It seems reasonab Ie
s *'
s
to expect that« (),~), measuring the effect of polar ice sheet mass
a~d extent, will tend to be a maximum in higher latitudes. and
t (~,~), measuring the effect of thermocline temperature, will tend to
be a maximum in low latitudes and regions of upwelling. It is implied
by (15) that direct earth orbital forcing F is less effective in
determining the steady-state values of Ts than the prevailing state
of "t' and e. This conjecture, as well as the general statement (16)
might be testable with a coupled atmosphere-mixed layer GCM.
With (15) and (Sa-c) we obtain a closed model for I and Ts
based on a three-variable dynamical system governing I. ~ and 9 ,
providing we assume that the effect of bedrock depression Co is
neg ligib Ie compared to I, ~ and II in determining the slow variabi lity
of the climate system. This latter assumption is certainly contrary to
that made in several other models where no reference is made to deep
ocean (or thermocline) temperature. but great emphasis is placed on
bedrock depression (e.g., Oerlemans 1980, Birchfield et al. 1981, Ghil
and LeTreut 1981, LeTreut and Ghil 1983, ~eltier 1982, Pollard 1982).
Recognizing that, as shown by these authors, Co is in fact potentially
important, and in any event that bedrock changes are a real feature of
climatic evolution that must be accounted for. we view the ultimate
inclusion of.. as a necessary further step toward a more complete
global theory. At this point, however, we set down the basic three
component system we have developed recently (Saltzman and Sutera 1984,
Saltzman et al. 1984), the prototype for which was introduced in
Saltzman et a1. 1984b, and show with the aid of l'i.s) or (16) the
imp 1 ications of this mode 1 for a theory of the & 0 curve.
Although the three variables treated were previously identified
with .$ ,X and II , we assume here that the same dynamica 1 system mode 1
can more plausibly be identified with I, "t' and 8 and we formally
make the following transformations: $ - I, ')C'" - ,; • and'''B. This
is for several reasons: (1) The shelf ice mass X implied by the
solution in Saltzman et al. (1984) seems to be unrealistic when
comparing 20 k yr BP versus the present, whereas the values of areaaveraged sea surface temperature beyond the ice shelves (the mass of
which is now included in I) seem to be in line with those reported in
CLIMAP (1982); (2) the Denton-Hughes (1981) scenario portrayed by the
model through the emphasis on the ~-component is still highly
controversial and remains to be substantiated satisfactorily; (3) the
ice-albedo feedback assumed to provide a main drive for the instability
of the system is readily identified with mean sea surface variations
inc Iud ing the transformat ions to sea ice cover (e.g., Ghi I, 1984); and
more generally, (4) with ~ as an explicit variable the linkage and
continuity with the one and two component "energy balance" models
discussed in Section 3 is more easily established.

B. SALTZMAN

368

Thus, as described in the above two refe'rences, the ordinary
differential equations constituting the dynamical system are
dI'

(17a)

dt

dt

(17b)

= -

de'

(l7e)

dt

It can be verified that with the transformation '10' .... --c' embodied in

(17a-c) the feedbacks implied all continue to be plausible from
qualitative physical considerations [e.g., in (17b) high values of I
favor decreasing sea surface temperature to first order].
Taking A. B • C as arbitrary scaling amplitudes of I',"C "
and 9 " 't as a characteristic time scale (10 k yr). and F. . and R"
as characteristic amplitudes of deterministic and stochastic forcing,
respectively, we can write (17a-c) in the nondimensional form,
dX
dt*
dY
dt*
dZ
dt*

-

Clt

1Y

-

0(

2Z -

0(

3Y 2

(l8a)

* + R*
- ~oX + ~lY + ~2Z + ( P3y_y2_X2) Y + F-c.
~
X - t 1Y - t2z

(l8b)

(l8c)

, Y = B-11:,
, Z = C-1 e,
, ~F~ * ,~~ *) = "_1"
where t * : "-1
t t, X = A-1 I,
'to
t
(F.... R,.), I =ff b 0- 1 / 2 , ~ = 2 10- 3 / 2 (b b £)- /2, 8=
c (b b t) -1 ,I a~d 0( = (B ~ A-I) a ,0( = l(
A-I) a , 0( = (B 2 t A-I)
o 1 4
,. -1 1
,.
1
2." -1
3
3 "
ala2' _ = (t, t B )bo,'l = t b I , '2 = {C t A )b S ' ~3 = (B t )b l b 2 •
II = (B ~ C- )cI' '(2 = t c2' On t~s assumption that most of the
variability exhibted by typical S 0 curves is due to continental ice
mass changes (Imbrie et al. 1984) the following values of these
coefficients were chosen by Saltzman and Sutera (1984) to give a
qualitatiYsly plausible agreement between the free variations of !
and the f> 0 record: 4l'1 = 0.40, Cf 2 = 0.10,0(3 = 0.0125, Bo = ~p.OO,
~l = 3.77, ~2 = 20.00,'3 = 0.01, Yl = 0.01, and (2) 1.00 (c2
< 10
k yr if 1 = 10 k yr).
The equilibrium and its stability - Neglecting variations in
forcing, F and R , the equilibria of the system (17) (or 18) for the
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coefficient values given above, consists of the obvious fixed point
(I', 't', iii ') = (0,0,0) plus four imaginary (nonphysical) points.
The eigenvalues at this real equilibrium consist of 2 real
positive values (+0.429 and +4.308) plus one real negative value
(-1.967). (The two-component oscillatory models discussed in Section 3
are characterized by Hopf bifurcations in which two imaginary
eigenvalues cross the imaginary axis at the bifurcation point). Thus
we have here a "codimension two" system (Guckenheimer and Holmes 1983).
It is this BQn-Hopf type bifurcation, with pure exponential type of
instability, that gives rise to the long 100 k yr period free response
in tris model in spite of a first order dissipative time constant
(c2- ) of less than 10 k yr. An analysis of this property of
codimension 2 systems based on center manifold theory is now being
purused in collaboration with Alfonso Sutera and Roberto Benzi.
Numerical solution of the 1.-'1:- 9system - the free solution for
the above coefficient values is given in Saltzman and Sutera (1984),
and the forced response to a representation of earth-orbital forcing F~
together with an analysis of the sensitivity of the solution to changes
in these coefficent values and to stochastic forcing R~ is given in
Saltzman, Hansen, and Maasch (1984). This forced solution is shown iu
~-1
A-1 ,
Fig. 3 in ter~s of normalized values defined by I * = X X
,'1: * = Y Y
*
A-I
,..
and 6 = Z Z
where X, Y and Z are the maximu~ absolute values of
X, Y, and "Z... l respec"ti~ely, so"t!l!It 1*, 't* and iii do not exceed Ill.
Thus, A = IX 1, B = ~ y 1, C = 9 Z
The coefficients for the earthorbital forcing variations were chosen to be physically plausf~le and
to yield qualitative agreement between the observed SPECMAP ~ 0 curve
and the ice mass I. Note in Fig. 3 that along with this I-variation we
also predict a quasi-catastrophic, spiky, collapse and regrowth of sea
ice coinciding with the rapid deglaciation of the ice sheets and
shelves as well as variations of deep ocean or thermocline temperature
that lag I by about 5 to 10 k yr.
A

A

+1. 13

13

-1. 13

51313

41313

3130
TIME

Fig. 3

21313

1013

13

(kY 8. P.)

Orbitally-forced solution of the three-component dynamical
system (18a-c) in nondjmensional units, 1* (solid curve), -~*
(dot ted curve), and 9 (dashed curve).
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Theory of the b180 variations

We assume now that the L18 0 variations determined from surface
water foraminifera are not only a function of ice mass (I) with which
we tried to achieve a qualitative fit. but also of Ts ' as represented
bI8(3). By finding the best least-squares fit between the observed
6 0 values (let us say the SPECMAP values) and our solution not only
for I but also for '1: and 9 • we shall deduce the implicati~ns if
0ir mode 1 concerning (i) the magnitude~ o~ the coefficients. '" , I' and
IS' of (16), (and henceU~~f the Till varl.atl.ons necessary to ·l.mprove the
explanation of the & 0 variatl.ons), and (ii) the relative
contributions of snow-deri~~d ice mass and ocean surface temperature
changes to the observed & 0 departures at any time during the past
500 k yrs. From another viewpoint. we seek to find whether, given a
relationship of the form (15) and accepted values of (~f~T) and
(j)$ fa I), our predicted variations of 'to and • , can, with physical
plausibility, aCfBunt for a greater amount of the observed variability
of the SPECMAP & 0 curve than was possible with I alone. By
"~~ysical plausibility" we mean, for example, that an improved fit to
, 0 will require that ks in (3) be negative. If such an improved
explanation of variance is possible, it would give some indication of
the internal consistency of the model.
5.1

The best-fit solution for S180

Recalling our simplifying abbreviation, ~180! b. we have from (3)
and (15)

= k I (1)II

o!!l
Q

+ koe' + k9
"t

1

•

(19)

where
kI(l)

= kI

+

ks~

(20)

k't, = ks~

(21)

= kst

(22)

ke

or, in terms of the nondimensional variables shown in Figure 3.
s*

=

k I (1)*I* + kr*t* + k,,*e*

(23)

where b * = ...& - 1 ~ I , and
k (1)* = (k

I

I +s
k "'*T )t.- l
I
s

(24)

k "t

* = k s '*T s i.-I

(25)

k

* = k s l*T s CO-I

(26)

•

The best least-squares fit of the SPECMAP estimate of ,180
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variations over the past 500 k yrs to the solution for 1*, t.* andS*
shown in Figure 3 yields th~ t1\lowing ch~a*teristic value~ ~f the
coefficients (24) - (26): kI
= 0.75, k = - 0.22, and k = 0.26. In Figure 4 we ~how this best fit curve, S*, in comparison with
the SPECMAP curve, S s •

+

1. IZI

,,;/\
:'\/-/

\

IZI

-1. IZI
SIZIIZI

Fig. 4

41Z11Z1

31Z11Z1
TIME

21Z11Z1
(kY 8_ P_)

llZllZl

IZI

Best-fit solution for ~180, &* = 0.75 ~* - 0.22t*-0.26e*
(solid curve), compared with SPECMAP ~l 0 record of Imbrie et
al., 1984 (dashed curve), both in nondimensional units.

5.2 Properties of the solution
Although the model coefficients in (18a-e) rl~re chosen to give the
relatively large positive value obtained for kI L}*, we consider it to
be a significant measur* of the internal physical consistency of the
model that k~* and ke
both turn out to be negative as would b*
expected. The correlation coefficient between the two curves, Ss and
S*, shown in Figure 4 is 0.74 (55 percent 'explained variance'l, as *
compared with 0.68 (47 percent 'explained variance') between fI and I
alone. We find generally good agreement between the two curves, the
most obvious defec* being the failure to replicate the high amplitudes
of the last two ~ maxima.
18
It is of particular interest that the fit to the ~ 0 curve is
markedly improved from that which is possible by considering I alone
(Saltzman et al 1984) over the period between 125 and 60 k yr BP where
the Dodge et al. (1983) sea-level results indicate that temperature
and/or floating ice shelf effects are required. A~~ther interesting
feature of this best-fit curve is the minimum of S 0 at 6 k yr BP;
although the composite SPECMAP curve does not show this minimum there
are many individual cores (e.g., V28-238, Shackleton and Opdyke 1973;
V34-88 Prell, 1984) that do reveal this minimum associated with the
we II-known "c 1 imat ic opt imum".
As is to be expected from the similarity of the two curves shown
in Figure 4. the best-fit solution for the 500 k yr period has a
similar histogram to that shown in Fig. 2 for the SPECMAP data (see
Fig. 52. The bimodality is again present with a pronounced minimum
near ~180=O.OO representing the fundamental instability of the system.
The spectrum of the best-fit solution S* is shown in Fig. 6,
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Histogram of the best-fit solution for ~180 shown in Fig. 4.
As in Fig. 2, the ordinate (residence density) gives the
number of times the ~ values spaced every 2 k yrs lie within
the limits shown on the abscissa.
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Variance spectrum of the best-fit soluti0f: for ~180 shown in
Fig. 4 (so 1 id curve) and of the SPECMAP \ 80 record (dashed
curve), both for 500 k yr. Periods of the principal peaks
are shown in k yrs.
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along with the spectrum of the SPECMAP- 1)180 evolution over the past 500
k yr, ~s*' Although the model contains no stochastic forcing, due
largely to the presence of periodic forcing a continuous red-like
background spectrum is generated in addition to the observed peaks near
100, 41, 29# 23, and 19 k yr (Saltzman, Hansen and Maasch 1984). This
best fit &~80 spectrum, which includes contributions from the
solutions for ~ and 8 as well as I, shows some improvement over
that for I alone given in the above reference, but also shows
systematically lower magnitude peaks than the 6*-spectrum. This is
related to the inability*of the best fit curve to replicate the
pronounced maxima of &s during the last two major glacial episodes.
In this latter study it was already shown that a non-periodically
forced "chaotic" or "strange" attractor is not necessary to generate
deterministically a continuous spectrum close to the observed; a
forced, three-variable, co-dimension two system of the kind we have
formulated will generate enough "whiteness" through spikes and fast
transitions to replicate the observations with good fidelity.
In calculations performed by Kirk A. Maasch using the algorithm of
Grassberger and Procaccia (1983) it waslSound that the dimension of the
attractor giving rise to the SPECMAP 6 0 record over the last 700 k
yr is about 2.95. For the 1 million year record obtained from the
individual core V28-238, Nicolis and Nico1is (1984) obtain a dimension
of 3.1, from which they conclude that "the main long-term climatic
evolution may be viewed as the manifestation of a deterministic
dynamics involving a limited number of key variables" and, moreover,
that the "fractal" dimensionality of the record implies that this
determinism is of the "chaotic" variety producing the aperiodic signal.
We have here illustrated the first of these conclusions, showing that a
~-variable model with external periodic forcing can replicate the
(; 0 curve.
5.3

The surface temperature. and its role in the £180
variations

We now use the best-fit coefficient values and the relations (24)
- (25) to estimate (or "predict") as consique¥ces of our model
chartcteiist~c area average values of I>C. ,@ , and t* (which we denote
byo< ,i , ~ ) appearing in (16) and hence the typical surface ocean
temperature variations such as shown in Fig. 1. For this purpose we
adopt the following parameter values (Fairbanks and Matthews 1978,
Dodge et a!. 1983):
3.06 x 10- 20
which corresponds to a 0.111.#change of b180 with a 10 m change of sea
level,

(~~ ) = -O.22k.K- 1
aT

,
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and (e.g., Imbrie et al. 1984)

.b.

0'
= 1.3/00

corresponding to the fact that f> * in Fig. 4 typically is of magnitude
+
,.
(
)
..
- 0.75. l~e also estimate that Ts
~ 4 K e.g •• Fig. 1 , and that I ~
2.5 x 10
kg (Flint. 1971).
With the above values we find from (24) - (26) .!~e following*
characteris!ic values of the coefficients in (16): 0< = -0.267, J =
0.332. and V = 0.378. In Fig. 7 we show the curve obtained for the
variations of Ts* (dashed l\~e) using these derived coefficients
compared with the SPECMAP ~ 0 curve. The similarity of this figure
with Fig. 1 is striking.
+ I. IZI

IZI

-I. IZI
51?J1?J

41Z11Z1

31?J1ZI

TH~E

Fig. 7

21?J1ZI

11?J1ZI

(k'fB.P.)

Characteristic variation of surface temperature Ts* (dashed
c~§ve). in nondimensional units, consistent wf~h the best-fit
& 0 solution shown in Fig. 4. The SPECMAP ~ 0 record is
th* solid curve. ~oie the similarity of this variation of
Ts ' relative to 1) O. with that shown in Fig. 1 for the
South Indian Ocean cores.

Now, given this evolution of Ts* we are in a position to use (3),
or its nondimensional form,
(27)

*

.. " 1

* , . . .... 1

where kI = (kII\- ) = 0.575, and ks = (k Til" - ) = 0.662, to calculate
the relative contributions of snow-deriveS ~ce m~s~ (I) and surface
water temperature (Ts) to the computed value of & O. For example. for
t~e present climat\.c state (t = 0 k yr BP) we have from Figs. 3 and 7,
1*(0) = -0.90. and T. (0) = 0.05. respectively. From (27) we find that
G (0) = -0.55. which, as expected, agrees well with the value shown in
Fig. 4. It is implied therefore that 94 percent of~' is due to the
negative ice mass departure and the remaining 6 per cent is due to the
positive surface temperature departure.
* As another exampJe. if we consider t = tl = 100 k yr BP we find
I (tl) = - 0.75 and Ts (tl) = - 0.15. implying from (27) that S*(tl)
0.332 (compare Fig. 4). Thus at tl ' the ice mass effect
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overestimates the b180 deficit by 30 percent, which amount is
augmented by the negative anomaly in surface temperature. This is in
the same direction as deduced by Dodge et al. (1983) for this time
period, but in view of the sea level data reported, would seem to
indicate that a significant component of I' is due to floating ice
she 1 ves measured by X '. Of course , all .. these resu 1 ts cou ld be altered
substantially if our estimates of Y, T, b, kI and ks are markedly in
error.
6.

Summary and conclusions

After reviewing some of the simple one and two-component models of
the ice-age climatic variations, we have presented a revised
formulation of a three-component model discussed previously (Saltzman
and Sutera 1984, Saltzman et al 1984). In essence we have reidentified our previous variable ~ with total snow-derived ice mass I
(= t +1'.), and :x with a gl('~al average temperature of the sea surface
including its pack ice coverage. As before we take e as a measure
of the global deep ocean, or main thermocline, temperature. In
introducing the variable 't we bring the model into closer alignment
with simpler "energy balance" models that explicitly treat a variable
like ~. This is particularly true if we choose the coefficients to
permit multiple equilibria (e.g., Ghil 1976, Sutera 1981, Benzi et al.
1982, Nicolis 1982). From another viewpoint, with mean ocean surface
temperature as an explicit variable it becomes more straightforward to
treat the surface mixed fRyer temperature Ts as an explicit variable
that can influence the ~ 0 record derived from shallow foraminifera.
We have shown that the combination of I and Ts ' as deduced
f1§m the model, can account for the major features of the observed
S 0 record and the associated surface temperature variations. The
model itself is characterized by a free oscillatory response, with a
dominant 100 k yr period, that has a 'saw-tooth' ice mass variation
with rapid deglaciation that are phase-locked by earth-orbital forcing.
The associated mean ocean temperature/pack ice variations, which
represent the seat of instability of the system, have a characterisic
spike of warmth centered near the deglaciation. Many other properties
of the solution are shown to agree with the observations, notably the
bimodal histogram, the red-like variance spectrum with significant
peaks, and the dimensionality. The concomitant variations of the deep
ocean or thermocline temperature are offered as side predictions to be
verified by future paleo-oceanographic studies. If our model is
correct, there should be a general warming of the bulk of the world
ocean during glacial buildup with maximum temperature lagging the ice
maximum and minimum temperature lagging the ice minimum (e.g., the bulk
ocean should be cooling at present).
From a mathematical viewpoint, it is noteworthy that the
eigenvalue structure of the model dynamical system is one of codimension two, permitting a long (100 k yr) period oscillation by
exponential type instabilities, in spite of a relatively short first
order response time of 6.5 k yr, and generating the spikes and rapid
transitions that would not be possible in a one or two-component
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models. Thus, in partial answer to the question posed in the
Introduction, we claim that the "slow climatic attractor" is that of a
periodically-forced. three-component dynamical system of co-dimension
two (Saltzman and Sutera 1984). The challenge is to find the proper
identifications with the physical world for these three variables, and
indeed, this has been the main subject of this paper.
Many further studies to improve and amplify our model are
desirable. A few of these are:
1)
Coupled atmosphere-ocean GCM studies of the diagnostics
prescribed and solved for in Section 5. as well as of the
rapid transitional periods deduced, which may uniquely
involve high enough energy fluxes to be calculable,
2)
Related to the above, more sharply focused studies of the
physical properties and dynamics of special points of
interest in the deduced evolution,'such as the 6 k yr BP
hypsothermal spike point.
3)
Study of the mathematical properties of co-dimension two
systems that lead to the properties exhibited by our system.
4)
Study of the general effects of stochastic perturbations on
this three variable, co-dimension two, system, in a similar
manner to those studies made by Saltzman et al. (1981),
Saltzman (1982), and Nicolis (1984) for the two-component
oscillatory models,
5)
Study of the roles of continental ice sheet mass t , shelf
ice mass X , and bedrock depression € , as additional
prognostic, slow-response, variables, and
6)
Study of the role of atmosphere CO 2 as an explicit, probably
diagnostic, variable, the implicit effects of which are now
6
included primarily in the coefficients of equation (17b) for
dT./ dt.
In the near future we hope to be able to report on work in some of
these areas that is now underway.
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ICE SHEET DYNAMICS AND THE PLEISTOCENE ICE AGES

G. Edward Birchfield
Department of Geological Sciences
Northwestern University
Evanston, Illinois
U. S. A.
ABSTRACT. A brief review of ice sheet physics is given in the very specific context
of modelling of continental ice sheets of the late Pleistocene. The focus is on possible
roles of the 'slow physics' of the ice sheets and bedrock response in explaining the
prominent feature of the 100 ky response in the spectral representation of oxygen
stable isotope record from deep sea sedimen ts, which is taken as a first approximation
of ice volume changes.
1. INTRODUCTION

The first part of the following lectures will review the features of one of the most
important paleoclimate records, that of the stable oxygen isotopic analysis applied to
deep sea sediments. A very brief review of the astronomical theory of the Ice Ages
will be given including a presentation of the paradox of the spectral response of the
oxygen isotopic record at 100 kyo As components of the climate system with the
longest response times, and which offer an explanation of the '100 ky' problem, I will
discuss briefly the dynamics of very large continental ice sheets and the underlying
bedrock. I then present some modelling results directed toward the solution of this
problem. In conclusion I will return briefly to the isotope record.
2. THE OXYGEN STABLE ISOTOPE RECORD IN DEEP SEA SEDIMENTS
One of the most important sources of paleoclimate information comes from the
analysis of deep sea sediment cores collected from the basins of the world ocean.
These sediments are frequently made up of a high percentage of calcium carbonate
shells of microscopic animals, planktonic and benthic. In certain circumstances,
these fossil shells have preserved the relative amount of the stable isotopes 18 of oxygen and 13 of carbon that existed when the shells were formed during the lifetime of
the animals. When these animals precipitate their shells the relative amount of stable
isotope of oxygen going into their shells depends on two properties of the water: the
temperature and the relative amount present in the water.
The stable isotope anomaly is defined
·8

= R-Rs
Rs

X 1000
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where R is the relative amount of heavy to light oxygen in the sample, and Rs is
the ratio for a known standard substance. An empirical equation has been developed
relating 8F , the isotope anomaly in the fossil shell and the in situ water temperature
and isotope anomaly at the time the animal lived:
T

=

16.9-4.4(8F -8 w ) + 0.1O(8 F -8 w )2

(1)

or
8T

=

(T -16.9)/4.4

where T is the water temperature in C, 8w the anomaly of the water, and we
neglect the last term in (1). We can define anomalies relative to the present ocean
values To , bFO , bwo so that
0

8F

=

8w -8 T

8T

~ 0.231'

(2)

where the A denotes relative values of the variables. The great usefulness of the
stable isotope data as a proxy paleoclimatic indicator depends on the fact that 8T
tends to be small relative to 8w . This means that 8F is a measure of changes in
ocean water isotope value.
On the time scale of the Pleistocene Ocean, the total amount of stable isotope in
the hydrosphere is constant; surface evaporation from the ocean surface involves
significant fractionation, with the vapor having preferentially isotopically lighter
water. An increase in the mean ocean water value as indicated by an increase in 8F
points to a net loss of water from the ocean surface through evaporation, with the
isotopically light water mass stored on the continents as ice. Thus, insofar as liT is
small, the stable oxygen isotope record is a measure of changes in mean sea level or
continental ice ,:olume. Shackleton and Opdyke (1973) have estimated thAat a change
of .1 per mil in 8F approximates 10 m sea level change. If the change in 8F is due to
temperature only, a .1 per mil change corresponds to approximately .4 C temperature change.
Two isotope records are illustrated in Figure 1; the remarkable similarity of
these two records substantiates their representation of global climate changes;
further, the fact that the similarity extends to a number of relatively small features in
the two records is indication of the relative low level of noise and the fact that some
global changes have occurred on relatively fast time scales.
It has been well established that the isotopic record for the last million years of
the Pleistocene has been made up of similar fluctuations to the one seen in Figure 1.
In the late Pleistocene this pattern appears as relatively long glacials of approximately
100 ky length, separated by brief interglacials; there is a distinctive saw tooth pattern
to the record of the major glacials. Data of this kind and some other paleoclimate
proxy records have been used to substantiate the astronomical theory of the Pleistocene Ice Ages.
0

3. THE ASTRONOMICAL THEORY OF THE ICE AGES
The theory is based on the existence of perturbations of the earth's orbit, that is, a)
variations in the eccentricity of the orbit, b) variations in the tilt of the earth's axis
to the plane of the ecliptic, c) precession of the longitude of perihelion relative to the
moving equinox produced from the time varying gravitational attraction of the other
planets of the solar system. These nearly periodic perturbations prod uce small
fluctuations in the insolation received by the earth. The magnitudes are at most 10%
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Figure 1. Two benthic oxygen isotope records versus time, from Shackleton et al.
(1983). Isotope stages 1-6 are labelled at top (fully interglacial intervals marked with
a solid pattern, full glacial intervals by a random dash pattern.)
and mostly smaller. They involve changes in the distribution of insolation with latitude, with the seasons, and to a lesser extent in mean annual radiation.
The spectral properties of each of the three obliquity perturbations are shown in
the upper part of Figure 2. The eccentricity varies primarily near 413 and 100 kyo
The tilt perturbations occur near 41 ky; the precessional variations occur near 19 and
23 kyo The periods of the perturbations change slightly with time and more importantly the relative amplitudes vary significantly with time.
The major achievement in support of the astronomical theory has been the
verification of the high degree of similarity of the spectrum of the orbital perturbation
forcing with the spectral response of the climate system as seen in the oxygen isotope
record, for example in the lower part of Figure 2. The agreement not only includes
the peaks associated with the precessional and orbital perturbations at 19, 23 and 41
ky respectively, but also in the 100 ky peak associated with the eccentricity. It is in
this latter feature that the theory has been in a sense too successful. Although the
insolation at any latitude is indeed perturbed by the three orbital features, the relative amplitude of the eccentricity changes are so small that they are scarcely detectable in the insolation, as seen in the typical insolation spectrum shown in Figure 3.
Not only is this spectral peak the largest in the isotope record, but as shown by
Imbrie et al. (1984), the phase correlation is also high with the eccentricity
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perturbations.
It has been concluded that while the tilt and precessional spectral peaks in the
isotope record represent a linear response of the climate system to the astronomical
forcing, the spectral response at 100 ky, if related to the astronomical forcing at all,
must represent a nonlinear response. Because of its large amplitude it presents a
paradox of some importance.
Because the time scale of the continental ice sheets and of the underlying
bedrock are the longest of all the components in the climate system and are the
closest to those of the astronomical forcing, these components are promising places
in the system to look for nonlinear processes which might resolve the paradox.
4. SIMPLE ICE SHEET DYNAMICS: A REVIEW
The dominance of viscous forces in large ice sheets assures that they are in near
equilibrium. I consider here only two dimensional ice sheet models. Neglecting deviatoric stresses, I have the following dynamical equation:

oh

-Pi gH AX

=

Tzz

H

= h +h'

(3)

where H is the total thickness of the ice sheet, h the elevation of the free surface,
h' the elevation of the bedrock surface below sea level, Pi is the density of ice and
Tzx is the basal shear stress. This states that the downstream net hydrostatic pressure gradient force resulting from the slope of the free surface of the ice sheet, is balanced by the shear stress exerted on the bottom surface of the ice sheet.
I will discuss briefly two simple ice sheet models that have been used in various
paleoclimate models. They differ primarily in the rheology assumed for the ice. In
addition I will present very simple models of the underlying bedrock response to the
overlying ice load.
4.1. Perfect Plastically Flowing Ice Sheet Models
The simplest ice sheet model assumes that the ice flows continuously and plastically,
that is at all times

where

TO

is the yield stress, approximately 1 bar.

4.1.1. Case A: No Bedrock Deformation Under Ice Load. If the bedrock is perfectly
rigid, then the total thickness of the ice H is simply h. The profile of the plastically
flowing ice sheet is then

h = H = J>-( L -x )

>-

=

2To
V
Pi 9 ,

= ~.J>: L 3(2
3

where L is the half width of the ice sheet assumed symmetric about the midpoint, x
= 0 and V is the volume of the southern half of the ice sheet.
A schematic picture is shown in Figure 4. In this simple model mass
balance on the north half is assumed to be maintained automatically by flux of ice
into the polar ocean. In the southern half, there is net accumulation for x < x f and
net ablation for x > x f ' where x f is the lirn line defined by the intersection of the
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Figure 4. Schematic cross-section of a model continental ice sheet adjacent to a polar
ocean. The sloping snow line intersects the ice sheet at XI. Here bedrock is assumed
perfecly rigid to the varying ice load.
sloping snow line with the free surface of the ice sheet. If the accumulation and ablation rates are taken as constants, a ,a' > 0, respectively, then mass conservation for
the southern half of the ice sheet is given by:

dV = V);.L 1/2 dL = aXI -a' (L -XI)
dt
dt
This equation is closed by expressing XI in terms of L making use of the equation

for the snow line and its intersection with the profile of the ice sheet. Specifying the
accumulation and ablation rates together with the time varying snowline position and
an initial profile establishes an initial value prediction problem for the half width L .
Weertman (1964) has shown that the approximate time to reach equilibrium is given
by

t ~ 3
e ~

)..

2 (aa' )1/2 s

where s is the slope of the snow line. Taking).. ~20 m, a ~1 my-I, a' .......,2.4
my-I, s """"10-3, adjustment time is seen to be of the order of 104 years, which makes
it indeed the slowest of the components of the climate system.

4.1.2. Case B: Instantaneous Bedrock Adjustment. A second version of the perfect
plasticity ice sheet model assumes instantaneous bedrock response to the varying ice
load and is illustrated in Figure 5. For bedrock adjustment, buoyancy forces
must be in equilibrium
(PR -Pi )h' ~ Pi h

(4)

Now Pi / PR ~ 1/3, then H ~ 3/2 h and from (3)

h =v'5..(L -x )

5..

= 2/3)"

where PR is the density of the bedrock. The profile of the free surface remains parabolic with a redefined parameter )..; the bedrock profile is also parabolic. The effect of
the bedrock adjustment is to reduce slightly the ice volume and the time required for
the ice sheet to reach equilibrium.

4.1.3 Case C: Bedrock Adjustment With Time Delay, Simplest Case. In this simplest
of delayed bedrock response, it is assumed that the bedrock depression at a given latitude is a function only of the ice load at that point. Bedrock changes are then caused
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Figure 5. Schematic cross-section of a model continental Ice sheet with bedrock
response to the varying ice load.
by: a) the ice load, b) a restoring force proportional to bedrock displacement. That
is,

ah-I = v H
-

at

Pi

-Ih I

-I

7[

(5)

V=--

-7(

PR

where 7[ is the bedrock relaxation time. It is a consequence of the local loading that
there is a single time scale associated with the bedrock response. In order to preserve
the features of the perfect plasticity model, it is necessary to assume a spatially constant ratio of bedrock displacement to total ice sheet thickness; this can be written as

h I (x, t ) = f3( t )h (x ,t )

05:135: 1/2

H = (I+f3)h

o

<:

7(

<:

00

where the right limit case in the second inequality corresponds to the rigid bedrock
case and the left limit to the instantaneous adjustment case. The profile is found as
usual from (3)

h

=

v=

V).. (L -x)

-

2/3).. 1/2L 3/2

A

A
=--

1+13

Mass balance is found as above

).. 1/2L 1/2 dL
dt

_.l;
3

Utilizing the definition of h I

h d 13
dt

+ f3!!!
dt

=

1/2(1+f3tlL 3/2 d 13
dt

=

aXf -a

I

(L

-xf )

the bedrock equation (5) becomes

~
[1-(1-~)f31h
PR
PR

7[-1

The model consists then of two ordinary nonlinear differential equations. This model
is essentially that used in a series of zero-dimensional climate models of Chil and
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others. See for example LeTreut and Ghil (1983).
4.2 Ice Sheet Model 2:
A straightforward integration in the vertical of the incompressible continuity equation
together with boundary conditions at the top and bottom yields a prediction equation
for ice sheet thickness, H:

~~ + ~~

=

(6)

A (x ,t )

where M is the horizontal mass flux and A is the sum of the mean annual net mass
gain per unit time at the top and bottom of the ice sheet. The rheology is based on
'Glenn's Law' which states that the shear strain rate is proportional to a power of the
stress.

au =
8z

A
m
C T zz

, m

~

3

where u is the horizontal ice velocity,
at level z to give, as in (3)
T zz

(x ,z ,t)

c a constant.

Balance of forces can be applied

~ -Pi 9 (h -z) ~~

Integration twice with respect to z expresses the horizontal mass flux in terms of the
total thickness of the ice sheet and the slope of the free surface.

M=_cH5(~~)3, c =1j5c(pg)3~1XlO-12m-3s-1.
The constant of proportionality,
the base of the ice sheet.

(7)

c, is adjusted to crudely allow for possible sliding at

4.2.1. Case A: Coupling with 'Simple' Bedrock Model. When (6) and (7) are combined with the simplest bedrock model (5), a coupled set of equations for the ice sheet
thickness and bedrock displacement is obtained. This is the model used by Birchfield
et al. (1981), for example.
4.2.2. Case B: Coupled Ice Sheet Model and Two Layer Bedrock Model. The upper
layer of the bedrock model is an elastic 'lithosphere'; the lower layer of very great
depth is a viscous 'asthenosphere'. There are then two modes of response: an external
mode associated with the surface bedrock displacement and an internal mode associated with the interface between the lithosphere and asthenosphere. To solve numerically the model equations it is necessary to expand the displacements and the load in
appropriate orthogonal functions. Although spherical harmonics are appropriate for
the earth (Peltier (1982) has used Legendre functions), if the width of the ice sheet is
sufficiently small compared to the radius of the earth, ordinary fourier transforms
may be used. For a finite grid used in a numerical model, a possible representation of
the bedrock displacement is
h' (x,t)=

Eh/(t)eik,(z-az)

,

k==.27rljL

1=0

where L is M times the grid spacing 8x , M is the total number of points on the
grid, and N = M-1.
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The derivation of the equation for the bedrock displacement expansion
coefficients is lengthy; the solution consists of the sum of an elastic response and a
viscous response; there is a contribution to h' from the internal modes in addition to
the external modes. If the elastic contribution is neglected (not always the best
approximation) and the contribution from the internal modes is neglected (a good
approximation) and for not too small ice sheets, the bedrock equations reduce to

8h l '
-----at
=

'1]1

H

1

1 - 71-

hi'

'1]1

=

Pi -1
PR 7

where the HI are the coefficients for the ice load and 71 is the relaxation time for the
lth wavelength in the bedrock displacement, hi' . Thus there is a spectrum of
response times, one for each wavelength. Figure 6 shows a typical spectrum for the
external and internal modes for the two layer bedrock model. For wavelengths longer
than 1000 km the viscous contribution dominates; for shorter wavelengths the elastic
response dominates the relaxation times for the external modes. Note that for a
model with no lithosphere, i.e., a purely viscous single layer model in which the ice
sheet floats on the 'asthenosphere', the relaxation time continues to increase as the
wavelength decreases. It is a result of some importance that in either model, there
are scales for which there are relatively long relaxation times, that is of the order of
10,000 years.
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Figure 6. Typical relaxation time of the modes for a two-layer earth model versus
horizontal wavelength. The relaxation time of modes for a single viscous layer model
is shown schematically as the right side of the bell shaped curve (extended to short
wavelengths by the dashed line).
4.3. Parameterization of the Accumulation Function
The complete hydrological cycle in the atmosphere is involved in determining the net
mass balance at the surface of the ice sheet; complicated thermodynamics at the base
of the ice sheet also enter into basal melting. The following shows examples of two
simple schemes for incorporating some of the most important features of the surface
mass balance on the ice sheet.

G. E. BIRCHFIELD

390

4.3.1. Scheme A.

a[l-bh(X,t)] X<XJ(t)]
A[h(x),t]= [-a' [l-bh(x,t)] x~xJ(t)

(9)

where a, a' and b are positive constants. This is the scheme used by Weertman
(1976), Birchfield et al. (1981), Peltier (1982) and others. The term involving b allows
in a very crude sense for the effect of temperature decrease with elevation in the accumulation and ablation zones.
4.3.2. Scheme B.

