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- FOREWORD

This paper has been presented at the Second EGS Meeting on “Physics of the
Plasmapause” held in Trieste, September 23-26, 1974. It will be published in the Conference

Proceedings.

AVANT-PROPOS

Ce texte a été présenté lors de la seconde réunion de la Société Européenne de
Géophysique qui s’est tenue 4 Trieste du 23 au 26 septembre 1974, et qui avait pour
théme : ”La Physique de la Plasmapause”. Cette communication sera publiée dans les

Comptes Rendus de la réunion.

VOORWOORD

Deze tekst werd voorgedragen tijdens de “Second EGS Meeting on Physics of the
Plasmapause”, 23-26 september 1974, te Trieste. Hij zal in de "Conference Proceedings”

uitgegeven worden.

VORWORT

Dieser Text wurde zum “Second EGS Meeting on Physics of the Plasmapause™ in
Trieste, 23-26 September 1974, vorgestellt. Er wird in dem “Conference Proceedings”™

herausgegeben werden.



THE EFFECTS OF FIELD ALIGNED IONIZATION MODELS ON THE
ELECTRON DENSITIES AND TOTAL FLUX TUBES CONTENTS
DEDUCED BY THE METHOD OF WHISTLER ANALYSIS

by

M. ROTH

Abstract

The total electron content of flux tubes, and the electron densities in both the '
equatorial plane and ul the altitude of 1000 km have been calculated for different types of
electron distributions (i.e. Diffusive Equilibrium, Constant density model, Gyro-Frequency
model and Exospheric models with and without angular rotation). The results for these
different models are compared with those obtained when an empirical r* model for the
electron density distribution along a geomagnetic field line (where r is the geocentric radial
distance) is used in the interpretation of whistler observations. It is shown that the infered

“values of the equatorial densities are not so sensitive to the choice of the model as the
electron density at 1000 km altitude where satellite observations are available. This result
may be useful for the analysis of a whistler whose propagation path cannot be experimen-

tally specified as being either definitely inside or definitely outside the plasmapause.

The results deduced from a given whistler observation with exospheric models, for
reasonable values of the angular rotation rate, are nearly coincident with those deduceid
from the r® model. This good agreement between the physical exospheric models and the
empirical * model (well supported by satellite observations and whistler observations
outside the plasmapause) provides a strong support for the validity of the kinetic theory of

ion-exospheres.



Résumé

Le contenu électronique total des tubes de force, et les densités électroniques, a la fois
dans le plan équatorial et a I'altitude de 1000 km sont calculés pour différents types de
distributions électroniques (c.d.d. : modéle barométrique, modéle a densité constante,
modéle gyrofréquence et modéles exosphériques avec et sans vitesse angulaire de rotation).
Les résultats obtenus avéc ces différentes distributions sont comparés aux résultats que ’'on
obtient lorsqu’on utilise, dans linterprétation d’observations des siffleurs, un modéle
empirique pour la distribution de densité électronique variant proportionnellement a ré(r
étant la distance radiale géocentrique). On montre que les densités électroniques dans le plan
de ’équateur ne sont pas aussi sensibles au choix du modéle que ne le sont les densités
électroniq.ues 4 1000 km d’altitude ol I'on dispose d’observations effectuées par satellites.
Ce résultat peut étre utile pour I'analyse d’un siffleur dont le chemin de propagation ne peut
pas étre expérimentalement spécifié comme étant soit définitivement a Pintérieur, sont

définitivement a ’extérieur de la plasmapause.

Les résultats obtenus a partir d’'une observation de siffleurs, 3 I'aide de modéles exo-
sphériques et pour des valeurs raisonnables de la vitesse angulaire de rotation, coincident
presque avec les résultats déduits 4 partir du modéle en r4. Ce bon accord entre les modéles
physiques de I’exosphére et le modéle empirique en r* (bien confirmé i I'extérieur de la
plasmapause, par les obsefvations par satellites et par siffleurs) fournit une preuve pour la

validité de la théorie cinétique des exosphéres ioniques.



