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ON AN ION EXOSPHERE WITH ASYMMETRIC VELOCITY DISTRIBUTION
by

’ J. LEMAIRE and M. SCHERER

Abstract

The number density, the particle flux, the momentum fluxes and the energy flux are
calculated in a model ion-exosphere with an open magnetic field, for an asymmetric
Maxwellian velocity distribution (i.e. ~ exp [- sV -'u’)2]). Numerical calculations for the
polar ionosphere of the earth show that this asymmetry does not qualitatively affect the
results obtained with a symmetric velocity distribution function (u = o), i.e., the protons

are accelerated outwards and escape with a supersonic flow speed.

Résumé

La densité, le flux de particules, les flux d’impulsion et d’énergie sont calculés dans un
modéle ‘d’exosphére ionique pbur une distribution des vitesses asymétrique et Maxwellienne
(c.a.d. ~ exp [- B(V-_ﬁ)z]). L’application a P’ionosphére polaire montre que cette asymétrie
n'affecte pas qualitativement les résultats obtenus avec une distribution des vitesses
symétriqiie (u = o), les protons sont accélérés vers I’extérieur et s’échappent'avec une vitesse

supersonique.



Samenvatting

De deeltjes dichtheid, de deeltjes flux, de momenten flux en de energie flux worden-
berekend voor een asymmetrische Maxwell snelheidsverdeling [ ~ exp-ﬁ(v-—ﬁ)z] in een
eenvoudig model voor een ionaire exosfeer met een open fnagneetveld. Numerieke bere-
keningen voor de polaire ionosfeer van de aarde tonen aan dat zulke asymmetrie de resulta-
ten bekomen met een symmetrische ;nelheidsverdeling (u = 0) qualitatief niet wijzigt: de

- protonen worden versneld naar buiten uit en ontsnappen met een supersonische snelheid.

Zusammenfassung

Die Dichte, die Ausfliisse der Teilchen, der Impulsion und der Energie sind in einem
Ionenexosphérischen Modell mit offene magnetische Feldlinien, berechnet worden, fir eine
asymetrische und Maxwellische Distribution (d.h. ~ exp[- B(V-—u')z]). Es wird gezeigt dass im
Falle der polaren lonosphire diese Asymetrie die Resultate die man fiir eine symetrische
Distribution (u = o) erhilt, nicht qualitativ verindert: die Protonen sind nach Aussen

beschleunigt und entflichen aus der Ionosphire mit einer ﬁberschallgeschwindigkeit.
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"I INTRODUCTION

1, determined the number density, the flux, the

Recently, Lemaire and Scherer
pressire tensor components, and the energy flux in a simple model- ion-exosphere of a
nonrdtating planet with ah' open magnetic ﬁeld.AThey‘used_‘ihe Ifollo‘wing assumptions:
(a) The exosphere is separated from the barosphere .or cqllisioh-do‘minated region by a
sharply defined surface called the ba;opause;: (b) Thé ma{gnetic field strength is a mdnotonic
decreasing function along a'ﬁeldAline, féaéhing a m'inimum at infinity; (c) In the exosphere
the pérticle trajectdries can be'determinéd by the well-known non relativistic guiding-center
approximation, and the particle drift across magnetic field lines can be neglected. Under
these assumptions the exosphe'ric particlés can be classified into four conventional classes :
(1) the ballistic particles which emerge from the barosphere but can not escape, (2) the
escaping particles which leave the barosphere and are lost in the interplanetary space, (3) the
trapped particles which have two mirror points in the exosphere between which they
bqunce continuously up énd down, and (4) the incoming particles which originate from the

outermost regions.