A (x,h,t)

=

T (x ,z ,t)

=

[-a'a[1+bT(x,h,t)]
[1+b 1 T{x,h,t)]

T~O

T>O

1

(10)

'Y[S (x -x o(t )-z]

where T is the 'temperature', 'Y the 'lapse rate', Xo the sea level position of the snow
line T =0, and S, b, blare constants. In addition to the elevation effect the temperature and hence accumulation and ablation decrease with latitude.
5. RESULTS OF SOME PRELIMINARY EXPERIMENTS
A. The first experiments concerned with the role of continental ice sheets in the
astronomical theory of the ice ages were those of Weertman (1976) using a perfect
plasticity model with instantaneous adjustment similar to (4). His principal conclusions were that with reasonable estimates of insolation perturbations, accumulation
rates, ablation rates, such a simple ice sheet model was able to predict ice sheets of
the lateral and vertical extent of the late Pleistocene as established by various geological records; further that the timing of the glaciations was roughly consistent with the
geological record.
B. In Birchfield (1977) I demonstrated that the Weertman model, when forced
by a perturbed snow line at the two precessional periods of 19 and 23 ky, can result
in a large response at a frequency equal to the difference of the two precessional frequencies, that is, near 100 kyo This comes about through the process of combination
tones; the model also produces well identifiable peaks near 10 kyo It was apparent,
however, that such a model was unable to predict the rapid glacial terminations
apparent in the proxy ice volume records; the response was also sensitive to the relative amplitudes of the two forcing periods.
C. In Oerlemans (1980) a model similar to the power law rheology ice sheet and
the simplest bedrock model described above (i.e., with a single response time scale)
was used to demonstrate that the bedrock response was important to the long period
model response. Oerlemans showed that if the snow line is perturbed with a period
at approximately the mean precessional period, the response depends sensitively on
the bedrock response time, specifically that if this response time was greater than
about 10 ky, then what appears to be subharmonic response occurred at a period of
approximately 100 ky, as seen in Figure 7. From the above discussion this time scale
is unrealistically large except for a narrow range of wavelengths of bedrock response.
D. At about the same time Birchfield et al. (1981) utilized the Glenn power law
rheology together with the simplest bedrock model with a relaxation time scale of ca
3000 years, which is consistent with the rebound data from the sites of the Laurentide
and Fennoscandian ice sheets, to carry out experiments with astronomical forcing for
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Figure 7. Model ice volume versus time of a continental ice sheet forced by a periodically moving snow line of 20000 years period, for different bedrock relaxation times,
from Oerlemans (1980).
insolation at various northern latitudes. Their conclusions were that a reasonable
reproduction of the proxy ice volume record was possible with the model, although
the model was sensitive to the latitude of insolation, and the accumulation and ablation rates used; it was not excessively sensitive to, for example, the flow law constant
in (7). In the spectral response of the model, although there was a significan t
response near 100 ky, the 40 ky year peak was much larger and clearly inconsistent
with the isotope record. The argument was put forward as a partial explanation for
this discrepancy in terms of the presence in the ice volume record and absence in the
model of a 'red noise' spectral response which if added to the model response would
produce a record more similar to that of the oxygen isotope records. Such a red noise
spectrum does indeed appear in the 'low order models' of LeTreut and Ghil (1983),
Saltzman et al. (1984) which include the relatively fast components of the climate system, the atmosphere and ocean. One additional conclusion from these experiments
was that with bedrock delay, rapid terminations appeared in the ice volume record.
Pollard (1984) coupled the power law rheology model to an atmospheric energy
balance model; his bedrock model differed from the above in that he assumed that
mantle flow response to ice sheet loading was confined to a relatively thin layer. For
realistic ice sheet dimensions, however, this model also has very long relaxation times
relative to those indicated by sea level changes. With these long relaxation times for
the bedrock, his model did show a strong spectral response near 100 kyo It again
demonstrated the importance of bedrock adjustment in the rapid glacial terminations.
Conclusions fairly well established from these model experiments are the following.
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1. Precessional forcing at 19 and 23 ky through combination tones produces
spectral response at 100 ky, but the amplitude appears considerably smaller than that
indicated in the isotope records.
2. Bedrock displacement with time delay is necessary to give rapid glacial terminations which is part of the 'sawtooth' phenomenon responsible for the response at
100 kyo This bedrock delay mechanism appears to work as follows: with large enough
bedrock depression and sufficiently slow rebound in the ablation zone of the ice sheet,
ablation is accelerated by the warm temperatures at the lower elevations; with rapid
melting near the leading edge, mass flux into the ablation zone is accelerated due to
the increased surface slope. This mechanism appears operative with relaxation times
as low as 3300 years.

6. RECENT. MODEL EXPERIMENTS CONCERNED WITH NONLINEAR
RESPONSES
Peltier (1982) coupled the power law ice sheet model of Birchfield et al. (1981) to a
sophisticated visco-elastic earth model which he had, with others, developed for
estimating mantle viscosity. The earth model has several layers; associated with each
interface there is, as in the two layer model above, a set of normal modes with a
corresponding set of relaxation times, some of which are of the order of 100 ky. The
bedrock displacement at the surface of the earth is then made up of a weighted sum
of contributions from each of these modal solutions.
To simplify his model equations, both written in the spectral domain, he neglects
the elastic response and the contribution from all the internal modes to the surface
bedrock displacement and in addition, assumes a not too large ice sheet. Most importantly, by making a drastic simplification in the spectral representation of the accumulation rate function A in (9), he reduces each of his spectral model equations to the
form of the simple damped harmonic oscillator equation, in which nonlinear terms are
written as forcing terms.
He asserts that for sufficiently long bedrock relaxation times, free oscillations are
underdamped, but the relaxation time required for oscillations near 100 ky is so
unrealistically high, he concludes that the contribution from those internal modes
which have time scales near 100 ky also must be included in the surface response. He
thus proposes that the spectral response in the isotope record is caused by a resonant
response to the astronomical forcing.
Birchfield (unpublished manuscript), however, demonstrated that as Peltier's
oscillator equation stands, linear oscillatory response must be overdamped for any
bedrock relaxation time. Further Weertman and Birchfield (1984) demonstrated that
the contribution to the bedrock sinking from those internal modes with long relaxation times, was so small as to be negligible.
Although it is clear that Peltier's original argument for resonant oscillations of
the ice sheet-bedrock system is incorrect, the presence of nonlinear terms in the harmonic oscillator equation does indeed leave open the question of nonlinear oscillations
and their possible role in the spectral response near 100 kyo Hyde and Peltier (1985)
present the results of a number of experiments with a similar model to that described
above. They demonstrate that for certain parameter ranges the model, when forced
at a single harmonic period, displays prominent subharmonic oscillations at an
integral multiple of the forcing period. Although most of their experiments are concerned with showing subharmonic response at 100 ky, for different parameter values
other periods appear. Because the response shows the slow growth and rapid decay
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of the ice volume similar to the isotope records, they have called their model a relaxation oscillator. See Figure 8 for an example of 100 ky response to 20 ky periodic forcing.
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Figure 8. Subharmonic response of the Peltier-Hyde (1984) ice sheet, bedrock model,
forced by a periodically moving snow line at 20000 years. Upper picture shows ice
volume versus time; lower shows spectral response variance versus frequency; right arrow is the forcing period, left arrow the lowest subharmonic (100 ky).
The mechanism of rapid deglaciation described above appears to playa crucial
role in the subharmonic response. As the ice sheet grows from small to large size, at
each cycle of advancing snow line, the bedrock displacement is deeper than in the
previous cycle, particularly in the ablation zone. At the beginning of the advance
before collapse, the bedrock hi so deep, that the ablation near the leading edge is so
great due to the elevation effect in (9) that the total mass loss more than balances
the gain due to the advancing snow line; it appears that the rapid melting in the forefront of the ablation zone, increases the slope sufficiently to enhance mass flow into
the depressed region, further increasing the mass loss. By the time the snow line
starts to retreat the ice volume has already dropped significantly and the ice sheet
collapses with this last retreat.
In Birchfield and Grumbine (1985), an analagous study of free nonlinear oscillations of a coupled ice sheet - bedrock model has been made. We have focussed on the
response of the system to a forcing constant in time. The ice sheet model is an
improved numerical model of the Glenn rheology and the bedrock model is a modified
form of the two layer model described above. We find, for certain parameter ranges,
that the coupled model with constant snow line position displays self-sustained oscillations of period around 50 kyo These oscillations are, as is the subharmonic response
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above, closely associated with the interaction of the bedrock and the upper surface of
the ice sheet in the ablation zone.
Considering an ice sheet rapidly advancing southward and approaching mass
balance, the bedrock displacement under the ablation zone may lag sufficiently the
approach to overall mass balance, so that at the occurrence of mass balance, there is
still significant bedrock subsidence occurring in the ablation zone. With continued
bedrock sinking, the free surface will then sink an equal amount; this has two effects:
first, with a drop of the elevation of the free surface at the fim line, there is a northward displacement of the fim line; secondly, throughout the ablation zone, the ablation rate will increase due to the increased temperature due to the decreased elevation. Both factors tend to increase the ablation over that required for mass balance.
The increased melting lowers further the surface in the ablation zone; with this positive feedback, rapid decrease of ice volume can occur.
When the volume and width of the ice sheet decrease sufficiently, two restoring
'forces' enter to reverse the process. First there is compensating mass flux from the
accumulation zone, which lowers and displaces poleward the ice divide; the increased
surface temperature due to elevation decrease, and the increased width of the accumulation zone, increase the accumulation rate. Secondly with the poleward retreat of
the ice sheet towards the fixed sea level snow line, the width of the ablation zone will
eventually decrease. The two factors reverse the mass balance and the ice sheet again
grows toward its initial equilibrium profile. Figure 9 shows a cross-section of an ice
sheet undergoing the collapse part of an oscillation. A typical growth towards mass
equilibrium and the subsequent onset of oscillations, as seen in the ice volume, is
shown in Figure 10.
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Figure 9. Example of collapse part of a nonlinear 'free' oscillation cycle in Birchfield,
Grumbine (1985) model of a continental ice sheet and bedrock response. Crosssection sequence starts at time = 39 ky and ends at 48 kyo
Many parameter variations were made; the period of the oscillations was found
to be remarkably insensitive to these changes and in no case approaches 100 kyo The
dependence of the 'equilibrium' ice volume on the position of the snowline, holding all
other parameters fixed, is shown in Figure 11; this includes delineation of the range
over which self-sustained oscillations appear.
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Preliminary conclusions can be made from these two studies. With preliminary
testing of the Birchfield-Grumbine model with periodic forcing, we have yet to
observe the striking subharmonic oscillations described by Hyde and Peltier (1985).
Although the two physical models are similar, there are significant differences in
detail; the methods of numerical solution are quite different. In spite of these, I am
confident that our model will, for the proper choice of parameters, display subharmonic oscillations similar to those found in the Peltier-Hyde model.
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Figure 10. An example of free nonlinear oscillations of a continental ice sheet volume
versus time for the Birchfield-Grumbine (1985) ice sheet-bed rock model.
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Figure 11. Equilibrium response of the Birchfield-Grumbine (1985) model ice volume
versus sea-level snowline position, x o. For x 0 > -550 km, one solution oscillates
between the upper solid curve and the lower dashed curve; for -775 < x 0 < -550 km
two steady states exist, one with zero volume (extending to x 0 = 0) and the sloping
line to the left of the vertical dashed line.
Such physical processes may play important roles in explaining the spectral
response near 100 ky observed in the isotope record. What is not resolved, however,
is: a) how are the 'free' oscillations related to the 'subharmonic' oscillations? Is it
possible for both kinds of oscillations to appear for the same parameter ranges, that
is, in one case with a fixed snow line and in the other with a periodically varying
snow line, or are they mutually exclusive responses of the model? b) more
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importantly, whether the range of parameters for either of these processes falls near
the range appropriate for the climate system of the earth.
In the Hyde-Peltier experiments, for example, an unusually low mean bedrock
density of ca. 2400 kg/m 3 has been used; this results in unrealistically large bedrock
displacements. Another unrealistic feature is that, for almost all times, nearly all of
the icesheet north of the ice divide lies in an artificially created ablation zone, created
for mimicking the loss of mass to the polar ocean. This almost certainly means that
continuously the mass loss on the north side of the ice sheet exceeds that on the
south side (certainly the width of the ablation zone on the north side far exceeds that
on the south side). While there are indeed possible important interactions with a
marine icesheet component in the long time scale response of the system, this part of
their model response is not presented in their discussion in the context of marine ice
physics, or as having any role in the physics of the subharmonic response associated
with the ablation zone on the south side of the ice sheet.
In the Birchfield-Grumbine model, on the other hand, the presence of selfsustained oscillations usually requires an unrealistically large ice sheet to be present.
It is also inherent in the oscillatory mechanism for the ice sheets to be near equilibrium. It is possible, although not yet certain, that with astronomical forcing, the ice
sheets growth and decay over the late Pleistocene were far from being in equilibrium,
as is suggested by the work of Held (1983).
7. THE ISOTOPE RECORD AGAIN
There is increasing evidence that glacial to interglacial temperature changes in the
deep ocean in the late Pleistocene may be as large as 2 C. See for example Duplessy,
et al. (1985), Birchfield (1985). Thus there is evidence that as much as .4 per mil of
the isotope record may be due to temperature changes. Further there is the work of
Chappell (1983) on estimating sea level changes from raised beach levels on the coast
of New Guinea. His first approximation to sea level changes has been constructed as
seen in Figure 12.
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Figure 12. New Huon Peninsula (New Guinea) detailed sea-level record (solid line) for
the last 120000 years; hatched area is the envelope of planktonic, benthonic oxygen
isotope records for V28-238, from Chappell (1983).
A striking feature of the record, for example, is that for stages 5a and 5c, sea level
stands remarkably close to the level of the last interglacial and that of the present.
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This is in contrast to the isotopic record where these stages, though defined as high
sea level stands, fall well below the values indicated in Chappell's record.
If there is as much as a 2 • C change from glacial to interglacial, this can have
an effect not only on the interpretation of the isotope record as a sea level - ice
volume record as a time series, but it can also affect the spectral properties of that
time series. If indeed stage 5 was characterized by significantly higher sea level
stands, as seen in Figure 12, the record loses to a considerable extent the sawtooth
character seen in the isotope record. It is this sawtooth character of the isotope record
for the last few 100 ky, which is responsible for the very strong spectral response near
100 kyo Depending on the phasing of the temperature changes over the extent of a
major glacial, it is possible that the corrected ice volume record may display somewhat less response at 100 ky than does the isotope record.
I summarize:
a. The possible importance of a red noise background must be considered in
interpretation of the relative spectral response at the astronomical periods; an overestimation of the volume response at 100 ka may be the consequence of ignoring this.
b. There is some indication that the ice volume record may differ sufficiently
from the isotope record for the late Pleistocene due to deep ocean temperature
changes, that its spectral properties may be significantly altered from those of the isotope record. Specifically, depending on the time sequencing of the deep ocean temperature changes, there may be less of a prominent response near 100 kyo
c. There are at least two nonlinear mechanisms in the 'slow physics' of the continental ice sheets and underlying bedrock which in model studies produce significant
spectral response near 100 ky. First, there is a possible combination tone produced
response to the dual precessional period forcing, which appears to be an underestimate of the proxy ice volume record. Secondly there is under proper circumstances a
very strong subharmonic response of the system to simple periodic forcing at the
mean precessional period.
d. Further studies are needed in order to more clearly ascertain: 1) Deep ocean
temperature changes effect on the proxy ice volume record; 2) What the role of 'slow
physics' of the ice sheets and bedrock is in the late Pleistocene climate changes.
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A RELAXATION OSCILLATOR MODEL OF THE ICE AGE CYCLE

W. R. Peltier
Department of Physics
University of Toronto
Toronto, Ontario
Canada M5S lA7
ABSTRACT. Oxygen isotope dilution histories of the oceans, which have
been inferred through mass spectrometric analysis of foraminiferal
tests from deep sea sedimentary cores, demonstrate that throughout the
Pleistocene period the volume of continental ice has been a highly oscillatory function of time. The 10 5 year cycle which dominates this
variability has proven rather difficult to reconcile with the conventional astronomical theory of ice ages which is otherwise strongly supported by the data. This paper describes a new nonlinear model of ice
age climate which incorporates an explicit description of ice sheet
accumulation and flow and of the physics of the isostatic sinking of
the earth under the weight of the ice. The model is shown to explain
the dominant 10 5 year cycle as a subharmonic resonant relaxation oscillation which characterizes its response to realistic astronomical
forcing.
1.

INTRODUCTION

Of the many problems which remain to be solved in the general area of
planetary climatology, one of the more interesting is surely that associated with identifying the causative agency responsible for the
large scale glaciation and deglaciation events to which the northern
hemisphere continents in high latitudes have been subjected throughout
the Pleistocene period. During these past two million years of geological history, all of the Canadian landmass, and much of northwestern
Europe, has been covered episodically by vast continental ice sheets
having thicknesses of 3-4 km. Given that the last such event ended
only 6-7 thousand years ago, it should not be too surprising that there
remains a considerable body of evidence of it which is easily extracted
from the geological record (terminal moraines of known age, etc.).
Indeed, the Earth's dynamic response to this last deglaciation event
still continues today, a consequence of the fact that there was a large
and essentially viscous component of the deformation of the l1so1id"
earth induced by the ice sheet loads, and of the fact that the effective
viscosity of the Earth's mantle - which determines the rate at which
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gravitational equilibrium in the system is restored by viscous flow
following unloading - is extremely high.
As one example of the available evidence of this so called isostatic adjustment process, Figure 1 shows a flight of raised beaches
which now exist in the Richmond Gulf of Hudson Bay, near what was the
centroid of the Laurentide ice sheet which covered all of northern
North America 18000 years ago. Each of the individual horizons visible
in the photograph represents a past location of sea level (a "strandline"), the age of which may be determined by application of 14C dating
to materials which were open systems (e.g. mollusc shells, etc.) when·
the horizon was at sea level. The relative sea level curve for this
site, which is obtained by plotting the heiyht of each horizon above
present day sea level as a function of its 4C age, is shown in Figure
2. These data demonstrates that the land has been rising out of the
sea at this location ever since deglaciation, and that the rate of
emergence has been an exponentially decreasing function of time, with a
characteristic time constant near 2 x 10 3 years. In the past 8000 years
the amount of emergence at this site has been about 250 metres. The
purpose of this paper is to demonstrate that this postglacial rebound
process is not only crucial to understanding the observed response of
the Earth to deglaciation, but probably also to understanding the mechanism responsible for the appearance and disappearance of the ice
sheets themselves.

Figure 1.

A flight of raised beaches from the Richmond Gulf of Hudson
Bay.
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Figure 2. The relative sea level curve obtained from the Richmond
Gulf beaches. The age of each sample has been determined by 14C
dating.
I have previously discussed in some detail (e.g. Peltier 1982) other
signatures of the Earth's response to deglaciation which can also be
attributed to this cause. These include, besides the relative sea
level data illustrated above, the free air gravity anomalies observed
over once ice covered regions (Wu and Peltier 1983), the so called nontidal component of the acceleration of planetary rotation which has
recently been confirmed by laser ranging to the LAGEOS satellite (Yoder
et ale 1983, Rubincam 1984, Peltier 1982, Peltier 1983, Peltier and Wu
1983, Wu and Peltier 1984), and the secular drift of the north rotation
pole with respect to the surface geography which has been extracted
(e.g. Dickman 1977) through analysis of the polar motion time series
for the time period 1900-1982 produced by the International Latitude
Service.
Since our purpose here is to establish the crucial role played by
this physics in controlling the appearance and disappearance of the ice
sheets themselves, we will require reasonably precise knowledge of the
history of Pleistocene ice volume fluctuations in order to test the
model of this dynamical system which we shall produceo The best available proxy information controlling the variations of continental ice
volume which have occurred over times cales of order 10 6 years or more
consist of measurements of the concentration of the comparatively rare
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isotope of oxygen (18 0 ) relative to that of the more abundant isotope
(16 0) as a function of depth in sedimentary cores taken from the deep
ocean basins at sites sufficiently distant from the continental margins.
Based principally upon the work of Shackleton (e.g. 1967) it has been
understood for some time that the preferential evaporation of H2 16 0
over Hz 18 0 would have made ice age ocean water anomalously rich in
18 0 •
Therefore in-core sedimentary horizons which have anomalously
high 8 18 0 (as the relative isotopic abundance is usually denoted) correspond to times in the past (of age increasing with depth in the core)
during which large ice sheets existed on the continents. Figure 3 shows
four examples of 8 18 0 vs. depth data based upon analyses published by
Imbrie et ale (1973) and Shackleton and Opdyke (1973, 1977) for three
different ocean basins.
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Figure 3. Oxygen isotope data from four different sedimentary cores.
The down core variations of the 18 0 / 16 0 ratio is proxy for the time
variation of continental ice volume.
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Also marked on the last three of the four data sets shown is the depth
in the core corresponding to the time of the last reversal of the
earth's magnetic field, the so called Brunhes-Matuyama boundary of age
730,000 ± 11,000 years (e.g. Cox and Dalrymple 1967). Assuming that
the sedimentation rate at each site has remained constant over the time
spanned by the core allows one to convert each of these "depth-series"
into time series to which conventional techniques of analysis may be
applied.
Rather than illustrating the results obtained through such analysis by reference to a number of individual cores, Figure 4(a) shows the
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Figure 4. (a) The SPECMAP composite 8 18 0 record of Imbrie et ale
(1984). (b) The power spectrum of the SPECMAP record.
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composite history produced by Imbrie et al. (1984) by stacking and
smoothing four individual long records. This record has been called
the SPECMAP record and I will use it in all that follows as the best
available proxy record of past fluctuations of continental ice volume.
Figure 4(b) shows the power spectrum of this ice volume time series,
inspection of which demonstrates that the variability is dominated by
five strong spectral lines corresponding to periods of 100 k yeats,
41 k years, 24.1 kyrs, 23.4 kyr, and 19.2 kyrs. Given that each of
these periods is of astronomica~ signif~ceit is not surprising that
the paper of Hays et al. (1976), which first revealed them as dominant
constituents of records of 0 18 0 variability, has been widely construed
as direct verification of the validity of the so-called astronomical
theory of paleoclimatic change which is usually associated with the
name of the Serbian Milutin Milankovitch (e.g. 1941). The Milankovitch
theory was based upon the suggestion of the climatologist Koppen (e.g.
Koppen and Wegener 1924) that continental ice sheets should grow and
decay in response to variations of the summertime seasonal insolation
anomaly which is of course strongly sensitive to variations of all of
the parameters which govern the geometry of the Earth's orbit around
the sun: namely the longitude of the perehelion with respect to the
vernal equinox @, the orbital obliquity E, and the orbital eccentricity e. Figure 5(a) shows the variation of the summertime seasonal
insolation anomaly for 65 0 N latitude over the past 800 kyr of earth
history. The power spectrum of this time series is shown in Figure 5(b).
Comparison of the power spectra of the ice volume fluctuations delivered by the climate system in response to the input astronomical
forcing to that of the input itself, immediately reveals the enigma which
has motivated all of the work which I shall summarize here. Inspection
of Figure 5(b) demonstrates that the spectrum of the astronomical input
contains essentially no power at the period of 10 5 years even though it
is at this period that well over 60% of the variance in the 0 18 0 record is contained. The reason why the input insolation anomaly contains no power at this dominant period, even though earth orbital
eccentricity does vary on precisely this timescale, is obvious on the
basis of the following expression
which gives (e.g. Berger 1978) the
summertime seasonal insolation anomaly oQ s in terms of the orbital parameters themselves.

oQ s

=8

Rs 8 E + m 8 (e sin(@»

(1)

where
m=

2TS cos(</»

'ITz(1_ez)~

in which T is the duration of the tropical year, S the solar constant,
and Rs is the total insolation received at the top of the atmosphere
over the caloric summer. Although the orbital eccentricity e has dominant characteristic periods of 100 kyr and 400 kyr it appears in (1)
as a modulation of the sin@ term which describes the precession of the
equinoxes. It is because of the modulation of the sin@ term by e that
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Figure 5. (a) Summertime seasonal insolation anomaly for 65 0 North
Latitude computed from the formulae in Berger (1978). (b) Power
spectrum of the summertime seasonal insolation anomaly.
the triplet of lines with the closely spaced periods of 24.1 kyr, 23.4
kyr, and 19.1 kyr appears in the spectrum of the insolation anomaly
time series. The single precessional line with period 22 kyr is split
by the eccentricity modulation. The fact that the power spectrum of
the ice volume fluctuations shown in Figure 4(b) contains this same
triplet of lines must be interpreted as rather strong circumstantial
evidence to the effect that the climate system is in fact responding to
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the summertime seasonal insolation anomaly (1) as suggested by Koppen.
The fact that the line at period 41 kyr appears in both input and output is further confirmation of the basic validity of the astronomical
theory since this is the dominant period on which variations of orbital
obliquity E occur. That this should induce a separate line of the same
period in the output is clear from the form of (1) since the forcing at
this period is direct. That there is no substantial power in the astronomical input at the period of 10 5 years suggests rather strongly
that the simplest version of the Milankovitch theory does not provide
any explanation of why continental, ice volume should oscillate with
this characteristic period. The work summarized in this paper has been
devoted to an attempt to establish that this dominant 10 5 year cycle is
a subharmonic resonant relaxation oscillation produced in response to
a dominantly precessional forcing. My contention is that this relaxation oscillation is supported by the combined influences of the nonlinearity of the process whereby ice flows, and the essentially linear
process of isostatic adjustment of the earth under the weight of the
ice. The model which I have developed to demonstrate and analyse this
process is described in the next section.
2.

AN OSCILLATOR MODEL OF ASTRONOMICALLY INDUCED PLEISTOCENE CLIMATIC CRANGE

A schematic illustration of this new climate model is shown in Figure
6. The model contains two active and explicity modelled ingredients,
namely an ice sheet and the earth beneath it. The ice sheet is assumed
to consist of a zonal ring of ice surrounding a polar ocean. Expansions
and contractions of the ice sheet are assumed to occur in response to the
small variations of summertime seasonal insolation produced by long
timescale variations of the orbital parameters W, E, and e. This astronomical forcing is introduced into the model using a climate point climate surface scheme of the sort first proposed by Weertman (1976) in
his steady state analysis of the factors determining the size of ice
age ice sheets. In the absence of surface ice the climate point is
defined as the southern boundary of the perennial snow field. Fluctuations of summertime seasonal insolation oQs are assumed to cause this
climate point to migrate in the north south direction by a distance
ox = aoQs/(dQ/dx) where dQ/dx is the current north-south insolation
gradient and a is a meteorological factor associated principally with
ice-albedo feedback. Energy balance analyses by North et al. (1983)
suggest 1 < a < 3 with a preferred value near 2. In the presence of an
ice sheet, initially produced by the buildup of snow north of the climate surface, after it has made an excursion outland, the boundary separating the accumulation area from the ablation area (see Figure 6) is
located considerably to the south of the climate point. This is essentially because temperature decreases with increasing atmospheric
height so that an increase of elevation of the ice sheet pushes the
critical isotherm separating accumulation from ablation further south.
In the model it is assumed that the slope of the climate surface is
identical with the slope of the OOC isotherm in a standard atmosphere,
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that is s=.0067 km/rad. All of the meteorological and hydrological processes which determine the precipitation and melting fields are assumed to be parameterizable in the form
A(8,t)

max {a[1-bh(8)], O}, above the climate surface

(2)

1

min {a [1-bh(8)], O}, below the climate surface
The parameter h(8) in (2) is the instantaneous elevation of the ice
sheet above sea level (see Figure 6), a and a' are respectively the sea
level accumulation and ablation rates, and b is an extremely important
parameter which describes the rate of decrease of accumulation and
ablation rates with increasing topographic height. This describes the
so called "elevation desert effect". The parameter b which controls
its strength is estimated on the basis of the observed rate of decrease
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of the saturation mlxlng ratio of water in air as a function of height
in a standard atmosphere. Because of this dependence of A upon the ice
sheet topography h, it is quite clear that any process which contributes to changes of the elevation of the ice sheet above sea level will
have important dynamical consequences. In this model it is hypothesized that the only one of such effects which is important is the effect
of glacial isostatic adjustment. That this effect should be important
should be clear on the basis of the simple observation that the deflections of the earth's surface induced by this process are such as to
allow the buoyancy induced thereby to cancel the weight of the load.
Thus the equilibrium deflections are approximately equal to 1/3 the
maximum ice thickness where this fraction is determined as the ratio of
the density of ice to that of rock. For ice sheets 3-4 km thick the
deflections are therefore of order 1 km which from (2) given b is
sufficient to induce significant variations of A. In Figure 6 the
earth deflection is labelled h'(6).
The mathematical structure of the dynamical model which links the
evolutionary histories of the fields hand h' is based upon simple conservation laws. The two dimensional ice dynamics is governed by the
vertically integrated continuity equation for ice mass which has the
form

3H
at
= - V·U +

A(6t)

(3)

where H = h + h' is the ice thickness and the ice flux U is determined
by the Glen flow law as:
U

rE£ 3h),3

=~

(4)

l a a6

5

in which <: is an empirical constant, p is the density"of ice, g the
gravitational acceleration, a the earth's radius and 6 a unit vector in
the direction of increasing colatitude. (3) may clearly be rewritten
as a nonlinear diffusion equation as:
3h

1

at

asin6

3

[sin6 K(6) 3h
36

ae

l_
J

3h'
3t

+ A(6t) ,

(5)

in which the diffusion coefficient K is given by
K=

"c

"5

(~r

[~~)

2

H5 (6).

(6)

As described in Peltier (1982) a separate evolution equation for
the field h'(6,t) may be obtained from the theory of glacial isostasy
which delivers a prediction of h' (6t) in the form of a convo·1ution of
the ice thickness field H(6,t) with an appropriate viscoelastic Green's
function u r as:
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h'(8,t) = fff o~'dt'pH(8',A',t') u r (8/8',A/A',t/t')

(7)

Theory originally developed in Peltier (1974) shows that the Green's
function ur may be represented in the form of a normal mode expansion
as:
00

u r (8/8',A/A';t/t')

(8)

where the surface load "Love numbers" qJl, have Dirichlet expansions:
M

JI,

L

j=1

r.
J

e

JI,
-S.t
J

o(t)

(9)

JI,
JI,
where the rj and s. are the amplitudes and inverse decay times of the
M normal moaes of JViscous gravitational relaxation which are required
to synthesize the response of the degree JI, component of the deformation
spectrum.
All of the results which have been obtained to date with this model have been obtained on the basis of the assumption that an adequate
approximation to the isostatic adjustment process could be obtained
with M=1 and the completeEneglect of the elastic component of the response determined by the qJl,' Under these assumptions Peltier (1982)
showed that (5) and (7) reduce to the following infinity of coupled
nonlinear evolution equations for the fields h(8,t) and h'(8,t):
(lOa)

(lOb)

In (10) the numbers hJl, and hi are the Legendre coefficients in the
spherical harmonic expansions of the hand h' fields, CJI, = 3p/2J1,+I)p
where Pe is the effective density of the earth, and the BJI,
are
e
spectral interaction coefficients defined as:
mn
BR,mn = -

(2Hl)

2a

+1

f

-1

P aP n
m--

ax

dx

(11)

where PR, is the Legendre polynomial of degree R, and x is its argument.
When
the expansions of h and hi are truncated at some finite number
of terms, 48 for the solutions to be described below, the reSUlting finite system can be integrated forward in time from prescribed initial
conditions and a synthetic history of ice volume variations constructed
from the field H = h+h'. The synthetic may then be compared to the
SPECMAP record. The numerical methods employed to do this have recently been described in Hyde and Peltier (1985). Typical results are
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described in the following section.

3.

RESULTS FROM TYPICAL INTEGRATIONS OF THE MODEL

Figure 7 shows the results obtained from an integration of equations
(10) with the astronomical forcing approximated by a simple sinusoidal
variation with period 20 kyr.
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The dashed line in plate (a) of this Figure is the synthetic ice volume
time series while the thin solid line shows the 20 kyr periodic forcing,
Inspection of this Figure shows that the model response is dominated by
an ice volume oscillation whose period is precisely 10 5 yr. Each pulse
in the output time series is characterized by a slow oscillatory growth
to maximum amplitude lasting about 80 kyr followed by a fact collapse
which is strongly reminiscent of the terminations which were shown to
be characteristic of the SPECMAP record of Figure 4(a). Plate (b) of
Figure 7 shows the power spectrum of the synthetic 0 18 0 record, Because the response is exactly periodic the power spectrum is seen to
consist of strong lines at the fundamental period of 10 5 yrs and all
of its harmonics. One of these harmonics, the fifth with period 20
kyr, coincides with the period of the forcing which explains its anomalously high amplitude in the line spectrum. Plate (c) of Figur,e (7)
shows the normalized cross correlation vector of the 20 kyr input with
the ice volume output. Inspection shows that the ice volume response
lags the astronomical forcing by 4-5 kyr at the period of 20 kyr, This
agrees very closely with the phase delay at this period which was
extracted from the SPECMAP stack by Imbrie et aI, (1984). It is important to realise that this rather encouraging result was obtained with
the parameters in (2) fixed to the values a = 1.2 m yr- l , a l = - 3.6 m
yr- l , and b = 2,3 X 10- 4 m- l , while the motion of the climate point
produced by the 20 kyr input was assumed to be of amplitude 490 km
about a point located 140 km into the Arctic ocean, The slope of the
climate surface was assumed to be s = .0067 in accord with the slope
of the zero degree isotherm in a standard atmosphere. The amplitude
of oscillation assumed for the climate point implies a meteorological
feedback factor of a = 1.6 which is with the range suggested by the
energy balance modelling results of North et aI, (1983).
The pulse shape of the 10 5 year oscillation which this climate
model supports is highly suggestive of a relaxation oscillation of the
sort which occurs in a simple dc circuit consisting of a resistor and
a capacitor in series when a discharge tube is connected across the
capacitor and set to fire when the voltage approaches its saturation
value. The nonlinear physics in the climate model which is analogous
to the discharge tube and which is responsible for the rapid terminations which characterize the deglaciation phase of each 10 year glacial
cycle is illustrated in Figure 8,
This shows ice sheet and earth
deflection profiles from 71 kyr to 79 kyr through one 10 5 yr cycle of
the harmonically forced experiment. Note that as the ice sheet begins
to melt back from its maximum amplitude state, its southern flank begins
to extend into the low warm earth depression which has been produced
by the isostatic adjustment process, In this depression, according to
(2), the ablation rate increased rapidly and this in turn causes the
southern face of the ice sheet to become extremely steep, From (4)
this steep slope strongly amplifies the flow of ice from north to south,
so strongly that the ice sheet completely disintegrates within a half
precessional cycle (10 kyr). This highly nonlinear amplification of
the retreat by ice physics is analogous to the action of the discharge
tube in the simple dc electrical circuit which supports a similar
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0

relaxation oscillation o In the climate model subject to periodic forcing the nonlinear relaxation oscillation inevitably has a period which
is some multiple (subharmonic) of the period of the forcing.
Although limitations of space do not allow here a detailed discussion of the sensitivity of model response to plausible variations
of its parameters (Hyde and Peltier 1985) it is important for completeness sake to demonstrate that the basic 10 5 yr subharmonic resonant
relaxation oscillation which the model has been shown to support continues to exist when the simple 20 kyr harmonic forcing is replaced by
realistic Milankovitch forcing. That this is in fact the CRse is
demonstrated in Figure 9 which shows in plate (a) the result obtained
from a 10 6 yr Milankovitch experiment in which the astronomical input
8Q s has been taken equal to that at 65 0 N latitude, the meteorological

-
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Figure 9. (a) Synthetic ice volume time series produced by the climate
model in response to realistic Milankovitch forcing consisting of the
summertime seasonal insolation anomaly for 6S oN latitude. (b) Power
spectrum of the synthetic which should be compared to the power spectrum of the SPECMAP record shown in Figure 4(a). (c) Overlay of the
synthetic ice volume record (solid) with SPECMAP (dashed).
feedback parameter set at a = 2.0, and the mean location of the climate
point taken to be 170 km north of the model Arctic coast. Inspection
of plate (a) shows that the model again delivers roughly 10 5 yr cyclic
oscillations in spite of the fact that the forcing is highly nonsinu-

w. R. PELTIER

414

soidal (this forcing is shown for phase reference above the synthetic
ice volume time series in plate a). The power spectrum of the response
is shown in plate (b) and may be compared directly to that of the
SPECMAP time series previously shown in Figure 4(b). All of the precession-obliquity peaks are now present in the response which is still
dominated by the 10 5 year cycle just as in the harmonically forced case.
Plate (c) shows an overlay of the last 800 kyr of the synthetic (solid)
record with SPECMAP (dashed). For the last 500 kyr the fit of the
synthetic record to the observations is as good as we have any reason
to expect from a climate model which is as simple as the one under consideration here. It is important to note that by providing such a
satisfactory reconciliation of the SPECMAP record the model has been
shown· implicitly to explain the previously noted correlation in SPECMAP
between variations of orbital eccentricity and ice volume even though it
contains no direct eccentricity component of the forcing. This explanation has been shown elsewhere (Hyde and Peltier 1985, 1986) to be a
consequence of the fact that both the amplitude and period of the ice
volume response are inversely proportional to the amplitude of the
forcing. It may be construed to provide an additional check on the
validity of the model physics. The interested reader will find a more
detailed discussion of the results from realistically forced experiments
in Hyde and Peltier (1986).
4.

