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Resume. Les interactions gyroresonnantes entre particules chargees 
et ondes hydromagnetiques jouent un role important dans de nombreux 
problemes rencontres dans l'etude de la magnetosphere et du vent solaire. 

Dans cet article, on formule analytiquement un invariant generalise pour 
Ie mouvement d'une particule chargee dans Ie champ eIectromagnetique 
d'une onde hydromagnetique polarisee lineairement. Cette onde plane se 
propage dans la direction d'un champ magnetique uniforme et on suppose 
que l'amplitude de la composante magnetique de l'onde est faible. A I'aide 
d'une transformation canonique simplificatrice, I'invariant Jest developpe 
jusqu'au premier ordre en I'amplitude de la modulation. Dans l'espace des 
phases, on montre que les courbes J = constante reproduisent de maniere 
satisfaisante les trajectoires de phase caIculees numeriquement a partir 
des equations de mouvement. 

I. INTRODUCTION 

The motion of a charged particle in a magnetic field often can be 
described quite accurately by a superposition of a gyration and a 
drift motion (Northrop, 1963). If both the Larmor radius and drift 
velocity change slowly during a Larmor period, the behaviour of the 
particle can be characterized by quantities which are approximate 
constants of motion. These adiabatic invariants approach a constant 
value in the limit of infinitely weak variations of the magnetic and 

(*) Pre&ente par M. M. NICOLET. 
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electric fields. In particular, the magnetic moment is an approximate 
constant of motion. It is known as the first adiabatic invariant and 
was introduced by Alfven (1950). 

The importance of a generalized invariant for a charged particle 
motion in an electromagnetic field arises whenever the conditions of 
adiabatic invariance are not satisfied. 

In the magnetosphere as well as in the interplanetary space, the 
applicability of the three classical adiabatic invariants is quite restric
tive. Violation of the invariants can be caused by non-adiabatic time 
variations ~f the magnetic and electric fields, but also by interactions 
with electromagnetic or hydro magnetic waves (gyroresonant inter
actions) or by collisions in the ambient medium (atmosphere, 
ionosphere). 

It is generally accepted that the gyroresonant interactions occuring 
in the magnetosphere between charged particles and hydromagnetic 
waves (in particular: whistler and ion cyclotron waves) are responsible 
for a large number of magnetospheric processes: e.g. the limit on 
stably trapped particle flux in the radiation belts (Dragt, 1961; Kennel 
and Petschek, 1966), energetic particles precipitation, formation of 
aurorae, turbulent loss of ring current protons and SAR arc formation 
(Cornwall et al., 1970; 197J.). 

In the interplanatery space, collisionless particles interact with 
hydromagnetic waves or with random magnetic fields. These irregu
larities can destroy the invariance of the magnetic moment and lead 
to a non-adiabatic change of the pitch angle, scattering the particles 
in the collisionless solar wind region. 

In this paper we consider the effect of a linearly polarized hydro
magnetic wave, on the motion of a charged particle. The wave propa
gation is in the direction of a uniform magnetic field Bo. It is shown 
that, when the wave amplitude is weak, it is possible to find a more 
general invariant than the magnetic moment. In the second section, 
we describe our assumptions and notations and give the equations 
of motion by using a canonical transformation with zero order Larmor 
radius and phase as variables. In Sec. 3, we determine a generalized 
invariant of motion. A perturbation theory is used when h, the relative 
amplitude of the wave, is a small parameter. In a frame of reference 
moving with a speed equal to the phase velocity of the wave, the field 
is purely magnetostatic and the kinetic energy of the particle is con-
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served. Therefore, any constant of motion J = Jo + hJ1 + h"J" + .... 
is solution of the equation (J,H) 0 where the left hand side is the 
Poisson bracket of J with the Hamiltonian H. The method used is 
similar to that employed by Dunnett et al. (1968) and Dunnett and 
Jones (1972) for square wave and sine wave magnetic field modulations. 
Using the canonical transformation introduced in section 2. it is 
shown that all the differential equations determining J1 have the same 
form and can be integrated immediately. 