Assuming a symmetric Maxwellian velocity distribution function at the baropause (i.e.
~exp(- sz)), the velocity distribution in the collision-free exosphere was calculated by
applying Liouville’s theorem. In the special case of a vanishing magnetic field at infinity,
Lemaire and Scherer !+2

of the Earth. For an (O - H' - ¢) exosphere they found that the thermal electrons and

applied this model ion-exosphere to the polar topside ionosphere

oxygen ions are decelerated by the combined effect of the induced electric field and the
gravitational ﬁel’d. The protons, however, are accelerated outward and rapidly reach a super-
sonic flow speed. In this paper the formulae obtained previously will be generalized by
assuming that the velocity distribution function of the particles at the baropause is
Maxwellian but asymmetric. This seems to be a more realistic model for application to the
terrestrial polar ionosphere since it has been found that the effusion velocity of the protons

2 and other recent investigations 3-8 have also shown that a

is nearly sonic at the baropause
supersonic outward flow of H* exists in this region. Numerical calculations, however, show
that the mean features obtained with a symmetric Maxwellian distribution function remain.
In Sec. II we determine the velocity distribution in the exosphere. In Sec. III we calculate
the number density and particle flux, the pressure tensor components and the energy flux;
and in Sec. IV we finally numencally investigate the influence of an asymmetry in the

velocity distribution function, for a model ion-exosphere of the Earth.
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For a detailed study of the equations of motion and the classification of the exospheric

particles we refer to a previous paper I

ll. THE VELOCITY DISTRIBUTION

If the effusion velocity of a constituent is comparable to the thermal speed of this
species, the velocity distribution of these particles is highly asymmetric in the direction
parallel to the flow. Therefore, we assume that for particles emerging from the barosphere,

the actual velocity distribution function at the baropause can be approximated by

fGo¥) = no\Zer, / P \" %7, OO : (1)

where k is the Boltzmann constant, m is the mass of particles, 1 is the radial distance of the
'baropause, 'no and T, are constants, and U represents a velocity vector parallel to the
magnetic field 73’(;;). These parameters are chosen to obtain at the baropause respectively a
given number density n(F;), temperature T(r-g),.and bulk velocity w(f;) which is the ratio of
the escape flux F(fg) to n(fg). Since the moments of the velocity distribution are function
of the parameters ng, T0 énd u (see Sec. III), the relation between n, and n(Fg), T, and

T(Tg), u and w(fy) can be determined.

Even in the case of a symmetric velocity distribution function (u = o) the effusion
velocity at the baropause is not zero. This is a consequence of the truncation of the velocity
distribution to exclude the incoming particles. The actual velocity distribution at the baro-
pause can be quite different from (1) or any linear combination of Maxwellian’s._ It will
always be possible, however, to determine the parameters ne, Ty, u,...; in order to fit a fixed
number of moments of the approximated velocity distribution to the corresponding

moments of the actual distribution.

The velocity distribution in the exosphere is obtained by solving Vlasov’s equation

subject to the boundary condition (1)

3/2
f(r,v) = n0<_21rkTo> exp | - —2kT0 [ v2 + R+ u2 - 2u(v2 + R- 17'] v2 sm20) / ]>.
(2)



where R is defined by
R=-2%[l+a-(1+8)y] , v =r1,/r 3)
a = Ze p (ig)/m ¢, | (@)
B = Ze p(D/me,

and where 0 is the pitch angle of the particle with mass m,charge Ze,and velocity v;®is the
gravitational potential at the baropause level, p is the electrostatic potential due to the
small charge separation, and n = B(_rj/B(Fg) is the ratio of the magnetic field strength at the

radial distance r to the magnetic field strength at the baropause.
III. MOMENTS OF THE VELOCITY DISTRIBUTION

In this section we determine the formulae for the number density, the particle flux
parallel to the magnetic field, the parallel and perpendicular momentum fluxes, and the
energy flux, for particles with velocity distribution (2). These macroscopic quantities are
defined as the different moments of the velocity distribution in a previous paper ], and we

will use the same notations here.
A. Ballistic Particles

It can be shown (1) that the ballistic particles have a positive potential energy

m R/2 and that the velocity space corresponding to this class of particles is given by :