CONCLUSIONS

The climate model described here is one which includes explicit descriptions of the physics of ice sheet accumulation and flow and the
physics of the sinking of the earth under the weight of the iceo The
model has been shown to support a nonlinear subharmonic resonant relaxation oscillation when it is forced by realistic astronomical input.
The period of this oscillation is very near to 10 5 years and appears
to very nicely explain the long period cycle of ice volume fluctuations
which has dominated the last 10 6 years of climate history as revealed
by 6 18 0 data from deep sea sedimentary cores.
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ABSTRACT. We are concerned with a globally averaged, time dependent
climate model based on a simple hydrological cycle and the heat balance
of an equivalent atmosphere and ocean. The domains are coupled by exchange of heat and moisture at their interface. Clouds and precipitation
are related to humidity and the temperature of the atmosphere, while ice
formation is related to the temperature of the ocean. The model is formulated as an initial value problem and integrated until an asymptotic equilibrium state is reached. The stability of the system against perturbations
decreases and its sensitivity increases if variable vapor/cloud cover/ice
cover is allowed to feed back into the radiation budget. The model also
shows that clouds tend to cool rather than warm the surface.
1•

INTRODUCTION

For a climate in long-term equilibrium, the globally averaged. incoming
solar energy and outgoing terrestial radiation must balance each other.
This balance strongly depends on variable cloud cover, cloud type, cloud
height, as well as water vapor and ice extent. Therefore, clouds, vapor
and ice are important ingredients in climate theory and have to be considered in any valid treatment of the long-term climatic variability.
The problem can be tackled in a number of ways, ranging from the
sophisticated three-dimensional general circulation models to the onedimensional energy balance and radiative-convective models. One-dimensional models combined with a hydrological cycle have been persued by
several authors, notably Weare and Snell (1974), Paltridge (1975),
Sellers (1976) and Roads and Vallis (1984). Yet we believe that a number of problems relevant to climate variability have not been treated
in sufficient detail so far. These include (a) the relative importance
of cloud-ice-vapor feedbacks Cb) the stability and sensitivity to perturbations of internal and external parameters (c) the time evolution towards asymptotic equilibrium Cd) the importance of atmosphere-ocean
coupling.
In this paper, we present a globally averaged, time dependent model
which in some respects resembles that given by Petukhov (1974). Our model
retains some of the detailed radiative computations characteristic of ra417
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diative convective models but at the same time it incorporates the ice
albedo-temperature feedback characteristic of energy balance models. We
also include cloud-temoerature and water vapor-greenhouse feedbacks in
a simple, but highly n~nlinear fashion. More specifically, ~e deal with
separate heat budgets for an equivalent atmosphere (including clouds) and
ocean (including sea ice), supplemented by the continuity equation for
water vapor. The·temperatures are calculated from the balance becween
radiative and convective heat fluxes, while water vapor is due to evaporation and precipitation. The ocean surface is made up of water and ice,
the extent of t;hich is governed by the temperature of open water. The
surface temperature is an area weighted average of predicted water temperature and parameterized ice temperature. Cloud cover and precipitation
are coupled through predicted atmosphere. temperature and humidity. Cloud
height and lapse rate are held constant; if the temperature of the clear
sky changes, so does the effective cloud temperature. Ice cover, cioud
cover and humidity all feed back into the radiation budget. Atmosphere
and ocean are nonlinearly coupled by exchange of heat and moisture at
their interface.
Although this model does not allow for horizontal transports of heat
and vapor, it is useful for gaining insight into the interactions of positive and negative feedback mechanisms. In addition, the model identifies
certain critical parameters upon ,.. hich the temperature distribution reacts
sensitively • Furthermore, it may be used to interpret the. results of
multi-dimensional models. In a forthcoming paper, we shall concentrate on
the latitudinal structure of climatic feedbacks, by using temperature
dependent transport coefficients and an idealized circulation structure
for the atmosphere. In addition, t.. e shall employ an extra equation for
ice temperature and ice formation.
The paper is organized as follO\-1s. Section 2 evaluates the basic formulas. The free parameters of the model are determined so tha·t the system
.closely simulates the present day climatology. In section 3, we investigate the stability of the model by following the trajectories in 3-dimensional phase space. It ,-lill be shmm that the model becomes intransitive
if the solar constant falls just belm. its present day value. The intransitivity is brought about by large amplitude perturbations in the temperatures of the ocean and atmosphere. In contrast, the specific choice
of initial humidity does not affect the stability properties of the
system. There exist 8.0 stable at tractors (i.e.,.fixed points); because
of the time scale separation between ocean and atmosphere, no limit cycle
exists. Special attention is paid to the time stationary response of the
sys tern due to changes in so lar cons tanto Ho\-Iever, cloud heigh t and ai rsea coupling may be subject to systematic and/or stochastic variations,
so the sensitivity of the climatic variables to changes in these parameters is also investigated. Several features of our model, such as the
sensitivity of surface temperature to changes in solar constant and CO?
concentration, as well as the specific form of cloud-te~perature coupling,
resemble those found in 3-dimensional models. This apparent agreement
does not, of course, validate our model; it merely says that it can simulate certain basic aspects of the climatic system. The results arc summarized and discussed in section 4.
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THE MODEL

The globally integrated balance equations for heat and humidity in the
atmosphere-ocean system are written as

I

caTa= H+Ra+LvC

(1

coTo= -H+Ro-LvE+LfF

( 2)

cqq

= E-P

(3 )

Here, caTa and coTo are the time rate.of change of heat in the atmosphere and ocean, respectively, and cqq is the rate of change of water
vapor. The climatic variables are air temperature (T a ), water temperature (To) and specific humidity (q), all of which are functions of time
1
t. The corresponding inertia coefficients are Ca = lo7Wsm-2 K- , Co =
20c a and c q = 3xl0 3 kgm-2. The sensible and latent heat fluxes between
surface and overlying air are denoted by Hand LvE, respectively, where
H

A(Ts-T a )

(4 )

E

(A/C p ) (qsat(Ts)-q)

(5 I

and

Here, A is the transfer coefficient to be determined below, c p is the
specific heat at constant pressure, qsat (Ts) is the saturation humidity at surface temperature Ts ,

(6 I
where x and I-x are fractional areas of open water and sea-ice, respectively; Ti is the ice temperature and Tf = 273K is the freezing temperature of water:
(7 )

Furthermore, Ra and Ro are the (net) radiative fluxes (short wave absorption plus long wave emission) of the two domains; R = R(T a , To. q).
Because of the energy balance, condensation rate C must equal precipitation rate P. In (2), we have neglected the heat stored in sea - ice
which is small in comparison to that stored in the ocean. Freezing
rate F is related to ice mass mi via F = mi, where mi = Pihi(l-x), and
Pi, hi are density and height (fixed at 1 m) of sea-ice, respectively.
Thus, F = -Pihix, or equivalently,
(8 )

Hhere ci = 3xl0 8 \.1sm- 2 K-1, and -L f v is the latent heat of fusion (f) and
vaporization (v), respectively. 'Equations (2) and (3) must be handled
Hith some care. lfhen ToCt) in (2) approaches Tf, then To is set equal
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to zero, and H is replaced in (1) with H = Ro+LvE, evaluated at To= Tf.
Similarily, if relative humidity rh(t) = q(t)/qsat(Ta(t)) approaches
unity, then q in (3) is set equal to zero, and E is evaluated at q
= qsat(T a ). Adding (1)-(3) yields the total enthalpy of the atmosphere~ocean-ice system, which reduces to the statement of global radiative
balance, Ra+Ro = 0, in equilibrium state.
The shortwave radiation scheme used here is similar to that of
Lacis and Hansen (1974). The amount of solar energy absorbed by the
atmosphere is
(g )

where Q is the annually and globally averaged insolation at the top of

the atmosphere (the "solar constant"), ra is the reflectivity, T = I-r a
-K is the transmissivity and K is the absorptivity of the atmosphere.
The denominator I-rsra accounts for successive reflections between atmosphere and ground. The optical properties of the atmosphere are
weighted by fractional cloud cover c, i.e., ra = Crcloudy+ (I-c)rclear,
K = CKcloudy+ (I-C)Kclear' The reflectivity is dominated by clouds and
is of the order of 0.5; however, there is also some reflection and
scattering due to aerosols and air molecules approximated by rcl ear =
0.08. The absorptivity of the clear atmosphere is taken as
(10 )

where Kois the average absorption due to C02, 03 and aerosols, and K1
represents the absorption effect of \-later vapor, as given by formula
(20) in Lacis and Hansen (1974). Extra absorption of solar energy in
clouds is taken into account by Kcloudy = Kc l ear +o.04 (Paltridge,
1974). The actual values for rcloudy and Ko are determined below.
By the same token, the solar energy absorbed by the surface is
( 11 )

where rs = xro+ (1-x)ri is the area weighted surface albedo, composed
of water albedo ro (r o = 0.1) and ice albedo ri \-lhich may vary between
0.4 and 0.8. For definiteness, we set ri = 0.6 • By means of (9) and
(11), we obtain for the planetary albedo
(12 )

which reduces to CXp:::::l r a +r s (I-2r a ), if K,rsra « 1.
Our longwave scheme resembles that of Adems (1961) and Paltridge
(1974). We assume that surface and clouds radiate as black bodies at
temperatures Ts and Tc , respectively, where Tc = Ta-rhc is the average
cloud temperature, r is the lapse rate and hc is the average cloud
height. The surface receives radiation from the atmosphere and (through
the atmospheric \Jindow) from the clouds, and emits radiation according
to cTs ". The net long\-lave flux leaving the surface is then
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( 13)

where E1 represents the greenhouse effect,
(14 )

The first term in (14) is the emissLvLty of the atmosphere below the
clouds resulting from, e.g., CO 2 ; the second term is due to water vapor, where e = 1.6xl0 3 q is the vapor pressure in mbar. Numerical values
are E10 ~ 0.6 and E11 "" 0.05 (Sellers, 1965).
The radiation emitted to space under clear sky is composed of upward radiation of the sky itself, i.e., E20Ta 4 plus that portion of
surface emission lvhich is directly transmitted through the window,
i.e., (1-S 1 )aT S 4 • The effective upward emissivity E2 of the atmosphere
is little affected by lvater vapor (because of its rapid decrease with
height) and is therefore taken to be constant. The net energy loss
under cloudy conditions is the upward radiation of the clouds themselves, i.e., (1-E3)OTc4 plus the contribution of the residual atmospheric gases above cloud level, i.e., E40Ta 4 • Both E3 and E4 are modeled as functions of cloud height; if clouds are placed near the
ground (fog), then E3 = E1, and E4 = E2' On the other hand, if we deal
with high clouds, absorbing gases above cloud level are virtually absent, i~plying that E3 "" E4 "" o. These constraints are met by simply
setting E3 = E1e-uhC and E4
E2e-6hc. The empirical parameters E10,
E2, a and S are adjusted such that they fit the present day global
climate (see below).
The net longwave flux leaving the planet is thus
where
and

Ep

=

(l-c)Eclear+cEcloudy

Ecl ear

= -E20Ta4-(1-E1)OTs4

(15)

( 16)
(17)

Combination of (13), (15)-(17) yields the net longwave loss Ea of the
atmosphere, namely, Ea = Ep-Es.
Finally, the radiation balance of the two domains is Ra = Ea+Aa
and Rs = Es+As, respectively. To close the set of equations, we must
establish relations for precipitation, ice and clouds. Since, on the
global scale, condensation occurs even for undersaturation, we set
(see Fig. 1)
c(rh)

= e«rh-rc) I (rn-rc)C O

(18)

If, hOlvever, rh becomes too small, say rh < rc , then c is set equal to
zero. In (IS), e and rn are current values of cloudiness and relative
humidity, and exponent
Co

=

In (l Ie) lIn ( ( I-rc) /rtl-rc) )

(19 )
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ensures that c ~ 1 for rh ~ 1. In order that the derivative of c with
respect to rh be continuous at rh = rc, rc < 0.5. In what follows, rc
is fixed at 0.4.
Precipitation depends, among other things, on humidity and cloudiness. This may be simply expressed by
(20)

where Po is the precipitation strength (in units of kg m-Z s- 1 ) to be
fixed later. Therefore, P = 0, if c = 0 or q = o.
We further assume that ice cover solely depends on sea temperature
To. It is modeled in terms of

( 21\
Here Xo = arctanh (X) ensures that
values of x, To. Also, (20) states
if To »To • In order that dx /dT o
determining factor X1 must be ~ 1.
to be 1.5 (see Fig. 2).

til
til

x (To)
x, where x, To are current
that x = 0, if To = Tf, and x -> I ,
be finite at To = Tf, the slope
A reasonable value for X1 appears
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Figure 1. Cloudiness as function of rh, for cut-off humidity rc = 0.0, 0.4, 0.5.
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Figure 2. Ice line sin- 1 (x)
in degrees of latitude as
function of To' for X1= 0.5,
1, 1.5, 2.
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Hodel calibration
In the preceeding section, we have fixed those parameters which are
either fairly well known or othenrise of minor importance. We are thus
left with parameters which are either poorly known or effect the results significantly. They are determined by minimizing the weighted sum
of residuals between prescribed and calculated global quantities. The
latter are obtained from the time independent, algebraic set of nonlinear equations (1)-(3). The results of the least square fit are:
(a) parameter values
0.0702, rcloudy

= 0.4715,

S10

= 0.6151, a = 0.2921, S

3a,

(b) global climatology
The globally averaged climate is listed in Table I. Numbers are adopted
from Sellers (1965), Paltridge and Platt (1976), Oort (1983) and references given therein. Temperatures and Bowen ratio H/LvE are representative for the southern hemisphere. Since more clouds reduce the
outgoing infrared radiation, ~ = (l-c)E c l ear /cEcloudy should be greater than unity. Rewriting Ep in the usual notation, i.e., ~ = -A+Bc,
then A/Bc ~ 0.08 (van der Dool, 1980), corresponding to ~ = 1.2. Also
included in Table I is the calculated globally integrated climate. It
differs by 37. at most from the prescribed one (For comparison: the uncertainty in determining the solar constant is of the order of 17.).
TABLE I

Prescribed and computed globally averaged climate. The solar constant
is Qo = 340 Wm- 2 •

prescribed
computed

prescribed
computed

TarDe]

TOrDe]

rh

c

prm/a]

14.8
14.8

16.8
16.79

0.75
0.75

0.5
0.5

1.0
0.97

Aa/Q o

As/Q o

Es/Q o

Ea/Qo

Ep/Qo

0.46
0.465

-0.69
-0.691

-0.48
-0.484

-0.21
-0.207

0.23
0.226

x

0.95
0.95

~

1.2
1.2

H/LvE
0.13
0.134

cxp
0.31
0.309

(c) radiative balance
The global decomposition of short and long\,-o.ve ro.diiltion is depicted in
Fig. 3. It fits well into corresponding dio.grams of vo.rious textbooks
(see e.g, Paltridge and Platt, 1976 and Gill, 1982).
In summary, we conclude that our model is capable of reproducing the
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principal properties of the globally integrated climate.

E,=-D691

Space

~
-D.1S£
-0..223
-(l29B
-0.0.16
~

Atmosphere

,..

~

cloudy

Ocean

Figure3. Global decomposition of model short wave (left hand panel) and
long wave radiation. Incoming solar radiation is normalized to Qo ;
340 ~vm-2. Energy balance of the atmosphere (surf ace) is achieved by adding
(substracting) sensible and latent heat (0.031 Qo and 0.227 Qo •
respec ti vely).
3.

RESULTS

The coupled, nonlinear, first order differential equations (1)-(3) were
integrated until total energy gain balances total energy loss. In other
words: if IRa+Rs I < EQ, ,,,here E is a small machine dependent number
(approximately equal to 10- 14 for simple precision of the CDC 830), we
may be certain that an asymptotic equilibrium state has been achieved.
Equations (1)-(3) are integrated by an explicite Runge-Kutta method of variable order and variable step size. A variable step size is
useful for the following reasons. A crude analysis of the system yields
time constants cqcplA ; 0(1 day), calA = 0(10 days) and ColA = 0(100
days), associated with q, Ta and To, respectively. The ratio of the
time scales is thus of 0(10 2 ) . Problems of this sort are called stiff;
they are most efficiently treated by using a variable step size such
that (see, e.g., Gear, 1971) (a) the eigensolutions \"ith small time
constants which decay rapidly are approximated stably (b) the eigensolutions with large time constants which decay slO\v1y and may contribute
significantlY to the solution are approximated accurately.
In the following, the variable order, variable time-step technique
is used to study the time dependent behaviour of the system.
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Stability analysis
To start with, let us investigate the (internal) stability of the system to perturbations in initial values. The model is found to be asymptotically stable for present day conditions, no matter how large the
perturbations may be. However, if the so lar cons tant is lm.ered by 1%,
we discover yet another stable solution, which represents the well-known
"deep-freeze" branch of solution present in most glQbal models wi th icealbedo feedback. A survey of phase trajectories in two-dimensional subspace is given in Fig. 4. Fixpoints (marked by squares) are situated at
Ta = -3.8 0 C, To = 4.80C and Ta = 13.l o C, To = Is.6°C, respectively. They
are separated by an unstable saddle point (marked by a circle) at Ta ~
O.soC, To = 6.s oC. The nature of the bifurcation is indicated in Fig. 5"
and 6. Initial values are set at q =
and To = 6.s o c. Both values represent large negative perturbations of the current climate state. Two
experiments are performed: the first, labeled "10", starts at Ta = 10°C;
the second, labeled at "-10", starts at Ta = -;-lO o C. In the former,the
model returns to the current equilibrium,-in contrast to the latter, which
approaches a cold state of climate. Because stability properties of the
system are of great importance, we shall study the time development of the
bifurcation in some detail.
After one day (see Fig. 5), humidity has increased from zero to
~ 10- 3 , whereas cloudiness still has not overcome its cut-off value.
In the next ten days or so, there is
a significant change in air temperature
~ 20
associated with a rapid increase in
f.)
cloudiness. After twenty days have elapsed
~
fthe system has settled at a quasi-equililO
brium, Hhere the 20 0 temperature difference bet'.;een the t1-1O experiments has
shrunk to 1°C. Note that the amount of
humidity created by "10" is slightly
0
larger tha n that created by "-10"; in
contrast, there appears to be no differenCE
in cloudiness. So far, the time evolution
-10
has been governed by exchange of sensible
and latent heat bet,.;een surface arid air.
The ocean is still little affected, be-20
cause of its large heat capacity; hOHever,
the coupling betHeen the two heat reservoirs implies that ~o ~ (-ca/co) a , as
can be seen in Fig. 5.
-30
10
0
20
Before proceedin~ let us look at
TO ['C]
Fig. 6. It shaHS the ~;t radiation loss
versus net radiation gain as time elapses.
Figure 4. Phase portra it in
Initially, the outgoing IR flux decreases
(T a , To)-plane. Time direction
because humidity increases; for the same
is marked by arrows.
reason, solar energy absorption increases.
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The first turning point marks the onset of cloud formation: "10" :loves
down along the bisector, ,vhereas "-lo" turns once again (because of a
decrease in cloudiness) until it reaches a point close to that occupied
by "10". This state corresponds to the plateau-like sitUation revealed
by Fig. 5 "and is maintained over a period of several hundred days.
There remains a small, but significant imbalance ben.een loss and gain;
"10" lies slightly below the bisector, whereas "-lo" lies above. In
other words: "10" and "-10". persist in a state of "positive" and "negative" energy balance, respectively. The reason for this is the difference in hUlilidity (see Fig. 5); the higher amount of humidity for "10"
more than compensates the higher radiation temperature, when compared
to "-10". The question arises as to whether or not the radiation budget has influenced the temperature of the system.
For the time period considered so far, temperature variations are
of course dominated by sensible and latent heat exchange. Hence," if
there is a back-reaction of radiation on temperature, hUlilidity and so
forth, it must be weak. Consider once again Fig. 5. Due to its larger
surface temperature, there is more humidity available for "10" than for
"-10". However weak, the positive vapor-temperature coupling tvill thus
be more relevant for "10" than for "-lo". In effect, "-10" has just a
bit too little humidity as to make To < 0 switch into To > o. That there
exists something like a "critical" humidity (which is, incidentally,
quite close to that belonging to "-lo") is confirmed by another experiment, tvhich starts at Ta = -10, but ,vith a one degree \varmer surface and
therefore generates more humidity. As in the case "-lO", ocean temperature first decreases but increases, after humidity has passed the critical level. Eventually, we recover the same situation as in case "10".
Ho,.ever, why is the sign of To so important? Because To > O.implies
0; so increasing temperature gives rise to a retreat of ice,which in
turn reinforces the temperature growth. Therefore "lo" restores the original equilibrium, while "-lo" does not. Corning back to Fig. 5, ,ve observe that i.ce. f.eedba..ck._"ers_ ;.t>•• -"..t"_ t-_~_1 r>a ""-.:nq". 'rh"i.I:::; -c=escaJ.e can' be
estililated from x/x = (dTo/dx)T o • Since the eigensolutions with large
time constants have already decayed, associatiated with terms like Hand
LvE, we may assume that to is governed by radiative balance, i.e., co'To
= Ap+Ep, ,,,here co'= co+Cidx/dTo R$ 1.lco, and Ap= Q(1-O:p). Representative
values of Ap and Ep are identical with the last turning point in Fig. 6.
It follows that the characteristic timescale for growth or decay of ice
is indeed of 0(10 3 ) days. The stepwise change in temperature is caused
by ice feedback, in cooperation with vapor-temperature and cloud-temperature coupling (f~r a discussion of the cloud feedback see below).
Asymptotic equilibrium is achieved after R$ 10" days (27 years). Of
course, there is a corresponding statement about the radiation budget
f'or each statement made a~out t,f!mperature. Considering once again Fig.6,
we observe that after hav1ng corne close together, "-10" eventu.:llly moves
over to the left, reaching its equilibrium from .:lbove (indic.:lting th.:lt
loss prevails over gain). On the other hand, "10" moves to the right,
reaching its equilibrium from below.
In su~ary, it is seen
that the bifurc.:ltion is initi.:lted by the
vapor-greenhouse effect, but is ultim.:ltely re.:lli::ed by icc feedback,

x>

v.
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with contribut{ons from vapor and cloud feedback.
An alternative view of the two trajectories discussed in detail
above is in three-dimensional (q, Ta, To)-space, as given in Fig. 7.

8

Figure 7. Phase space portrait
showing the trajectories for initial temperatures Ta = ±looC.
Humidity q is given in g/kg.

Sensitivity experiments
In the following, we study (a) the transient response of the model to
changes in the solar constant (b) steady state solutions as functions of
solar constant and cloud height.
(a)

Transient climate response

.Fig. 8 shows the evolution of the model from present condition (see section 2) towards equilibrium, for stepwise change of the solar constant.
An increase of the solar constant (Q/Qo > 1) causes a gradual warming
of air and water (or surface) such that the difference between the t\JO
becomes smaller (represented by sensible heat flux H). Also increased
are evaporation (not shmm) , specific humidity and rainfall. The opposite holds true, if Q/Q o < 1. The sharp decrease in temperature, humidi ty and rainfall at Q/Q o = 0.96 is due to -:'the ice feedback, as already
encollntered in the stability analysis. The time scales involved are of
OC 10 2 ) days and O( 10 3 ) days. The former corresponds to co/A, \Jhereas the
latter is governed by 10ng\Jave damping and ice 31bedo feedback 3nd increases for decre3sing temperature.At first glance, the re~ponse of
cloudiness to changes in Q may appear puzzling. On the global scale,
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the model predicts that cloud cover and humidity vary in opposite sense.
According to (18), cloudiness depends on relative humidity r = q/qsat
rather than specific humidity; both q and qsat are positive but qsat is
greater than q, due to its strong (exponential) dependence on air temperature. Therefore, the net effect is such than c (or rh) is negative.
These results can be easily checked by means of (3~ Assume that cqq «
A*q+p. If in addition, c is linearized about rh = rh, then (3) becomes a
quadratic equation in rh, yielding
A*osatCTo) 11 12-

+ >..' qSadTa)

J

(22)

"here- )..' = p o~/ (rh-rc) and >.. *
A/C p ' Since A* > >..'rc' the positive sign
must be taken. It follows
.
2
.
2
(23)
-'(Ta/Ta + '('To/Ts
"lvhere y >

0,

and y' = YdTol:iTs'
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If the first term in (23) dominates over the second, relative humidity
increases (decreases) if the temperature decreases (increases). However,
Q/Qo = 0.96 also shows the opposite effect. Cloudiness first increases
due to a decrease in temperature, but decreases, when ice feedback becomes important. In view of (23), this implies that the second term dominates the first, which turns out to be true, when To significantly
differs from Ts (that is, when x becomes small).
For completeness, Fig. 8 also shows short\vave and longwave fluxes
(Ap and Ep , respectively) as well as total radiation Ep+Ap as functions
of time. The latter approaches zero from above for Q/Qo > I and from below for Q/Qo < 1. Because in equilibrium, the relations between temperature, humidity and cloudiness are dictated by the global radiation
balance, it is worthwhile in this context to list the response of Ep and
Ap to changes of q, Ta , To. The longwave flux varies according to
dEp/dT a < 0, 3Ep/3To < 0, but 3Ep/3q > o. Note that Ep < a in our notation. Similarily, 3Ap/3To> 0 and 3A/3q > 0 apply for the shortwave
flux. In addition, 3Ap/3 c < 0 but 3Ep/3c > o. These relations follow
from (12), (15)-(17) and are illustrated by Fig. 8. It is interesting to
note that increasing atmospheric reflectivity, i.e., increasing cloud
amount, tends to cushion the ice-albedo effect, because of the reduced
transmissivity of the atmosphere.
(b) Sensitivity of the equilibrium solutions
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By means of the qualitative relations bet'tveen global radiation, te:::tperature, humidity and cloudiness established above, it is an easy matter
to interpret the sensitivity of the time-stationary model to changes in
external parameters. Fig. 9 shows selected climatic quantities as functions of the solar constant ranging from 0.9 Qo to 1.1 Qo. As in all
other experiments carried out so far, cloud height is fixed at 3 km.
Equations (1)-(3) are solved for variable cloud cover and humidity (solid curves), variable humidity and fixed clouds (dashed curves) and
fixed clouds and humiditY'(dotted curves). All curves pass through the
reference state Q = Qo. Also, all solutions show the 'tvell-known multiple
structure, with two stable roots representing small and large ice extent,
respectively, and an unstable one- in bet't.een ('tVhich has been classified
as unstable saddle point in Fig. 4, 6 and 7). The stable branch is identified by North's (1981) "slope-stability" theorem; in our case, we conclude that 3T a ,o/3Q > 0 and 3q/3Q > 0 are necessary and sufficient conditions for stability. A 1% reduction in solar constant diminishes the temperature (in degrees Celsius) of air, surface and 'tVater by 1.8, 1.4 and
1.2, respectively; humidity and precipitation decrease by 11% and 7%,
respectively and cloudiness is increased by 2%. The numbers depend on
the parameterization of the ice-temperature relationship (see Fig. 2);
the steeper the slope dX/dT o , represented by parameter X1, the more sensitive is the model to changes in Q-value. The bifurcation point seperating the "'tVarm" climate from the "cold" climate is situated at
0.955 Qo, 0.962 Qo and 0.975 Qo, corresponding to x, = I, X1 = 1.5 (current value) and X1 = 2, respectively. Therefore, changing the slope of
the ice-line by a factor ~ 2 affects the bifurcation point by 2% at most.
Perhaps more interesting is the response of cloud cover to changes
in Q. Cloudiness decreases 'tVith increasing temperature above the bifurcation and increases with increasing temperature below the bifurcation.
Recalling that clouds cool rather than warm the system (because
rcloudy/rclear> Eclear/Ecloudy implies IdA/dcl> IdE~/acl). it
follows that cloud-temperature coupling is positive ~n the former case,
while it is negative in the latter. The positive feedback effect is
clearly seen by comparison of the solid and dashed curves: the temperature is higher for~ variab Ie clouds, if Q > Qo (cvar <: Cfix = 0.5)
and vice versa, if Q < Qo (cvar> cfix). Nevertheless, it is just the
ability of clouds to trap terrestrial radiation that keeps the sensitivity of the·model to cloud cover fairly low. In contrast, water vapor
acts in one direction only, for it reduces both the longt~ave loss (and
to a lesser degree) the reflected part of solar energy. Thus, the sensitivity is greatly decreased, if humidity is fixed at its present value
(dotted curve). An additional point deserves attention. Up to
Q/Qo ~ 1.05, the surface is t.armer than the overlying air; hm.ever,
if Q/Qo > 1.05, sensible heat is carried from air to 'tVater rather
than water temperature. This is related to the fact that air temperature
responds more strongly to changes in Q than 'tVater temperature (see Fig.9
). However, 'tVhat makes Ta more sensitive than T ? The only plausible
explaination is the latent heat flux, because o~ its strong temperature
dependence. The fact that the ocean looses heat by evaporation and
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the at~osphere gains heat by condensation implies that the response to
changes of the solar constant is smaller for the ocean than for the
atI:losphere. This ca.,. be expressed in a more quantitative "ay. Differentiating (2) and the SU:::l of (1) and (2) ,vi th respect to Q, ,ole ob tain
3T

a

,aQ
::::1+

3T%Q

( 2L.)

shOt.ing that the ter::perature variation of the saturation value is indeed
responsible for the difference in sensitivity of the reservoirs.
As outlined in the introduction, not only the magnitude of the solar input, but also the height of the clouds may significantly affect
the results of the model. Cloud height enters the radiation balance via
cloud ter::perature and emissivity (see section 2); according to (15) (17), ,.e have
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Formula (25) tells that the longt'lave loss decreases if the cloud ce!!!perature decreases. Note, hm.,ever, that che effect is reduced by the heighc
dependent emissivicy. Cloud height induced changes are illuscraced in
Fig. 10.
If the cloud height is increased above 3 km (assumed to be representative for present conditions) temperature and humidity increase while
cloud cover decreases. The solution shmo/s multiple structure, if the
cloud layer is shifted below 3 km. As in Fig. 9, the climate may remain
warm or become cold, depending on which initial temperature is taken.
Note that the unscable branch of the equilibrium solucion is defined by aT/ah c < 0, (",here T scands for Ta and To) in accordance wich
aT/aQ < 0 for solar conscanc variations. If cloud heighc approaches ~ 1.1
km, the only possible scable stace is that of an ice-covered earth. So
~ 300 7. reduction in cloud height produces the same effect as ~ 4 7reduction in solar constant.
Variable clouds greatly enhance the cloud height-temperature coupling, as can bee seen by comparison of the solid and dashed curves. As
in Fig. 9, the sensitivity of the model is further decreased in the absence of vapour feedback (dotted line).
Moreover, the model is remarkably sensitive to changes in the
transfer coefficient A. This is depicted in Fig. 11. As expected, the
temperature difference bet~'leen surface and air decreases as A increases.
Perhaps less obvious are the individual temperature changes. In the limiting case A = 0, the hydrological cycle is cut off, and each reservoir
behaves according to its radiation balance. If A > 0, the surface looses
heat due to evaporation and sensible heat transport which is absorbed
by the atmosphere; hence air temperature increases while surface temperature decreases. The increase of Ta is stopped when cloudiness comes into play. More cloudiness causes more ~.,ater to precipitate, t,hich in
turn reduces the humidity. By contrast, precipitation decreases, when
the relative decrease of humidity outweighs the relative increase of
cloudiness. At the same time, the temperatures are decreased due to
the vapor and cloud feedback, until at A ~ 22 Hm- 2K-I, ice feedback
overtakes and forces the climate into an ice-covered scace. It may be
interesting to compare, the sensitivity of the model to changes in solar
constant, cloud height and sea-air coupling, respectively. As noted
above, a 9 7. decrease in surface temperature is equivalent ~-lith a 1 7decrease of the solar constant; the same effect is obtained by a 23 7increase in A (reference value 9 Hm- 2 K-I) and a 38 7. decrease in h
(reference value 3 km).
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Finally, we wish to study the surface temperature response to a
doubling in the atmospheric C02 concentration. C02 enters our model via
the dowmvard emissivity and (to a much lesser extent) the absorptivity
of the atmosphere (labeled £10 and Ko in section 2). Concentrating on
the greenhouse feedback, we conclude that £10 increases by ~ 2.5% for
doubled CO 2 , This in turn, gives rise to a warming of the system, such
that temperature differences are ~Ts = 10C and ~Ta = I.2°C in the nofeedback case, while ~Ts = 2.J oC and ~Ta = 2.5 0 C in the feedback case.
Thus, a doubling in CO 2 is approximately equivalent to a 2%.increase in
solar constant. These values are fairly close to those predicted by radiative·convective models (see, e.g., Ramanathan, 1981 and Hansen et aI,
1981) •
4. Summary and conclusions
The theoretical results that have been discussed in this paper include the following.
o The stability of the model to perturbations of the equilibrium
state, with fixed external parameters, is governed by the ice albedotemperature feedback. However, it is also affected by the water vapor
greenhouse feedback, and the cloud cover-temperature feedback.
o The time scale on which the system approaches equilibrium is of the
order of 3 years. It is governed by the damping terms (outgoing longwave
flux) and temperature dependent amplification terms (incoming shortwave
flux) .

o Changes of the solar constant have a stronger impact on the equilibrium temperature of the atmosphere than on the temperature of the
ocean. As a rule, a temperat'ure increase (decrease) is coupled with a
decrease (increase) of the sensible heat flux and an intensification
(reduction) of the hydrological cycle.
o Clouds tend to cool the system (by increasing the planetary. albedo) ,
rather than warm the system (by increasing the cloud-greenhouse effect).
Therefore, a temperature decrease is associated with an increase of cloud
cover (positive feedback). Hmo/ever, at low temperaures (Ta < OOC), the
cloud feedback is negative, implying that cloud cover increases when temperatures increase. This, in turn, leads to a screening of the ice-covered surface and thus a weakening of the ice feedback.
o Not only changes of the solar constant, but also changes of the
cloud height and sea-air interactions may cause significant changes of
the global temperature. A I % decrease of the solar constant leads to a
I.4°C cooler surface; approximately the same effect is obtained for a
23 % increase in nonlinear sea-air coupling (from 9 to II t-lm- 2K-I) or
a 38% decrease in cloud height (from 3 to 1.86 km).
o Feedbacks (ice, vapor, cloud) amplify the sensitivity of the model
to changes in external parameters. If, for instance, the solar constant
is changed by + 1% from its present value, the temperature response is
more than doubled, if all feedbacks are at work (see Table II).
The sensitivity studies remain incomplete \o/ithout discussing the
influence of those parameters that have been fixed at the outset. As
already noted, the functional dependence of ice coverage on water te~
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TABLE II
The contributions from cloud (c), ice (i) and vapor (v) feedback and
combinations of them to changes in surface temperature, caused by :: J 7and:: 2 % changes in the current solar constant. "n" denotes the no-feedback case.
n

I iI

v

i+C!i+V

C+V

i+c+v

1.03 1.31.

1%

-0.621-0.771-0.71. -0.781-0.931-1.01. -1.03 -1.1.7

-1%

0.611

HsrCJ

o_nl

C

0_71.1 0.77

0.891 0.97

1.221 1.f.1.11.1.6 1.51.11.7511.891 2.06

2.59

2%

-1.21.[ -1.581-1.l.9 -1.56 -1.931-2.19 -2.051-3.161 -2%

perature mainly affects the transition to an ice-covered cli~te. This
transition is also affected by the numerical value of the ice albedo.
HOlvever, the results prove to be insensi tive to the particular cloud cutoff parameter. Not surprisingly, because cloudiness ranging from 0.4 to
0.6 is virtually independent of rc (s ee Fig. 1). Therefore, I",hether or
not our results are affected by the particular type of cloud parameterization remains inconclusive. Ho\Vever, if there exists a relation betlveen
global cloudiness and global relative humidity, it should not be radically different from that adopted in this paper. In sur.~ary, we may conclude that there exists a large number of different par~~eter sets that
fit the present day climate equally \VeIl. Each parameter set \.;ill yield
a slightly different measure for the stability and sensitivity of the
model. HOIvever different, none \ViII change the global picture, provided
the parameters are physically reasonable.
One of the most controversial points in our model is certainly the
treatment of the hydrological cycle. To our knowledge, there is no globally average cloudiness change documented for which changes in absolute
and relative humidity, as \Vell as precipitation are also documented.
Therefore, a parameterization for global cloudiness and precipitation
remains highly speculative. Furthermore, a proper identification of the
cloud feedback is complicated by the fact that both cloud height and
cloud cover may change simultaneously. If a decrease in cloudiness also
means a decrease in clo,ud heigh t (as sugges ted by l-le therald and Hanabe
(1980) for equatorial regions), then the \Varming effect due to the increase of solar absorption would be offset by the cooling effect due to
the increase of upward terrestrial emission. If, on the other hand,
changes in cloud cover and changes in cloud height \Vork in the same direction, then the positive cloud feedback would be enhanced rather than
compensated.