Samenvatting

De totale elektroneninhoud der stroombuizen evenals de elektronendichtheid in het
evenaarsvlak en op een hoogte van 1000 km werden berekend voor verschillende types \fan
elektronendistributies (bv. diffusief evenwicht, constante dichtheid, girofrekwentiemodel en
exosferische modellen al of niet rekening houdend met de hoeksnelheid). De resultaten van
deze berekeningen werden vergeleken met een empirisch r* model der elektronen-
dichtheidsverdeling langsheen een geomagnetisch krachtlijn (r is de geocentrische radiale
afstand), dat gebruikelijk is voor de verklaring der waarnemingen van fluiters. Het blijkt dat
de keuze van het model van minder belang is voor de dichtheden in het evenaarsvlak dan wel
voor deze op 1000 km hoogte. Dit besluit kan van belang zijn bij de analyse van een fluiter
waarvan het niet kan uitgemaakt worden dat zijn voortplantingsweg al of niet binnen de

plasmapauze gelegen is.

Bij gebruik van een exosferisch model zijn bij aanvaardbare hoeksnelheden voor een
bepaalde waarneming van een fluiter, de resultaten bijna eensluidend met deze van het ré
model. Deze goede overeenkomst tussen de theoretische exosferische modellen en de
empirische r* modellen(zoals uit waarnemingen met satellieten en fluiters buiten de plasma-
pauze blijkt ),vormen een sterke troef voor de gegrondheid der kinetische theorie der

exo-ionosfeer.



Zusammenfassung

Die gesammte Elektronendichte, die equatoriale Elektronendichte, und die 1000 km
Hohe Dichte sind fiir verschiedene Modelle gerechnet worden. Das Barometrisches Modell,
das Konstante-Dichte Modell, das Gyrofrequenz-Modell, und verschiedene exoépherische
Modelle sind in Betrach genommen worden. Die Resultaten sind mit dem R* Modell, dass
oft in die Interpretation der ’Whistler’ Beobachtungen beniitzt ist, verglichen. Von diese
Berechnungen wird herausgebracht dass die Wahl eines bestimmtes Modell wenig Einfluss
auf die equatoriale und gesammte Elektronendichten had. Einfluss ist aber wichtiger fiir die
berechnete Dichte in die Hohe von 1000 km, wo Sattelitenmessungen zu Verfugung sind.
Die Resultaten die mit exospherische Modelle erhalten sind fiir rotierende Planeten sind sehr
dhnlich mit die jenigen die mit dass empirische Modelle R** erhalten sind.'Diese gute
Uberstimmung kann als eine Gultigkeitserkliarung fiir die kinetische Theorie des Ionen

exosphire, betrachtet werden.



1. INTRODUCTION

In interpreting whistler observations, an ad hoc assumption is usually made on the
model for the distribution of ionization along the whistler propagation path. The purpose of
this paper is to compare the results obtained when different physical and empirical models
are used in the method of whistler analysis.

The method developed by Smith (1960, 1961b) and discussed in Helliwell (1965) is
used in this paper to deduce the equatorial density, the exobase density, the total flux tube
content and the equatorial distance of the field line along which the whistler has

propagated. The different models considered are :

- the r'* model, r being the geocentric radial distance along a geomagnetic field line.

- the constant density model (C)

- the diffusive equilibrium model (DE)

- the gyrofrequency model (GF)

- the collisionless model of Eviatar, Lenchek and Singer (1964) for a non-rotating planet
(ELS)

- and a similar model developed by Lemaire (1973) but including a finite rotational rate
Q # O(L).

These models are briefly described in Section 2. The whistler nose frequencies, the
nose time delays and the change in the Mcllwain parameter L of the whistler path are
determined in Section 3 for each of these models. The equatorial density, the exobase
density and the total flux tube content are calculated for these different models in

Section 4. The conclusions are summarized in Section 5.