0 <v<wy , 06 <1 , 0< ¢ < 2n ;
0<6<6,,

Vp € VK Vo, 0< ¢ < 27 ; (5)
n6, <8 <

8<
N
<
N
<
o
VA
RS
AN
)
]




with
vp2 = nR/(1-7)
Vel = -2e (1+8)y

ver = -2¢ a(l + a)/(1-2)-29(1 + By

0, = arc sin[nl/z(] + R/Vz)l/.2 | I (6)

0 = arc sin[u]/2 (1 -Vi/vz)]/z' ]

b

a = B(=)/B(rg)

b

u = nja = B{ID)/B()
The angle ¢ is measured in a plane normal to the magnetic field.

Taking into account the explicit form of the velocity distribution function (2) and
velocity space (5), it is easy to show that the particle and energy fluxes parallel to the
magnetic field are zero. The particle density can be calculated by means of

m

4 A 2 ~
nB @ = Mo exp[-(U2+q)]{f g](V)de g,(V,6) do
(o]

n o]
\Y, 6 \Y 6

oo m C m '
; f g (V) dV f 85(V,0) do + f g)(V) dV f g5(V,6) d6 } ,
Vb 0 YV, 6’

m (7

in which the following notations are introduced

g1 (V) = VZexp (- V2)

bl

12
g5(V,8) = exp [ 2U(V2+ q-q71 VZ5inZp) / ]sind



q = m R/2kT, ,

1/2
Z = z(m/2kT,) ;

where z stands for u, v, Vhs Voo and Ve

In order to reduce the double integfals to simpie integrals we use the transformation

1/2
Vool
" ®)

n X

6 = arc sin
(x2+ yz-q)l/2

which yields the Jacobian

a(V,0)
a(x,y)

withp=1-79.

-1/2 -1/2
= ‘n1/2 y(px2+y2-q) (x2+y2-q)

3

" Inserting this in (7) gives

4
"B F = ngnexw 1) f f h(xy) dxdy ©)

) G,
with

2.2 12 2..2 '
h(x,y) = xy(px“+y“-q) exp[-(x“+y“) + 2Uy ] , (10)

and where the integration is to be taken over the region Gy, illustrated in Fig. 1.

Performing the x integration we finally obtain
nB @ = 2ny v [Heo, A, $))-H@/2, A, T (11)
where, for convenience, we used the shorthand notations
t | 1,2 | :
H(s,t,9) = f S(y)y exp(n p” * y“+ 2Uy)dy , (12)
s

: 1/2
Sy = erf [p'l/2 (X.2 + aor] y2) / 1

b
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Fig. 1.- Domains of integration for the ballistic (Gl) and escaping (G,) particles.
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-em(l+a)kTy >0 ,
X2 = -om [(1+8)y-aor! (1+ a)l/kT, ,
T = p1/2 exp (- (U2 + gp'ly) ;

with the errb;—function erf(z) given by

' 2t
erf(z) = — e dt.
VTT Yo
Formula (11) gives the number density distribution for ballistic particles in the exosphere.
The two functions H on the right hand side of (11) have to be evaluated by numerical

integration.

Tb calculate the momentum fluxes we proceed in a quite similar way. The region of
integration in the xy plane remains Gi since it is 6nly determined by the velocity space (5).
The fqnction h(x,y) in (9), however, is determined by the moment of the veldcity distrib-
ution. For the parallel and perpendicular momentum fluxes, for example, we have respec-

tively,

‘ 1/2 |
h(x,y) = 2kTy xy(px2+y2-q) '~ exp[-(x2+ yd)+ 2Vy]

and
' -1/2
h(x,y) = kTyn x3y(px2+y2-q) ' exp[-(x2+ y2)+ 2Uy

After some calculations we obtain :

(a) the parallel momentum flux

BBYT) = 4p,ap [ Ho, A, Sp)-H@ /2, A, 1)), (13)

\



ki

with Po = ngk Ty -

. 1,2, 1/2
Sy = Ky [p' /2 (x%+ aorly?) 7

>

| 1/2
Ty = K2[p’”2(y2-q) / ]