436

v. JENTSCH

Despite the apparent simplicity of our model, we are able to simulate the present climate in most of its aspects. Furthermore, the changes
in temperature, cloud cover and precipitation to changes in solar constant and CO? concentration resemble those found in GCN type models (see
e.g., Schneider et aI, 1979; Hetherald and Manabe 1980). These authors
found for upper and middle tropospheric clouds, that an increase in te~
perature is coupled with a decrease in cloudiness (in contrast, radiative convective models show just the opposite tendency; see Wang et al,
1981) •
The next step towards a more realistic treatment of the climatic
feedback problem is the use of a one dimensional, latitudinal dependent
model. Such a model would allow for transport of heat and moisture and
thus introduces some kind of cell structure in the model atmosphere. On
the other hand, it would essentially keep the simplicity of radiative
and convective heat fluxes of this model. Furthermore, the feedbacks
acting at low and high latitudes may be opposite in sign (Wetherald and
Manabe, 1981; Roads and Vallis, 1984), so that their net effect on the
global climate might become smaller than suggested by this model.
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SEA ICE-OCEAN INTERACTION
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ABSTRACT. A Model for the seasonal variation of the oceanic mixed
layer and the pycnocline is coupled to a thermodynamic sea ice model
and applied to the Southern Ocean. Results are shown for a standard
run, a polynya experiment and a stochastically forced integration.
1•

INTRODUCTION

Long term climate fluctuations arise through the interaction of the
atmosphere with the slow components of the climate system, i.e. ocean,
ice and biosphere. Mixed layer and sea ice play an important role in
climate dynamics since they represent the interface between atmosphere
and the deep ocean, thereby linking time-scales of a few days (atmosphere) with those of a few decades to centuries (deep ocean). There
is a variety of models describing the time evolution of the mixed
layer properties in the open ocean. For a review see Niiler and Kraus
(1977). Following the Arctic Ice Dynamics Joint Experiment (AIDJEX)
1975-1976, the structure of the boundary layer below sea ice was also
investigated in greater detail (McPhee, 1975; McPhee and Smith, 1976;
McPhee, 1978; Lemke, 1979; Morison and Smith, 1991; Lemke and Manley,
1984). The structure of the upper ocean near the ice edge and below
the pack ice is of special importance in climate research since in
these regions the atmosphere is directly coupled to the deep ocean by
deep convection and bottom water formation.
There is a variety of sea ice models (Semtner, 1976; Parkinson
and I-lashington, 1979; Hibler, 1979). In this paper we will discuss a
simple thermodynamic sea ice model, since the main emphasis is on the
interaction between sea ice and mixed layer, i.e. the prognostic determination of the vertical oceanic heat flux. Our model is strictly
one-dimensional. Advective effects in the ocean are simply incorporated in a specified upwelling velocity and a net surface freshwater
flux. Because of these two specified boundary conditions a stable
seasonal response of the coupled model is maintained, although major
distortions of the standard seasonal cycle may occur due to short-time
disturbances, as shown in section 5.
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THE ONE-DIMENSIONAL MIXED LAYER-PYCNOCLINE MODEL

In our model it is assumed that the vertical structure of temperature
and salinity is described by a constant in the mixed layer and an exponential shape in the pycnocline (see Fig. 1)
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Fig. 1. Vertical structure of the mixed layer-pycnocline model.
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The lower level of our model hb is set at 3000 m. Generally d s ' dT«hb
-h, so that Tb = T(-hb)~ Too and Sb = S(-hb)~ Soo. The evolution of h, T,
S, dT and d s is determined from prognostic equations, and Tb and Sb are
given as boundary conditions. The prognostic equations of our onedimensional model which describes only vertical mixing processes are
derived from the conservation of heat and salt, potential energy consi-·
derations and a parameterization of the entrainment flux (see also
Lemke and Manley, 1984 and Lemke, 1986).
With the assumption hb-h » d s the salt content of the two layer
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system is given by
(2)

The salt balance in our one-dimensional system states that the change
of salt content is balanced by the effective salt fluxes at the sea
surface Qs and by upwelling W.
(3)

The upwelling term is used to describe the net effect of the oceanic
circulation in order to balance the access of precipitation over evaporation at high latitudes. A similar equation follows for temperature
from heat conservation.

(4)
Like in other mixed layer models we will assume that the rate of change
of the mixed layer salinity and temperature is dominated by the appropriate surface and entrainment fluxes.
S

=(Qs + Bs)/h

T

(QT + BT)/h

(5)
(6)

Band BT are the entrainment fluxes of salt and heat, respectively.
s
According to Kraus-Turner type models the closure for the mixed
layer depth is taken from potential energy considerations, i.e. wind
and ice keel stirring provide the energy Kneeded to balance the increase of the potential energy due to the surface and entrainment fluxes, Q and B, respectively. In wintertime convection provides additional energy for the entrainment process. Other turbulent kinetic energy
sources for the mixed layer evolution besides surface stress and convection are neglected. Additionally, we will assume that there is always enough turbulence in the pycnocline to provide energy required for
maintenance of the exponential profile below the mixed layer.
The potential energy balance for the entrainment phase of the annual cycle is then given by (Lemke and Manley, 1984)

K-£

h

Zg(B - Q)

(7)

where g is the gravitational acceleration and £ is a dissipation term
which is parameterized in terms of the active turbulence generating
processes: wind stirring and convection.
The surface and entrainment buoyancy fluxes are given by
Q

(8)

B

(9)

where a and £ denote the expansion coefficients of the density with

P. LEMKE

442

respect to temperature and salinity. The entrainment salt, Bs ' and heat
fluxes, BT , are parameterized in terms of a turbulent length scale 0
and the entrainment velocity we such that
Bs

Eswe

(10)

and

BT

ETwe

(I

where

E
s

(Sb - S)( I - exp(-8/d c ))

ET

(T

and

u

b

- T) (I - exp(-8/d'l'))

I)

(12)

o may be considered to be a measure for the thickness of the entrainment
zone. Inserting (8) through (II) into (7) yields for the entrainment
velocity
we = (2KD I + hQD 2 )/(hE)
where

(13)

R/ g

K

and
DI and D2 describe the depth-dependent dissipation of mechanical and
convective energy input at the surface. This depth dependence is assumed to be exponential:
exp(-h/hw)
{ !XPC-h/hc )

(14)

Q< a
Q> 0

where hw and h are the scale depths of dissipation which together with
the turbulent length scale 0 are determined from a least squares fit
of the model to observations. Rearranging (3), (4), (5), (6), (10) and
(I I) leads to

s

Q /h + (E /h)w
s
s
e

(15)

T

QT/ h + (ET/h)we

(16)

d
d

s

ds/(Sb - S)S - exp(-8/d s )we

(17)

T

dT/(Tb - T)T - exp(-o/dT)we

(18)

where we have used the fact that the actual change of the mixed layer
depth h is given by the entrainment velocity and the upwelling w
h = w

e

- w

(19)

Equations (13) and (15) through (19) apply for the entrainment phase of
the annual cycle (we> 0). If the right hand side of (13) becomes neg-
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ative, the stress induced energy at the surface is insufficient to overcome the stabilizing effect of the surface buoyancy flux. This phase of
no entrainment occurs during the period of increased heating (melting).
The mixed layer then retreats to an equilibrium depth n which is given
by the Monin-Obukhov length determined from (13) with we = 0 or
2KDI + nQ

=0

(20)

During the retreat phase the mixed layer and the pycnocline are treated
to be decoupled such that
LS

= Qs Min

LT

(21 )

and
(22)

where 6h denotes the diagnostic retreat of the mixed layer. (22) follows
from heat and salt balance below the mixed layer.
For given fluxes at the sea surface and with given boundary conditions at z = -hb, the evolution of the one-dimensional mixed layerpycnocline model due to vertical mixing processes can now be described.
3. COMPARISON WITH AIDJEX DATA
The contribution of the heat flux to Q and E in (13) is negligible under
the sea ice cover. The density and therefore the mixed layer dynamics
is solely determined by the salinity. Therefore we have integrated the
salt-part of the model (eq. (13), (15) and (17) for 15 years starting
with typical end of winter conditions, and have fitted the equilibrium
seasonal cycle to salinity profiles obtained during the Arctic Ice Dynamics Joint Experiment (AIDJEX) 1975-1976 by tuning the three parameters hw, hc and o. For details of the least squares fit see Lemke and
Manley (1984) where similar models have been tested against AIDJEX data.
The optimal values of the model paramet,ers have been obtained as
o = 5 m, h = 50 m, and ~ = 7 m. The optimal fit of the model equilibrium seasgnal cycles for S, hand d s to the detrended AIDJEX data from
Camp Caribou is shown in Fig. 2. Generally, the root mean square deviation between best fit model and data is about 10% to 15% of the observed
amplitude of the annual cycles of the profile parameters.
4. SEA ICE-OCEAN COUPLING
In polar regions the pycnocline is generally warmer than the mixed layer. This fact represents the basis of a special interaction between the
heat and the salt budgets of ice covered oceans. Once sea ice is formed
due to heat loss to the atmosphere, brine is released. This leads to
convection and entrainment of warm water into the mixed layer, which
in turn is used to melt some ice again thereby modifying the surface
salt flux. The heat storage of the deep ocean delays the winter freezeup and reduces the maximum sea ice extent considerably as shown in Lem-
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Fig. 2. Observed detrended salinity profile variables for Camp Caribou
(dots) and optimally fitted model equilibrium annual cycles.

SEA ICE-OCEAN INTERACTION

445

ke (1986a) .The heat flux at the sea ice-ocean interface, QT' is given
by the entrainment heat flux (I I) which is lost to the melting of ice.
(23)
The total surface salt flux is accordingly determined by the freezing
of ice due to heat loss to the atmosphere, Qi' and by the melting of
ice due to the oceanic heat flux (23).
(24)
Where SI is the salinity of sea ice taken to be 5 0/00, hI is the sea
ice thickness, p is the density of sea ice, L is the latent heat of fusion and c = 4.26.106 J / m30 C. Qi is calculated from a thermodynamic sea
ice model (Parkinson and Washington, 1979). Effects of sea ice dynamics
(Hibler, 1979) will be included in a later publication. It is clear
from (23) and (24) that the 'total surface buoyancy flux, Q, determined
from (8) includes two terms which are proportional to the entrainment
velocity. Together with (7), (10) and (II) this leads to a reformulation of the entrainment rate we'
w

where

e

E*

(2KD I + hQ*D 2)/(h(E + E*»

(25)

Bc/(pL)(S - SI)E

(26)

T

- aE

T

Q* contains only the atmospherically induced freezing term of (24)
(27)

Since E* is positive the entrained oceanic heat flux always leads to a
reduction of the entrainment rate. Equations (21) to (25) apply only
for the ice covered ocean. In the open ocean adjacent "to the sea ice
edge, QT is determined from the surface energy balance, and Qs is specified as evaporation minus precipitation.
5. RESULTS
5.1. Standard experiment

The model equations derived in sections 2 and 4 represent a complex
system of non-linear differential equations, which is forced by seasonally varying boundary conditions supplied by a surface energy balance model (sea ice model). A typical seasonal response of the model
variables for the Southern Ocean (66 S) is shown in Fig. 3. During summer when there is no ice and the mixed layer temperature rises from
freezing (-1.96 0 C) up to OoC, the mixed layer salinity and depth increase only slightly. With the occurance of sea ice around day 140
there is a strong deepening of the mixed layer due to the brine rejection and subsequent pronounced increase of the surface salinity. In
spring when the ice starts to melt the mixed layer suddenly retreats
to its minimum depth due to the considerable freshwater flux at the
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Fig. 3. Mean seasonal cycle of the model sea ice thickness hI' the
mixed layer depth h, salinity S and temperature T, and the pycnocline
shape d S for the Southern Ocean at 66 S.
surface. The pycnocline (d s ) is rather sharp during most of the year
except for the retreat phase where d s significantly increases. The modelled amplitudes of the mixed layer properties quantitatively agree
with observations in the Antarctic seasonal sea ice zone. The results
of a twenty-year integration of our standard model for the mixed layer
depth, salinity, temperature and sea ice thickness are shown in Fig. 4.
It is seen that the model reaches equilibrium after 10 years of integration. For further details and a comparison with the sea ice variations in a fixed mixed layer model see Lemke (1986a).
5.2. Polynya experiments
It has long been speculated which mechanism may lead to the occurance of the large polynya in the Weddell Sea. We will discuss two
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Fig. 4. Results for the model sea ice thickness hI and the mixed layer
depth h, salinity S and temperature T from a 20 year standard integration.
mechanisms which both destabilize the oceanic stratification allowing
stronger entrainment of warm water and a subsequent reduction of the
sea ice thickness. During a cruise in the Weddell Sea Gordon and Huber
(1984) observed large warm subsurface eddies which travelled from the
east into the Weddell Sea. These warm cells lifted the mixed layer base
by about 40 m and increased the pycnocline temperature, allowing intenser entrainment of warm and salty water.
In our first poynya experiment we model the warm cells by fixing
the mixed layer depth at 40 m for 50 days in the fourth year of integration (see arrow in Fig. 5) and by increasing Tb by IOC. d s and d T
were fixed at 10 m. After the 50 days Tb is again relaxed to the standard values of 0.6°C. Fig. 5 shows that although the disturbance by the
warm eddy lasts only a short time (50 days) the model takes about 10
years of integration time to reach the standard equilibrium seasonal
cycle. The major response of the sea ice thickness takes place in the
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Fig. 5. Results for the model sea ice thickness hI and the mixed layer
depth h, salinity S and temperature T from a 20 year perturbation experiment. During a 50 day perturbation (see arrow) the mixed layer was
fixed at 40 m, the profile parameters d S and dT at 10 m, and the deep
ocean temperature Tb was increased by IOC.
year after the disturbance. Due to the enhanced entrainment of salty
water during the occurance of the eddy the mean annual salinity is
significantly increased. This leads to stronger entrainment of warm
water and a drastic reduction of the sea ice thickness in the following
four years. The standard equilibrium seasonal cycle is finally reached
due to the balancing of net freshwater flux (precipitation = 30 cm/year)
and upwelling. The warm eddy is most effective in early to mid-winter
when the buoyancy fluxes are strong enough to allow deep convection.
The occurance in late winter leads to a moderate response since the
buoyancy fluxes and accordingly the convection are weaker.
Another mechnism for creating a polynya is a divergent sea ice
drift which reduces the mean sea ice thickness and allows access freezing and subsequent increase of the surface salinity. In our second
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polynya experiment we therefore reduce the sea ice thickness. for 40
days in the fourth year to 10 cm as soon as it starts to grow thicker.
Although the disturbance lasts only for a short time the response is
similar to the previous polynya experiment.
5.3. STOCHASTIC FORCING EXPERIMENT
In order to investigate the response of the coupled sea ice-ocean model
to the natural variability of the atmosphere a red noise forcing with
zero mean, a standard deviation of 4.SoC, and a correlation time of
several days is superimposed on the mean annual cycle of the surface
air temperature which enters in the surface energy balance of the sea
ice model. For more details see Lemke (1986b). A twenty-year integration is shown in Fig. 6. It is apparent that the shorttime fluctuations
of the air temperature introduce long-term variations in the response
of the coupled model •
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Fig. 6. Results for the model sea ice thickness hI and the mixed layer
depth h, salinity S and temperature T from a 20 year stochastically
forced integration, during which the surface air temperature fluctuations Tl were superimposed on the mean seasonal cycle in the surface
energy balance.
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6. CONCLUSIONS
A coupled one-dimensional sea ice-mixed layer-pycnocline model has been
presented, which can be used for climate studies in conjunction with
atmospheric and oceanic general circulation models. The model is able
to describe the special interaction between the heat and salt budgets
in ice-covered oceans, which arises through the fact that the ocean is
warmer under the mixed layer than at the surface, where the temperature
is at freezing. This delicate interaction is described by seasonally
forced non-linear differential equations, which for a weakly stable
density stratification in the ocean exhibit a pronounced sensitivity
to short-time perturbations. This sensitivity is reflected in nature
by the accurance of polynyas (ice free areas) within the pack ice. In
order to understand this interaction better, the effects of advection
in the ocean, the influence of sea ice dynamics (rheology) and the
feedback via the atmosphere have to be investigated in greater detail.
This in the end leads to coupled atmosphere-sea ice-ocean general circulation models.
Acknowledgements: Thanks are due to D. Olbers for comments on an
earlier version of the paper, to M. Llidicke and M. Grunert for drafting the figures and to U. Kircher for typing the manuscript.
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SOME ASPECTS OF OCEAN CIRCULATION MODELS

Peter Lemke
Max-Planck-Institut fur Meteorologie
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ABSTRACT. A brief review of the characteristics of oceanic general
circulation models (OGCMs) is presented, followed by a discussion of
some aspects of the response of particular OGCMs to climatological and
to variable atmospheric forcing. Furthermore the possibility of multiple
steady states for the oceanic circulation is addressed.
I. INTRODUCTION

The ocean represents an important component of the climate system. It
affects climate conditions through transport of heat, and storage of
heat and C02. The mean oceanic poleward heat transport is comparable
with the atmospheric heat transport. Furthermore the ocean significantly redistributes heat zonally thr0ugh circulation gyres. Due to its
large heat capacity the ocean considerably attenuates the response to
external forcing. The seasonal cycle in maritime regions is small compared with continental climate conditions. The long relaxation time of
the ocean leads to an amplification of the response to internal
"weather" forcing at low frequencies (red noise response). Besides heat
the ocean also stores C02. Therefore the ocean significantly retards
the increase of atmospheric C02 content through C02 uptake at high
latitudes.
2. CHARACTERISTICS OF OCEAN CIRCULATION MODELS
The large-scale ocean circulation is driven by the exchange of heat,
water and, momentum with the atmosphere (Fig. I). The winds<ress directly couples into the equations of motion. Heat fluxes and evaporation
minus precipitation modify the heat and salt budgets, respectively.
Through the equation of state these budgets affect the equations of motion, which in turn change the heat and salt budgets through the advection and diffusion of heat and salinity. Finally the bottom topography
and the shape of the ocean basin determine the character of the oceanic
circulation.
Although the basic physical laws governing a binary fluid system
(Navier-Stokes equations (momentum balance), continuity, equation
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Fig. 1. A schematic diagram showing the various elements in large scale
general circulation models of the ocean (from Holland, 1979).
of state and conservation of heat and salt) are well known, the description of the oceanic circulation is far from being complete. There
are two basic reasons for this. First, the observational data set for
model construction and verification is rather limited. Secondly, for
oceanic purposes it is of no use to solve the Navier-Stokes equations
which contain the full physics on all scales. Presently used approximations of these equations for climatic space and time scales are still
in the state of discussion. Furthermore, the equations used in the present numerical models of the oceanic circulation are nonlinear and the
solution is rather complicated.
Extensive reviews of oceanic general circulation models are given
by Pond and Bryan (1976) and Holland (1977, 1979).
In most prognostic, three-dimensional large scale ocean models the
momentum balance is given by
v_t + (v
A
and
pz

'iJ)v +wv_z + fxv
NA

NA

= -gp

C

1

v
- 'iJp + Arn 'iJ 2v + Km_zz
PoP
HF
VF

(1)

(2)

where y is the horizontal velocity vector, w is the vertical velocity,
t is the Coriolis parameter, p is the pressure, p is the density and Am
and ~ are the horizontal and vertical coefficients of eddy viscosity.
Continuity states that
'iJ • v +

Wz

=0

(3)

p)

(4)

The equation of state

p

= peT, S,
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relates the density to temperature T, salinity S and pressure. Eq. (4)
is rather complicated but can be expressed in tables or various analytic approximations. Finally, the conservation of heat and salt is
given by

where AT/s and KT/S are the horizontal and vertical eddy diffusion
coeffic~ents for temperature and salinity, respectively. C symbolically
represents the convective adjustment process. Eqs. 1 through 5 are
generally referred to as the primitive equations.
There is a large variety of models using various approximations of
the above equations: low resolution primitive equation models (Bryan
and Lewis, 1979), eddy resolving quasi-geostrophic models (Holland~
1978, Holland et aI, 1984), large-scale geostrophic models (Hasselmann,
1982, Maier-Reimer, 1985), high resolution primitive equation models
(Cox, 1985) and quasi-isopycnic models (Bleck and Boudra, 1981; Oberhuber, 1985). These models differ in the applied geometry (sector,
regional, global, bottom topography), the physical processes resolved
(wind driven gyre dynamics, equatorial dynamics, thermocline ventilation, water mass formation), the governing equations used (primitive
equations, quasi-geostrophic, large scale geostrophic) and the numerical techniques applied (the vertical structure in levels, isopycnic
layers or modes, the horizontal structure in gridpoints, spcectral components or finite elements and the time-stepping i.e. explicit, implicit, etc.).
Many features of the real ocean are apparent in the results of
present numerical models. A schematic drawing of the thermohaline circulation found in large scale numerical ocean models is given in Fig.
2. The basic features are wind driven anticyclonic surface gyre with
Upwel ling at the
Western Boundary
Concentratl:'d
Sinking

Fig. 2. A schematic drawing of the ocean circulation found in numerical
models (from Bryan, 1975).
western boundary current,: a cyclonic'gyre at greater depth, sinking
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(deep convection) at high latitudes and upwelling in the interior, at
the equator and at the western boundaries.
Numerical models of the oceanic circulation have been applied; to
determine the equilibrium response to climatological atmospheric forcing
or to a step function change in the surface forcing (Bryan, et al.,
1982). Recently variability studies have been undertaken by calculating
the response of the ocean to time dependent atmospheric forcing (Willebrand, et al., 1980; Bryan et al., 1984). Three examples of these
applications will be discussed in sections 3 and 4.
3. EQUILIBRIUM RESPONSE TO CLIMATOLOGICAL ATMOSPHERIC FORCING
In this section the equilibrium response of a large-scale geostrophic
ocean model to climatological atmospheric forcing is discussed. This
model was suggested by Hasselmann (1982) and implemented by Maier-Reimer
(1985) .
The large-scale geostrophic model is based on the fact that in
the interior ocean the flow is essentially geostrophic, i.e. there is
a balance between the Coriolis force and the horizontal pressure gradient (terms C and P in eq. (I)). In the final stage this model is
planned to consist of the interior ocean model (purely geostrophic)
which is connected to separate models for regions in which the geostrophic balance is no longer valid, i.e. the boundary currents, the
equatorial regions and the surface mixed layer. These separate models
are still in the process of developrrent.
In the present version of the global large scale geostrophic ocean
model the non-geostrophic regions are approximated by linear friction
regimes. The model differs from the primitive equations only through
certain approximations in equations (1) and (5). The acceleration term
(A) and the non-linear advection terms (NA) in eqn. (1) are generally
neglected. The vertical friction term (VF) is only applied in the surface layer (wind stress). The horizontal friction (HF) is included
everywhere (like the terms C and P) but becomes important only in the
large shear zones in the boundary currents and near the equator. The
vertical diffusion term (VD) in eq. (5) is applied only in the surface
layer and is neglected elsewhere. Horizontal diffusion is omitted everywhere. It should be noted however, that the applied vector upwind
scheme used to solve eq. (5) leads to a numerical diffusion, which is
comparable to the diffusion included in other ocean cirulation models.
The time derivative and the nonlinear advection terms are retained in
eq. (5), as well as the convective overturning (C).
The geographical distribution and bathymetry of the world oceans
are fully included in the model. The horizontal resolution is 500 km
and the vertical structure is described by ten layers. The time step
used in eq. (5) is one month. The model is forced with the observed
monthly mean wind stress and annual salinity fields and with the seasonal cycle of surface air temperature generated by an atmospheric GCM
which uses a swamp ocean (Manabe, 1980). A simple parameterization for
sea ice is included in the model.
The results of the circulation model after a 200 year integration
are shown in the following figures. The sea surface velocities are
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displayed in Fig. 3. The main features of the observed ocean surface
circulation pattern are well reproduced: the western boundary currents
which are also seen in deeper layers and the westward Equatorial
Currents which reverse in the second layer to form the eastward
Equatorial Undercurrents. However, due to the coarse resolution, the
currents are broader and slower than in nature, but the volume transports are generally in agreement with observations.
A vertical temperature section for the eastern Pacific lS shown
In Fig. 4. The most predominant feature is the structure of the main
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Fig. 4. Meridional temperature (OC) section in the Eastern Pacific.
(From Maier-Reimer, 1985).
thermocline described by, say, the SoC isotherme, which fairly well
reflects the effect of the equatorial upwelling, the Ekman pumping at
moderate latitudes and the deep convection in polar regions.
Finally, the meridional oceanic circulation which is an important
quantity in climate dynamics is represented in Fig. 5 by the global
meridional stream function (zonal integration of the velocity field
over all ocean basins). Two separate cells are clearly to be distinguished. The northern hemispheric cell is more pronounced at higher levels
and ranges up to 60Sv, which is probably somewhat overestimated. The
southern hemispheric cell is dominant at greater depth with values up
to 50Sv.
Further details of the ZOO year integration as well as results
from tracer and CO Z storage experiments are given by Maier-Reimer
(1985).
4. RESPONSE TO VARIABLE ATMOSPHERIC FORCING
Ocean general circulation models have been applied traditionally to
study the mean ocean circulation. It is only recently that the variability of the oceanic circulation has been addressed in numerical
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Fig.5, Global meridional stream function. Units are I06m3 s -1 [Sv] (From Maier-Reimer, 1985).
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models. In this chapter we will discuss two examples, a large scale
geostrophic model for the North Atlantic forced with variable winds
and heat fluxes, and a primitive equation model for the equatorial
Pacific forced with observed winds.
4.1

North Atlantic response

The response of the large scale geostrophic model discussed above to
observed variations of winds and heat fluxes was investiqated by Olbers
and Willebrand (1985). The model covers the North Atlantic. The
southern and northern boundaries are represented by Walls at 30N and
80N. The horizontal resolution is 2.2 degrees and the vertical structure
is described by 6 layers. A realistic geography and bottom topography
is included. The model uses a time step of 7 days. It was initialized
with temperature and salinity data from Levitus (1982) and run for
25 years with the annual mean Hellerman-Rosenstein (1983) winds and a
Haney (1971) type surface heat flux condition which relaxes the surface
temperature and salinity to Levitus# annual mean T and S values within
5 days.
The state after 25 years of integration was taken as the initial
state for two experiments, a 25-year standard run with the climatological boundary conditions used in the first 25 years, and an anomaly
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Fig. 6. Western boundary current fluctuations at 30N. Barotropic transport for variable wind and SST-forcing with (solid line) and without
(dashed line) bottom torque term. (from Olbers and Willebrand, 1986).
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experiment in which observed wind stress and sea surface temperature
(SST) anomalies for the period 1948-1972 (Bunker and Goldsmith, 1979)
were superimposed on the annual mean values. The seasonal variation
was removed from the anomalies. Thus, the forcing and the model response
as well do not include the seasonal cycle.
The difference between standard and anomaly experiment is displayed in Fig. 6, which shows the western boundary current fluctuations
at 30N. The solid line represents the barotropic transport for variable
wind and SST-forcing for the full baroclinic model including bottom
topography effects. The amplitude of the fluctuations is about 2-5 Sv.
Elimination of the bottom torque term in the barotropic equations,
i.e. a purely homogeneous ocean with bottom topography on the contrary
reduces the response by a factor of 2 (dashed line in Fig. 6). This
means that density variations through the vertically integrated baroclinic pressure gradient significantly enhance the variability of the
barotropic transport.
The above values of the full model response are far smaller than
the variations of the flat-bottom Sverdrup transport (determined from
the curl of the wind stress anomalies) which amount to 10-20Sv.
4.2

Equatorial Pacific response

The equatorial Pacific exhibits the most important interannual climate
variation known as EI Nino. During El Nino events anomalous warm surface waters appear for several months over the entire equatorial zone,
causing disastrous economic consequences for the fishing and guano industries along the South American coast. The occurance of EI Nino has
been empirically related to the equatorial wind anomaly fields (Wyrtki,
1975), to the Southern Oscillation (Rasmusson and Carpenter, 1982;
Wright, 1977) and to North American weather patterns (Horel and
Wallace, 1981).
The physical mechanism behind the EI Nino phenomenon is not yet
fully understood. Several simple models have been proposed. But it ~s
3enerally believed that more sophisticated models like oceanic and
atmospheric general
circulation models are necessary to describe this
coupled ocean-atmosphere phenomenon more realistically.
In order to investigate the oceanic part of the interaction loop
Latif (1985) has forced a primitive equation ocean model for the equatorial Pacific with 32 years of observed winds. The model uses the full
Eqs. (1) through (5) with the exception that the horizontal diffusion
in Eq. (5) is omitted and salinity effects are neglected. A variable
grid is applied with higher resolution (50 km) near the equator and the
coasts. Vertically there are 13 levels, most of which are placed within
the thermocline. Bottom topography is not included. The time step is
two hours. The model is forced at the surface with 32 years (1947-1978)
of observed wind stress (Barnett, 1983) and a heat flux which is pararneterized according to Haney (1971) with a constant forcing temperature
of 26 0 C and a relaxation time of about 30 days.
The period of forcing data used is characterized by pronounced
interannual signals, associated with warm as well as with cold events.
The heavy line i.nFig. 7a represents the observed SST anomalies near
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the dateline on the equator. It is seen that the most prominent warm
events occured during the years 1957, 1965, 1968 and 1972, whereas the
years 1955, 1973 and 1975 must be classified as "cold years". It is
also seen that the model response (thin line in Fig. 7a) is in remarkable agreement with the data. The model reproduces not only the observed
warm events associated with the EI Ninos, but also the pronounced cold
events. Fig7b shows that most of the observed variance occurs within
the frequency range of 2-8 cycles per 16 years with a maximum at 3
cycles per 16 years. The computed variance spectrum compares rather
well. In the range of highest variance the coherence between observed
and simulated time series is above the 99% confidence level (Fig. 7c),
while the phase angles vanish (Fig. 7d). Generally the time and space
structure of the equatorial model response to observed winds is in good
agreement with observations.
5. MULTIPLE STEADY STATES
Shortly after the first theoretical concepts of the oceanic circulation
have been developed, Stommel (1961) discovered the importance of the
difference between the temperature and salinity boundary conditions at
the ocean surface for the character of the thermohaline circulation.
The model investigated was a simple two-box model, with hydraulic
connections. Each box was forced by temperature and salt fluxes described by a Rayleigh law, i.e. the fluxes were proportional to the
difference between the actual box values and externally prescribed
reference values for temperature and salinity, respectively. The proportionality constants correspond to relaxation times of the surface
temperature and salinity fields. If these constants were taken to be
different for temperature and salinity, the model was capable of responding with several different steady states for the same steady forcing. For equal constants only one steady solution was possible.
Recently several other box-models have been explored with respect
to their stability characteristics (Rooth, 1982; Walin, 1985; Welander,
1986). Rooth constructed a three-box model representing the ocean from
pole to pole: one-~quatoEial box and two smaller, equal polar boxes.
Upper hydraulic connections exist between the polar boxes and the
equatorial container, and a single deep connection joins the two polar
boxes. The boundary conditions were given by a Rayleigh flux law for
the temperature, with equal fluxes for both polar containers, and a
fixed freshwater forcing, creating equal salinity fluxes from the two
polar basins into the equatorial basin. A nonlinear equation of state
was used. The model results show that a possible symmetric solution
(equal conditions in both polar containers) could become unstable,
leading to an asymmetric steady state, with a pole-to-pole flow in the
deep connection.
Bryan (1985) has investigated these properties with a three-dimensional numerical ocean circulation mode~ which consists of two 60 0 wide
sector ocean basins extending in the meridional direction from pole to
pole. Both basins have a flat bottom at 5 km depth. The model retains
the full dynamical and thermodynamical complexity of the world ocean
circulation (the primitive equations (1) through (5». The model reso-
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lution is 3.75 0 in longitude and 4.5 0 in latitude, and has 12 levels.
It is forced with a zonal windstress and zonally uniform surface temperature and salinity. The boundary conditions were taken to be symmetric with respect to the equator.
Two experiments were conducted. A standard run with equatorial
symmetric inital conditions shows an equatorially symmetric meridional
circulation: two equator-to-pole circulation cells, which are stable
to small perturbations. In a perturbation experiment a positive 2 0/00
salinity anomaly was introduced into the uppermost level of the model,
north of 45N. Otherwise the initial conditions remained equatorially
symmetric. As the model is integrated forward in time with fixed equatorially symmetric boundary fluxes from the standard run, the symmetric
circulation decays and a single pole to pole meridional circulation gyre
develops which remains stable. Associated with this change in the meridional circulation pattern is a dramatic change in the poleward heat
transport. In the real world this would probably cause a significant
climatic change. It should be noted here that there is evidence from
paleoclimatic data (ice cores) for substantial changes in the basic
oceanic circulation characteristics (Broecker, et al., 1985).
6. CONCLUSIONS
Existing ocean GCMs are able to reproduce most of the main features of
the steady world ocean circulation, especially the wind-driven subtropical gyres, the equatorial circulation system and the overall temperature structure. The variability in numerical ocean models has been
addressed only recently. The good agreement of variations on time-scales
up to a few years produced by equatorial ocean models with observation
seems promising. On longer time scales the situation is less satisfactory, mainly because observations for forcing and verification of
ocean models are not available. In general the response of ocean models
to variable boundary conditions and finite perturbations (multiple
steady states) needs to be explored in greater detail. Comparison with
nature will be a little easier in the near future with the collection
of satellite data on surface winds and ocean surface topography.
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CLIMATE VARIABILITY: SOME RESULTS FROM A SIMPLE LOW-ORDER GCM

H. N. Dalfes
National Center for Atmospheric Research
Boulder, 80307-3000
U.S.A.

ABSTRACT. The shortcomings of stochastic models of climate variability are briefly
reviewed. A climate model consisting of a low-order semi-spectral atmospheric general
circulation model coupled to a mixed layer "ocean" is described. Numerical experiments
done with this model generate climate variability in all resolved time scales. Resulting
surface temperature time series are analysed in space frequency domains. Observed
features are compared with those produced by simple stochastic climate models.
1. IN1RODUCTION AND MOTN ATION

The climate system can be considered as composed of several subsystems, each with
different characteristic space and time scales and exchanging mass, energy and'momenta at
all space and time scales. This multiplicity of space and time scales of the climate system
makes of any attempt of "synchronous" integration of all relevant equations an
insurmontable task with the present day computer technology.
The climate spectra on the other hand, as estimated from instrumental and proxy
records, display variability at all time scales, and can viewed as consisting of two
components: accumulations of variance in narrow band regions (i.e. discrete spectrum)
and a background continuum. This continuum has a marked "red" character, i.e. variance
is preferentially concentrated toward the low end of the resolved frequency scales (see e.g.
Kutzbach and Bryson, 1974).
The so-called stochastic models of climate variability have addressed both
components of spectra. Here, we are only interested in results derived with these models
for global and zonal surface temperature variances and shapes of the continuous part of
their spectra. The approach (which was first suggested by Mitchell (1966), but later
formalised by Hasselmann (1976» is based on the hypothesis of characteristic time scale
separation between interacting climate subsystems. This simplification permits a stochastic
parameterization of forcings of the "fast" subsystem on the "slow" subsystem (here we are
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only considering the case of a climate system consisting of two subsystems). The statistics
of these random forcings can be made to depend on the state of the slow system only in
fairly arbitrary ways; i.e., lacking a statistical thermodynamical analogy, it is very difficult
to develop parameterizations that will take into account realistic feedbacks from the slow
system on the statistics of the fast system forcings.
Despite of above mentioned restrictions, applications of these ideas in the context of
zonally averaged energy balance models (Lemke, 1977; Robock, 1978 and Da1fes et at.,
1983) lead to interesting results that, in very broad terms, confirm the basic idea of
Hasse1mann, but they also generated some fundamental questions. It has been observed
that surface temperature variances generated as a result of integrations of the "fast" system
noise with these simple climate systems depend on variance of his noise, on the global
sensitivity of the "slow" component (as expressed, for example, by the sensitivity to solar
irradiance changes), but also on the schemes used to introduce this noise in the equation(s)
governing the dynamics of the "slow" system. But most importantly, it has been concluded
that shapes of variance spectra of surface temperature time series depend strongly on the
latitude considered and on the scheme used to introduce the stochastic noise.
These studies have shown the need to move up in the hierarchy of climate models,
i.e. to use a more complexe, more realistic model to test the basic assumptions that went
into stochastic models. We will present below some of the preliminary results with such a
model consisting of a simple atmospheric general circulation model coupled to a mixed
layer "ocean". A more detailed description of the model and its statistical properties will be
deferred to a forthcoming paper (Thompson and Dalfes, 1986).
2. MODELS AND EXPERIMENTS
Experiments described in this paper are done with a climate model consisting of a
low-order semi-spectral atmospheric general circulation model (AGCM) coupled through
surface fluxes to the simplest possible "ocean" model, i.e. to a series of isolated (no
oceanic heat or momemtum transport) zonal slabs of water of a depth of 50 m. The
AGCM is a global model based on primitive equations. The vertical dimension is measured
in cr coordinates and the horizontal fields are represented on a finite difference grid in
latitude and with Fourier components in longitude. The version used in the experiments
has 3 layers of equal Llcr and we are considering only wavenumbers 0, 3 and 6 in
longitudinal direction. The "physics" of the model is mostly zonally symmetric and
moisture fields are prescribed.
As described above, this climate model represents an "all-ocean" planet;
consequently there is a full hemispheric symmetry: any interhemispheric differences in the
statistics are indirect indications of the level of confidence in the respective estimates.
Here we will discuss two experiments: first one consists of an integration of the
AGCM alone (the "swamp" case). For the second experiment AGCM is coupled to the
simple "ocean" described above (the "mixed layer" case). In both cases, the model is
integrated 3 times for 56 years and the first 8 years are discarded to avoid transient effects.
Hence each case is represented by an ensemble of three 48 year time series of zonal surface
temperatures sampled at 3 day intervals.
Results are analyzed in time and frequency domains. Descriptive statistics are
computed for 3-dai1y sample time series as well as for annually averaged series.
Frequency spectra are estimated via discrete Fourier transform followed by ensemble and
frequency averaging.
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3. RESULTS
3.1. Global and zonal statistics of variability
Surface temperature variability generated in these experiments is displayed in Table 1.
Relative proportions of variance in 3-daily samples and annually averaged time series
already give coarse indications of the variance spectra for each experiment: in the case of
the "swamp" experiment annual averaging, as expected, reduces the standard deviation
almost by half. On the other hand such an averaging affects very little the variability in the
case of the mixed layer experiment, most of the variance in this case being concentrated at
time scales longer than a year.