Numerical results are discussed in Sec. 4 to test the validity of the 
first order invariant: Jo + hJ 1 • 

II. EQUATIONS OF MOTION AND CANONICAL TRANSFORMATION 

We consider a uniform magnetic field of intensity Bo in a direction 
parallel to the Z-axis and a monochromatic transversal hydroma
gnetic wave linearly polarized along the X-axis propagating with a 
phase velocity U parallel to Bo. If Q and k are, respectively, the angular 
frequency and the wave vector, the magnetic and electric fields of 
the wave are connected by Maxwell's equation: 

(1) 

The electromagnetic field is completely described by the equations: 

B = Bo + (jB = Boez + hBo cos (kZ - Qt)ey (2) 

- -+ Q 
E = (jE = h-Bocos(kZ - Qt)e" (3) 

k 

where h is the relative amplitude of the magnetic modulation and t 
the time variable. 

In the frame of reference moving with a speed equal to the phase 
velocity of the wave. the electromagnetic field has an additional com-

ponent resulting from the Lorentz transformation. As the ratio U 
c 

is much smaller than unity, it follows that: 

t' = t 
Z' = Z - Ut 
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- i'io - (rlZ') B' = 11 = Bo + hBo cos U €y 

(6) 

(7) 

In these equations the prime indicates that the variable is relative 
to the frame of reference of the wave. Since henceforth we only con
sider this frame we will omit the primes. 

In the cartesian coordinates system (X, Y,Z), the Hamiltonian of 
a charged particle of mass m and charge q in a magnetostatic field is: 

The Lagrangian !l? is given by: 

!l? = !m(X2 + y2 + Z2) + qA' V 
2 

(8) 

(9) 

A is the potential vector from which the magnetic field B is derived. 
Its components are: 

A = - 1 B Y + hB . U , sin rl Z 
x 2 0 0 rl U 

1 
A =-BoX 

1 2 

The generalized momentum (Px,Py,Pz) are defined by: 

Px 
0 

ax 
P,. 

0 
!l?(X, Y ,Z,X, Y,Z,t) 

oY 

Pz 
a 
-, a 

(10) 

(11) 

(12) 

(13) 

(14) 

(15) 

In order to simplify the notations it is convenient to introduce the 
dimensionless quantities x, y, z, Px, Py, Pz, 1:, V, Hand L defined by: 

X=~=~=..t (16) 
x y z 
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Px = Py = p .. = !mw). 
Px Py pz 2 

2 

l' W 

V 1 
- = -w). 
IJ 2 

w is the angular frequency of gyration in the field Bo 

w= qBo 
m 

and), is the wavelength of the modulation 

). = 2n = 2nU 
k Q 

Then, the Hamiltonian H becomes: 

with 
H = Ho + hHI + h2 H2 

1 
Ho = 2" [(Px + y)2 + (py - X)2 + p;] 

HI = -.~(y + Px) sin 2nz 
n 

H 1. 22 
2 =-2 sm nz 

2n 

(17) 

(18) 

(19) 

(20) 

(21) 

(22) 

(23) 

(24) 

(25) 

(26) 

From equations (13), (14) and (15), one deduces the generalized 
momentum: 

dx h . 2 
Px = - - y + - sm nz 

d1' n 

dy 
Py = - +x 

d1' 

dz 
pz = d1' 
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The equations of motion deduced from Hamilton's equations are 
given by 

Id2x dy dz -- - - + h-cos2nz = 0 
2d-c 2 d-c d-c 

1 d 2 z dx 
-- - h . - . cos 2nz = 0 
2d-c2 d-c 

By integration of equations (30) and (31), it follows: 

1 dx h . 2 1 ( ) Q Ct -- + y - -sm nz = - y - p" = 1 = 
2d-c 2n 2 

1 
-(x + Py) 
2 

where Ql and P 1 are two constants of motion. 