II. DESCRIPTION OF THE MODELS

A centred dipole magnetic field is considered and only hydrogen ions are taken into

account above the reference level altitude h . The temperatures T, of the thermal electrons



and ions are assumed to be independent of the latitude.
2.1 The r* model(r*)

The equatorial electron concentration beyond the plasmapause deduced from whistlers
recorded during magnetically quiet periods decreases with Mcllwain parameter L roughly as
L4 (Carpenter and Park, 1973; Chappell, 1972). Outside the plasmasphere. Angerami and
Carpenter (1966) used an electron distribution behaving as n.a r? along field lines. The
choice of this radial dependence is based on a comparison with the collisionless distribution
described by Eviatar et. al. (1964).

Since the empirical r* madel is frequently used to represent the electron density

outside the plasmasphere we will take it as a reference model.
2.2 The constant density model (C)

In this model it is assumed that the density remains constant along the field lines.
Therefore the total tube content is simply proportional to the volume of the tube.

2. 3 The diffusive equilibrium model (DE)

For diffusive equilibrium, the magnetospheric plasma is distributed according to
hydrostatic equilibrium, where the partial pressure gradient is balanced by forces due to
gravity and the electrostatic polarization field which is set up to prevent charge separation.
Becauce of the magnetic field control of plasma diffusion, equilibrium conditions apply
along magnetic field lings. Inside the plasmasphere this hydrostatic model is quite approp-

riate as a consequence of the large Coulomb collision rate (Bauer, 1969).
2.4 The gyrofrequency model (GF)

This model has been frequently used by a number of workers (Storey. 1953; Gallet.
1959; Smith, 1960, 1961a) in whistler studies. In this model, it is assumed that the field



aligned electron density is proportional to the strength of the earth’s magnetic field at that
point (or equivalently to the local gyrofrequency. The model was therefore called gyro-
frequency model). A physical justification for this distribution was given by Dowden
(1961): an individual charged particle in the earth’s magnetic field encloses a constant
amount of flux in its spiral motion (Alfvén, 1950). Therefore the electron density tends to

be approximately proportional to the strength of the earth’s magnetic field.
2.5 The Eviatar-Lenchek-Singer exospheric model (ELS)

Following Eviatar et al. (1964), the ions and electrons evaporated from the top of the
ionosphere are collisionless. The particle trajectories in the magnetosphere are controled by
the gravitational field, the centred-dipole magnetic field and the Pannekoek-Rosseland
polarization electrostatic field. All charged particles have mirror points in the collision -
dominated lower regions of the ionosphere where their velocity distribution is Maxwellian.
It is also assumed that the distribution of ionization at the ends of the field lines are
symmetric with respect to the magnetic equator, i.e. the ionospheric densities and tem-
peratures are the same in both hemispheres. The effect of centrifugal forces was ignored in
this exospheric model. At the reference level the velocity distribution is a truncated
Maxwellian with a common temperature for both the ions and electrons. Such collisionless
models are justified in the region beyond the plasmapause where the density is so small that

the Coulomb collisions may be neglected to a first approximation.
2.6. The Hartle model (H)

Hartle (1969) has generalized Eviatar et al’s collisionless model by considering non -
symmetric exobase conditions. In particular, the density and/or temperature are assumed to

be different at magnetically conjugate points of the exobase or reference level.
2.7 The Lemaire exospheric model (L)

The models of Eviatar et al. (1964) and Hartle (1969) do not include the rotation of

the ionosphere-magnetosphere system. Although the centrifugal force remains small



compared to the gravitational force for radial distances less than four or five earth radii, the
rotational effects play a significant role in the high altitude regions along L > 5 field lines.
For L< L, (where Lc is a critical L value related to the angular rotation speed ), the total
pofentia] (gravitational, electrostatic and centrifugal) has a maximum in the equatorial
plane. In this case the density distribution in a symmetrical collisionless model is nearly the
same as in the Eviatar ef al’s model. Along field lines with L > L;, the potential is a doubly
peaked function of latitude with maxima out of the equatorial plane, and a minimum at the

equator. The density distribution in this case was obtained by Lemaire (1973).

Since the convection velocity of thermal plasma outside the plasmapause can be quite
large, the local angular rotation speed of flux tubes can become significantly larger than the
Earth’s rotational speed (2 = 7.29 x 10° rad s'). In this case centrifugal forces will
significantly reduce the potential energy at large radial distances.