TABLE 1. Comparison of global climatic variability levels generated in the
experiments expressed as standard deviations of globally averaged surface
temperatures.
Standard deviations (K)
Experiment

3-daily samples

Annual averages

"Swamp"

0.496

0.241

Mixed layer

0.237

0.195

The order of magnitude of the variability in the mixed layer case compares well with
those obtained by Lemke (1977) or by Dalfes et at. (1983) (hereafter referred as DST)
when an additive scheme is used to introduce the "atmospheric noise" into the climate
equations. For the multiplicative (parametric) forcing case of DST, variability level is at
least an order of magnitude lower. Though Robock (1978) reports a high level of
variability with a scheme similar to the multiplicative case of DST, the disagrement
between these results can be, to a certain extent, attributed to a difference in deterministic
global sensitivity between these models.
The meridional profile of surface temperature variability as it can be seen on Fig.1 is
somewhat different than those obtained by DST with a stochastic model. Both approaches
agree in that they both generate low tropical variability: for the case DST, this result is not
surprising since local stochastic forcing at the tropics was explicitly inhibited. In the case
of the present AGCM neglect of some physical processes important in this region (e.g.
moist convective processes) can explain the result. Present experiments show that the
zonal surface temperature variability peaks around 70° and in the mixed layer case, there is
a secondary peak around 45°. Polar variability levels are comparable to the mid-latitudes.
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FIG. 1. Meridional profile of zonal surface temperature variability expressed as standard
deviations of 3-daily and annually averaged time series.
3.2. Climate spectra: character of the continuum
Hasselman's formalism for stochastic climate models predicts a Lorentzian shape for the
simplest case of a linear system with additive noise (i.e. a Langevin equation). Such a
spectrum has anj-2 asymptote (wherej is the frequency). Later studies (Lemke, 1977;
DST) have shown that this result cannot be generalized. Additions of nonlinearities to
climate models or changes from the original additive noise scheme to parametric noise
schemes affect spectral shapes substantially. Also it has been observed that the spectral
asymptotes depend on latitude.
Examples of spectra derived from time series generated by the "mixed layer"
experiment can be seen on Fig. 2. A clear dependence on latitude is evident. For
frequencies less than 1 y-l (i.e. "climate" time scales), all spectra have an almost j-2
asymptote. For time scales less than one year, spectral shapes differ substantially between
different latitudes. In the tropics, it has approximately aj-4 dependence. In the polar
regions the asymptote has exponent of -3/4. In the mid-latitudes, a broad local maximum

0
Z

L

E

0

~

Q)

"U

>

0

r::
0
.;:

0

Q)

"U

Q)

r::

'iii

.c

I 95 %

42.5' N

Frequency (y-I)

~.

Ts

Q)

>

C

'':

C

c:

10-'

10·

010'

CI

.=C

10'

10'

I

10-'

t
i

10-'

,
10·

"'iI

i

I
10'

,I

"q

10'

""I

III'

'

42,S' N

Frequency (y-')

11'1

1

• ""'''1

9H

""Ill

Hs

Q)

0
Z

0

E
....

N

-U

>

0

Q)

u
r::
0
.;:

"U

Q)

r::

CIl

£'
1

I 95 %

42.5" N

~

10- 8
10-2

10- 7

10-6

10

0

10'

Frequency (y-I)

10- 1

102

1O-4~~-

10-3

10-2 E

10- ~

10°

Fs

FIG. 3. An input-output analysis of susbsystem interaction at a given latitude band:
spectrum of the zonal surface temperature ST can be analyzed as a product of the input
spectrum of the total surface energy flux SF and of a variance gain function Hs rep-resenting
the integrating effect of the "slow" subsystem. For frequencies greater than 1 y-l, there is
no integrating effect; at lower frequencies the function has the typical behavior with a -2
log-log slope.

10- 8 I I2 I II ""I ''''
""I '" ",,,I 1 '''' ""I10:
1010-1 10°
10

10-7

10-6

10- 6

10-4

10-3

10-2

10-1

10°

~

~

n

::0
Cl

6
:0
otT1

5::;:

tT1

r

~

en

o
~
»

:0

'"!l

5

c:::

[):l

:0

~

?

1:0

;;

:0

»
;;i
»-<

~

nr

H. N. DALFES

472

centered around 2 y-l is observed.
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FIG. 2. Normalized variance spectra for 3-daily zonal surface temperature time series for
the mixed layer experiment.

Another way of looking at these zonal spectra can be an input-output type of
analysis. Since the connection between the "fast" system (i.e. the AGCM) and the "slow"
system (i.e. the mixed layer "ocean") is maintained through surface energy fluxes, a
transfer function can be deduced from spectra of the total surface energy flux and of
surface temperatures such that:

Sf'

SF and Hs are respectively the spectrum of zonal surface temperature,
where
the spectrum 0 total surface energy flux and the transfer function for a given latitude band.
Fig. 3, displays the result of such an analysis for 42.5" N. As a preliminary conclusion,
one can say that, for frequencies greater than 1 y-l, the "slow" system has no integrating
effect; at lower frequencies this function has a typical behavior with aj-2 asymptote.
4. CONCLUSIONS AND FUTURE DIRECTIONS
The model and experiments described here provide a good example of the usefulness of a
hierarchical approach to modeling of climatic change and variability. The use of a model
with more complexity and realism than the stochastic models provides a test bed for the
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assumptions that went into these simpler models.
The climate model described has the advantage of explicitly computing atmospheric
circulation and its variations at all time scales of interest; it provides more "realistic"
forcings on the "slow" system. In tum, changes in the state of this "slow" system can
influence, for example through equator-to-pole temperature gradient, the behavior of the
atmosphere, hence the statistics of the surface forcings. As a result, investigations of the
effects of two-way feedbacks on the climate variability are possible.
The computational efficiency of this simple AGCM-mixed layer climate model,
allows long-term synchronous integrations at moderate computational costs on the present
generation vector computers. On the other hand, as we have mentioned in several
occasions in this paper, certain simplifications of this model limit the significance of its
results in some regions (e.g. tropics) or time scales.
The present set of experiments seems to compare favorably with stochastic
modelling results, though all possibilities of intercomparison have not yet been exhausted.
Experiments with more sophisticated "mixed layer" or other type simple ocean models will
be useful in this respect. Also, the "all ocean" planet assumption should be relaxed and
hemispheric asymmetries should be introduced.
The capability of long integrations at moderate costs will allow applications to those
problems where an extensive sampling in the phase space is a requirement. Some of these
applications will be presented in forthcoming papers.
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ABSTRACT. The nuclear winter hypothesis and the associated research
effort represent a difficult challenge to the climate modelling community because of the inherently unpredictable nature of a hypothetical
nuclear war, uncertainties involving the amount and optical properties
of aerosols surviving initial rainout processes, the highly nonlinear
nature of the various forcings and interactions involved in determining
the climate response to a given aerosol loading and, associated with
this nonlinearity, a strong dependence of the climatic response on
initial conditions. At the same time, the nuclear winter hypothesis
serves as a stimulus for climate model improvements, which should
narrow some of the uncertainty in nuclear winter research, but should
also aid in the study of other climatic and environmental problems,
such as the C02 increase, Arctic haze, and natural ice age atmospheric
aerosol content increases.
1.

INTRODUCTION

In this discussion of nuclear winter we shall be concerned primarily
with the value of the nuclear winter hypothesis, and the associated
research effort, in elucidating certain features of the climate system
and of climate models, and in serving as a stimulus for climate model
improvement. The substantive results emerging from the current
research effort shall not be discussed ~~, except to the extent
that they serve the above-mentioned objectives. The nuclear winter
hypothesis is currently the subject of intensive research, and the
reader is referred elsewhere for detailed results (Alexandrov and
Stenchikov, 1983; Turco et a1., 1983; Covey et a1., 1984, 1985; Robock,
1984; Thompson et al., 1984; Warren and Wiscombe, 1985; Ramaswamy and
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Kiehl, 1985; Thompson, 1985; National Academy of Sciences, 1985; Royal
Society of Canada, 1985; Cotton, 1985; Cess et a1., 1986; Malone et
a1., 1986). Similarly, the political and strategic implications of
nuclear winter, and the personal responsibility of scientists as
c1t1zens, will not be discussed here, as these important issues are
·also discussed elsewhere (i.e., Sagan, 1984; Malone, 1984; Posto1,
1985). Rather, the emphasis here shall be on the methodological issues
of (1) how results obtained from deliberately highly simplified models
and modelling assumptions have nevertheless served to build intuition
concerning the nuclear winter problem; (2) how simple models aid in the
interpretation of more complex models; and (3) how the results obtained
depend on initial conditions.
The nuclear winter phenomenon represents a massive perturbation to
the climate system, which for some variables and processes is much
larger than existing models were developed to study. Thus, in some
ways the study of nuclear winter stretches our climate models beyond
the usual range of conditions for which they are calibrated. In other
ways the nuclear winter problem is simpler than more conventional problems such as the C02 problem, because for heavy, widely distributed
smoke clouds, water droplet cloud feedback processes are almost irrelevant, whereas potential cloud feedback processes represent one of
the major sources of uncertainty in estimating the climatic effect of a
C02 increase (Schlesinger and Mitchell, 1986). The nuclear winter
problem has served to focus attention on certain features of existing
climate models, and at the same time has forced the climate modelling
community to try to improve several deficiencies in existing models.
These developments should not only lead to more credible simulations of
the climatic impact of a given smoke and dust injection scenario, but
also lead to improvements in our ability to model other important
(albeit less catastrophic but hopefully more probable) climatic and
environmental perturbations, such as acid rain and the climatic impact
of the atmospheric C02 increase and Arctic haze.
The nuclear winter hypothesis is plagued by major uncertainties at
almost every step in the calculation of climatic and physical effects.
These uncertainties can be classified as resolvable and unresolvable
uncertainties. Many of the unresolvable uncertainties arise from the
inherently unpredictable nature of a hypothetical nuclear war, but
other uncertainties arise from the highly nonlinear nature of the
problem and, associated with this nonlinearity, the strong dependence
of the outcome on initial conditions.
The climatic effects of nuclear war arise from the generation of
large quantities of smoke and dust aerosols following a nuclear exchange. Smoke aerosols, in which the most important optically-active
constituent is elemental carbon, are produced by the burning of
forests, grasslands and cities for several days or weeks after a
nuclear exchange, and are initially injected largely or entirely into
the troposphere. Dust aerosols, on the other hand, are produced by
ground bursts at military targets (primarily missile silos according to
most scenarios) and might be injected into the stratosphere within a
few minutes after the nuclear explosion. Smoke aerosols, particularly
those produced by burning cities, are highly absorbing, whereas dust
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aerosols are largely scattering. The climatic effects predicted by the
nuclear winter hypothesis arise largely from smoke aerosols which, for
absorption optical depths on the order of 3 or more and a global mean
optical path length of 2.0, are sufficient to reduce the amount of
solar energy incident at the surface to less than 1% of the insolation
incident of the top of the atmosphere. The short and intermediate term
climatic effects of a given smoke aerosol loading, however, are highly
dependent on the dynamical response of the atmosphere to the initial
and subsequent radiative perturbation, as well as on the aerosol lifetime. The radiative perturbation, dynamical response, and aerosol
lifetime are highly interdependent, and all three are modulated by the
presence or absence of a stratospheric dust layer.
In the following discussion we shall deal primarily in terms of
various smoke and dust optical depth scenarios, rather than in terms of
actual war scenarios and amounts of smoke and dust produced. The" uncertainties in the number and types of targets, area burnt, mass of
combustibles per unit area, amount of smoke produced per unit mass of
combustibles, fraction of smoke produced which survives initial rainout
processes, and the evolution of the optical properties of the smoke
(and, to a lesser extent, dust) through time are so large that a given
aerosol optical depth could be produced by a large number of war
scenarios (Crutzen et aI., 1985; NAS, 1985). Since our interest here
is primarily in the climate modelling facets of the nuclear winter
problem, we begin with specified optical depths. The range of optical
depths considered here, however, is well within the range of plausibility. The specific combination of smoke or dust amount and absorption and scattering coefficients which lead to a given optical
depth do, however, assume greater importance for interactive aerosolclimate models, in which nonlinearities involving climate response and
residence times of the aerosols do depend on the absolute physical
amount of aerosol present (Malone et al., 1986).
2.

RADIATIVE FORCING OF SMOKE AND DUST AEROSOLS

Some of the most critical factors in determining the climatic impact of
a given nuclear war and aerosol generation scenario involve the microphysical and small meteorological scale processes of smoke aerosol coagulation, dispersal, and removal. Coagulation processes alter both
the optical and physical properties of smoke aerosols. Most aerosols
would quickly become largely restricted to the "accumulation mode" size
range, between 0.1 ~m and 1.0 ~ in radius. According to calculations
appropriate for polydispersed spherical particles, for a given index of
refraction and fixed total mass the visible optical depth decreases
with increasing particle size larger than about 0.1 ~, whereas the
infrared optical depth increases with increasing particle size larger
than about 0.1 ~ (Ramaswamy and Kiehl, 1985). In the size interval
0.1 - 1.0 ~ the visible optical depth is greater than the infrared
optical depth. A major, put in principle, resolvable uncertainty is
the effect of nonspherical particle shape on optical properties. Coagulation processes would thus alter the optical properties of smoke by
changing particle size and probably also by changing particle shape.
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Coagulation process would also alter the physical properties of
aerosols by, for example, transforming a hydrophobic smoke aerosol into
a hydroscopic one by coagulating it with sulfate (for example). Thus,
the early processes of aerosol coagulation could have a significant
impact on the radiative forcing and hence on the magnitude of nuclear
winter climatic effects. The extent of early aerosol coagulation would
be at least partially dependent on cloud droplet condensation processes, and hence on antecedent meteorological conditions, because
cloud droplet formation around aerosol particles followed by droplet
evaporation would result in particle coagulation. In the event that
the cloud droplet does not evaporate but falls to the ground as rain,
on the other hand, the enclosed aerosol particles will be removed from
the atmosphere. This introduces another major uncertaintay associated
with the initial small-scale processes, namely, the fraction of aerosol
originally injected into the atmosphere which is washed out within a
few hours after the onset of fires, and before three-dimensional mixing
processes can spread the smoke to the typical scale of a General Circulation Model (GCM) grid (_103 xl0 3 km). As there is almost no observational basis on which to estimate this quantity, it has generally
been assumed that 50% of the smoke aerosols generated by nuclear war
fires would be promptly removed before interacting radiatively, as in
NAS (1985).
For those smoke aerosols which survive early washout processes,
the net radiative forcing depends not only on the intrinsic optical
properties of the aerosols, the aerosol size distribution, and the
effects of coagulation to other particles and of variable relative
humidity, but also depends significantly on the vertical distribution
of the aerosols. The main way in which the vertical distribution of
aerosols influences the net radiative forcing is by controlling the
relative heights of solar absorption and infrared emission. For the
simple case of two layers with equal solar absorption and infrared
emission, they will tend to be at the same temperature. If solar absorption occurs predominately above infrared emission, the lower layer
will tend to be colder (neglecting surface heat sources such as
oceans), whereas if solar absorption occurs predominantly below infrared emission, the lower layer will tend to be warmer. Because the
solar optical depth tends to be much greater than the infrared optical
depth for mode radii between 0.1 and 1.0 ~, the level of solar absorption tends to be much higher than the effective emitting level for
smoke aerosols having a constant density with height, leading to surface cooling. For aerosols with an exponential decrease of density
with height, the height of solar absorption is closer to the infrared
emitting level, thereby reducing the magnitude of surface cooling
(Ramaswamy and Kiehl, 1985).
3.

CLIMATE SENSITIVITY

A climate sensitivity parameter A can be defined by
I1T

G

s

1:

(1)
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where G is the radiative forcing of the surface-troposphere system,
ATs is the surface temperature response, and A is a response parameter which incorporates various feedback processes. For small perturbations of the type usually studied with climate models, such as a C02
increase or a solar constant increase, the surface temperature response
depends not on the radiative forcing at the surface itself or at the
top of the atmosphere, but rather depends on the net surface-troposphere forcing. This dependence arises because, for these perturbations, the surface and troposphere are convectively coupled and so
behave as a single system. Thus, both solar constant changes and C02
changes result in a similar surface sensitivity parameter, in spite of
the fact that the partitioning of the direct radiative forcing between
the surface and troposphere is significantly different for these two
perturbations. This sensitivity parameter is plotted in Fig. 1 (taken
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Figure 1. Climate sensltlvlty parameter for a given radiativeconvective climate model as a function of the direct surfacetroposphere radiative forcing, for forcings associated with a carbon
dioxide increase, solar constant increase, and injection of atmospheric
smoke, taken from Cess et a1. (1986).
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from Cess et al., 1986) for a given radiative-convective climate model
as a function of the perturbation in net troposphere-surface forcing
for C02 and solar constant increases. As seen from Fig. 1, the sensitivity parameter is essentially the same for both types of external
forcing, and is largely independent of the magnitude of the forcing,
within the range considered here.
In the case of highly absorbing smoke aerosols, in which the
direct radiative forcing is one of atmospheric heating and surface
cooling, the situation is dramatically different, as seen from Fig. 1.
The sensitivity parameter is significantly smaller than for either C02
or solar constant forcing and, furthermore, depends on the magnitude of
the forcing, with an abrupt downturn at a forcing of 16 Wm- 2 (corresponding to an absorption optical depth of about 1.0). Reasons for
this behavior are explained in detail in Cess et al. (1986). Briefly,
for small optical depths less than about 1.0, the surface and troposphere remain convectively coupled but less so than under normal conditions. Hence, net surface-troposphere forcing (one of warming) still
dominates over direct surface forcing (one of cooling) so the surface
warms, but with a reduced surface sensitivity parameter. As optical
depth increases, the atmospheric heating and associated downward infrared emission increase, largely compensating for the decrease in absorbed solar energy at the surface, and resulting in a gradual decrease
in A. The surface warming thus increases with increasing forcing, but
by less than if A were constant. Near an optical depth of unity
(depending on the aerosol single scattering albedo, zenith angle, surface albedo, and other factors) the downward infrared emission incident
at the surface begins to decrease because the atmospheric solar absorption by smoke occurs at progressively higher levels. Hence, the
initial increase in surface warming with optical depth begins to decrease, and eventually leads to a surface cooling. At about the same
optical depth (for the model used here) the atmospheric stability is
increased to the point that the surface becomes convectively decoupled
from the troposphere. Thus, we switch from a regime in which the surface temperature response is governed by net surface-troposphere
forcing, to one in which it is governed by net surface forcing. This
switch in regime occurs rather abruptly as the forcing increases, and
is accompanied by a change in the sign of the response.

4. CLIMATE MODEL STUDIES OF THE NUCLEAR WINTER PROBLEM
Climate modeling studies to date of the nuclear winter phenomenon can
be divided into 4 generations: (1) First generation, using globallyaveraged, one-dimensional models (Turco et al., 1983); (2) second
generation, using 3-D GCMs with fixed smoke distribution (Alexandrov
and Stenchikov, 1983; Covey et al., 1984, 1985; Cess et al., 1986); (3)
third generation, using a 3-D GCM with interactive smoke transport and
radiation, but no smoke removal (Thompson, 1985); and (4) fourth
generation, using a 3-D GCM with smoke transport and absorpton as in
(3), and smoke removal as well (Malone et al., 1986). In many ways
this sequence satisfies the first commandment of climate modelling,
"Thou shalt not change more than one thing at a time."
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The first generation studies demonstrated the potential importance
of nuclear war smoke and dust for climate, and suggested that there
would be important differences between land and sea.
The second generation studies used 3-D GCMs, thereby incorporating
the effects of land-sea contrasts, regional geography, and propagating,
time-dependent storm systems and weather patterns. The imposed smoke
cloud interacted with solar radiation, but unlike the first-generation,
one-dimensional study of Turco et al. (1983), the smoke amount was constant in time (and fixed in space). That is, although the smoke perturbed the radiative heating and generated anomalous winds, the smoke
itself was not transported by these winds. In reality, the smoke would
be transported, thereby creating new radiative perturbations beyond the
region in which the smoke was initially placed, which would further
modify the winds. The second generation studies, although using a
fixed smoke distribution (zonally uniform in the case of NCAR), nevertheless demonstrated the rapidity with which local freezing can occur
(this could have been demonstrated with 1-D models), and suggested that
in models with more realistic smoke patterns that quick, short-term but
frequent freezing or near freezing temperatures might occur on a
regional basis (individual gridpoints in the NCAR CCM in mid-continents
were sometimes colder than that obtained by Turco et al. (1983), even
though the mean mid-continent cooling was less). The NCAR study (Covey
et al., 1984) suggested that heating of the smoke might perturb flow
patterns enough to lift the'smoke well above its initial injection
heights, suggested that significant cloud amount decreases would occur
in the heated part of the atmosphere, thereby reducing precipitation
and increasing the lifetime of the smoke that survived initial rainout
processes, strongly suggested that a dynamical threshold exists for the
response of the Hadley Cell to the smoke and dust induced heating perturbations, and demonstrated the importance of seasonality.
The Cess et al. (1986) study in particular indicated the importance of initial meteorological conditions in determining the
temperature response in specific regions. Figure 2, taken from the
Cess et al. (1986), shows the zonally-averaged temperature response ten
days after a given smoke injection scenario, as a function of the
starting day of a control run in which the smoke is injected. The dependence on initial conditions indicated in Fig. 2 is in addition to
that which would arise from the dependence of the evolving aerosol
optical properties and aerosol amounts on antecedent meteorological
conditions discussed earlier, because for each of the experiments shown
in Fig. 2 the aerosol loading and optical properties are identical.
The NCAR study (Covey et al., 1984, 1985) is particularly interesting from a methodological point of view because, although deliberately simplified and unrealistic assumptions were made (namely, a
zonally-uniform smoke cloud suddenly imposed at time t = 0), the NCAR
study nevertheless provided many useful insights into the nature of the
nuclear winter problem (enumerated above), and provided clear indications of what might happen in more realistic simulations.
In the third generation study of Thompson (1985), transport of
smoke by winds is added, thereby permitting interactive feedback
between the radiation field and model dynamics, such that once the
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Figure 2. Zonally-averaged changes in July surface air temperature for
a smoke optical depth of 1.5 for three different times of a control run
in which the smoke is injected, using the GeM of Cess et al. (1986).
Temperature changes are for 10 days after the smoke injection, and are
based on comparison with the corresponding day of the control run.
radiation field modifies the winds, these winds modify the smoke
distribution, which further modifies the radiation field. Removal processes, however, were not included, so that the total smoke content
remains constant. The third generation studies confirmed the possibility of quick, short term transient freezing episodes, confirmed that
heating of the smoke would lead to upward movement of the smoke beyond
its initial injection heights, but did not produce streamers of smoke
moving into the Southern Hemisphere (as might have been expected based
on the second generation results). Instead, rather patchy blobs that
look more like irregular diffusion moved into the subtropics in places,
causing 10-lSoC quick chills.
The fourth generation studies (Malone et al., 1986, and currently
in progress at NCAR) include smoke solar radiative effects and smoke
transport, as in the third generation studies, but in addition attempt
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to account for the long term (days to weeks) subgrid scale processes of
aerosol removal from the atmosphere. These studies do not, however,
attempt to model the subgrid scale processs of cloud generation,
aerosol coagulation, and rainout which would occur in the immediate
aftermath of a nuclear war, while fires are still burning; one must
still make highly uncertain assumptions as to how much of the smoke
initially injected into the atmosphere would survive these processes,
spread to GCM grid scales, and participate in the radiative, transport,
and removal processes parameterized in the GCM. The fourth generation
studies nevertheless allow investigation of the effect of the perturbations in the three-dimensional temperature field induced by the smoke
aerosols on smoke removal rates, and hence on the duration of the radiative perturbation and subsequent climatic effects. Results obtained
by Malone et al. (1986) indicate that large-scale precipitation is
effective in removing smoke in what remains of the troposphere within a
few days after the smoke injection, but that above the perturbed atmosphere tropopause smoke scavenging is greatly reduced, thereby increasing the aerosol half-life considerably.
Figure 3a, taken from Malone et al. (1986), shows the model predicted total aerosol mass following on injection of 170 Tg
12
(1 Tg = 10
g) of smoke over a seven-day period for a passive tracer
case, in which the radiative effects of the smoke aerosol are suppressed so that smoke removal rates are not perturbed. Two injection
heights, low (2-5 km) and middle (5-9 km) are considered. The simulated residence times for these two cases agree well with observations. Figure 3b shows the time-dependent smoke mass for the same
total mass injection, but with solar radiative effects included, injected according to the NAS (1985) profile of constant smoke density
between the surface and 9 km, and injected between 2-5 km (low), as in
one of the passive tracer cases of Fig. 3a. Once radiative effects of
the smoke are included, the radiative perturbation sets up an inversion
in what was originally the troposphere, thereby suppressing processes
of aerosol removal associated with precipitation (which is also suppressed) and dramatically increasing the aerosol lifetime. This effect
represents an important nonlinearity, inasmuch as a larger initial
smoke injection leads to a larger smoke amount at some later time not
only for a given smoke removal rate, but also causes a reduction in the
removal rate, at least above some threshold injection. The sharp ~e
crease in climate sensitivity near a smoke forcing of about 16 Wmseen in Fig. 1, followed by a change in the sign of the sensitivity
parameter and surface response, is associated with the same phenomenon
which leads to the increase in aerosol lifetime seen in Fig. 3b:
namely, establishment of a mid-tropospheric temperature inversion and
suppression of vertical convection. It is therefore quite likely that
a threshold aerosol optical depth exists for significant aerosol lifetime effects, such that below a given aerosol optical depth an inversion is not established, and hence convection and aerosol removal
processes can continue. If such a threshold exists, however, it
clearly depends on season, as indicated by the difference in aerosol
half-life for the January and July cases shown in Fig. 3b. Height of
aerosol injection is also another factor in January (winter), when
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Figure 3. Total mass of aerosol rema1n1ng in the atmosphere as a
function of time obtained by Malone et al. (1986) for (a) a passive
tracer, and (b) a radiatively-active smoke tracer. NAS refers 'to the
NAS (1985) smoke injection profile, whereas LOW and MIDDLE refer to
alternate smoke injection profiles (see text).
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solar heating of the smoke cloud and resultant self-lofting are much
weaker.
An equally important factor likely to significantly influence the
aforementioned nonlinearities involving convective coupling, surface
temperature response, and aerosol removal rates is the presence of a
stratospheric dust layer above the smoke cloud (not included in Malone
et al., 1986). Because dust is highly scattering, its effect is to reduce the energy available to the surface-troposphere system, tending to
increase surface cooling (as found by Cess et al., 1986). The presence
of dust also reduces the mid-tropospheric heating induced by smoke,
thereby weakening the resultant inv:ersion. Since the s.urface cooling
is largely dependent upon surface-troposphere decoupling, it is conceivable that under certain highly unpredictable circumstances, the
presence of stratospheric dust could lead to a smaller surface
cooling, For the same reasons, the presence of dust above smoke is
likely to alter the effect of the smoke on its own scavenging rates, at
least under some circumstances. Similarly, smoke scattering effects
(also not included in Malone et al., 1986) could alter the magnitude of
the mid-tropospheric heating and thereby alter the effect of smoke on
its own scavenging rates.
In addition to the sequence of modelling efforts outlined above,
"off-line" studies with relatively detailed radiative transfer and
radiative convective models (Cess, 1985; Ramaswamy and Kiehl, 1985)
have served to (1) quantify the combined effects of smoke and dust; (2)
indicate the relative importance of smoke scattering and absorption;
(3) indicate the importance of smoke single scattering albedo and of
assumptions concerning the nature of the vertical smoke distribution;
and (4) indicate what simplifying assumptions are acceptable in GCM
simulations for a given smoke loading.
Calculations by Cess (1985) indicate that for moderate smoke
optical depths (T-1-2) inclusion of a diurnal cycle in GCM calculations is desirable, since the diurnall~-averaged solar radiation
reaching the surface can be up to 30 Wm- larger using a diurnallyvarying zenith angle than using the mean diurnal zenith angle. This
difference arises as a simple consequence of the nonlinear dependence
of light transmission on optical pathlength and the fact that insolation is strongest when the zenith angle is smallest, and indicates
that intermittent convection may occur for a few hours each day in a
model with a diurnal cycle under circumstances in which it would not
occur using a diurnally-averaged model. Intermittent convection in
turn could significantly affect the surface temperature response and
aerosol removal rates. All of the aforementioned GCM studies except
Cess et al. (1986) did not include a diurnal cycle.
Other "off-line" studies involving small-scale models originally
designed to study natural cloud dynamics have been used to investigate
the dependence of the height to which smoke clouds are injected on
antecedent meteorological conditions, and to study aerosol rainout
(Cotton, 1985; Manins, 1985). Even the most detailed cloud models or
aerosol models currently under development, however, rely upon highly
simplified and idealized parameterizations of the microphysical processes involved in droplet formation and particle scavenging. In this
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respect GCMs and the most detailed cloud models suffer from the same
limitation, so that one is not inherently more reliable than the
other. We shall have to rely on laboratory studies and experimental
fires, but the question will remain (hopefully forever) as to whether
aerosol scavenging follows similarity laws in going from the laboratory
and experimental scales to nuclear war scales.
5. NONLINEARITIES INVOLVED IN THE NUCLEAR WINTER PHENOMENON
The nuclear winter phenomenon is of particular interest from a strictly
scientific point of view, and at the.same time poses a number of difficult problems and presents major uncertainties, because of the highly
nonlinear nature of the various forcings and interactions involved in
determining the climatic response to an initial smoke and dust injection. Some of the important nonlinearities, some of which
have
already been discussed, include: (1) the transition from direct
surface-troposphere forcing to direct surface forcing of the surface
temperature response, associated with a reduction in surface-troposphere convective coupling; (2) the change in precipitation and hence
in aerosol removal associated with the reduction in surface-troposphere
convective coupling; (3) the dynamical response of the Hadley cell, and
hence the degree to which smoke would be transported upward, equatorward, and into the Southern Hemisphere; (4) the dependence of radiative
transmission on absorption optical depth; (5) the difference in heat
capacity and thermal response of land and sea, and resultant land-sea
breezes.
6. CONCLUDING COMMENTS ON MODEL STRENGTHS AND WEAKNESSES

Several elements of climate theory needed to study the nuclear winter
problem are very well known. These include the transfer of solar and
infrared radiation for a given vertical distribution of optically
active constituents with given optical properties, the large-scale surface temperature response to large-scale radiative forcing, which can
be observationally verified through the diurnal and seasonal cycles,
and the large-scale dynamical response to large-scale heating.
Most of the difficult problems concerning nuclear winter pertain
to processes which are subgrid scale not only for GCMs, but in many
cases also for the most detailed models available. These include the
turbulent mixing of smoke and dust, and processes associated with removal of smoke and dust, both in the immediate aftermath of a war and
on a longer time scale.
There are nevertheless a number of ways in which existing climate
models could be improved in order to more confidently assess the plausible range of climatic effects resulting from nuclear war aerosols.
These improvements include (1) inclusion of a diurnal cycle; (2) improved boundary layer subroutines; (3) improved treatment of cloud
formation and precipitation, which is related to the processes of
aerosol removal; and (4) more accurate treatment of the radiative
effects of aerosols--in particular, scattering effects of smoke should
be included if not already present, and stratospheric dust should be
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included in addition to smoke. These improvements should not only
serve to narrow the uncertainty in nuclear winter studies, but should
also aid in a large number of other areas of atmospheric research.
The first three possible improvements are closely interconnected,
and progress in one area will depend in part on progress in the other
areas. Inclusion of a diurnal cycle should aid in the development of
improved boundary layer and cloud prediction subroutines, since many
boundary layer and cloud formation processes have a strong diurnal
variation in nature and are strongly nonlinear. Equally importantly,
inclusion of a diurnal cycle is required for validation of improved
boundary layer and cloud prediction parameterizations. An improved
treatment of the boundary layer should in itself lead to improved prediction of cumulus cloud formation, since some cumulus parameterization
schemes used in GCMs depend explicitly on boundary layer processes
(Le., Arakawa and Schubert, 1974; Suarez et a1., 1983). Some cloud
processes in turn feed back on boundary layer processes, both radiatively and through the effects of cumulus processes on capping inversions (Suarez et a1., 1983). Furthermore, any improvement in our
ability to model cloud processes should help to reduce the uncertainty
in predicted C02 climate effects, much of which arises from feedback
processes involving clouds (Schlesinger and Mitchell, 1986).
The effort to develop fully interactive aerosol radiation,
-transport, and -removal models in response to the nuclear winter problem represents another spinoff of nuclear winter research which should
aid in the understanding of other atmospheric problems. The same computer codes being developed specifically for nuclear winter applications can also be used, with little or no modification, to study more
general problems of atmospheric tracers. Furthermore, there is evidence for large natural increases in the dust and marine aerosol
loading of the atmosphere during the last glacial maximum (Thompson and
Mosley-Thompson, 1981; Petit et al., 1981; Royer et al., 1983), and
much of the research currently in progress involving nuclear war
aerosols could be applied to the modelling work which has already
started on this large-scale geophysical problem (Joussame et al.,
1984).
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ABSTRACT. Rocks of a wide variety of or~g~ns can manifest symmetry
breaking instabilities and the development of repetitive and other
patterns of mineralization. Hodels are set forth that couple local
processes (aqueous reactions, precipitation/dissolution and nucleation
of mineral grains) to a variety of transport processes. Linear stability, bifurcation, matched asymptotic and numerical analysis are used.
1. INTRODUCTION
The same forces that drive atmospheric structures and tectonic changes
induce chemical disequilibrium. Since displacement from equilibrium is
a necessary condition for self organization through the interaction of
reaction and transport,l one is led to search for such phenomena in
geological systems. In fact there are a great many examples of such
phenomena as we shall demonstrate herein.
The patterns of interest in these notes are those which form
autonomously - thus seasonal variations in deposition rate are not
examples of geochemical self organization because they are driven by an
external periodicity. Self organization can take place even in a system whose boundaries are held at constant conditions. Interest in the
physico-chemical basis of pattern formation dates back to the nineteenth
century.2,3 In recent years a variety of self organization phenomena
in rocks has been identified. 4 ,5
Patterns in rocks consist of spatial variations of "textural"
variables such as the size, shape, number density and crystallographic
orientation of the mineral grains constituting the pattern-bearing rock.
Since the redistribution of the texture into patterns generally involves
the dissolution of grains, transport of dissolution product molecules
and reprecipitation of the original minerals or nucleation of neW ones
the study of geochemical self organization is the investigation of first
order phase transitions coupled to transport in porous media.
In Refs. 4,5 a variety of examples of patterns in rocks of a range
of origins from igneous to sedimentary are described. It is quite clear
that there is no single mechanism for pattern formation. Hathematical
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models of these phenomena should reflect the variety of physico-chemical processes yielding these patterns. The descriptive equations are
found to have interesting differences from reaction-diffusion equations
traditionally used to study pattern formation as set forth by Turing. 6
The variety of types of equations of geochemical self organization is
suggested by the following list of processes operative in various geological contexts. Transport may be by percolation, advection, viscous
or plastic rock flow, diffusion, dispersion, and thermal conduction.
Local processes include aqueous phase reactions, adsorption, grain
growth/dissolution, solidification and nucleation. From the recent experience in working on geochemical systems it seems that one can find
self organization phenomena involving essentially all combinations of
local and transport processes. It is the purpose of these notes to
demonstrate that this conjecture is indeed the case and therefore that
geochemical self organization is indeed a rich field for future research.
2.