(30) 

(31) 

(32) 

(33) 

(34) 

In a zero order approximation, P 1 and Ql determine the cartesian 
coordinates of the guiding center C of the particle. Indeed from Fig. 
I, it can be seen that: 

oc = 6P + 1'(0) 

where the dimensionless Larmor radius 1'(0) is defined by 

j}(0) 1\ .8(0) 
1'(0) = -=.I.=---~_ 

2B(0) 

(35) 

(36) 

The superscripts correspond to zero order values evaluated in the 
limit h ~ O. The components of the Larmor radius, deduced from 
equations (27) and (28), are respectively: 

1 
r(O) = _(p 
" 2· y 

(37) 

----+ 
Since the components of OP are x and y, it follows from (35), that the 

-+ 
components of OC are 

-+ 1 
(OC)" = -(x + Py) = PI 

2 
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(39) 

If fjJ(O) is the zero order Larmor phase angle, the projection of the 
particle in the Oxy plane is also given by 

x = PI + r(O) sin fjJ(O) 

y Ql+r(O)cosfjJ(O) 

Substituing (40) and (41) in (38) and (39) we obtain 

px = -Ql + ,(O)cosfjJ(O) 

P
y 

= P 1 - ,(0) sin fjJ(O) 

(40) 

(41) 

(42) 

(43) 

It is convenient to introduce a transformation (x,y,z; PX,Py,P:.) -4 

(Ql>Q2,Qa; P I,P2,P3) defined by 

x = PI + Pi/2sinQ2 (44) 

y = QI + Py2COSQ2 (45) 

Z=Q3 (46) 

Px -Ql + Pi!2COSQ2 (47) 

Py = P1 p}/2sin Q2 (48) 

pz = Pa (49) 

If Q2 is identified as the zero order Larmor phase angle (fjJ(O) in Fig. 1) 

and P 2 as the square of the zero order Larmor radius (36), it can be 
seen that (44), (45) correspond to (40), (41) and (47), (48) correspond 
to (42), (43). 

In fact the relations (44) to (49) define a canonical transformation 
since, in the formalism (Qt>Pt), the equations of Hamilton can be 
reduced to the former equations of motion (30), (31) and (32). Indeed, 
from the expression of the new Hamiltonian 

(23) 

with 

(50) 
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x 

FIG. 1. Zero order representation of the particle gyromotion. 

2 p I I2 Q . 2 Q HI = - - 2 COS 2' SIn 1t 3 
1t 

the equations of Hamilton become 

dPl =0 
d-r 

dP2 (2h plI2 . Q . 2 Q ) - = - - 2 sm 2 sm 1t 3 
d-r 1t 

dQl =0 
d-r 

dQz = 2 
d-r 

dQ3 = P
3 

d. 

~ p;112 cos Q2 sin 21tQ3 
1t 
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The equations (53), (55), (56) correspond to the equations of motion 
(31), (32), (30). Equation (58) is identical with the equation (29) defi
ningpz. The equations (54) and (57) describe the evolution of the zero 
order approximations of the Larmor square radius and phase angle. 
The conservation of the kinetic energy 

(59) 

results from these same equations. 
It can therefore be concluded that the transformation (x,y,z;P""Pr'P.) 

--+ (Q1>QZ,Q3;P1,P2,P3) is canonical. 

III. DETERMINATION OF A GENERALIZED INVARIANT OF MOTION 

Since the Hamiltonian H does not depend explicitly on time, any 
function J, for which (J,H) 0, is a constant. So if J is developed 
following the powers of h 

(60) 

the expansion of the Poisson bracket leads to a set of recurrence 
equations 

(Ho,Jo) = 0 

(Ho,J 1) + (HloJO) = 0 

(HO,J2) + (H1,JI) + (Hz,Jo) = 0 

(HO,J3) + (H I.J2) + (H2 ,JI) = 0 

n 

L (Hk,J"-k) = 0, Hk = 0 for k> 2 
k=O 

(61) 

(62) 

(63) 

(64) 

(65) 

Any absolute invariant of motion is necessarily a combination 
J(QI'P I,H) of the constants QI'P 1 and H. Two obvious solutions of 
this type are J H or Jo = Ho, J1 = Hlo J2 = Hz, Jk>z = 0 and 

00 

J = L hiJ; 
i=O 

where all the J1 are some arbitrary functions JtCQI,P 1) of QI and Pl' 
Of course, all the invariants of this type are consequences of the con
servation of the kinetic energy. 
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Besides these absolute invariants we will determine generalized 
adiabatic invariants which are only slightly varying quantities along 
the orbit of the particle. For instance, in the case of a nearly uniform 

magnetic field, the magnetic moment, ! m ViIB, is a well-known 
2 

adiabatic invariant. It can be considered as a zero order invariant 
and identified with J o. When the characteristic length of the field 
inhomogeneity is comparable to the distance the particle travels in 
a Larmor period (i.e. near resonance), this zero order invariant is 
poorly conserved and higher order terms hJ1 , h2J2 , .,. should be 
considered in the series expansion (60) defining J. 