It is important to note that for the exospheric models of Eviatar, Lenchek and Singer
(1964), Hartle (1969) and Lemaire (1973), the lack of energy equipartition due to the
absence of collisions and the constraint for the particles to move along magnetic field lines

lead to an anisotropic velocity distribution function.

Figure 1 illustrates the electron concentrations along the L= 7.5 field line in the
southern hemisphere for the different models described above. The reference level altitude is
h, = 1000 km; the reference level electron and H' ion concentrations were normalized to
unity, and the reference level temperatures of the electrons and H* ions are taken equal to
1500 K.

It can be seen that for a non-rotating DE model the density decreases much more
slole with increasing r than in the r* model. The GF model gives intermediate values of
the concentration which are roughly four times larger than those of the r? model near the
equator. The concentrations in the ELS model are smaller than those of the r* model for
r< 2.2, but become larger for r > 2.2. The H model shows the electron concentration when
'the northern temperature is multiplied by a factor two compared to the southern exobase
temperature (T’(;l = 3000K and 'If = 1500 K). Due to the augmentation of the particle
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Fig. 1.- Normalized electron and hydrogen ion densities in the southern hemisphere along the L = 7.5 field line for different models
of the outer ionosphere described in Section 2. The reference level altitude is h | = 1000 km:. For the symmetric models DE,
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injection rate in the northern hemisphere the total number of particles in the system is
higher than in the corresponding symmetric ELS model. The increase in the temperature at
the northern exobase leads to an increase in the high-energy tail of the velocity distribution
of emerging particles and a decrease in the number of low energy particles. Therefore, the
relative number density just above the northern exobase is slightly diminished, whereas at
higher altitudes it is increased. As a consequence of the increase of the number of particles
in the high-energy tail of the velocity distribution at the northern exobase, more particles
are able to pass the equatorial potential barrier, and a larger increase of the number density
results in the southern hemisphere (Hartle, 1969). As we only consider symmetric dist;ibu—

tions, the H model will not be taken into account in the following sections.

A distribution similar to the ELS distribution is obtained in the L model when the
angular velocity £ is equal to Q, the angular rotation speed of the Earth, (@ =
729 x 105 rad. s'). However, when Q increases, the collisionless density distribution
decreases, and for £ > 2 & the density always remains smaller than in the r* model, as

can be seen in Fig. 1 for @ = 10 Q.

III. NOSE FREQUENCY - TIME DELAY CHARACTERISTICS

The models described above have been used to compute the theoretical nose frequency
(f))- time delay (t;l) curves illustrated in Fig. 2. The paths of integration in the time delay
integral are dipolar Earth’s field lines above the reference level ho = 1000 km where the
concentrations are assumed to be n (e) = no(H+)= 3000 cm™3; the temperatures are
supposed to be 1500 K. A change in n, would shift the curves but their slopes would remain
unchanged. It can be seen that the lines corresponding to the ELS and I(Q = Q) coincide
approximately, and have a slightly smaller slope than the r* model. The slope of the
(f, - t,) curve for an exospheric model with @ = 10 Q is larger than that corresponding

to the r* model.

The variations in the Mcllwain parameter L of the whistler path from given or observed

nose frequencies are given in Fig. 3. These variations represent the corrections which have to
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be made in the prediction of the L-value when another type of electron distribution is used
instead of the r®* model. For L> 3.5, it can be seen that the C and DE models would
predict smaller L-values than those given by the r* model, by factors of about 0.92 and
0.93 respectively. These corrections may be significant for large L-values. The GF model
gives a L-value which is smaller than the corresponding L-value predicted with the r* model
by a factor of about 0.98 at L = 7. The exospheric models without angular rotation and
with rotational speed equal to 2, would predict practically the same L-values as those
determined from the r* model. For a large enough rotational speed the correction becomes
positive (AL > O). |

1V. ELECTRON DENSITIES AND TOTAL TUBE ELECTRON CONTENTS

From a measured time delay t_ at the nose frequency f_ it is possible to deduce the
equatorial electron density n, a (L) for a given model of the electron distribution along the
L field line. Since the r* model is often adopted in the interpretation of whistler observa-
tions, we take this model as a.reference distribution and compare the results obtained for

other types of models with those corresponding to the reference model.

