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FOREWORD

The article "First and second order approximations of the first adiabatic invariant for a
charged particle interacting with a linearly polarized hydromagnetic plane wave” will be

published in Planetary and Space Science.

AVANT-PROPOS

L’article “’First and second order approximations of the first adiabatic invariant for a
charged particle interacting with a linearly polarized hydromagnetic plane wave’’ sera publié

dans Planetary and Space Science.

VOORWOORD

Het artikel ”First and second order approximations of the first adiabatic invariant for a
charged particle interacting with a linearly polarized hydromagnetic plane wave” zal ver-

schijnen in Planetary and Space Science.

VORWORT

Die Arbeit First and second order approxirhations of the first adiabatic invariant for a
charged particle interacting with a linearly polarized hydromagnetic plane wave” wird in

Planetary and Space Science herausgegeben werden. .



FIRST AND SECOND ORDER APPROXIMATIONS OF THE FIRST ADIABATIC INVARIANT
FOR A CHARGED PARTICLE INTERACTING WITH A LINEARLY POLARIZED
HYDROMAGNETIC PLANE WAVE

by

R. VANCLOOSTER

Abstract

In the present paper the effect of a sinusoidal modulation of an electromagnetic field
on the invariance of the magnetic moment is studied. Such a generalized invariant plays an
important role in problems concerning the motion of charged particles in the non-uniform
magnetic field of the magnetosphere or the solar wind. In order to find an adiabatic
invariant J, a canonical transformation is introduced, and J is expanded in an asymptotic
series in the relative modulation amplitude. We are studying the first and second order terms
of this expansion. It is further shown that the curves J = constant closely fit the results
obtained by a numerical integration of the system of differential equations governing the
motion of the particles.

Résumé

Dans ce travail nous étudions. I’influence d’une modulation sinusoidale d’un champ
électromagnétique sur I'invariance du moment magnétique. L’invariant généralisé qui en
résulte joue un rdle important dans ’étude du mouvement d’une particule chargée soumise
au champ magnétique de la magnétosphére ou du vent solaire. Pour obtenir un .invariant
adiabatique J, nous introduisons une transformation canonique et écrivons J comme une
série infinie en lamplitude relative de la modulation. Les termes d’ordre un et d’ordre deux
de cette série sont analysés. On montre que les courbes J = constante reproduisent trés bien
les résultats obtenus aprés intégration numérique des équations qui décrivent le mouvement
des particules.



Samenvatting

In dit artikel wordt de invloed nagegaan van een gemoduleerd elektromagnetisch veld
op de invariantie van het magnetisch moment. De veralgemeende invariant die zo.ontstaat
speelt een belangrijke rol in vraagstukken betreffende de beweging van geladen deeltjes in
het magnetisch veld van de magnetosfeer of de zonnewind.-Om een adiabatische invariant te
kunnen afleiden wordt een kanonische transformatie ingevoerd en J wordt ontwikkeld als
een oneindige som van machten van de relatieve amplitude van de gemoduleerde golf. We
bestuderen de termen van eerste en van tweede orde. Verder wordt er aangetoond dat de
krommen J = konstante, zeer goed overeenkomen met de resultaten die na numerieke
integratie bekomen werden.

Zusammenfassung

In dieser Arbeit wird der Einfluss eines modulierten elektromagnetischen Feldes auf
der Invarianz des magnetischen Momentums untersucht. Eine solche verallgemeinte In-
variant spielt eine wichtige Rolle in Problemen die geladene Teilchen im magnetischen Feld
der Magnetosphire der Erde und des Sorinenwindes behandeln. Zur Ableitung eine adiaba-
tische Invariant J, ist eine kanonische Transformation eingefiihrt und J lasst sich schreiben
wie eine unendliche Reihe in der relativen Wellenamplitiide. Wir haben die Entwicklung bis
zur zweiten Ordnung untersucht. Weiter zeigen wir dass, im Phasenraum, die Kurven J =
Konstante sehr gut die Resultate, die nach numerischen Integration bekommen sind, an-
nahern.



1. INTRODUCTION

Since Alfvén (1950) introduced the adiabatic theory, much attention has been devoted
to the study of the three adiabatic invariants (the magnetic moment, the longitudinal
adiabatic invariant and the flux adiabatic invariant). This continuous interest is justified by
the role these invariants play in problems regarding the motion of particles in the magneto-
sphere and in the interplanetary space. Interactions with hydromagnetic waves, and

collisions with particles can be held responsible for the violation of the invariance.

In this paper, the behaviour of the magnetic moment of a collisionless charged particle.,
interacting with a linearly polarized hydromagnetic plane wave, is studied. The methods
used here are similar to those employed by Dunnett et al. (1968), Dunnett and Jones

(1972), and Roth (1974), for square wave and sine wave modulation.