The problem is then to determine a quantity J (or Jo,J 1,J2, ... ) 
which generalizes the magnetic moment near or at the resonance 
condition. This condition is given by 

v _ dZ _ rnA. 
II - dt - 210 or 

dz 1 
vII = =

d. 10 
(66) 

In the following paragraphs solutions for Jo and J 1 will be deter
mined and the general form of the equation governing J k will be given. 

a) Zero order adiabatic invariant: Jo 

Jo is a solution of the equation 

(61) 

which explicitly becomes 

(67) 

The general solution of this equation is any arbitrary function of 
Ql,P1,P2,P3 and P3Q2 2Q3' Since in the zero order approximation, 
the parallel and perpendicular energies are conserved, P2 (i.e. ,(0)2) 

and P3 (i.e. vz) are constant. In the same approximation P3Q2 - 2Q3 
(i.e. vz</>(O) - 2z) vanishes. Therefore we can consider Jo only as a 
function of P3 • 
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b) First order adiabatic invariant: Jo + hJ1 

The first order term J 1 is a solution of the equation (62). When 
Jo depends only on P3 , this equation becomes 

"J 
4p l / 2 cos Q • cos 2nQ . ~ 

2 2 3 OP3 

With the transformation (Q2,Q3,P3) -+ (s,q,p) 

equation (68) becomes 

= -4P2 cos2 -- . cos2nq·-oj 1/2 (s + q) oJo 
~ p ~ 

(68) 

(69) 

(70) 

Since Jo is a known function of p (or P3), an analytical expression 
of J1 can be obtained by an integration over q. When P3 (or p) 
=1= ± lIn, the solution of (70) is 

2 cos 2nQ3 sin Q2) 

(71) 

For P3 = ± l/n, J 1 is a discontinuous function. Near these resonances 

J 1 diverges unless oJo goes to zero at least as (1 - n2p;) when 
oP3 

P 3 -+ ± lIn. This requirement limits the choice of the function J o(P 3)' 

A suitable choice for Jo is 

Jo = (1 -~~) + (1 
-(1 

where 
b = nP3 

fJ = nv 

-609 -

(72) 

(73) 

(74) 



M. Roth 

bo being the initial value of b. When h = 0, b =' bo and Jo is identical 
to the dimensionless magnetic moment 

b2 p2 
~= J --= l-~ IF p2 

It follows from (72) that 

oJo 
8P3 

vanishes as I - n2p; at the resonance points P3 = ± lin. 

(75) 

(76) 

In J 1, one needs only a zero order relation (in h) between P2 and 
~ which is (see Eq. 37) 

(77) 

as in the case of a uniform magnetic field. According to Eq. (71) 

J1 cos 2nQ3 sin Q2 - nP3 sin 2nQ3 cos Q2 (78) 

Therefore, for this particular choice of JO(P3), the first order approxi
mation of the adiabatic invariant J = Jo + hJ 1 remains finite even at 
the resonances. 

c) Higher order approximations of the adiabatic invariant: 

n 

J = L hkJk , n > 1 
k=O 

By means of the transformation (69), the differential equation (65) 
governing J n has the form 

8J n 1 p-1I2 2(S + q) . 2 (8Jn _ t ) p-= - 2 . cos --' sm nq' -- (s+q)" 
oq n p OQ2 Q,=2 -11-

+ ~ Pil2sin2e: q). sin2nq' O~~~1 4PPCOS2C: q). 

cos2nq . OJn - t + !sin4nq . 
iJp n op 

(79) 

The successive I n (s,q,p,P2 ) can, in principle, be determined by a 
simple integration over q. The problem is similar to that analysed by 
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Dunnett and Jones (1972) for a sinusoidally modulated magnetic 
field with axial symmetry. In the next section, we limit the development 
to the first order approximation Jo + hJ1 • 

IV. NUMERICAL RESULTS 

In order to check if the choice (72) of JO(P3) leads to an appropriate 
invariant of motion, we compare in this section, the value of e along 
the orbit of the particle with the value of e determined from the 
algebraic equation J = C where the constant C is determined by the 
initial condition C = J[(Q3)0,(QZ)0,eo]. 