Figure 4 shows the ratio ne"q (L)/n, . (L) for similar sets of values (f_ -t ). X stands for
C. DE, GF, ELS or L and the bar characterizes quantities relatively to the r* model. This
ratio corresponds to the factor by which the equatorial density calculated with a r* model
should be multiplied in order to obtain the corresponding equatorial density deduced with
an other type of model. It can be séen that beyond 4 Earth radii the exospheric models
corresponding to © = O (Eviatar, Lenchek and Singer, 1964) and Q = Q (Lemaire, 1973)
give the same results as the r'* reference model. For the exospheric model with Q@ = 10 Qe
the equatorial densities are smaller by a factor 0.7 - 0.6 than those calculated with a r'*
model. The gyrofrequency model gives slightly higher values of n, a (L) than thovse deduced
from a r* model. It is interesting to note that with the diffusive equilibrium model and the
constant density model respectively one gets equatorial densities which are larger than those
for the r* model by factors of only 2.4 and 2.8 at L = 4.5.

-13-
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Using these equatorial electron densities it is possible to infer the corresponding
electron densities n (L) at an ionospheric level of 1000 km where satellite measurements
are available. Figure 5 illustrates the ratio n; (L)/n (L) corresponding to the different
models considered. It can be seen that for a similar set of observations (f, - t_) the disper-
sion of the results at 1000 km is much more dependent on the choice of the model than in
the case of Fig. 4. For instance at L = 4.5, the constant density model or the diffusive
equilibrium model would give electron densities at 1000 km which are respectively 90 and
20 times smaller than those predicted with the r® reference model. The exospheric models
with © = O and Q = Q predict nearly the same results as the r* model (n} /ﬁo ~ 1). For
large rotational rates, n;‘ (L) is larger than ?10 (L). These results may be useful for the
analysis of a whistler whose propagation path cannot be experimentally specified as being

either definitely inside or definitely outside the plasmapause.

For given or observed values of (f -t ) and a given model for the electron density
~ distribution one can also deduce the total eiectron content N(L) of complete flux tubes
above a 1 cm? area at an altitude of 1000 km. The Fig. 6 shows the ratios N* (L)/I:I (L) for
the various models considered. It can be seen from this figure that the choice of a particular
model is not essential in deducing the total electron content in a flux tube and that it leads

in differences less than 10%.

IV. CONCLUSIONS

From the measurements of the nose frequency f_ and propagation time t_ of a whistler
one can determine n, a (L), the equatorial density of electrons in the magnetosphere, n (L),
the electron density at an ionospheric altitude of 1000 km, and N(L), the total electron.
content of a flux tube. These values will depend on the model adopted for the electron
density profile along the magnetic field lines. An empirical r? radial dependence is often
used for this density distribution and has proven to support well the observations beyond
L= 34.
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In this paper we consider different other types of electron density distributions
including exospheric models with an anisotropic velocity distribution function. and compare
the resulting values of Neq (L). n_ (L) and N(L) with those obtained when the r'4 model 1s

used.

First. it is noticed (Fig. 3) that the L-value deduced from an observed whistler depends
on the choice of the type of electron distribution, but the L-values deduced with exospheric

inodels are nearly the same as those obtained with the r' reference model.

it is shown (Fig. 4) that the equatorial density depends moderately on.the choice of
the type of model, and that the collisionless model of Eviatar. Lenchek and. Singer (1964)
and its generalization by Lemaire (1973) to include the effect of rotation give results quite

comparable to the empirical r* model.

The choice of the model has much more influence when the density at 1000 km 1s
deduced from a specific whistler observation. But here again the exospheric models with
reasonable values of the angular rotation speed . give values of n_ (L) which are not very

different from those deduced with the r'* reference model.

Finally. the total electron content N(L) as deduced from a set of (f -t ) values is
rather insensitive to the type of model adopted to describe the ionization distribution in the

field-aligned propagation duct of the whistler.
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