The function K2(Z) is defined by

A 2 z 2
KH(z) = \T; f t2et” gt ,
o

and can be expresséd in terms of the error function-and the exponential function 1 ;

(b) the perpendicular momentum flux
PRI = 2p,7n [ HOAS) -HaY2 ATy (14)
with '

S3 = Sz-p'l(yz.'Q) 51 ;

T3 = To-pl(y?-o) Ty

B. Escaping Particles

For this class of particles we have to make a difference between particles with a
positive and a negative potential energy m R/2. Lemaire and Scherer ! have shown that in

the former case the velocities v and the pitch angles 6 are limited by the following inequal-
ities '

Voo SV < v, o< 6 <@

Ve S V< oo , 0<0 <6, ;

so that the particle density can be calculated by means of

B = i ngexp[-(U2+q)] {fv g (V) dV f gy(V.6) do
. o 0

m

0

+f ‘gl(Y)de mgz(V,e)da} . (15)
\Y% 0

C
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Taking into account transformation (8), expression (15) can be reduced to

.. 2
n(E)E = o omexnt U2 ff h(x,y) dx dy , (16)
w G2

where the region of integration G2 is shown in Fig. 1, and the integrand h(x,y) is defined in
(10). .
The double integral on the right hand side of (16) can be reduced to two sifnple integrals

which yields

nB)@) = nyy[HO,ASy) + HA=TY] (17)
with

S4 = 1-8;

T4 = 1 -Tl

Similar calculations give :

(a) the parallel momentum flux

p(’}z)(;j = 2py 7 p[ H(0,AS5) + HA=Ts)] | (18)
with ‘
SS = 0.5- 52 )
TS = 05-T2 >
(b) The perpendicular momentum flux
PEYT) = p,yn (H(0,A,Sg) + H(A,, T()] ‘ (19)
1 6 6
with
Sg = Ss-pl(y2-q) 84 ;
Tg = Tg -ply?-q Ty

To determine the particle and energy fluxes we can still use the transformation (8) whefe
the integration over the region G, can now be performed analyticaly. The corresponding
moments of the velocity distiibulion, however; can also be calculated straightforward. For
the particle flux this yields

-11 -



FE)D) = % ngen(W+X-Y+2) (20)
with ¢ = (8kT/rm)l/2 |

w=alexp[-(A-U2)] |

X =V Uerfc(A-U) , (21)

<
i

als exp { -(‘r'l A2+ Uz)] ,
7z = V”T U(T/a)3/2[D(a_1/2T1/2U)~D(al/2 T-l/2 A+ a-l/2 Tl/2U)]
xexp|- (1'1 A2+ a7l U2) ]

The complementary error function and Dawson’s integral are respectively defined by

erfc(z) = -:2—
- f
z

2 YA
D(z) = " f exp(t2) dt .
o]

o0

exp(-t2) dt = 1-erf(z) |,

and

On the other hand we can calculate the energy flux by means of

1
e® =3 pocn{[Z-q+(l-a'lr)U2 + UA+ A2] W+ (U2-q+2.5)X

“PY + (P+0.5)Z } , (22)
where P stands for
P = 2-q-a'l TU2+ T'l A2

For escaping particles with a negative potential energy it was shown I that the velocity

space is determined by

R <v< o , 0<6<9 0< ¢ < 2

m 3

Applying the transformation (8), the particle density is given by

-12-



WEE = = ngn exp(- U2) Tay [ hixy) dx, ' 23)
\[ﬂ ' (o] . (0] l

where h(x,y) is defined in (10).