THE OSTWALD-LIESEGANG CYCLE

Since the nineteenth century experiments on the interdiffusion of coprecipitates have shown that banded precipitation can occur. These
bands were conjectured by Liesegang (after whom they were named) to
have the same mechanism as that leading to many banded mineral occurrences. 2 ,3 Ostwald suggested that the bands could be formed via a sequence of supersaturation, nucleation and depleation. 7 The Ostwald
theory was first given a mathematical formulation by Prager. 8
A more recent formulation of the Ostwald cycle surmounts some of
the difficulties of the Prager theory and, most interesting for our
present discussion, has geological interest. 9 Consider the situation
shown in Fig. 1 where oxygenated waters flow down an aquifer containing
pyrite (FeSz) (denoted P) leading to the dissolution of P and the precipitation of an iron oxide mineral, denoted simply G here, from the
dissolution products of the P reaction. The G deposition is often
banded. In Fig. Z the Ostwald cycle for this system is indicated.
This situation may be summarized via the following schematic reaction
mechanism: letting X be aqueous 0z we have
X+P-+-Y

(1)

(Z)

!

The overall reaction ZX + P
G is driven forward by the influx of X
into the P-bearing domain as seen in Fig. Z.
This has been modeled mathematically via the conservation equations. 9 ,lO For X we have
~X

~

at

= -+-V

-+-+• (DxVX - vX) +

~P

~

at

_

~G

0

at

(3)

where X,Y,P,G are molar density per rock volume, Dx is the X diffusion
coefficient and ~ is the velocity of the flow. The key to the model
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This process has been included by adopting the

(4)

g)2/3 [XY - QJ

where q is a rate coefficient and Q is the equilibrium constant for
process (2). The G + g factor can be derived by assuming that G forms
as a coating on the surface of inert "host" grains of other minerals
constituting the rock. In that case the 2/3 exponent reflects that
growth occurs at the surface and g represents the molar amount of the
host grains per unit rock volume as if they had the same solid molar
density as G. To account for nucleation, g is a constant go unless the
concentration product XY does not exceed a threshold value Qn(>Q) and
G = 0; in the latter situation g vanishes. A mineral growth law similar to that in (4) was adopted for P. The result of a numerical simulation of these equations in Fig. 3 shows the formation of a banded G
deposit behind the advancing P front as predicted by the cycle of Fig. 2.
The sparing solubility of most minerals can be used to map the
above model onto a free boundary problem (see Chapter XV of Ref. 11).
Using a typical value of X divided by a solid molar density as a smallness parameter denoted s, one arrives at the following free boundary
approximation to the above model. The model holds great promise because it allows for the formulation of the problem of band formation as
a Hopf bifurcation.
In this "infinite solid density asymptotic" approximation the
above model transf~rms as follows. P experiences a discontinuity at a
surface denoted S(r,t) = O. For S > 0, P is its initial value Po; P
vanishes for S < 0; X vanishes for S > O. Letting t denote the original time (as in (3),(4» multiplied by s, we find as s ~ 0 that

~
~

1/

dT

at
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(D ~X - -;X)
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~
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- vY)

;h

at

- w -

-

=
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dt

w-

re(XY,T)[XY - QJ

.

0, S<O

(5)

0

(6)

(7)

We assume process (1) is irreversible, process (2) is slow (with rate
coefficient proportional to s) and define T to be the thickness of the
G coating (taken to be thin) on the host grains. The constant w measures the surface area of the host grains whereas r is proportional to
the G rate coefficient. The E)-factor is one unless XY < Qn and T = 0
in which case it vanishes.
To complete the theory we require an equation of motion for the S
tunction. Letting u be the velocity of the interface along the normal
n to S = 0 pointing in the S > 0 direction, kinematic considerations
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yield

as
at

+ u 1-+VS 1 = 0 .

(8)

Hatched asymptotic analysis reveals that10,11

~evxl 0- = - AUP 0

-+ e [vy
-+ 1 +
Dn
o

(9)

AUP

o

(10)

where A is a co~sta~t, D = D /D and subscripts 0+, 0 denote eva1uation at S = ± 0 , 0 being aYpo~itive infinitesimal. Continuity of X
and Y at S = 0 must also be invoked.
The above free boundary problem can be shown to admit constant velocity solutions when Q is near Q and the rate parameter r is below a
n
certain critical va1ue. It was assumed that the incoming waters are
undersaturated with respect to G (i.e. XY < Q in the incoming water).
The nature of the constant velocity solution is shown in the first
frame of Fig. 4. Also shown are the types of results when the G-rate
parameter r is increased. The G pulse takes on an undulatory character.
A new peak forms to the right as an old peak is dissolved away. In one
period the smooth, undulatory G profile attains the same form it had at
the beginning of the cycle when it was located further upstream. Thus
the steady G-pu1se seems to be vulnerable to Hopf bifurcation. Further
increase of r leads to the formation of gap banding as is also shown in
Fig. 4. This sequence of bifurcations and possible onset of chaotic
deposition makes the present model ideal for the study of nonlinear
phenomena in Liesegang type systems.
3. PRECIPITATE SELF ORGANIZATION VIA COMPETITIVE PARTICLE GROWTH
The equilibrium constant of small precipitate particles can depend
strongly on their radius. Thus if a larger particle is near a smaller
one, the former will grow at the expense of the latter. Such a surface
tension mediated competition is responsible for "Ostwald ripening"
whereby a sol always evolves towards a state of fewer but larger particles. In the present section we review results that show how a sol can
also evolve into macroscopic patterns of precipitate content. Since
precipitation is a common feature of most geochemical processes, it is
likely that this self organization via CPG is operative in a variety of
geological contexts.
-+
The simplest model of CPG is in terms of the ra~ius R(r,t) of particles in a macrovo1ume element about spatial point r at time t containing many particles; assuming the particles grow via a surface kinetic limited process we take the following mode1 12 ,13
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Numerical solution of (11), (12) showing evolution of a small
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dR
dt

q[C - ceq(R)]

(11)

dR
~= D17 2c - 4irnpR 2 dt
dt

(12)

where q is the growth kinetic constant, c is the monomer concentration
with ceq(R) its R-dependent equilibrium value, p is the solid molar density of the particle material and n is the number of particles per unit
volume. This model is for post nucleation kinetics so that it is
assumed n is independent of time.
The uniform steady solution of the model (11), (12) is, for arbitrary R,
R

= -R,

c

= ceq(R).

(13)

Since dceq/dR < 0 for particles larger than a critical nucleus size,
one finds that small deviations from the average tend to grow. If (k)
is the inverse exponentiation time for small perturbations of wave
length 2~/k, then one obtains a single mode of instability and for ceq
(R)/p small (as it is for most solids) one obtains a stability plot as
in Fig. 5: (takes the form
-(dc eq /dR)qk 2D
k 2D

(14)

+ 4~pnR2q

From this we see that the model is unstable to all wave lengths and
that those with smallest wave lengths grow fastest. How then can such
a system self organize ·into a macroscopic pattern?
It is found that a local large length scale disturbance in R or an
overall gradient in R (or other variable that can effect the dissolution equilibrium like temperature) can lead to a macroscopic length
scale pattern. Once grown to a large amplitude such a pattern can become locked in because dceq/dR + 0 as R + 00, turning off the feedback.
We see that the growth of a local initial bump in R near the left wall
leads to a sequence of satellite bands as predicted from numerical simulation of (11), (12) seen in Fig. 6. 11 - 13 In two spatial dimensions the
patterns can take on speckled and spiral-like forms as obtained experimentally on PbI 2 sols,12-14 and seen in Figs. 7,8.
In geochemical systems patterning often occurs as bands alternating
in the content of two or more minerals. A generalized two precipitate
CPG model was investigated to study this effect. Consider the two mineral (A,B) mode1 15

+ nY -: A + AZ

(15)

pX + qZ -: B + llY

(16)

mX

for stoicheometry m,n,A,p,q,ll.

The mass action mineral growth laws
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Fig. 9

Micrograph showing edge of precipitate laden region (left) and
"greedy gaints" (right) in PbIZ'

Figs. 10,11

Fig. lZ
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Inverse growth times associated with metamorphic layering.
Maxima in Re~ shows the existence of a preferred wavelength.

Multiply periodic metamorphic layering as per Sect. 4.
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.z.&

(17)

at

(18)

were considered. Here qA' qB are rate coefficients and QA and QB are
equilibrium constants that depend on particle radius; RA and RB are the
local radii of particles of mineral A and B respectively. Equations of
evolution for the mobile molecular species X, Y, Z analogous to (lZ)
were set forth.
Interesting new features arose in the multi-mineral model. The
stability analysis was carried out in the physically relevant limit
where the solid densities of A and B greatly exceed typical values of
the mobile species concentrations. One finds two stability eigenvalues
s+ that look qualitatively like s in Fig. 5. The interesting point is
tEat for one branch the ratio of perturbations oRA/ORB is positive
while oRA/oRB is negative for the other branch. Thus if the branch
with oRA/oRB < 0 grows fastest then alternating (A,B,A,B, ••. ) banding
is predicted whereas if the oRA/oRB> 0 mode grows fastest then A and B
both grow in the precipitate laden band and a clear space develops between the bands. This phenomenon arises because of the kinetic coupling
embedded in the mechanism (15), (16).
In Fig. 9 an interesting aspect of CPG precipitate self organization is illustrated.
Seen is a microphotograph taken in our laboratory
showing the vicinity of a precipitate band in a PbI Z experiment wherein
a uniform PbI Z sol forms a mottled pattern. The dark regions constitute a dense concentration of precipitate particles that grew at the
expense of the majority of particles in the nominally clear region.
Note, however, that in the latter region a few PbIZ particles survive
that are in fact the largest particles in the system. Apparently these
"greedy giants" were in the tail of the local particle size distribution in the regions of the roughly initially uniform sol that formed the
clear regions of the pattern. Thus the greedy giant phenomenon serves
as an example where a statistically improbable event (finding particles
much larger than the average) can ultimately have macroscopic consequences. Indeed since there are, by definition, only a few particles in the
tail of the particle size distribution, the fluctuations in the tail can
be the most important initial inhomogeneous noise that starts pattern
development in the uniform sol (see Chapter XVI of Ref. 11).
A theoretical investigation of greedy giants starts with the particle size distribution. Let F(R,t,t)dR be the number density of particles with radius in an interval dR about R. Assume a single precipitate system with particles that are too large to fit through a gel matrix so that they do not move. Then F evolves via
aF + ~ (V(c,R)F)

at

aR

=0

where V is the particle growth rate (aR/at

(19)
V(c,R) in the simple mono-
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disperse theory, and c is the concentration of monomer from which the
particles are taken to grow; c is taken to satisfy

(20)

To capture the dynamics of the interaction of the tail with the
"majority" particles we write F as F = f + g where f represents the
majority part of F (a narrowly peaked function of R) and g is the tail
(a small amplitude contribution that is nonzero only for large particles). This two population analysis is furthered by a scaling ansatz.
Let £ be a smallness parameter. Then let the radius of tail particles
be denoted S and scale as S = £-1 Sf. Since the tail is small put g
(S,t,t) = E g'(S',t,t'). The appropriate time scale for evolution
turns out to be t' = Et. Since p is large we write p =
E-lp.
With this an asymptotic analysis with £ + 0 can be carried
out to capture the majority-tail interaction. A stability analysis of
the above dynamics shows that indeed the tail particles grow where the
majority particles dissolve to form the precipitate free domains (see
Chapter XVI of Ref. 11 for details).

4'

MECHANO-CHEMICAL COUPLING:

METAMORPHIC LAYERING AND STYLOLITES

As the stress on a mineral grain increases so does its free energy and
hence its solubility. Forces on subsurface rocks leave an individual
grain in a state of stress that depends on the hardness of the grains
in its vicinity and on the local porosity (i.e. percentage of the rock
that is pore space). Since the hardness of a grain varies according to
the mineral constituting it, we see that the equilibrium constant of a
mineral grain in a rock under stress is a functional of the local texture (i.e. the size, shape, orientation and number densities of the
mineral grains in the rock). This texture-solubility coupling can lead
to a variety of self organization phenomena in stressed rocks.
Stylolites are dissolution seams that occur in stressed sedimentary
rocks. A model for their formation has been set forth based on a porosity-solubility feedback. 16 Consider amonomineralic rock. Let 9 be
the porosity, n be the number of grains per rock volume and L3 be the
volume of each grain; then
(21)

since nL3 is the fraction of the rock occupied by the grains and, by
definition, 9 is the volume fraction that is occupied by pores. Assuming for simplicity that grain growth/dissolution is via a monomer of
concentration c then surface kinetic limited growth (with growth constant q) yields
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(22)
Since the equilibrium concentration ceq increases with stress and hence
with ~ for a given whole rock stress, we take ceq(~) to be a monotonically increasing function of~. The theory is completed by a reactiondiffusion equation for c, namely
,,+

+

_o~_ = V • [~D(~)'i7c] - pn aL

at

at

3

(23)

where p is the solid density. Using (21) to eliminate L from (22), (23)
it is clear that the coupled c-~ dynamics is essentially identical to
that for the simple CPG model. A difference is that ~c replaces c on
the LHS since c is the concentration per pore fluid volume and hence ~c
is the concentration per rock volume. Also the diffusion coefficient
D(~) is ~ dependent.
The factor of ~ in front of D comes !rom the fact
that w~ need the flux per rock cross-section area and the 'i7c arises because Vc and not V(~c) arises from the chemical potential gradient that
drives diffusion.
Using the model (21)-(23) we have shown via numerical simulations
that the induction of satellite maxima and minima in ~ similar to those
in R as in Fig. 6 are obtained when an initial small ~ maximum is introduced into an otherwise uniform system.
The texture-solubility feedback has some surprising new features
when more than one mineral is considered. Take the case of "metamorphic" conditions - i.e. pressures and temperatures higher than at the
earth's surface but such that the rocks are still solids. In this case
the porosity is usually negligible; if ni and Lr are the number density
and average volume of mineral i grains then (21) is replaced by
N

I

i=l

n.L~
1 1

1

(24)

for an N mineral system. We now show how rocks under metamorphic conditions can become banded compositionally.
A theory of matamorphic grain growth-transport kinetics has been
set forth based on the dependence of the equilibrium constant Qi of
mineral i on texture (i.e. ni,LI,i=1,2, .•• N).17-19 Conservation of
mass is expressed via equations of motion for Ca (molar density of solute a in moles per rock volume), n., Li (i=1,2, ••• N) and the rock flow
velocity ~ that accounts for the f~ct that if all grains in a region are
growing then a flow is induced as the growing grains push the surrounding medium away; we have
(25)
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(26)

(27)

-+
where J is the fl~x of mobi~e species-+a due to diffusion along the
grain bgundaries, J = - ¢D V(C /¢) + vC ; R represents the net rate of
.
a.
a
a
all.
all react10n and gra1n growth processes and G i 1S the rate of growth of
volume of mineral i grains. Finally ¢ represents the small porosity
associated with the inter granular space along grain-grain contacts
through which the ~obile species migrate.
The texture-solubility coupling arises from the fact that the equilibrium constant for grain growth depends on local stress and hence on
local texture. Let "texture vector" or simply texture be denoted
(28)

for the N mineral system. Assume mass action, surface attachement limited kinetics. Mineral i, denoted ~1i' grows from the aqueous species
a(=1,2, •.. Nm) via the scheme
N
m

L

0'.=1

v.

10'.

X
a

M.

1

(29)

where Xa denotes an a-molecule and the stoicheometric coefficients via
are ~ 0 for reactants/products. Then we adopt the law
v
-Via
Gi
(30)
Qi(T)]
qiLt[II c a ia - II c a
'\,
a
a
v >0
v <0
ia
ia
where Co'. = Ca /¢ is the concentration per intergranular fluid volume.
The feedback is mediated by the ~ dependence of the equilibrium constants Q..
The1linear stability analysis of two and three mineral systems
shows that metamorphic systems can manifest a great variety of nonlinear reaction-transport phenomena. In Figs. 10 and 11 we show stability eigenvalues as a function of k (=2rr/wavelength) for two interesting cases. In Fig. 10 we see that patterns of wavelength 2rr/kc
grow the fastest and hence a wavelength selectivity is indicated in the
linear analysis. This is in sharp constrast to the s-plot of Fig. 5
attainable for CPG and stylolite systems or for metamorphic systems
under some ranges of parameters. Perhaps the most surprising result is
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x
o for

the system (31), (32).

Fig. 13

Folded slow manifold G

Fig. 14

Static dipolar pattern for model (31), (32) for the special
case as per (37) and attending text.

Fig. 15

Static "spoke" pattern exactly calculable for model (35), (36)
in special case F5=-F~I.
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that shown in Fig. 11 where a pair of complex eigenvalues was found in
a kinetic model of a quartz, fedlspar mica system. This implies that
propagating wave-like behavior may be obtained in the course of the onset of patterning in some metamorphic rocks. During pattern growth in
such a system, ~ oscillates both in space and time.
Band formation in metamorphic rocks is in fact a common occurrence.
Typically differentiation occurs with elastically stiff minerals like
quartz and feldspars segregating from more compliant grains like micas.
Banding may also be observed to occur on mUltiple length scales as
suggested in Fig. 12. Such multiple period structures have been observed in our numerical simulation of the metamorphic differentiation
equations (24)-(30) for a three mineral system. (See Refs. 17-20 for
details.)
5. REACTION TRANSPORT PATTERNS IN MULTIPLE TIME SCALE SYSTEMS
Since periodic wave-like behavior is likely in metamorphic systems as
discussed above, it is relevant to comment briefly on two routes to the
onset of periodic waves in reaction-transport systems. The route most
often cited for rotating or other periodic waves is via a bifurcation of
a small amplitude solution as a system parameter passes through a critical value. l However we now describe the onset of periodic solutions at
finite amplitude as the frequency emerges from zero as a system parameter passes through a critical value.
A simple example in this regard is one involving two species evolving via

ax
at

(31)

-=

ay
at

2
-= D V Y
y

+ 1 G(X,Y)
e

D

'y

= el/2~Y

(32)

Here e l / 4 F and G/e are the net rates of the X and Y reactions and e is
a parameter. We seek the behavior of the system as e +
for the particular case of the "slow manifold" G = 0 as in Fig. 13. In these
systems it is well known that discontinuities may propagate corresponding to transition fronts connecting the upper and lower branches of
the slow manifold at constant X.21 However there exists a value Xo of
X such that the velocity vanishes and if the transition takes place at
X near Xo we have a transition layer speed v given by
Q(X-Xo )
(33)
as e + 0, X near Xo

°

where Q is a positive constant and the sign is chosen so
the jump is from the upper (II) branch down to the lower
(see Fig. 13).
The asymptotic (e + 0) analysis of the system (31),
much like that in Ref. 21 but because of the e l / 4 factor

that v > 0 when
(I) branch
(32) proceeds
in front of F
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in (3~ yields an interesting possibility: there may exist solutions
such that X never departs far from Xo' As described in Refs. 22,23 the
scaling
(34)

yields the following free boundary problem. Let the jump between branches
and II be indicated by the surface S = O. When S < 0 Y = yI and
y = y I for S > 0 (see Fig. 13 for definitions). Furthermore X* s~tis-

t

fie,

~he P::::W:::2::n:[:a:~:r:::em
at

FII

o '

(35)

S>O

where F~ = F(Xo'y~) and similarly for FII. As seen by the direction of
the flows on branches I and II we have ~; > 0 and F;I < O.
The description is completed by giving an equation of motion for
the interface function S and imposing continuity of X* at S = O. The
interface equation follows from kinematic considerations (i.e. as/at +
vl7s1 = 0) and the expression (33) for v: we obtain
as
at

~X

* IvSI
-+
.

(36)

This free boundary problem yields a host of interesting solutions.
Consider a system in a disc of radius ro with no-flux boundary at
ro(aX/ar = 0 at r o ' r being the radial distance from the center of the
disc). Then for the symmetric case FI = - F;I = B > 0 we can show that
S = 0 is a straight line as shown in ~ig. 14 and that
X* (r,¢)

8Br 2
o

I

Dx n=1,3,5 ...

[2 pn-np 2 1sin(n¢)

n 2 [4-n 2 1

(37)

where p = r/ro and ¢ is the angular variable (see Fig. 14). As B passes
through a critical value Bc this dipolar static structure commences to
rotate with a frequency proportional to (B - B )1/2.22
The above free boundary problem yields a tost of exact or approximate bifurcation analytical results in one or more spatial dimensions
and holds great promise of generating interesting and complex structures.
For example one can calculate static structures as in Fig. 15
exactly.
Complex 2 and 3 dimensional textural patterns have been reviewed by Merino 5 for geological systems and in Ref. 24 for this model.
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NONLINEAR CONVECTION PROBLEMS IN GEOLOGY

BERNARD GUY
Departement Geologie
Ecole des Mines
158, cours Fauriel
42023 Saint-Etienne Cedex France
ABSTRACT. Many problems in geology involve the relative displacement of
a fluid or liquid with the solid portion of a rock. As far as chemical
exchange is concerned, there may be no need to consider two separate
classes of functions (i.e. concentrations of components in the fluid
and in the solid) provided there is a tendancy toward local equilibrium:
both concentrations are then connected by a relation : this one is generally non linear. The simplest transport equation that may be
written on such a basis is of the form Ct + f(c)x = 0 where c and fare
concentrations (scalars or vectors) ; this equation is very rich : it
may particularly provide a framework within which such salient features
as the appearance of discontinuities may be understood.
The numerical modeling allows one to simulate several aspects
such as front propagation, washing out of heterogeneities, local increase of concentrations and so on. Other features such as oscillatory
behaviour need to consider additive terms like diffusion terms Df(c)xx
or chemical kinetics terms. The starting problem is set in x and t variables but one is led to find the "stationary" evolution in the concentration space only thanks to a minimum entropy production principle.
1. THE EXCHANGE OF CHEMICAL COMPONENTS BETWEEN SOLIDS
AND INTERSTITIAL FLUIDS OR LIQUIDS IN ROCKS : A NON-LINEARITY
In convection - diffusion - reaction problems in general, different
kinds of non-linearities may be envisaged : they may lie in thermal,
chemical kinetic, inertial terms and so on.
In an homogeneous medium the transport as expressed by an
equation of the type
(1)

where c is the concentration of a component at time t and position x,
v the velocity of this component, does not contain by itself ~ if v is
constant - a non-linearity.
511
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In the geological prob]E'.ms we will study here, the system is in
fact divided into two parts : i) the solid fraction of the rock and ii)
an interstitial fluid or liquid that may migrate across it.
The movement of such a fluid is generally very slow and at a geological spatial scale we may consider there is a chemical (or tendancy toward) local equilibrium between the solid and the fluid. As for the partitioning of a component of concentration Cs = c in the solid and cf in
the fluid, this equilibrium may be expressed by a law of the type
(2)

which is non linear if the solution is non ideal in either medium (and
particularly the solid) ; f is called the isotherm. It comes to considering both media i.e. solid and fluid as a single one. In the usual
case where the porosity p of the rock is small, the simple mass balance
equation (1) may be replaced by the also rather simple one
Ct + pvf(c)x

=0

(3)

where the flux of component c is a non-linear fonction of c.
2. RELATIVE MOVEMENTS SOLIDS I FLUIDS IN GEOLOGY
The situation depicted in the first section is very common in geology.
It may be encountered in several fields, for instance
i) meteoric alteration
this is especially important in hot and rainy
tropical climate: the rain falls on the rocks, goes across them and
transforms them.
ii) movements of water in sedimentary basins : the rain infilters in
some parts of the basins and may migrate across them for long distances.
iii) magma movements : we may mention the partial fusion (or "anatexy")
of rocks and subsequent expell of magma at the basis of the crust or
upper mantle (about 50 km deep), the ascent of magmas through the crust
and the differential movement crystals I magma, often invoked by geologists (also called fractional crystallisation).
iv) diagenesis of sediments : at the bottom of oceans, the sediments
are full of water : this water is progressively expelled during the
compaction and goes upward from the deeper levels up to the sea floor
where it is substracted from the rock.
v) hydrothermal alteration : in deeper parts of the crust, at higher
temperatures and pressures (up to 700°C and a few kilobars) different
types of water migration may be inferred, for instance around crystallising granitic intrusions where important chemical exchanges occur.
"Skarns" for instance are "metasomatic" rocks which mainly result
from the transformation of carbonatic starting materials by the

NONLINEAR CONVECTION PROBLEMS IN GEOLOGY

513

operation of aqueous fluids rich in silica, iron, manganese, aluminium
and so on. The aqueous solutions are thought to have travelled, away
from the granite, along lithologic discontinuities that have guided
them : they have transformed the different rocks that were on both
sides. The size is metric to decametric of irregular lens shape. The
duration of formation may be about 10 000 to 100 000 years per meter
of skarn.
One conspicuous feature of these phenomena is the separation in
space of the chemical transformations due to the movement of the fluid.
Starting from a homogeneous situation, discontinuities appear and are
maintained, in a case where a dispersion could be expected. A spatial
organisation of the concentrations of the components in different
domains separated by stong gradients is thus produced. This quantification in space and time is common to the several examples I have given,
although because of the scale it may be difficult to see in some cases.
One can see on fig. 1 the different zones that may be encountered
in the transformation of a dolostone and the corresponding geochemical
profiles for some elements (after [1 J and [2J ).
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Figure 1. An example of mineralogical and geochemical zoning in skarns.
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After i) the dolostone CaMg~O ) , one can meet the following
zones: ii) calcite CaCO 3 + forsterit~ Mg Si0 4 , iii) diopside CaMgSi 0 6
iv) andradite Ca3
Fe Si 0 2
grossul~r
Ca (AI,Fe) Si 3 0 12 •
2
12 and v)3
3 2
Several metals may be concentrated within such rocks, such as W, Sn,
Cu, Fe, Pb, Sn and so on. The role in concentrating elements is another
characteristic feature of these non linear convection problems and may
be of economic importance.
It is impossible to give here references for all the fields evoked
in this section. One will find for instance in [3J , [4J , [5J , [6J ,
[7J , [8J 1 hints for further investigations.
3. THE BASIC NON LINEAR CONVECTION PROBLEM
3.1. Our aim here is thus to simulate the evolution in time and space
of the chemical components in the rock following
(3)

at first for one chemical component. In eq. (3) we have neglected the
roles of diffusion and of kinetics : as we have mentioned the problem
as it is set is relevant to a geological scale i.e. a few centimeters
td a few meters where transport is achieved by convection and equilibrium is realized between solid and fluid.
The application of the method of characteristics shows that each
composition of the rock advances at a speed proportional to the slope
of the corresponding point on the curve fCc) [9J . The competition of
these velocities may sometimes lead to folding of the surface c(x,t)
and a triple solution may appear. This reveals the originality of the
situation from a morphological point of view ; there lies the problem
of onset of discontinuities or shocks, corresponding in the model to
a cusp catastrophe [10J • Although a triple solution is physically
meaningless, we make the choice of keeping (3) and adjust discontinuities (which are actually one important geological feature).
The weak formulation for the hyperbolic problem (3) may admit
?everal solutions. Only one is physical. It can be shown [11J , [12J ,
[13J, that the limit c of the solution cD of the perturbated problem
c t + pvf(c)x - pDf(c)xx = 0

(4)

when D goes to zero is the unique physical weak solution of (3)
fulfilling the additional entropy condition
(5)

where hand g are concave entropy functions of c
and such that
dh/dc

dg/df

(6)
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Eq. (6) is equivalent to a condition of thermodynamic equilibrium betwenn the solid and the fluid for an athermic isochore exchange; eq.(5)
is the expression of the second principle of thermodynamics (see the
detailed analyses in [14 J and [15 J). Eq. (3) and (5) are now the basis
for a good understanding of the problem of the appearance and propagation of chemical discontinuities or fronts. In particular, the location
and velocity of shocks may be derived from them (see further). Thus in
the model diffusion appears connected to convection : this latter is
responsible of the strong gradients that are characteristic of the
phenomenon whereas diffusion has the hidden role allowing to approach
the physical solution. This sheds some light in the meaning of a discontinuity : practically (on the field) speaking of a discontinuity is
equivalent to saying that a given range of the possible concentrations
of the components has a negligible probability to appear within the
transformed rocks.
3.2. Condition (5) has an interesting consequence: let us choose for
hand g the concave functions h(c s ) = -Ic - f- 1 (k)land g(Cf) = -ICf
- kl the derivatives of which are - sg(c s - r\k)) and - sg(Cf - k), and
put them in the weak formulation of (3) ; we obtain, in the case of a
discontinuity between c- and c+ the condition
Max

f(c+) - fCc)

(7)

for c in the interval (c+, c-), called also the Oleinik condition (use
has been made of the condition giving the velocity of a shock, or
Rankine-Hugoniot condition [13 J). Condition (7) allows one to determine
the sequence of compositions found in such a phenomenon and the possible location of shocks : for a Riemann problem corresponding to a fluid
of constant composition Cz entering a rock of constant compositions Cl
the evolution is given by the concave enveloppe f~of the isotherm
(fig. 2).

,,
,
,,
,
,,
Fig. 2 Evolution path given by the concave enveloppe f* of the isotherm f, making a shock appear between C3 and c 1 "
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Eq. (7) rules the overall organisation of the sequence of compositions and is similar to the implicit condition given in [16] and expressing that the fastest velocities go before the slowest. It may look
paradoxical to be able to find an evolution by a direct reasoning on
the isotherm i.e. with equilibrium data. This has been permitted by the
minimum entropy principle (5) : x and t have been dropped and we have
found a kind of stationary behaviour in (cf' c s ) space for a system
that increases similarly to itself. Quantification is here related to
the second principle and to the definition of a concave function f*
(cL also [17 ] and [18]).
3.3. The approach of hyperbolic systems is in a way similar to the
scalar case (e.g. t12], [19J); the possibility of concentrating components is a new feature due to the coupling between the components ; for
two components for instance, eq. (3) may develop in

dC I

df l

- - + pv-dt
dC I

+ pv

dX

o

(8)

for the mass balance relevant to the first component ; dCI/dt and
dCI/dX are no longer of opposite sign as the additive term dfl/dC!.
dCZ/dX may have different sign from dfl/dCl.dCI/dX due to the sign of
dCZ/dX or of df l /dC 2 : this last quantity may be < 0 whereas dfl/dClis
always> 0 for reasons of stability. On figure 3 is represented a numerical modeling for a two component system, after [20].

c

space

Figure 3. Increase of the concentration of minor component 2 due to
front propagation relevant to major component 1.
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One can see that minor component 2 is concentrated in the region
of strong gradient of component 1, although it was at the beginning at
a low grade in the rock. This increase of concentration may either correspond to the sweeping of the component that was downstream, or to the
accumulation of the component coming with the inflowing fluid ; the
front is then a "chemical dam".
Numerous are deposits may be as a whole understood in such a way
U roll-type deposits (cf. section 2.ii), Mn, Ni, Pb, Al deposits (cf.
2.i) and so on, beyond the case of the numerous metals concentrated in
hydrothermal deposits. The understanding of sea floor polymetallic nodules (cf. 2.iv) may possibly be set in the same framework. For all
these examples, the perenniality at geological scale of the strong gradients is a condition for the efficiency of the concentration mechanism.
Hyperbolic systems may also be written if we couple chemical exchange
with heat and energy exchange.

4. NUMERICAL MODELING
For the scalar case two methods have been used. In the first one, the
partial differential equation of the problem is replaced by a finite
discretisation scheme (Godunov's method [13 J ). At each step, one has
to solve a Riemann problem in order to determine the value of the unknown function on the sides of the discretisation block ; the choice
of the unknown values is done thanks to the entropy condition established in the last paragraph. We are led to
n+1
c.

n

(9)

c.

1

1

if f is increasing and to
n+1
c.

1

n
c.
1

n
n
- q (f(c. 1) - f(c.»
1+

1

(10)

if f is decreasing where i is the space index and n the time index.
Several numerical experiments have been performed : the concentration
profiles have been obtained for several times, with different types of
isotherms and different initial conditions. We can see the appearance
and propagation of fronts, of plateaus, the washing out of heterogeneities and so on, in agreement with what is expected, particularly from
a quantitative point of view (e.g. velocity of fronts) [21J , [2ZJ . In
order to avoid interfering between adjacent Riemann problems, the algorithm is subjected to a stability condition
sup f' (c).dt/dx <

( 11)

where dt and dx are the time and space intervals ; if not fulfilled
numerical oscillations may appear.
The second method, called the transport-ecroulement method
("transport -and -collapse") [23J , is not subjected to such stability
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condition ; the initial condition is transported on a chosen time interval by the method of characteristics : a multivalued function may thus
be obtained ; it is converted into a single valued function by collapsing the overhanging parts. If the initial condition g(x) is transported
during the time interval tin, we obtain after collapse
c(x,t/n) = T(t/n).g

( 12)

where T is the "transport-ecroulement" operator. It is shown [23J that
c(x,t) = lim T(t/n)n. g
n-+

(13)

oo

is the unique entropy condition of problem (3) + (5). Numerical experiments have also been performed by this method C24 J , [25 J •
5. OSCILLATORY BEHAVIOURS
Oscillatory behaviours are observed at local (cm) scale within the rocks
we are dealing here with [26J : spatial alternations of different minerals may form at the expense of homogeneous starting materials. When the
concentration of the fluid is around the value where two phases are in
equilibrium, the preceding approach as in eq. (2) and (3) ceases to be
valid as perturbative effects may have a destabilizing effect ; this
may be responsible of the bifurcation toward a periodic regime (cf the
Hopf bifurcation). A very simple model can indeed be set forth, with
purely chemical kinetics terms [27J , [28J and based on the autocatalytic role of surfaces on the growing velocity of crystals [29J , [30J •
Let us consider the case where an external fluid carrying components A and B has dissolved a rock that contained component C, and where
different minerals of composition ~BI_ C may precipitate ; x is the molar fraction of A in the solid and we wtll call y the corresponding
fraction in the fluid phase. At the surface of the growing solid phase,
we may write four reactions with respective speeds VI (precipitation of
AC on AC), v 2 (AC on BC), v 3 (BC on BC) and v 4 (BC on AC ), where the
selective autocatalytic effect of each phase is expressed with exponential terms.
For the steady state, V2 = V4 and we obtain a lay y = g(x) which
may have two branches corresponding to two minerals : VI predominates
on the first branch, V3 on the second ; starting on the first, AC precipitates and the fluid is enriched in B till the moment when the second
is reached ; BC then precipitates and so on, provided the transport is
slower than chemical kinetics and imposes the concentration of components around the equilibrium value of the two phases.
We can show semi-quantitatively that the spatial wave-length of
the structures is related to the amplitude of the chemical change betwenn the two minerals involved : the greater the chemical change, the
greater the wave length, a result in good agreement with natural evidences. On the other hand, if transport is efficient with respect to
kinetics the wave length decreases and the oscillation may disappear,in
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accordance with the situation where the oscillatory structures are found
within chemically modified rock systems, e.g. in places where transport
is operated by diffusion rather than convection.
A more general equation than (3) could be written like
c

t
(1)

+ pvf(c)

(II)

x

- pDf (c)
(III)

xx

+ g(c)

=0

(IV)

where c may be a vector (c 1 'c 2 ••• c ), so as f = (f.(c1 •.. c »
and g. We have added here the diffnsion term n° III which n is not an
ordinary diffusion term in that it involves the function fCc) ; in
g(c,x,t) (term nOIV) we may consider chemical kinetics terms: in g
may also appear terms involving derivatives of p and v with respect to
x and t if the porosity and the fluid velocity are not constant but are
supposed to be some known functions of x and t for instance. The first
sections of this text have been concerned with terms (I) and (II) whereas the foregoing lines of the present section have been concerned with
terms (I) and (IV). Some authors [33J have shown that the combination of
(I) and (III)may also lead to oscillatory patterns. On the whole we may
suspect that if we combine terms (I) (II) and (III) or (I) (II) and (IV)
or if we take all of them in eq. (14) we will have bifurcations between
several types of behaviours (between shocks and oscillatory behaviours
for instance), see also ~31 ] and [32] . Such approach will perhaps produce chaotic behaviours which are already suspected in crystal growth
within such rock systems (cf observations made by J. Verkaeren, pers.
comm.) •
6. GENERAL COMMENTS
In this paper, we have taken natural discontinuities or fronts in their
mathematical sense. One major interest for geologists of the modeling
exposed in section 3 is to give an "intellectual tool" that allows one
to consider as a whole a phenomenon that is responsible for the appearance of distinct events in time and space. Many fields in geology show
such situation and the temptation is often to invoke separate causes.
Of course the logic as given here is not always easy to ascertain on
natural examples, particularly if the dimensions are large and if there
are disequilibria (to that respect skarns are examplary). But looking
for such a logic may be a useful method to understand natural cases.
The association of transport and chemical exchange is fundamental
in that respect current metallogenical models are different for they
make a distinction between transport and (or ) deposition. I stress
here the association of both, needed to maintain strong gradients and
concentrative effect ; such features are observed in the several fields
I have listed in section 2 : to my sense these fields could be revisited
on that ground. The model exposed here desires more work in order to be
used for quantitative purposes.
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REACTION-PERCOLATION INSTABILITY

J. Chadam*
Department of Mathematical Sciences
McMaster University
Hamilton, Ontario, Canada, L8S 4Kl
ABSTRACT. Reactive waters percolating through a porous medium cause
changes in the porosity which, through Darcy's law, alter the flow.
This feedback mechanism can cause instabilities in the shape of the
porosity level surfaces. In this note we describe the geological problem in a simplified situation. We model the phenomenon mathematically
as a coupled system of nonlinear ordinary-partial differential equations
and in a certain limiting case as a moving free boundary problem. We
formulate the shape stability problem in this context and summarize our
analytical and numerical results to date.
1.