First, consider a particle injected at the origin (z = 0) with a velo
city V = w)./2n (i.e. v = lin) parallel to the magnetic field direction 
0 •. The amplitude of the magnetic field modulation is h = 0.025. The 
orbit of this particle, obtained by integrating Eqs. (32) to (34), is illus
trated in Figs. 2 and 3. Since the initial velocity along Oz satisfies the 
resonance condition (66), the particle acquires an appreciable perpen
dicular velocity v 1. (Fig. 3) and its Larmor radius (Fig. 2) increases 
during the first 7 Larmor periods. After about the 13th Larmor period 
the initial conditions are more or less recovered and a new increase of 

~I.------------,-------------, 

y 0 

-O·:OL....1---------'-O-------=-'O.1 

x 
FIG. 2. - Particle orbit in a plane perpendicular to the magnetic field. The particle 

initially at the origin is injected along the magnetic field z-axis with a velocity v = 1/7r. 
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0.25.---,----.,----,---,---r---r---r---,----,--, 

0.20 

0.10 

4 
z 

FIG. 3. Variation of the perpendicular velocity V.L' The particle is initially injected 
along the z·axis with a velocity v J /'1T. 

the transversal kinetic energy is again observed during the 7 following 
periods. Obviously in this case the magnetic moment is not conserved. 

The trajectories of the particle for different initial conditions can 
also be represented in a two dimensional phase space by evaluating 
the quantity ~ at the point P n corresponding to successive periods of 
the magnetic field modulation, i.e. for Z = nA (or Q3 = Z = n), 
n 0,1,2, ... For these points the magnetic field B has always the 
same value, and ~ is therefore proportional to the magnetic moment. 
The particle motion can then be described in a plane by the two para
meters Q2 (phase angle) and ~ (magnetic moment). 

Figure 4 shows for h 0.025 and v = lIn, the values of ~ and Q2 
at the successive points P n' The points (Q2'~)n in the phase plane 
(Q2'~) are located on different curves, each of them corresponding 
to a definite set of initial conditions [(Q2)O'~O]' These curves demon
strate the existence of a functional relationship between ~ and Q2 
and indicate that an invariant exists even when the usual magnetic 
moment is not conserved as it is the case for the low values of ~ where 
the closed curves show the resonance phenomenon. For large values 
of ~, i.e. for large pitch angles, the curves approximate to curves of 
constant~. In this case, the magnetic moment is an adiabatic invariant. 
This could be expected since for large ~, V z is small and the zero 

d d ' b' ' , ,2nV z // ' or er a ta atJc CrIterIum IS -- "" A., 
OJ 

The orbits represented in Fig. 5 are obtained for the same value 
of h and for a two time larger value of the velocity v = 21n. It can be 
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1.0...-----...,-----r-----,.-----, 
'0 " '. ~. ". " " " " " " " " '. '. '. '. ' ••• '. " ' • 

................................................... . . . . . . . . . . . . . ... . . . 
..... • .o..o .' • • " .... " o.s···· ....... , ......... , .. , ......................... .. 

H' ............. 'HO •••• '. ..... . ... 
•• , O. •••• " ••• 

............ . . . " 
. .. . . . ~"'" .... . . . . . . ...... 

0.6 ••• ....... '" -" .... .... '" " . . ... ...... ........ 
.......... . ... "' .. 

,.0 ....... 
.... - ...... 

"'.~ .. ....... . ........ . 

0.4 ••••••••••• • ",.. 
........ ...... . - --

...... . ' ' . '. 
0.2 •••• .; .. ~~.= : .. : :.:. :.:. . '. ":" ". .. ....... 

...... 
..: " .' #(:.:) .. ~ '\ 

O~·-=··_·_· ____ ~_,~·~I_,_.~,_ .. ~:~ .. ~. ___ )~~.i~ ______ .~ .. =._.~. 
" 

.3% ·Tt o 

Integrated orbits in the phase plane (Qz,f). h = 0.025, v = 1/11'. 