The right hand side of (23) is a special case (A = Q) of the double integral in (16). By
making the formal substitution A = 0, we can immediately derive the formulae which give
the macroscopic quantities for particles with a negative potential energy, from the

corresponding expressions derived for the escaping particles with a positive potential energy.
IV. NUMERICAL RESULTS

It is easy to check that for u — 0, the formulae deduced in Sec. IIl, reduce to the
corresponding expressions, given by Lemaire and Scherer 1. To exhibit the influence of
an asymmetry in the velocity distribution of the particles in the terrestrial polar ion—
exosphere we consider an (O' - H - e) - exosphere with a vanishing magnetic field at
infinity. Moreover, we use a dipole configuration for the terrestrial magnetic ﬁeld up to a
radial distance of about four Earth radii. The baropause is chosen at 2000 km above the
polar cap, the ion and electron temperatures at this level are 3000°K, and the concentr-
ations are ngy(ry) = 103 cm'3, ngt(ry) = 9 x 1020m'3, and ngt(ry) = lOzcm'?’. Further-
more, we take a symmetric Maxwellian velocity distribution for the oxygen ions
(u0+ = () since their effusion velocity is very small compared with the 0" mean thermal
speed [w0+(ro)/co+ = 10'9). The effect of an asymmetry in the electron velocity distrib-
ution (corresponding with parameter values u, < 10km isec'l) is also negligiable
[We(ro)/ce = 10'3]. Therefore, we confine ourselves to the study of the influence of an

asymmetric proton velocity distribution.

In what follows we considered three values of the parameter ugt, i.e., 0,5, and

10 km sec'l.

We computed the macroscopic' quantities calculated in Sec. III along a
‘magnetic field line which intersects the baropause at a geomagnetic latitude of 80°. The
results do not differ significantly with the choice of the open field line. Moreover, we
neglect the incoming particies, and assume that the trapped electrons and oxygen ions are
in thermal equilibrium, respectively, with the electron and 0% emerging from the baro-
sphere. .‘The number density and momentum fluxes for these trapped particles were
determined in a previous paper 1, to which we also.refer for a detailed description of the

method of computatioﬁ.
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Table I gives the values of the effusion velocity or bulk velocity wyt(ry) and the
escape flux Fyt(ry) of the hydrogen ions at the baropause. The bulk velocity is always
larger than up+. Only for unreasonably high asymmetric velocity distribution functions,
does wy+(r,) become nearly equal to uppt- The escape flux of the protons increases with
ugt since in the three models we assumed the same concentrations at the baropause

level.

The reduced potential energy mR/2kT0 is plotted for each species in Fig. 2, which
shows that for growing values of the parameter uyt, the total potential energy mR/2
increases for the ions but decreases for the electrons. Qualitatively, however; there is no
difference from the results obtained with a symmetric proton velocity distribution
" (represented by a solid line): The electrons and oxygen ions have a monotonic increésing
positive potential energy distribution and therefore are decelerated. The protons on the
contrary are blown out since they have a monotonic decreasing negative potential energy.
The escape flux of the thermal electrons is determined by the electric potential difference
between fhe baropause and infinity. Moreover, the electron flux will be equal to the proton
flux because the escape of oxygen ions is negligible. Since the proton flux increases with
uyt, the electron escape flux will also increase and therefore the potential barrier which the

escaping electrons have to overcome, must decrease.

Figure 3 illustrates how the electric field intensity in the exosphere diminishes with
increasing ugt. As a consequence the acceleration of the ions is also reduced. Therefore,
although the effusion velocity at the baropause increases significantly with uyt, the bulk
velocity at high altitudes is not much different from the constant value corresponding to a
symmetric velocity distribution function. This is shown in Fig. 4 where we plotted the bulk
velocity of the protons in km sec’] (left hand scale) and of the oxygen ions in cm sec™]
(right hand scale).

The ion number densities versus altitude are given in Fig. 5. Note that although ny+
increases and ngt decreases for an increasing asymmetry in the velocity distribution
function, the scale height is practically not affected above 6000 km in altitude.