A SIMPLE REACTION-PERCOLATION MODEL

Consider an aquifer consisting of an insoluble porous matrix (e.g.
quartz sandstone) with some soluble mineral (e.g. calcite) partially
filling the pores. If water is forced through this porous medium, the
soluble component will be dissolved out upstream and the water will
become saturated sufficiently far downstream. Between these extremes

Fig. 1.

Focusing of flow to tip of porosity level curve.
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there is a dissolution zone across which the soluble mineral content and hence the porosity - changes from its original downstream value to
the final, altered value upstream. The question of interest is whether
the shape of this dissolution zone is stable. Notice that if a bump (in
the porosity level curves) in the reaction zone exists at some time, the
flow of the undersaturated waters tends to be focused to the tip of the
bump via Darcy's law since inside the bump (on the upstream side) the
permeability is greater than in the neighbouring regions (see Fig. 1).
Thus dissolution is enhanced at the tip causing it to advance more
rapidly. This is the porosity change/flow destabilization mechanism.
On the other hand, diffusion from the sides of the tip raises the concentration of the solute in the water which is focusing at the tip and
hence will decelerate this advancement. The competition between these
two processes can lead to decay of the bump, restabilization to a morphologically more complicated dissolution zone or possibly to complete
destabilization. A thorough understanding of this phenomenon and the
resulting shapes is central to many important applications (e.g. the
locating of roll-front ore deposits for which the restabilized shape
outlines the deposits; the possible fingering of the flow of reactive
nuclear wastes which have broken through their underground confinement).
2.

TWO MATHEMATICAL MODELS

In this section we write down without details (c.f. [1;2;3, chap. XIV]
for derivations) the models we shall subsequently treat analytically and
numerically.
2.1. Coupled ODE/PDE Model
The rate of increase of the porosity ~ (equivalently the rate of dissolution of the soluble mineral) is proportional to the reaction rate:

am
e:at

= -

(~f -

~)

2/3

(y - 1) (= - R( ~ , y ) )

(2.1)

Here ~f is the final porosity after complete dissolution, y is the
scaled concentration of solute in water (with equilibrium concentration
being 1) and e = c eq / p « 1 is the ratio of the original equilibrium
concentration to the density of the soluble mineral. The 2/3-power
indicates that we are considering surface reactions. The solute concentration per rock volume, ~y, satisfies a mass conservation equation:
(2.2)
where D($), A(~) are the porosity dependent, scaled diffusion coefficient and permeability respectively, and p is the pressure. Darcy's law
has been used in the convective term of (2.2). It is also used in
combination with the continuity equation to give:
V.[~A($)Vp] =

.£1
at

(=

€1 R($,y».

(2.3)
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In addition we impose the asymptotic conditions:

an KfPf
y + 0, ~ + ~f and ~ + ~

=-

vf
Df

as x

+

-a>

(2.4)

and

Y

+

1, ~

'"
+ ~o'

lE.
ax

+ ?.

as x

+

+a>.

(2.5)

These indicate that far upstream the water is fresh (y = 0) and the
mineral has been completely dissolved out (~ = ~f)' Also the pressure
gradient (equivalently the velocity through Darcy's law v f = - KfPf) is
specified as in (2.4) with the effects of the scaling appearing explicitly. Far downstream the water is saturated (y = 1), the porosity is
still at its original, unaltered value (~ = ~O) and the pressure gradient (equivalently the velocity) is to be determined. Equations (2.15), along with given initial data and periodic boundary conditions on
the transverse boundaries, form a complete problem for the unknowns y,
~, p.
Unfortunately, nothing can be calculated analytically from these
equations except the velocity of a travelling planar dissolution zone.
On the other hand, they form the basis of our numerical simulations
which will be discussed later.
2.2. Moving Free Boundary Model
In order to obtain an analytically tractable problem, we take the large
solid de~~i ty limit 8 = Ceq I P + O. The dissolution zone, typically of
width 8 1 / , collapses to a dissolution interface located at x = R(y,t),
with R unknown. Then, off this interface there is no reaction and the
only consistent way to satisfy equations (2.1-3) to all orders of 8 is
as follows. Upstream of the dissolution interface where from scaling
A(~f) and D(~f) = 1, one has
'ily + 'ily''ilp
~

~f

t.p = 0

0

}

(2.6)
in x

< R(y,t),

0 " y " L.

(2.7)
(2.8)

while downstream one obtains

(2.9)

y - 1
~

t.p

~O

0

in x

> R( y , t),

0 " y " L

(2.lO)
(2.11 )
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where we have taken ~O(x,y,O) = ~O' constant, to show that the morphological instabilities will even occur in this spatially homogeneous situation. Besides the asymptotic conditions (2.4,5) one also obtains, via
matched asymptotics, boundary conditions on the unknown moving dissolution interface. Specifically, one has
y

1

p-

p+

(2.12)
on

.£.E::. _ .££::. Cl R = r (~ - .!E.:t.
Cly

ay

ay

ax

x = R(y,t)

ClR)
ay

ay

(2.13)

o ..

Cly
ay
aR
rx-ry"ry= (1 - ~O/~f)~

(2.14)

y .. L
(2.15)

where 0 .. r = ~OKO/~fKf .. 1 is a measure of the porosity change. Equation (2.15) relates the rate of advancement of the moving dissolution
interface to the flux of the concentration and is called a Stefan condition. A final scaling x' = ~ x, y' = r y, t'= (r)2(1 - ~O/~f)-1t with
R' = r R (and dropping the primes) makes the transverse dimension 0 .. y
.. w, and results in the two changes
as x +

-00

(2.4')

and
ay _ ay • aR = R

dxdydy

t

on x = R(y,t), 0 .. y .. w

(2.15')

Problem (2.4' ,5, ••• 14,15') with initial conditions and periodic transverse conditions on y = O,w is the version we shall examine analytically
in the next section. Notice that only two essential parameters remain
in the problem, the dynamical parameter vf = vfL/D f and the measure of
the porosity change r = $OKO/$fKf'
3.

SHAPE INSTABILITIES

In this section we describe our analytical results in the context of the
large solid density problem (2.4' ,5, ••• 14,15'). Here the planar, constant velocity solution can be obtained explicitly and completely,
including the concentration and pressure profiles which were not available for the more general coupled ODE/PDE model. The linearized stability of this solution is then described, giving a precise value of the
parameter vf(in terms of r) for which the planar solution looses stability to another, more structured, solution. In the language of G.
Nicolis' lectures, we determine the critical parameter value for which
the spectrum of the linearized problem changes sign from negative to
positive, thus determining the location of a possible bifurcation point.
Finally we sketch the bifurcation analysis to show that the linear
instabilities are restabilized by the nonlinearities to a morphologi-
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cally more complicated solution. In the context of G. Nicolis' lectures, we obtain a Landau equation for the amplitude of the linearly
unstable mode thus indicating a pitchfork bifurcation diagram.
3.1. Planar Solution
Denoting the planar state quantities with a super bar, one can easily
check [2,3] that the following constant velocity solution satisfies
problem (2.4',5, ••• 14,15'):
R(t)

= Vt

(3.1)

{:-;;,(X-Vt)

x

< Vt

(3.2a)

x

> Vt

(3.2b)

r,(X-:t)

x

< Vt

(3.3a)

-vO(x-Vt)

x

> Vt.

(3.3b)

y(x,t)

p(x,t)

vo

where vf = vf/rr = vfL/Dfrr,
= ~fvf/~O (from (2.5) and (2.14»
velocity of the planar interface V = vf from (2.15').

and the

3.2. Linear Shape Instability
In order to examine the stability of the above planar solutions (3.1,3)
with respect to bumps we consider perturbations of the type (i.e. a
generic term in the Fourier decomposition)
R(y,t)

=

Vt + 0 r 1m (t) cos my

(3.4a)

y(x,y,t)

y(x,t) + 0 Y1m(x) r 1m (t) cos my

(3.4b)

p(x,y,t)

p(x,t) + 0 Plm(x) r1m(t) cos my.

(3.4c)

Considering 0 to be small, the linearized version of equations (2.4',5,
••• 14,15') can be derived [2] (i.e. retain terms in first power of 0).
These can be solved explicitly for Ylm and Plm ~nd the Stefan condition
gives [2,3] the following condition on the amp11tude r 1m (t) of the
cos my bump;

(3. Sa)
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This differential equation indicates that the amplitude of the bump
grows or decays depending on the sign of the coefficient. The connection with the equivalent, more conventional viewpoint ,resented in G.
Nicolis' lectures follows by expressing rlm(t) = rea m t in terms of the
spectrum a(m) of the linearized problem and obtaining from (3.Sa) the
dispersion relation

-

[~f

oem) = 1 :fr

-

(~~

2
+ 4m )1/2 + (1 - r)lml]·

(3uSb)

The m-dependence of 0 is shown in Fig. 2 revealing clearly that the
planar solution (3.1,3) is linearly unstable to long wavelength perturbations (because r < 1) and stable to short wavelength perturbations.

o

--I'~-----~------_Iml

Fig. 2.

Graph of dispersion relation (3.Sb).

The critical wave number (Imol at which o(mO)
2(1 - r)
Imol = (3 - r)(1 + r) vf

= 0)

is given by
(3.6)

Since our channel width has been normalized to ~, the first mode which
can be carried is lmol = 1 giving, from (3.6), the critical parameter
value (of vf
vfL/D f )

Vc

Vc(r) =

(3 - n(l +

2(1 - r)

rh

(3.7)

From this we see that the instability does indeed arise analytically and
that, as is physically realistic, larger flow speeds, larger transverse
dimensions, larger porosity/permeability changes promote the instability
while iarger diffusion coefficients inhibit the instability (i.e.
diffusion is stabilizing, as mentioned earlier). The limit of r + 1
(i.e. no porosity change) suggests it is very difficult to produce
instabilities. This has been verified by a separate analysis [1]. Thus
this instability can occur only i f "significant" amounts of the soluble
mineral are. dissolved.
3.3. Non-linear Restabilization
We begin by scaling the independent variables.

Because the instability
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occurs at finite wavelength none is required for the spatial variables
while, as is common for pitchfork bifurcations,
2

t2 = e: t.

(3.8)

(i.e. single terms suffice for the more general series in G. Nicolis'
lectures). Additionally, we write
(3.9)

We find [3) at 0(e: 2 ) that vI = 0 (as usual for pitchfork bifurcations)
so that the physical significance of the small parameter e: is
(3.10 )

where we have taken, without loss of generality, v2

1.

Thus
(3.11)

The stability calculation then proceeds by expanding all of the dependent variables in terms of e: (suppressing the sub-2 in the new t2
variable) :
R(y,t)

4

+ O(e: ),

y(x,y,t)

(3.12a)

y(x,t;e:)

+ e:(Yl0(x,t) + y 11(x,t)cos y + y1 2 (x,t)cos 2y + ---)
2

+ e: (y

20

(x,t) + y

21

(x,t)cos Y + y

22

(x,t)cos 2y + ---)

3

+ e: (y 30 (x,t) + Y31(x,t)cos y + Y32(x,t)cos 2y + ---)
4

+ O(e: ),

(3.12b)
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and similarly for p(x,y,t). Following the prescription outlined in
G. Nicolis' lectures one obtains a Landau differential equation for the
amplitude of the unstable mode, r 11 (t):
(3.13)

where
w

(3.14 )

" 0

and the Landau constant, A = A(r), which is algebraically very complicated, is given in Fig. 3. The positivity of A indicates that in the

1nA
15

10
5

1

r

.Fig. 3. Graph of the logarithm of the Landau constant
versus r = ¢OKO/¢fKf' a measure of the porosity change.
vicinity of the critical point the linearized instabilities (from w " 0)
are restabi1ized by the non1inearities at the next highest order, and
(from (3.13» that the bifurcation diagram is the symmetric pitchfork.
The as xmptotic amplitude of the bump can be obtained from (3.13) to be

(w/A)l 12.

4.

NUMERICAL SIMULATIONS

The actual shape of the stabilized bump, especially far from the critical point (to which the analysis of the last section does not apply)
must be obtained from numerical simulations. Because interface tracking
is a difficult problem we ~eturn to the coupled ODE/PDE model with € =
c eq / p small (= 0.05) but not zero. Using parameter values suggested by
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the analytical results of the previous section and standard numerical
methods for solving equations (2.1-5) [1], we investigated the three
cases vf « vc ' vf ~ Vc and vf » v c ' Figs. 4 a), b), c) depict these
2

°Fig.

\

\

8

4 a). vf« vc' Evolution of porosity level
curve for times 0.0, 1.8, 3.6, 5.4.

2

°

12

Fig. 4 b). v f ~
curve for

v~.
t~mes

Evolution of porosity level
0.0, 1.5, 3.0, 3.75.

2

a
Fig. 4 c). vf
curves for

12
>~

vc'

t~mes

Evolution of porosity level
0.0, .24, .48, .72, .96.

cases respectively, indicating stability of the planar front, restabilization to a new shape and a highly unstable dissolution zone respectively.
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ON GEOMJRFHIC PATI'ERNS WITH A FOC'US ON S'IDNE CIRCLES VIEWED AS
A FREE-<X>NVECI'ION PHENOMENON

Bernard Hallet
Quaternary Research Center AK-60

University of Washington
Seattle, Wa. 98195
U.S.A.

I describe a series of prominent patterns seen in landscapes
which constitutes a research area ripe for the application of
dynamical systems analysis. Stone circles and polygons in Arctic
soils are particularly striking exaIrples of self-organization and,
hence, are presented in greater detail. A conceptual model of these
features is developed, in which the soil is idealized as a very
viscous linear fluid and intennittent free-convection of the soil is
inferred. It is likely to result fram gradients in the bulk density
of the soil arising fram an increase in water content with depth due
to ice melt. 'Ihis model is in accord with the observed size,
regularity, pattern, texture, micro-relief, surface soil motion and
vegetation of stone circles in Spitsbergen.

ABSTRAcr

1.

INTROWcrrON

It is hoped that this curso:ry presentation of geomorphic patterns will
infom non-geomorphologists that a variety of orderly patterns, some
with striking regularity, occur in landscapes. In addition to being
interesting in their own right, considerations of these orderly
patterns may pave the way to exploration of the intriguing possibility
of chaotic patterning in landscapes (CUlling, 1985).
For clarity of presentation geomorphic patterns are arbitrarily
sulxlivided into two groups: closed forms, which are those that enclose
an area, and open forms that do not.
2.

2.1

OPEN FORMS

Drainage Networks.

'!he branching network of streams with a progressive convergence of
tributaries of different sizes to fom larger streams is obvious from
any map. The geometry of the drainage network can vary substantially
533
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in response to the substrate. In areas of relatively unifonn bedrock,
derrlritic networks are canunon; they are characterized by sinuous
streams with a range of orientations that generally converge in one
direction. In contrast, in areas underlain by tilted layers of rocks
with differing resistances to erosion drainage terrls to fonn trellis
patterns in which angular junctions arrl abrupt berrls in stream courses
reflect the orientations of relatively weak zones in the bedrock. In
view of the obvious contrasts in drainage fonn arrl the irregular
geometry of each channel, the topology of these networks is remarkably
constant, indicating that the branching patterns are orderly on a
statistical basis.
'!he various segments of a drainage network can be ranked from
first-order channels, also termed exterior links, that have no
tributaries, to higher-order channels that have successively more
tributaries. Interior links are the reaches of channels between
adjacent confluences. Horton (1945) discovered that the number of
channels of a particular order decreases geometrically as the order
increases. 'Ihis "law of stream numbers" was empirically known to
apply generally, regardless of the size of the basin, which can range
fram 1 to 107 km2, arrl regardless of the lengths, shapes arrl
orientation of channels. Shreve (1966, p. 36) suggested that "the law
of stream numbers is largely a consequence of rarrlom development of
the topology of channel network according to the laws of chance." His
seminal studies are "founded on two basic postulates: (1) Natural
channel networks in the absence of strong geologic control are very
nearly topologically rarrlom arrl (2) interior arrl exterior link lengths
arrl associated areas in basins with homogenous climate arrl bedrock
have separate statistical distributions approximately independent of
location in the basin" (Shreve, 1975, p. 527). In addition to
providing a basis for the law of stream numbers, Shreve's
probabilistic topological approach unifies the large number of known
quantitative errpirical relationships among the orientation-free
plarilinetric properties of channel networks arrl drainage basins
(Shreve, 1975).
'!he remarkable lack of variation in drainage network topology
with basin size reflects the scale-independence of the branching
patterns. Indeed, drainage nets seen on maps on vastly different
scale often have very similar appearances. Given the fundamental
nature of Shreve's postulates, these probabilistic considerations are
not likely to be limited to drainage networks; indeed they have
obvious applications in studies of other arborescent networks as in
trees arrl other plants, arrl in circulatory arrl other physiological
systems (e.g. Vogel, 1983). '!he self-similarity arrl universality of
branching networks is well recognized (Mandelbrot, 1982).
2.2

River Meanders

'!he sinuous paths of many rivers are often conq;:>rised of SIOClOthly
curving segments with a rather prominent wavelength that terrls to
scale with the water discharge arrl the width of the channel. Spectral

analyses of meandering rivers reveal considerable power over a wide
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range of wavelengths, however, cammonly with several spectral peaks
(Speight, 1965). A s:iIrq;>le prominent gecnretric property of mearrlering
channels, recognized by Iangbein am Leopold (1966), is that changes
in direction of channel segments closely approximate a sine function
of channel distance. 'Ihe resulting form is known as a sine-generated
curve. '!hey noted further that "the gecnretry of a mearrler is that of
a rarxlan walk Whose nost frequent form :minimizes the sum of squares of
the changes in direction in each unit length" of the channel. '!hus,
in cases where a straight channel is unstable, as discussed below, a
river of given sinuosity taros toward a form that :minimizes the
overall curvature of the channel.
'!he close gecnretric resemblance of a buckled elastic beam to the
idealized curve of least argular variance offers a suggestive analogy
helpful in elucidating overall mearrler shape (Leopold am Langbein,
1966). 'Ihe shape of a buckled elastic beam is known to be that which.
minimizes the overall strain energy compatible with the :iIrq;>osed
shortening am other constraints. In this conservative system, since
strain energy scales with the square of the curvature (Timoshenko and
Goodier, 1951), the overall strain energy of a uniform beam is least
when the curvature is as uniform as possible. By analogy I therefore,
it might be inferred that the sine-generated curve is closely
approxirnated by a channel because it tends toward a form for which.
erosion is as uniform along the channel as possible. '!his form
appears likely because areas of relatively high curvature would not
persist; bank erosion would naturally be concentrated there, which.
would tend to decrease the curvature in these areas am to ren:ier the
overall channel curvature uniform.
Similar considerations have motivated an array of searches for
s:iIrq;>le extrenn.nn principles that would govern the gecnretry of
mearrlers. statements of :minllnum variance, :minllnum flow resistance,
:minllnum total energy dissipation am :minimum rate of energy
dissipation (e.g. Ritter, 1978, p.240) have all been developed in this
context. At present, they all suffer fran the facts that the "system"
is difficult to define precisely, am the governin;J equations for
sedllnent transport am, especially, bank erosion are poorly known.
Moreover, the classic "thermodynamic" considerations of larrlscape
evolution (e.g. Leopold am Langbein, 1962) preceded recent advances
in dynamical systems analysis and, in particular, preceded the
widespread recognition of potentially conplex behavior in systems far
fran equilibriwn.
'!he fundamental cause of mearrlers has been the subj ect of a
series of enlightening fluid dynamical studies (see callander, 1978
am references therein). '!he general thesis is that the mobile bed of
a channel with straight banks is unstable, so that a pertw:bation in
the form of a set of alternating bars am pools will grow in
amplitude. It is often asStnned the pertw:bations with a wavelength
for which. the initial growth is fastest will daninate the mearrler
pattern. However, stability analyses say little about meander growth
beyord the incipient stage. A recently developed three-dimensional
model of water flow am erosion in curved channels with
large-amplitude bed relief (Nelson and Smith, 1985) now provides a
powerful tool for studying mearrler evolution and gecnretry.
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2.3

Beach CUSps ani other coastal crescentic I.arx:lforms

Remarkable patterns of evenly spaced crescentic E!lnba.yments separated
by seaward projections are prani.nent on many shorelines. 'll1e lOClSt
c::amrocm features of this type are beach cusps which can form in beach
sediments of arr:! size, rarq:in;J from fine Bani to boulders. The
spacjn;J of beach cusps varies from beach to beach from abolIlt 3 to
30 m, ani appears to increase with wave height.
A variety of origins have been proposed to account for the
generation of evenly spaced beach cusps (e.g. Ritter 1978), but no
consensus has been reached. Acco:rdirg to several prominent hypotheses
the cusps reflect periodic variations in wave height alon; the length
of the waves. A popular version involves s~ edge waves (e.g.
Guza ani Iman, 1975), as was mentioned by Dr. Putterman dur:in;J l:lis
discussion of edge wave instabilities at this Institute.
Beach cusps become nore perplexing when one realizes that they
belOn;J to a c:x:mplete hierarchy of crescentic shoreline forms rarqing
from cusplets with a wavelen;rth of less than a meter to major cuspate
:i.n:lentations of the coastline with spacID;Js on the order of a hurrlred
kilaneters. Moreover, except for large-scale features with spacings
in excess of kilaneters, the crescentic forms all tend to display
pronounced periodicity (Dolan, et al., 1974). Presently, there
appears to be no widely-accepted explanation for this large rarqe of
periodic shoreline forms.
2.4

Ripples ani

runes

In many desert ani coastal regions of the Earth, winjs nold their

erc:xillJle substrates of cohesionless grains into strikingly regular
bedforms of three distinct wavelen:fths: ripples, dunes ani draas (also
temed megachm.es) • 'll1e Algodunes dune chain in southern California,
U.S.A. provides a spectacular exan;>le of bedform superposition.
Aerial photographs (e.g. Greeley et al. 1978) reveal the large scale
order: a regular spacjn;J, about 1. 3 km, of 100 m high megadunes
separated by flat areas largely free of Bani. 'll1e megadunes are
themselves c:x:mprised of coalescing dunes with a horizontal len;rth
scale on the order of 100 m. Moreover, decimeter-sized ripples are
characteristic of the dune surfaces. '!his hierarchy of eolian
bedforms, with three prominent wavelen;rths on the order of 10-1, 102
ani 103 m, has been thoroughly documented by Wilson (1972). He has
also shatm that these bedforms can be grouped into three dimensional
categories without overlap by taking into account the grain size of
the material. The recognition that, given a particular grain size,
bedforms belonging to each wavelen;rth category can form simultaneously
and that no transitional forms exist, suggests that distinct processes
lead to each geomorphic form.
Eolian ripples form same of the lOClSt regular and aesthetically
pleasing patterns in nature. Yet, no theory presently explains
quantitatively how the c:x:mplex fluid-bed interactions, including the
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inherently stochastic notions of coarse grains bouncing energetically
along the bed, give rise to this regularity. A recently developed
model of sediment transport by wW (Arrlerson & Hallet, in press)
provides the necessary founjation permitting the development of a
model for ripples and larg~ bedfOI1l1S. '!his development is likely to
parallel closely the successful theoretical analysis of the analogous
problem of fluvial bedfoI1l1S (e.g. smith and McLean, 1976), in which
the turbulent structure associated with finite-amplitude bedfoI1l1S
controls their continued gravth, or their decay.
3.

3.1

ClOSED FORMS

Polygonal Features

Distinct polygonal patten'lS, with a predominance of hexagonal foI1l1S,

are characteristic of crack networks that develop in hOllXlgeneously
cooling lava and in cooling frozen soils. These patten'lS belong to a
broad class of phenomena called contraction-crack polygons, which fonn
in response to tensions resulting from a decrease in volume such as
could be caused by thermal contraction, desiccation, chemical reaction
or phase change (Iachenbruch, 1962 p.55). They span a broad range of
scale ranging from cent:ilneters in drying mud to tens of meters in
penafrost. The size and configuration of polygons deperx:1 upon the
rtleological behavior of the medium and the nature of the irrluced
volume change. The differential contraction at the surface irrluces
horizontal tensile stresses that peak at the surface and cause
fractures to fonn and propagate. As cracks fonn, they cause a local
relief of tension in the surficial material. Progressively, cracks
intersect to fom polygons that "attain such a size that zones of
stress relief of neighboring cracks are superposed at the polygon
center so as to keep the stress there belOW' the tensile strength"
(Iachenbruch.,1962 p.58). The polygonal patten'lS with COlTIllPn triple
junctions of cracks intersecting at nearly 1200 angles are typical of
corrlitions of relatively great thermal and mechanical homogeneity.
Less homogeneous corrlitions terri to lead to a sequence of cracks, the

first ones fonning at loci of low strength or high stress
concentration. As they propagate, subsequent cracks are influenced by
stress fields arourrl existing cracks; this influence causes cracks to
intersect pre-existing ones at right angles to fom orthogonal systems
of polygons.
Interestingly, compression ridges that appear to result from an
increase in voll,IIl\e can give rise to similar patterns of polygons.
SUch patterns are pertlaps most obvious on lake beds where water with
high salt content is evaporating. The resulting salt crystallization
tends to give rise to compressive horizontal stresses in the surficial
material. with continued crystallization, eventually the
salt-encrusted surface layer tends to buckle upward thereby fonning
ridges. As ridges often stand out above the receding water line, they
are relatively dJ:y and, hence, fluids tend to migrate osmotically to
these areas. This results in continued salt transport and further
growth of the ridges.
When corrlitions are relatively unifom, as in the center of a
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playa, the ridge pattern is strikingly regular. The ridges almost
invariably join in triple junction with intersection angles close to
1200 and they subterrl equidimensional domains. Interestingly, the
resulting patterns are distinct from a hexagonal network because the
ridge segments are irregular in plan view. In fact, they closely
resemble the fractal Koch curve whose initiator is a regular hexagon
(Man::ielbrot, 1982, p. 46). An exceptional aspect of this
plane-filling fom is that each cell can be subdivided into equal
sub-cells of identical fom. This similarity is absent in hexagons,
as several hexagons cannot fom a laxger hexagon. It is noteworthy
that the triple junctions that occur in many natural plane-filling
IOOSaics occur on scales ranging from 10-3 m in mudcracks to 106 m for
oceanic ridges.
3.2

Circular Features

circular foms occur in a variety of geomorphic settings. Arrays of
circular foms are well known to occur in areas where subfreezing
~tures are CClllllt'On.
'!he next section is devoted to these
features.
4.

S'IONE CIRCIFS

stone circles are fine-grained soil domains delineated by raised
borders of gravel (Figure 1). They fom 1axgely in Arctic and alpine
areas of pennafrost where, below the upper one meter or so, the soil
is permanently frozen. Their orderly geometry and the distinct
segregation of material according to grain size both represent a

Figure 1. stone circles averaging 3-5 m in diameter with 1 m wide
raised gravel borders in western Spitsbergen.
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degree of self-organization that is striking when noting that these
structures generally originate from a featureless mixture of mineral
materiaL These stone circles constitute only one of many fonus of
periglacial patterned ground that have been widely described and
illustrated (e.g. Washburn, 1980 and references cited therein).
Although numerous hypotheses have have been proposed regarding the
fonnation of patterned ground (Washburn, 1956), there is no consensus
am no rigorous assessment of the relative inq:lortance of the many
invoked processes.
Diverse geologic evidence, including the similarity between plan
fonus of pennafrost patterned ground am of Benard cells, give
considerable notivation for viewing these soil patterns as a free
convection phenomenon (Nordenskjold, 1907; II:M, 1925; Elton, 1927;
Gripp, 1926, 1927; Mortensen, 1932). wasiutynski (1946, p.202)
assembled existing observations of stone circles, and presented a
strong case for soil convection in the active layer, which is the
upper meter or so of soil in pennafrost areas that thaws during the
summer. Despite this early work, and other studies suggestive of
circulatoty soil notion (Sorenson, 1935; Pissart, 1966; Nicholson,
1976), the notion of free convection of soil has lost popularity among
geamorphologists, partly because of the lack of a mechanism producing
a large systematic decrease in soil bulk density with depth.
In view of the current lack of concensus regarding the fonnation
of stone circles (e.g. Washburn, 1956, 1980), it is instructive to
review their inq:lortant characteristics, and to consider the
similarities am differences between them and Benard cells. I will
first briefly describe stone circles and present measurements of
surface soil displacements, drawing largely on recent field studies in
Spitsbergen (Hallet am Prestrud, in press). I will then discuss
driving mechanisms for the inferred soil convection.

4.1 Description of Patterns
4.1.1. Plan View. The oost distinctive soil patterns in our study
area, at 79~ 12~ in western Spitsbergen, generally co:rrprise
equidimensional domains of essentially unvegetated, fine-grained soil
outlined by broad curvilinear ridges of gravel (Figure 1). They
resemble closely the exceptionally well-developed sorted circles
studied by Czeppe (1961) am Jalm (1963) in the Hornsund area of
Spitsbergen. Although they only rarely approach a true circular fonn,
we follow existing usage am refer to these equidimensional figures as
"stone circles", also known as "sorted circles" because of the
distinct sorting of material according to size. Whereas certain
neighboring areas are co:rrpletely covered with polygonal arrays of
coalescing stone circles that share canunon borders, adj acent circles
in our study sites are generally separated by low relief areas lacking
the lateral sorting characteristic of stone circles. In extreme cases
individual stone circles may be separated from all others.
Considerable variation is apparent in the size of stone circles
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fran one area to another. However, within a sin;Jle network they tend
to be rather mlifonn in size. Preliminary transects measured from
aerial photographs of our study area imica.te that outside diameters
of stone circles, includin.J the 0.5 to 1 m wide border, ~ fran 3
to 6 m.

4.1.2. Microtopography and SUbsurface. Typically the surfaces of fine
danains are SlOOOth and convex upward with the highest point near the
circle center bein;J 50 to 100 nun higher than the edges of the fine
daDain. '!he transition between the fine danain and ooarse border is
abnlpt, both in tenDs of texture and slope (Figure 2). '!he surfaces
of the fine danains ani of the ooarse border both dip down toward the
shal:ply defined fine/coarse contact, the latter bein:J qenerally
steeper. '!he border heights vary oonsiderably fran area to area,
ran;rin;J fran a fal nun to 0.5 m.
'!he surface markirr:J the contact between fine ani ooarse material
c::c:at1llV:>I1y dips about 200 radially 0l.l.tWcmi near the surface and steepens
sharply to near-vertical below about 0.2 m. '!he depth to frozen
grourd increases tlu:oughout the thaw season ani tends to be greatest
urXier the fine centers. '!he active layer thickness ran;res fran 1 to
1. 5 m in the study areas.

Figure 2. Sharp textural break at the distinct trough markirr:J the
contact between domed fine-grained domain ani raised bortlers. Shad.ow
cast by a horizontal bar highlights the micro-relief.
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4.1.3. vertical Displacements. Considerable upwatd ani dc1.vnward
llPtion due to freezing ani thawing have been well documented near the
surface of sorted circles at Hornsund (Jahn, 1963 ani Czeppa, 1961).
OUr observations yield similar results with :maximum surface heaves on
the order of 0.1 ro, roughly 10% of the active layer thickness.
Thawing of the soil starts shortly before the surface is exposed by
snow melt. 'Ihe surface first settles quickly, particularly in the
finegrained domains. After a few weeks, settling slows to very low
rates.
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Figure 3. Radial displacements (in mm's) at stone circle site KIW
throughout the 1984 thaw season. Inward motions are toward. circle
center, outward motions are toward circle exterior. successive
measurements are represented by subvertical line segments I slightly
offset for illustrative clarity. Heavy solid line represents net
radial displacements for entire thaw season. Radial strains are
calculated fram the net radial displacements; a tensile strain
corresporrls to an increase in radial displacement with distance from
the circle center.
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4.1.4 Horizontal Displacements at the SUrface. Twelve radial
displacement profiles were measured throughout the 1984 an:i 1985 thaw
seasons. In all sorted circles monitored, radial displacements of
individual markers at the surface ranged up to 20 nun an:i averaged a
few millimeters. Interestingly, a coherent pattern of motion emerged
in each sorted circle. As seen in a representative exanple in Figure
3, the rate an:i direction of the radial motions of individual markers
during successive time inteJ:vals are CCIlTplicated, but by the errl of
the thaw season, the markers in the fines mved outward toward the
border, an:i those in the coarse border mved inward. Little or no net
motion was recorded in the intercircle areas.
In the fines, the increase in net outward radial displacements
with distance fram the center constitutes a tensile radial strain
(Figure 3). In contrast, strong radial CCIlTpressive strain exteros
fram the interior margin of the border into the periphexy of the
fines. '!he large inward displacements of the border surface, together
with the slight motion in the intercircle areas, correspon:i to
significant radial tensile strain in the outer part of the border.
D.lring the 1985 thaw season the surface displacement pattern for
site KlW was vexy similar to that for the 1984 period. Combining the
vertical displacements caused by thaw settling with the radial
displacements produces a coherent pattern of displacement vectors in
two dllnensions, as a function of time (Figure 4).
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Figure 4. Topography, surface soil displacements arrl thaw depth
(shewn on right) as a function of time at stone circle KlW during the
1985 thaw season.
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4.2 '!he case for Free COnvection of Soil
4.2.1. Dynamic Maintenance of the Micro-relief. '!he bulbous ridges of
coarse material, ani the sharp troughs that separate them fram the
dame1 fine domains, are prominent stone circle characteristics that
appear to vary only slowly over periods on the order of 103 to 104
years (Hallet ani Prestrud, in press). '!his micro-relief is striking
in view of the numerous processes that tern to reduce the relief.
'!hese include gelifluction, pluvial erosion, ani biogenic surface
distuJ::bances, all of which result in downslope transfer of material.
Because relatively steep slopes converge to form the troughs at the
fine/coarse contact, the troughs would tern to fill particularly
quickly; yet they persist (Figure 3). A siITple diffusional model of
the overall erosional ~, using the range of plausible effective
topographic diffusivities 10-2 to 10-3 m2/yr (fram tabulations by
Kenyon ani Turcotte, 1985, p. 1464), suggest that the troughs at the
fine/coarse contacts would essentially disappear in decades or, at
most, centuries. '!hus for this conspicuous micro-relief to persist
for periods on the order of 103 to 104 years, degradational processes
must be campensated by subsurface motions; in other words, the
micro-relief must be dynamically maintained.
Given the expected lateral divergence of material fran
topographic highs, these domains can only remain in their raised
~:t':.t\Jl1l::j ...ti'lrcragl1"'l::m:·"CIpWa:fu.""1tUC.ron-m:-'-tne·uri:Ier~YIlTJ-sdiLs·re.rat~ve
to adjacent areas. '!hus both the convex upward fine center ani the
high coarse border would tern to reflect longterm upwelling of soil in
these areas. COnversely the trough at fine/coarse contacts would
reflect relative downward soil lI'Dtion there. '!he siITplest overall
pattern of II'Dtion compatible with these constraints is illustrated in
Figure 5. Note the inferred subsurface II'Dtions required to satisfy

COARSE
BORDER

"
------

FINE
_----.c:.:.:..._

............