1.0r---------...----------, r, .- ------..,.----------, 

.......... :::: .... :: ............ ::::. 

.... .. ..... .. ., o ••••••• " H .. • ... '" ... '" 

••• H •• •• . ' . .......... 
,., 

. . :. ,...-' . " " ... 
. .,. ....... OB __ .-", •• 

'. 

0.6 

0.4 

0.2 

'. , ..... 
. .. ~ ... . . . . . . .-:--: 
........... . 

... ' . ..... 
.. " . 

. ......... 

,.' .. ' 
• .. 0 0 •• 

.' . 
.... .... .. 

......... ~ .. ............ . ~ ... , . ....... ,. ............ ,. 

.............................................. 
.......... .... ................. . 

o~------~-------~------~------~ 
.3"'2 o 

FIG. 5. -- Integrated orbits in the phase plane (Q2,'), h 0.025, ,,= 2/11', 
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seen that for small values of .;, i.e. for small pitch angles, the invariant 
curves are approximately horizontal straight Jines. In this case, the 
magnetic moment and Jo can be considered as good adiabatic inva
riants. However, for larger values of'; or of the pitch angles, the closed 
curves demonstrate the existence of a resonance. This resonance 
occurs for'; '" 0.75 (i.e., Vz '" lin) and Qz -nI2. 

All the results illustrated in Figs. 4 and 5 have been obtained by 
numerical integration of the equations of motion (Eqs. 53 to 58) 
by a Runge-Kutta method. 

A similar representation of the orbit in the (Qz,';) plane can be 
obtained from the expression of the invariant J = Jo + hJ 1 where 
Jo and J1 are given respectively by Eqs (72) and (78). In this repre
sentation J must be expressed in terms of the variables (Q2,';)' P3 
is the only dynamical variable included in Jo and J 1 and this is exactly 
v(1 - ';)1/2. 

Curves Jo + hJ 1 = C are shown in Figs. 6 and 7 for v lin and 
v 21n respectively, with the same parameters (h = 0.025, Q3 = n) 
as used in Figs. 4 and 5. From the comparaison of Figs. 4 and 6, or 
Figs. 5 and 7, it can be seen that the invariant curves calculated by a 
perturbation theory show satisfactory agreement with the exact results 
obtained from the integration of the equations of motion. 

1.0...-------.-----r------r-----. 

0.6 

-It -lh 
Q2 

FlO. 6. - Invariant curves Jo + hJ 1 C, h = 0.025. V I/1T. 

- 614 



Generalized invariant for a charged particle interacting 

1,
0c==:::::::====:r===::::::2:==:::J 

o"r-------------:l 

O,2~-------------_:j 

o~--~~--~---~---~ 
-311:;2 -Tt -llf2 0 llf2 

Q2 

FIG. 7. Invariant curves Io hIl = C, h = 0.025, V 2/7t. 

This shows that the expression of Jo + hJ1 defines a satisfactory 
first order invariant which can then be used for predicting the variation 
of the pitch angle along the trajectory of the particle, without inte
grating differential equations. 

CONCLUSIONS 

When a charged particle interacts with an electromagnetic wave 
its magnetic moment is not an adiabatic invariant, especially when 
its velocity satisfies the resonance condition. 

For a linearly polarized hydro magnetic plane wave propagating 
in the direction of a uniform magnetic field, we have obtained an 
analytical expression for a first order invariant which reduces to the 
magnetic moment when the modulation amplitude tends to zero. The 
comparaison of the invariant curves obtained by a perturbation method 
(Figs. 6 and 7) with the exact results calculated from the equations 
of motion (Figs. 4 and 5) proves the validity of the theory even when 
the resonance condition is satisfied. 
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The invariant is obtained as a series of powers of the modulation 
amplitude. The coefficients can be deduced from a set of recurrence 
equations. For small values of the modulation amplitude this series 
can be limited to the first order term. 

For larger modulation amplitudes higher order terms are needed. 
Using a suitable canonical transformation it is indicated how these 
higher order terms can be deduced. 

This theory can be useful for the study of the magnetic interaction 
of a charged particle with Alfven waves. It can be used to describe 
the variation of the pitch angle along the particle trajectory without 
solving the 'equations of motion. 
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