In Fig. 6 we illustrate the average temperature and the temperature anisotropy distrib-

utions. For the oxygen ions the temperature is nearly independant of uprt and remains
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TABLE 1 : Effusion velocity (wyt) and escape flux (Fyt) at the baropause for different

degrees of asymmetry (ug*) in the proton velocity distribution.

upt uytfoy
km sec'1
0 0
5 0.6
10 1.2

wit(rg) Wit (o) eyt Fyt(ry)

km sec‘1 cm'2 sec'1
4.0 0.5 4.0x 107
6.3 0.8 6.3 x 10’

10.3 1.3 1.0x 108
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ALTITUDE (10° KM)

. Fig. 2.- Reduced potential energies versus altitude along a magnetic field line crossing the baropause (2000 km
altitude) at 80° lat:tude At the baropause each species has a temperature of 3000°K, and the concentrations
_are ng, = 10° cm™ , gt =9 x lozcm and ngt+ = 102 cm™. The solid, the dot-dashed and the dashed
lines, respectnvely correspond to the values of the parameter uyt+ =0,5, and 10 km sec’]
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ELECTRIC FIELD{vm™
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Fig. 3.

5 - 10 15 - 20

ALTITUDE (103kM)

The electric field distribution along a magnetic field line crossing the baropause (2000 km altitude) at 80°
latitude. At the baropause the ion and electron temperatures are 3000°K, and the concentrations are
n, =10% em', ng# = 9x 102 cm3, and nyg+ = 102 cm™. The solid, the dot-dashed, and the dashed line
respectively correspond to the values of uyt = 0,5, and 10km sec’l.
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Fig. 4.- The bulk velocity versus altitude along a magnetic field line crossing the baropause (2000 km altitude) at 80° latitude. At

the baropause the ion and electron temperatures are 3000°K, and the concentration are ne = 103 cm'3,
ngt =9x 102 em™3 , and ny+ = 102 cm3. The solid, the dot-dashed, and the dashed lines respectively correspond to the
values of ugt =0,5 and 10 km sec’l. :
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ION NUMBER DENSITY (cm-3)

% AN\ |

R | |
10 5 10 5 20

ALTITUDE (10 KM)

Fig. 5.- The ion number densities versus- altitudé along a magnetic field line crossing the baropause (2000 km altitude)
at 80° latntude At the baro ause each species has a temperature of 3000°K, and the concentrations are
ng = 103 , ngt = 9x 10 , and nyt = 1.02 cm'3. The solid, the dot-dashed, and the dashed lines,
respectively, correspond to the valuw of uy+ = 0,5 and 10 km sec’). .
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practically constant and isotropic. The electron temperature decreases slightly and the
growth of the anisotropy is very small for an increasing asymmetry of the proton velocity
distribution. The effect upon the hydrogen average temperature and temperature anis-

otropy, however, is much more pronounced ; both become larger with increasing values of

UH+.

Finally, we give the proton and electron conduction flux versus altitude in Fig. 7,
which shows growth with an increasihg degree of asymmetry for both constituents. The
electron conduction flux is approximately two orders of magnitude larger than the

conduction flux of the ions, which is practically equal to the proton conduction flux.
V. CONCLUSIONS

Although a reasonable value of the parameter up+ will probably not exceed a small
fraction of the thermal speed, we considered the influence of very large asymmetries.in the
velocity distribution function at the baropause. The results presented above, show that for-
the terrestrial polar ion-exosphere, the most salient properties are qualitatively not affected
by considering such an asymmetry;i.e., (1) the protons are accelerated outwardly by a small
electric.field which retains the electrons. (2) the proton flow speed rapidly becomes super-
sonic, but the oxygen ions are bound to the Earth by the gravitational force which is larger

than the electric force.
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Fig. 6.- The average temperatures and temperature anisotropies versus altitude along a magnetic
field line crossing the baropause (2000 km altitude) at 80° latitude. At the baropause each
species has a temperature of 3000°K, and the concentrations are n, = 103 em” ,
ngt = 9x 102 cm‘3, and ngt= 102 cm'3. The solid, the dot-dashed, and the dashed lines
respectively correspond to the values of uyt = 0,5 and 10 km sec’l.
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