-

Figure 5. SiITplest pattern of soil motion compatible with
micro-relief, measured surface displacements, ani indications of
occasional diapirism under the borders of isolated sorted circles. '!he
motion includes convection in the fine center, "subduction" at the
fine/coarse contact, ani probably rolling of the border.
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the conservation of material. We stress that actual soil m:>tions are
likely to be llUlch m:>re COll'plicated as they will reflect large
fluctuating displacements associated primarily with freezing and
thawing; nevertheless the pattern of net m:>tions over a number of
years can be deduced to be as illustrated in Figure 5.
4.2.2. Interpretation of lateral Motions. The observed net radial
strains during both the 1984 and 1985 thaw seasons (Figure 3)
displayed identical COll'plicated patterns with weak but peJ:Vasive
radial extension in the fines, and a juxtaposition of marked
COIrpreSSive and tensile strains, respectively, in the interior and
exterior portions of the border. Aside fram the unlikely possibility
that this strain pattern is systematically reversed after the thaw
period, or that the micro-relief of circles is changing rapidly
through t:ilne, such strains would in the long tam reflect a general
pattern of U};:Mard soil motion in the fine centers, and dCMnWard m:>tion
increasing fram the outward portion of the fines to the interior
portion of the coarse borders. Again, continuity requires a transfer
of material at depth fram urrler the borders to the center of the
circles. The unexpectedly large motion of the border surface toward
the center ill'Iplies circulatory m:>tion in the coarse material as well.
The sill'lplest overall pattern of m:>tion cc:nrpatible with the surface
displacements is identical to that inferred fram the microtopography
(Figure 5).
Radial IIOtions and tilts of dowels initially inserted vertically
in the fine domain of sorted circles have also been measured by other
workers, notably by Jalm (1963) in the Hornsurrl area of Spitsbergen,
and, m:>re recently, by A.L. Washbum (1985, personal cammunication) at
Resolute, N.W.T., canada. Markers are generally fourrl to tilt outward
in accord with the inferred convective m:>tion of the fine-grained soil.
4.2.3. Inferred Long-tam COnvective Motion. Several aspects of the
sparse vegetation cover are also supportive of the inferred convective
motion. First, at the peripheJ:Y of the fine domains, the vegetation
mat and the urrlerlying soU cammonly fonn small folds with axes
paralleling the fine/coarse contact (Huxley and Odell, 1924; Jahn,
1963, and Van Vliet-lanoe, 1983). They closely resemble
exper:ilnentally produced buckle folds (Dixon and SUnuners, 1985), and

probably result fram radial COll'pressive stresses arising fram the load
of the coarse border and fram the inferred subduction. That they are
generally localized within about 0.1 m of the coarse border agrees
well with the lateral strains measured during the thaw period that
switch to COll'pressive radial strain at the peripheJ:Y of the fine
domains (Figure 3). The folded nature of the vegetation mat inplies
that at least a portion of the convergence recorded during the thaw
period near the fine/coarse contact persists in the long tam.
Second, subduction urrler the coarse border, which is inferred
fram the micro-relief and from the extension of fine-grained material
urrler the border, is expected to transport organic material into the
active layer. In accord with other studies of patterned grourrl (e.g.
Ugolini, 1966; Washbum, 1969), we find that organic carbon content
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does not decrease monotonically with depth, as expected in a stable,
nonconvectirg soil. Instead, throughout the active layer, the organic
carl>on content of the soil at the periphery of the fine domain is
considerably higher than in the center. As material that has not been
at the surface recently will presumably be depleted in biogenic
caI.'bon, the very low car'bon content of the central portion of the fine
domains throughout the entire sanpled depth probably reflects upward
motion there. '!hat the vegetation cover is often discontinuous or
absent in these areas, whereas it is thickest at the periphery of the
fines, also reflects the expected radial increase in time available
for biotic colonization. 'lhese observations all support the inferred
pattern of soil motion shown in Figure 5.
Additional geologic data further support elements of long-tenn
convective soil motion. Upward flow of material in the circle centers
is COllpitible with the upward migration of stones arrl fossils to the
surface (e.g. Gripp, 1926, 1927) in places forming islarrls of coarse
material near the centers of the fine domains. Furthennore, the
radial flow pattern characteristic of hexagonal convection cells is in
accord with the preferred alignment in a radial direction of elongated
rock fragments in sorted patterns (Schmertmann arrl Taylor, 1965).
4.2.4. Geometric Similarity Between Benard Cells arrl Sorted Circles.
As it is primarily the regular geometxy of sorted patterns that has
long invited COllpirison with Benard cells (Nordenskjold, 1907;

Wasiutynski, 1946), several geometric aspects of sorted circles merit
further discussion. In plan view, the similarity between Benard cells
arrl sorted patterns can be quite striking. Figure 6a shows a map of
sorted patterns from Cornwallis Islarrl, N. W. T. The fine-grained
pattern centers, shown with the stipplirg, grade from equidimensional
domains in a relatively flat area next to a small lake, to elongate
foms on a slope that is slightly steeper arrl higher. Figure 6b shows
a very similar cell fonn foun:l in numerical silnulations of
free-convection (Bestehom arrl Haken, 1983). '!he geometxy of
peripheral cells in the silnulations reflects the ilrpose1 bourrla:ry
corxtitions. In sorted patterns, elongated foms are likely to appear
Where shear forces, Which result from the downslope component of
gravity, approach the order of the buoyancy forces that drive
convection. 'lhe transition from circles to stripes in our map area
can indeed be shown to correspond to a zone Where the estimated ratio
of buoyancy force to shear force decreases markedly. The elongation
of stone circles due to shear forces was recognized early (e.g.
Wasiutynski, 1946, p. 204).
In vertical sections, several further similarities exist between
sorted patterns arrl Benard convection cells. Diameters of stone
circles range from 3 to 6 m in areas with active layer depths between
1 arrl 1.5 m. Assuming that the entire active layer convects, the
diameter-to-depth ratio of stone circles is in good agreement with the
average aspect ratio foun:l experimentally to be about 3.3 for
hexagonal convection cells (Benard, 1901). The central domain of
stone circles is invariably convex upward, in accord with theoretical
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analysis (Jeffreys, 1951) am experimental studi~ (Ceriser et al.,
1984) of the defonnation of the free surface by buoyancy-driven
convection. '!hat this free surface deflection is opposite to that
obsel:ved by Benard (1901) is nr::M recognized to result from the fact
that Benard cells were primarily caused by a gradient in surface
tension, am not by buoyancy (Scriven am Stemling, 1964).
Similarly, although Benard fourxi that the highest points on the free
surface of the fluid are at the tips of the hexagon, buoyancy-driven
convection is likely to result in the 10VleSt points at hexagon tips.

Sorted Figures, Resolute, N.W.T. ( from Washburn )
Domains of fine material are stippled.

Contour interval 5 em

Figure 6. Patterned-grourrl (a) ressembles closely pattern (b) obtained
in a rnnnerical s:imulation of free
convection (taken from Bestehom anc1
Haken, 1983). In accord with the
inferred motion, the fine domains
correspond to domains of calculated
upward velocities; both are stippled.
Elongated foms appear in the model
due to bourrlary conditions, anc1 in
nature due to increasing slope. '!he
mapped pattern was derived from A.L.
Washburn I S map, produced by R. S.
Arxierson, C.G. Gregory, and the
author. Topography is shown with
5 em contours.
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Imeed, the lowest areas in sort:e1 patterns tern to occur between
three circles, usually at triple junctions of coarse-grained ridges.
'!he raised position of the coa.rse-grained bomers appears to
result prllnarily fram the accumulation of stones at the bomer.
Freezing and thawing of the soil causes stones to move relative to the
soil generally in the direction of heat flow. As heat flow is
prllnarily upward, stones are brought to the surface. '!his process is
termed ~freezing. stones at the surface will tern to proceed to the
bomers because surface processes tern to move them downslope toward
the fine/coarse contact, and because the soil itself is moving in that
direction. stones accumulate at the circle bomers because the rate
of stone up-freezing is likely to exceed the rate of downward soil
motion there. Thus the up-freezing process "may be considered as a
substitute for buoyancy, and the stones behave as if floating on the
nrud" (Wasiutynski, 1946).

4.2.5. Driving Mechanism for Soil Convection. In view of the fact
that the early work on free convection dealt with fluid motion driven
by temperature-induced density differences, it is natural that early
considerations of soil convection focussed on temperature gradients
for a mechanism to drive such motion (e.g. Romanovsky, 1941). It was
recognized early that the density of water could be expected to
decrease during the thaw season because near the surface it would tend
to be a few degrees above oOC while at the base of the active layer it
would remain at oOC, the grou:rrl being frozen below. Sircple
calculations show, however, that the maxbnum variation in bulk density
of the soil that could result fram varying the water temperature from
OOC to 40C is insufficient to irxluce convection (Wasiutynski, 1946).
SUch small bulk density differences, on the order of one part in 104 ,
are likely to be completely overshadowed by differences in ~
density arising fram realistic variations in soil moisture or texture
(Mortensen, 1932, Dzulynski, 1966). Moreover, it was recognized that
differences in soil moisture may actually provide the driving
mechanism for convective motion of the soil (Mortensen, 1932; Gripp
and S:iJnon, 1934; and Sorensen, 1935). A compelling case for soil
convection due to vertical gradients in water content was presented by
Wasiutynski (1946, p. 202) who clearly recognized that " ••• if we
substitute water content for temperature, the equations of motion in
the nrud layer will be the same as those of the problem of thennally
maintained instability". Convection could be maintained by a supply
of water at the base due to ice melting and removal at the soil
surface.
A limitation of this work is that no precise mechanism emerged
to account for the requisite moisture-induced decrease in soil bulk
density with depth. A possible solution becomes apparent through more
explicit consideration of active layer processes. Heave records
indicate that the soil surface heaves upward on the omer of 0.1 m
each seasonal freeze period; this ircplies that the soil in a 1-m thick
active .layer expands on the average by about 10% seasonally. As this
vol1.nnetric expansion is due prllnarily to water intake and subsequent
ice lensing, the average bulk density at the end of the freezing
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season, which is about 2xl03 kqjm3, ImlSt be about 5% lower than at the
onset of freezing. Note that this expansion will be relatively large
in fine-grained soils with aburrlant misture as they terxi to be
particularly favorable for ice lensing. It follows that the average
soil bulk density increases throughout the thaw season by about 5% as
excess pore water is expulsed; this is over 500 times the maxllnum soil
bulk density difference that would arise from cooling pore water from
40C to oOC. Soil densification starts near the surface where soil
thaws first, and it progresses downward at a rate determined by the
rate of ~ water percolation above the thaw front. As illustrated
in Figure 7, near-surface consolidation may naturally give rise to
denser material near the surface than at depth where water migration
has been limited due to the relatively short period durim well the
material has been in a thawed state. '!he resulting unstable density
gradient would be further accentuated by an increase in ice content
with depth, which is often reported (e.g. Smith, 1985). Preliminary
measurements of soil bulk density in sorted circles show that the
density does decrease with depth urrler parts of a sorted circle, but
mre data are needed to substantiate this (Hallet and Prestrud, in
press) •
SCHEMATIC SOIL DENSITY (10 6 g/m 3 )
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Figure 7. Inferred pattern of soil consolidation during the thaw
period. At tine to, the soil is c::x:nrpletely frozen and the soil bulk
density is low because of high ice content. At tine tl the upper 0.5
m of soil has thawed, and the near surface bulk density has increased
substantially because the soil consolidates, as water drains from the
soil pore space. Near the thaw front, relatively little drainage has
occurred because little tine has elapsed since the soil was frozen.
Hence, consolidation decreases as one approaches the thaw front. '!he
inferred bulk density increases through the thaw season, but at any
tine from tl to t61 it is inferred to decrease with depth.
4.2.6. Effective Rayleigh Number. Useful insights into the
postulated convective mtion of periglacial soils can be gained by
idealizing soil as a very viscous Newtonian fluid and estbnating the
effective Rayleigh number:
Ra

=

T)

K
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where g is the gravitational acceleration, {I. p is the density
difference across the fluid layer, h is the
depth of the unstable
layer, 11 is the effective viscosity of the material, arxi K is a
diffUsivity that parameterizes the dissipation of density differences
with time.
As convection appears to be dictated by ll'Oisture-related
differences in bulk density, K would naturally be the hydraulic
diffUsivity, as recognized. implicitly by Wasiutynski (1946).
Prel:i.minary estimates of the parameters are 102 kgjm:3 for {l.P,
about 5% of the mean bulk density~ 1 m for h, approximating the active
layer depth~ 10-7 m2/s for K , a representative value for
frost-susceptible soils (Morgenstern arxi Smith, 1973) ~ arxi 108 Pa-s
for 11 based on measurements of radial velocity at the surface of a
sloping layer of thawed fine-grained. soil. considering the order of
magnitude uncertainties in the last two parameters, arxi the difficulty
in idealizing cohesive fine-grained soil as a simple Newtonian viscous
fluid, it is of interest that the calculated Rayleigh number is of
order 102 , within only one order of magnitude of the critical value.
'lllis suggests that soil convection is plausible in soils with slightly
lower effective viscosities or hydraulic diffUsivities than assumed in
this prel:i.minary calculation. Efforts are currently urrlerway to
obtain lOOre precise values of {I. P, 11 ,arxi K , arxi to examine the
implications of our J:heological a.sstmptions.
An explanation ncM emerges for the contrast between the
abun:lance of sorted. cil::cles in our study areas in wet swales rich in
fine material arxi their absence from adjacent beach ridges. COnvection would be strorqly favored in fine grained materials because they
would terxi to have relatively low effective viscosities, arxi low
hydraulic diffUsivities due to their low penneability. Moreover, the
lOOist frost-susceptible fine grained soils are likely to contain
considerable ice, leading to a high {l.p during the thaw period.
In contrast, on the beach ridges, the very coarse-grained soils I
the relatively low soil lOOisture arxi the thinner SncM cover are all
unfavorable for ice lensing. Pattern initiation on the gravelly
ridges is likely to be limited severely by weathering inasmuch as
considerable fine-grained material is required to reduce permeability
arxi effective viscosity, arxi to produce corrlitions favorable for large
frost-induced expansion.
4.3 Free COnvection of Water in the Active-layer?
Although the expected decrease in water density with depth in the
active layer is incapable of causing soil convection, Ray et ale
(1983) recognized that this density gradient could induce peroolative
convection of water through the soil. Moreover, they proposed that
such water convection could affect the pattern of melting at the
bottom of the active layer. '!he resulting scalloped geometJ:y of the
base of the active layer is then inferred to dictate the development
of certain pattemed ground. MUch as is the case for soil convection,
pore water convection is an attractive mechanism because it is in
accord with the regularity, shape arxi size of stone cil::cles. However,
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this mechanism only addresses the geometry of the incipient patterns;
the pattem of sorting, the development arx1 maintenance of the
features with distinct micro-relief, arx1 the measured surface
displacements of the soil cannot be addressed directly. Moreover,
whether percolative convection of water can be sufficiently vigorous
to affect heat transport significantly in fine-grai.ned soil typical of
sorted circles is questionable.
5.

CDNCWSIONS

self-organization appears in many facets of larx1scapes. '!he many
geomorphic exanples of stochastic am deteministic order reviewal
here constitute an area of research ripe for the application of
dynamical systems analysis because of the inherent ccnrplexity of the
systems. As we learn oore about individual systems, accurate
goveming equations should emeJ:ge. Because they are likely to be
difficult to solve directly, qualitative analysis of the equations
promises to shed considerable light on system behavior, particularly
on transitions from siIrple to complex behavior. For exanple, oodem
analysis of convection instability helps explain how, with an
increasing :Rayleigh number, orderly cellular convection patterns
evolve, arx1 eventually break down to chaotic behavior. Perhaps this
evolution is evident in stone circles that grade from circular foms
to complicated cw:vilinear foms with suggestions of segmentation arx1
secondary flows. '!his would perhaps constitute the first reported
exanple in geomorphology of a transition from orderly to chaotic
patterning (CUlling, 1985).
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CONCLUDING REMARKS

Loti-ORDER MODELS AND THEIR USES

Edward N. Lorenz
Center for Meteorology and Physical Oceanography
Massachusetts Institute of Technology
Cambridge, Massachusetts, U.S.A.

1.

INTRODUCTION

I have been asked by the organizer of this multidisciplinary gathering
to present a few closing remarks. I could attempt to summarize
everything that has transpired here, but any such effort would
necessarily be superficial. Instead I shall discuss a specific topic
whicp appears to be of fairly general relevance.
In a good number of the communications presented, the results have
involved the use of low-order models. The discussions that have
followed the presentations have suggested that the rationale for these
models has not always been appreciated by the audience. I have
therefore decided to speak about the construction and potential use of
low-order models. My discussion will deal with the procedures commonly
used in meteorology, and the illustrative examples will be drawn from
meteorology; however, the methods described should be equally
appropriate in any science where the basic laws are well enough known to
allow them to be formulated as a system of equations. In particular,
they should be applicable throughout the geophysical sciences.
2.

CONSTRUCTION OF LOW-ORDER ATHOSPHERIC MODELS

Atmospheric models usually consist of systems of equations that are
supposed to approximate to some degree the physical laws governing the
atmosphere. This is in contrast to some other disciplines, where the
models may consist of empirically determined equations, or simply
postulated relationships. In a sense all systems of equations used in
atmospheric dynamics are approximations, and are therefore models; I am
unaware of any recent studies where, for example, the earth's surface,
aside from orographic features, has been treated as an ellipsoid rather
than a sphere. However, when the purpose of a study is to obtain
qualitative results, or even quantitative results where departures from
reality up to a factor of about two are acceptable, much more drastic
simplifications are allowable.
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One of the commonest simplifications is to replace the earth's
spherical surface by a plane, thus permitting the use of rectangular
coordinates. Topographic features are often omitted altogether. A
Coriolis force is introduced to take into account the effect of the
earth's rotation. The rationale is that systems that would develop
above such a plane are likely not to differ too greatly from those that
actually form above the earth. Another common simplification is to
treat the atmosphere as an ideal gas, neglecting the presence of water
in its various phases. It is assumed that in a dry atmosphere the
global-scale currents, once formed, would behave much as they actually
do, although such systems as tropical cyclones, which depend upon water
for their formation and maintenance, would have no counterparts.
Two other common simplifications are the hydrostatic approximation,
which specifies a permanent balance between gravity and the vertical
pressure force, and the geostrophic approximation, which balances the
Coriolis force with the horizontal pressure force. Each of these
approximations replaces a prognostic equation, which expresses the time
derivative of one dependent variable in terms of the set of variables,
by a diagnostic equation, which expresses the contemporary value of one
variable in terms of the others. Each approximation effectively reduces
the number of dependent variables.
Whether or not the above simplifications are introduced, the model
consists at this point of a system of partial differential equations
(PDE's). Numerical methods of dealing with PDE's are becoming
increasingly common. Numerical solution requires each dependent
variable to be replaced by a number of new variables which are functions
of time alone; these are often the values of the original variable at a
prechosen grid of points. Each PDE is then replaced by a set of
ordinary differential equations (ODE's) governing the new variables.
The total number of ODE's serves as a convenient measure of the
approximate size of the model. Ultimately the ODE's will be replaced by
difference equations.
A low-order model is one where the number of ODE's is very small.
Physical simplifications may in some cases reduce the number of
equations by almost an order of magnitude, but the greatest savings come
from drastic reduction of the horizontal and vertical resolution.
When the resolution is barely sufficient to capture the features of
interest, finite differences do not afford good approximations to the
partial derivatives that they are supposed to represent. The usual
procedure is therefore to transform the PDE's into spectral form; this
is done by expressing the field of each dependent variable as a series
of orthogonal functions, such as multiple Fourier series or spherical
harmonics, and letting the coefficients in these series be the variables
in an infinite system of ODE's. This system is then truncated by
discarding all but a finite number of variables and equations; for a
low-order model this number is very small. Usually the retained
variables are the coefficients of the orthogonal functions of largest
spatial scale, although selective truncation is sometimes used.
Partial-derivative fields are obtained by differentiating the orthogonal
functions, and no spatial differencing is needed.
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in magnitude to the wind speed. We treat the atmosphere as an ideal
gas. We introduce the hydrostatic and geostrophic approximations. We
omit all thermal and mechanical forcing and damping; by so doing we
forgo the possibility of explaining the presence of the westerlies, and
simply take their existence for granted.
We next confine our attention to flow patterns in which there are
no vertical variations of the wind. In this way we effectively
eliminate the vertical coordinate as an independent variable. We then
find that the two-dimensional flow is free of divergence, so that it may
be expressed in terms of a stream function ~, while individual values of
the vorticity ~ are conserved, i.e., ~ remains fixed at any point moving
with the flow. Introducing x- and y-axes pointing eastward and
northward, so that
(1)

and letting t denote time, we find that the system of governing
equations reduces to a single PDE--the familiar vorticity equation
(2)

containing a single dependent variable~. In a slightly modified form,
the vorticity equation was actually used at one time for operational
weather forecasting, despite its obvious shortcomings.
He next transform the equation into spectral form by letting
00

~(x,y,t)

1:

k, R.=-oo

~,R.(t)

(3)

exp i(kx + R.y)

~ will be real if ~,R. and ~-k,-R. are complex conjugates.
the infinite system of ODE's
00

m,n=-(X)

(mR. - nk)(m

2

2

We obtain

+ n )~-m,R.-n1J.\n,n'

(4)

lie now note that parallel belts of westerly and easterly winds may
be described by the terms in eq. (3) containing 1/.0 Land 1/.0 -L'
where L is any single value of R.. Likewise, variations with longitude
are captured by the terms containing ~ 0 and ~-K 0' where K is a
single value of k. If we choose initiai conditio~s for eq. (4) in which
the only nonvanishing variables are 1J!K,0 and 1/.o,L and their complex
conjugates, we find tht the only variables whose time derivatives differ
from zero are ~,L and ~,-L and their complex conjugates.
We can therefore convert eq. (4) into a non-trivial low-order model
by retaining only the variables ~,O' ~O,L' 1JiK,L' and 1J.K,-L and
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Low-order models cannot be expected to produce good weather
forecasts in real situations, and their main use is in theoretical
work. Their most obvious advantage is the large saving in computation
time which they afford--this is especially important when the more
powerful computers are not available--but, because they also minimize
the numerical output, they can make the subsequent interpretation much
easier. Ideally a low-order model should be tailored to fit the
particular phenomenon, such as the intensification of middle-latitude
cyclonic storms, to which it is to be applied. Physical processes that
are patently irrelevant are best omitted. Afterward, only enough
variables need be retained for an adequate representation of the
phenomenon.
If the purpose of the model is simply to describe an already
understood phenomenon, perhaps for instructional purposes, the number of
variables may be the minimum needed for its description. If instead the
model is to be used in an attempt to explain a phenomenon, or, better,
to test the hypothesis that a particular process is responsible for the
phenomenon of interest, less extreme simplification is generally called
for. Care must be taken not only that the process being tested is
unambiguously described, but also that alternative processes, which
might be the ones actually responsible for the phenomenon, are
included, since otherwise the model would be unable to choose among the
various processes, and might be forced to accept the hypothesis.
We shall present two examples of low-order atmospheric models. The
first model is used to examine the influence of superposed large-scale
vortices on a globe-encircling westerly wind current. Its purpose is
descriptive, so it need not include other processes that might affect
the current. The second model is designed to investigate the
maintenance of approximate geostrophic balance in middle and high
latitudes. Clearly a model using the geostrophic approximation, which
does not permit geostrophic unbalance, is not suitable for the purpose,
and a so-called primitive-equation model, where the wind and pressure
fields are not diagnostically related, is used instead.
3.

A DESCRIPTIVE MODEL

A prominent feature of the atmospheric circulation is the presence of a
belt of westerly winds in the middle latitudes of either hemisphere.
These winds undergo continual fluctuations in intensity. Observations
indicate that a major process in producing these fluctuations is the
horizontal transport of eastward momentum into or out of these belts by
the large-scale superposed vortices. We shall describe the construction
of a low-order model which displays the working of this process. Since
we are not attempting to explain why other processes, such as
large-scale overturning, are not equally important in producing the
fluctuations, we do not require a model that includes these other
processes.
\fe begin by int roducing some of the commonly used physical
simplifications. He replace the earth's spherical surface by an
infinite plane, and introduce a horizontal Coriolis force proportional
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Fig. 1. Initial streamlines for the solution of eq~. (9).
described in the text. The arrowheads indicate the
direction of flow. The stream-function interval is
4 x 10 6 m2 s- l • The thin line extending from the bottom
to the top is a trough line. The x- and y-scales are
in thousands of km.
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their conjugates, discarding all terms containing other variables. We
note in addition that if these variables are initially real they remain
real, while i f also 1jJj( -L and -1jJj( L are initially equal, they remain
equal. Letting WK 0 ='X, ~O L = Y, and o/K -L = Z, we find that
eq. (3) becomes'
,
,
~

= 2X cos Kx + 2Y cos Ly + 4Z sin Kx sin Ly ,

(5)

while the infinite system (4) reduces to the finite system
dX
- = -2K1YZ
dt
'

(6a)

dY
dt = 2KLXZ,

(6b)
(6c)

The solutions of eqs. (6) are elliptic functions sn, en, and dn of
time. Which variable is given by which elliptic function depends upon
the ratio K/L and the initial values of X, Y, and Z. The e~uations
possess the two quadratic invariants K2X2 + L2y2 + 2(K 2 + L )Z2 and
K4X2 + L4y2 + 2(K 2 + L2 )2 Z 2, equal to the average kinetic energy per
unit mass and one half the mean-square vorticity.
For a sample solution we let 2n/K = 7500 km and 2n/L = 10000 km,
and we choose KX = 6 m s-l, LY = 8 m s-l, and Z = O. The initial state,
shown in Fig. 1, represents parallel westerly and easterly currents with
central speeds of 16 m s-l, separated by 5000 km in latitude, with
superposed north-south trough and ridge lines, 3750 km apart, between
which there are maximum southerly and northerly wind components of
12 m s-l.
After integrating for two days we obtain Fig. 2. The trough and
ridge lines have acquired cross-longitude tilts. South of the maximum
westerlies, where the arrowheads are shown, the contours are more
closely spaced in the northward flowing air than the southward flowing
air, while north of the maximum westerlies they are more closely spaced
in the southward flowing air. There is thus a net transport of eastward
momentum into the belt of westerlies. As a consequence, the westerlies
have increased in strength. Farther north, the easterlies have also
become stronger. This is revealed by the numerical values KX = 3.75,
1Y = 8.74, and (K 2 + L2 )1/2Z = 2.19 m s-l; the westerly and easterly
currents, represented by Y, now account for a larger fraction of the
kinetic energy.
Continued integration reveals that the westerlies reach their
maximum speed of 18.36 m s-l after 3.52 days and return to their
original strength after 7.04 days, thereafter repeating the cycle.
Integrations with other initial values of X, Y, and Z or other values of
K and L reveal how these values affect the period and amplitude of the
fluctuations. A detailed description of these aspects of the model is
given elsewhere [1].
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AN INVESTIGATIVE MODEL

It has been known for a century that the winds in middle and high
latitudes tend to blow parallel to the isobars, aqd that this phenomenon
implies an approximate balance between the Coriolis force and the
horizontal pressure force. This relationship makes it feasible to use
the geostrophic approximation in various models. It says nothing,
however, about why the two forces should be nearly in balance. One can,
in fact, picture an atmosphere where the forces are not in balance, in
which case there will be important fluctuations with periods of hours
rather than days. The longer-period and shorter-period fluctuations are
sometimes call slow modes and fast modes; the latter are inertialgravity oscillations, commonly known as gravity waves. The problem at
hand is to explain why the slow modes predominate.
It is evident that both slow and fast modes will be diminished by
dissipative processes, while the external forcing which keeps the
circulation going is primarily of low frequency, thus favoring the slow
modes. Uhat one must explain is why the nonlinear processes, which can
produce fast modes from slow modes and vice versa, do not produce fast
modes which are strong enough to dominate the circulation. We shall
describe a low-order model which we introduced a few years ago to
address this problem [2]. The model has formed the basis for a number
of subsequent studies [3,4,5].
Like the descriptive model considered earlier, the new model uses a
plane earth and a homogeneous atmosphere. The hydrostatic approximation
is introduced, and vertical variations of the wind are suppressed.
Forcing and dissipation must be retained, however, and the geostrophic
approximation must be avoided. The model also possesses surface
topography; this presumably does not play an important role in the
development or suppression of fast modes, but it can be effective in
producing aperiodic solutions, which we desired in the original study.
The resulting PDE's are a form of the so-called shallow-water
equations; they are equally applicable to a gas and a liquid. To
transform them to spectral form, we let

x

Xo

co

exp i(kjx + R.jY) ,

(7c)

1/Jo . E1y'J exp i{kjx + R.jY)'
J=

(7b)

j:l Xj
co

co

p

PO

j~l Zj

exp Hkjx + R.jY),

(7c)

where A, 1/J, and p are the velocity potential, stream function, and
pressure, XO, 1/Jo, and Po are dimensional constants, and the values of
kj and R.j are chosen so that kl + k2 + k3 = 0, R.l + R.2 + R.3 = 0, and
klR.2 -R.lk2 = but are otherwise unrestricted. We then truncate the
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Fig. 3. Variations of Y1 (heavy curve) and zl (thin curve) during
the first 8 days of a numerical solution of the 9-variable primitiveequation model, with F1 = 0.1. The values are dimensionless.
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system by retaining the dimensionless dependent variables Xj' yj'
and Zj only for j = 1, 2, or 3. The resulting low-order model then
consists of nine nonlinear ODE's [2].
Fig. 3, taken from reference [2], shows the variations of Y1 and zl
during an eight-day period, starting from arbitrary initial conditions,
with relatively weak forcing (F1 = 0.1). For exactly geostrophic
conditions, Y1 and zl would be equal. We observe fast modes where Y1
and Zl have opposite phases superposed on a slow mode where Yl and Zl
are nearly the same. There is some indication that the SlOvl modes are
decaying. Fig. 4 shows what happens after about a month. The slow mode
is behaving much as it did before, while the fast modes have become
virtually undetectable. Extension of the solution to several years
reveals no qualitative change in the slow mode, while the fast modes
appear to die out altogether.
Fig. 5, from reference [4], shows the variations of xl, Yl, and zl
when the forcing has been increased beyond the "atmospheric" range
(Fl = 0.3). Here the fast modes persist. The two cases suggest the
additional hypothesis that solutions like the one shown in Fig. 4 exist
even when Fl is large, but are unstable with respect to fast-mode
perturbations when Fl exceeds a critical value. However, further
investigation [4] has failed to reveal any abrupt transition from one
type of behavior to the other, and has suggested the alternative
hypothesis that fast-mode activity varies more like a fairly high power
of Fl' If this is the case, some fast-mode activity should always be
present, except when all fluctuations die out. Clearly we are dealing
with a problem where not all questions have been answered, and where
something more may yet be learned from the model.
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Fig. 5. Variations of Xl' Yl' and zl during 20 days of a numerical
solution of the 9-variable primitive-equation model, with PI = 0.3,
after transient effects have died out. The central horizontal line
is the zero line. The variable remaining closest to the zero line is
Xl' The variable with the most intense short-period fluctuations is zl'
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CONCLUDING COMMENTS

The cases which I have discussed illustrate only a few of the
potentialities of low-order models. New uses, in fact, are continually
being found. In a recent review article [6] I have described the
general aspects of low-order models in considerable detail. Here one
will also find a much larger selection of examples.
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Low frequency variability 199,
241, 280
Low-order models 355, 557,
560, 567
Magnetic declination
79
diffusion equation 84
diffusivity
83
flux ropes
84
poles
75
Prandtl number
117
Reynolds number
84
Magnetic field,
decay modes of
89
reversals
78, 125
Magnetoconvection 68, 117
in rotating layer 119
Malkus principle 120
Mantle 58, 316
Markov process 248, 279, 346
Mass balance 316, 356, 386,
512
see also
continuity,
equation of
Matched asymptotics 493
Mechano-chemical coupling 503
Medium range weather forecast
174

Linear stability 12, 63, 113,
lIS, 202, 294, 299, 327,
425, 493, 526

Melnikov integral 335

Lithosphere 316

Memory, effects in atmospheric
dynamics and climatology
149, 346

Logistic map 22, 167
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Metamorphic layering 503

Nucleation 495

Metric transitivity 28

Nuclear winter 475, 480

Mineral reaction front 494

Ocean circulation 453
temperature-sea-ice
coupling 356, 366
waves 139, 143

Minimum entropy production 511
Mirror symmetry, lack of 102
Mixed layer 358, 439, '468
Moments, first order 249
second order 249

Ohm's law 83
Omega-effect 84
l/f Noise 139, 143

Momentum balance 4, 186, 287,
453

Orbital variations 316, 318,
322, 355, 357, 382, 404

Monin-Obukhov length 443

Order parameter 14

Morphological instability 526,
530

Orographic drag 210

Multiple regimes 7, 147, 153,
187, 196, 202, 206, 217,
245, 278, 418, 431, 453,
463, 514
Multiple time scale systems
205, 507
Navier-Stokes equation 148,
453
Non-axisymmetric flow 48
Non-dipole field 77
Nonlinear diffusion equation
408
Nonlinear dynamics 3, 207,
252, 355, 360, 388, 409,
424, 486, 514
Nonlinear Schrodinger
equation 136
Normal form 14, 324, 326, 331,
333, 347, 352

Orography 186, 201, 245, 285
Orthogonal functions,
expansion in 164, 558
Oscillations
forced 317,329, 363, 406
in rocks 518
self-sustained 317, 326,
363, 365, 393
Ostwald-Liesegang cycle 495
Oxygen istope record 341, 355,
381, 396, 402
theory of 370
Parameterization 164, 174,
389, 420
Parametric noise 149, 470
Particle size distribution 502
Passage time 153, 203, 325
see also : multiple regimes

INDEX

Pattern correlation 269
formation 493, 499,
508, 533, 537, 539
Periodic solution
see: limit cycle,
oscillations
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Potential function 34
vorticity 245, 253
Power spectrum 141, 225, 275,
315, 318, 321, 338, 340,
365, 393, 404, 411, 467
Prandt1 number 113

Persistence of atmospheric
flow regimes 181, 235, 247,
259, 272, 279

Predictability 241, 266, 318,
321, 328, 373

Perturbation analysis 12, 209,
245, 330, 334, 529

Primitive equations 146, 455,
565

Phase space 5, 166, 203, 241,
252, 263, 332, 341, 418,
425
locking 331

Probabilistic description 24,
220, 264, 324, 328
Prognostic equation 210, 558
variable 356, 358

Phase transitions, effect
on convection of 65

Pycnocline 440

Pitchfork bifurcation 15, 324,
526, 529

Quasi-geostrophic 199, 210,
245

Planetary flow regimes 200,
244

Quasi periodic
attractor 7,316, 337, 365
forcing 313

Plastic flow 385
Poincare surface of section 21
336

Quaternary 316, 318, 321, 355,
365, 382

Polarity epoch 79, 125

Radiation balance 314, 420,
423

Poloidal field 80
vector 55

Radiative-convective models
485

Polynya 446

Radiative cooling 162
heating 162

Porosity 524, 526
Porous media, transport in 493
Positive anomaly 248
Potential barrier 203, 325,
361
energy 256, 441

Radioactivity in eath's core
112

Random
force 24, 146, 189, 203, 325
motion 242, 248, 342
Rankine-Hugoniot condition 515
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Rayleigh number 60, 64, 113,
548
Reaction-percolation 523
Red noise 148, 248, 264, 346,
391, 397
Relaxation time 254
Residence times 241, 278
see also : passage time
Resonance 142, 205, 210, 215,
317, 330
stochastic 325, 361, 365
Reversals of geomagnetic field
78

Seismic waves 31
Self-excited dynamo 82
Self-similarity 534
Sensible heat flux 419
Sensitivity to initial
conditions 22, 165, 175
Separatrix 7
Shallow-water equations 564
Shear, effect of
on convection 69
Skarns 512

Riemann problem 515

Skin effect 84

River meanders 534

Slow manifold 507
variables 25, 199, 358,
566

Rossby waves 201, 209, 302
Rotating waves 508
Runaway magnetic field growth
120

Small-scale structure in
atmosphere 164
Smoke aerosols 476, 480

Saddle-focus 20

Solar cycle 101

Saddle-node bifurcation 256

Solitons 135

Saddle point 264

Solvability condition 209,
330, 335, 352

Saltzman oscillator 326, 332,
347, 363
Sampling errors 163
Sea ice ocean interaction 439
Second law of thermodynamics
7, 515
Secular variation of
geomagnetic field 76

Spatial organization in rocks
513, 519
Spectral analysis 200, 274,
318, 321
Spherical harmonics 254
Stability 7, 18, 32, 147, 317,
327, 361:l
Stable manifold 264
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State space 34
Stefan condition 527
Stiff problems 424
Stochastic calculus 27, 349
differential equation 24,
146, 203
forcing 317, 360, 449
models 15(), 467
Strange attractor 7,22, 124,
167, 173, 251, 373
see also: chaotic dynamics
Stratospheric dust 485
Stream function 147, 169, 184,
202, 559, 564

Thermoelectric effects in
earth's interior 80
Thermohaline circulation 455
Thirty-fifty day oscillation
274
Thom's theorem 33
Tikhonov's theorem 25
Topography, effect on
gravitational field of 63
Toroidal field 80
motion theorem 93
vector 55
Transcritical bifurcation 15

Strike-slip faults 57

Transfer function 471

Structural stability 18, 32,
317

Transition probabilities 183,
241, 278

Stylolites 503

Trenches 57, 63

Subharmonic response 393

Truncation 145, 558, 564

Surface cooling 480
heat flow 62
reactions 524
tension 498
topography 564
warming 480

Turbulence 19, 139, 141, 166,
243

Symbolic dynamics 23

Umbilics
swallowtails, elliptic and
hyperbolic 33

Taylor number 66, 114
Taylor-Proudman theorem 66,
114

Thermal expansion, effect on
gravitational field of 63
Thermal wind 254
Thermodynamic equation 161

Turbulent diffusion 99
Two-scale methods 103, 121

Unresolved structure in
atmosphere 164
Van der Pol oscillator 364
Variability 146, 199, 225,
249, 266, 321, 361, 367
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Variance spectra 372, 375,
384, 469
Velocity potential 564
Viscosity, effects of temperature dependence on 61, 65
Vortex, large scale 560
Vorticity 4, 45, 147, 287,
559, 562
equation 146, 184, 200, 241,
559
Water vapor balance 419
- greenhouse feedback
418, 427
Waves 135, 140, 511, 517planetary 172, 202, 211,
217,245,272,274,276,
285
Weather prediction 159, 174,
244, 560
Westerly current 171, 559, 562
Westward drift of geomagnetic
field 76
White noise 25,148, 190, 324,
328, 349
Wiener-Khinchin formula 318
Wind vector 162
Zero-dimensional Climate
models 323, 360, 387, 417
Zonal flows 153, 185, 201, 241
jet 254
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