In a reference system (X, Y, Z) we consider the motion of a charged particle under the
influence of an electromagnetic field. The magnetic field is the sum of a uniform com-
ponent, parallel to the Z-axis, and a plane wave, linearly polarized along the Y-axis. The

electromagnetic field is given by the equations :

B = B, €, +hB_ cos(kZ-Q1) | (1
- Q - :
E=nh " Bo cos(kZ-Qt)ex . (2)

: Q
The relative modulation amplitude is h, while the phase velocity U equals E We perform a

Lorentz transformation, which under the assumption that —is much smaller than ‘unity,
c

reduces to
X=X 3)
Y—-Y 4)



Z -Z-Ut . (5)

t—-t . (6)
In the new cartesian coordinate system, we have :

B = B, %, + hB, cos (kZ)¥, ' (7)

E=0. | (8)

The variables defining the position of the particle (-F:), its velocity (V), its linear momentum

- .
(P), and its Hamiltonian (g), were replaced by dimensionless variables, using the following

definitions :
B e Vel P=s =% -1 2,22H
R =,V = 7 WAV, = 3 MwAp, =7mw A . 9
The time t was replaced by .
o ‘
t=7. . (10)
qB, 2n
In these definitions w = _n-l_ is the gyration frequency in the fiéld B_€ ,and A = -k—is the
modulation wavelength.
The Hamiltonian H can then be written as :
H=H +hH +h’H,, (11)
i
with H, = 7-((p +y)? + (o, -0?+p,? ] (12)
1 .
H, =-7 (p, +y)sin 2nz (13)
_l_ i 02 14
~H, = o2 sin 21rz“. (14)



"A canonical tranformation (Roth, 1974) is introduced :

(X,.2; Py Dy ;) = (Q;,Q,.Q; 3 Py P, Py), defined by

x = P, +P,}2 sinQ, ' (15)
y = Q +P,!/2cosQ, . ' (16)
z = Q, . | (17)
p, = -Q +P2‘”COSQZI | | (18)
P, - P, -P,'/2sinQ, : (19)
p, = Py (20)

Figure 1 shows the zero order representation of the particle motion. It can be seen that P,
and Q, represent the cartesian coordinates of the guiding center in the x,y-plane, while P,
and Q, are respectively the square of the Larmor radius and the Larmor phase angle.

I'IO,Hl , H, can then be written as

1 52
H, = 2P, +7 P, ' 2n
H, = gP 172 in 2 | 22
R cosQ2 sin nQ3 _ 22)
1 : '
H, = 5.3 sin 21Q, . (23)

The: equations of Hamilton can now be deduced and integrated numerically.‘We refer to

these results later on, in comparing them with the results of the adiabatic theory.

Any generalized invariant J can be found as a solution of



- o

b, - - - - -

Fig. 1.- Zero order representation of the particle gyromotion.



"’_[J,H] =0, (24)
where [ ] is the Poisson bracket. Writing the function J as a power series expansion :
=% w1,
I= Z n _ (25)

leads to a set of an infinite number of recursion relations :

L U Hol = 0 (26)
['Jl',Ho]’+[J°,H1] -0 (27)
(3, H )+ (3, Hy ]+ [J,,H,] = 0 | (28)
U3, Ho)+ (3, Hyl+ (3, H] = 0 (29)

The result of these formulae is a system of differential equations, determining J p1=0, 1,
2, .... The aim of the present work is to solve these equations for Jos 3, and J, . It will be
shown that J must satisfy certain conditions in order to obtain physically possible solu-

tions.

2. SOLUTIONS FOR THE FIRST AND SECOND ORDER PROBLEMS

Introducing the transformation

I

Q, = Astz)/P, (30)

Q, =z 31



enables us to write equation (26) as

a_Jo
az

=0 . (32)
As a consequence, J | must be an arbitrary function of PI . Pz- P3. Q,.and

2% (33
§ = — )
2
J, will be choosen to depend only upon P3. Defining u = Q,. w = 27Q,. equations (27)

and (28) can be replaced by :

aJ1 dJ0
P3'3'Z'-=-4P2”2 cosucoswa (34)
aJ, 1 2], 2P,/ 33,
P3 " = 1rP21/2 cos u sin w ™ + - sin u sin w 5P—2
1 aJ1 1 dJo
-4P co — + — sin2w — . 35)
) COS U COS W aP3 - sin dP3 (

From these equations and from the particular choice of J,. it follows that J| and J, can be

written as functions of the zero order Larmor radius in the following manner :

N p 1/2 '
I, = A, P (36)

~

= At Ay, P, | (37)

The unknown coefficients A A, o» and A, , are functions of u, w and P, alone. By

1,1°
- defining A, , = J, the original system of differentiai equations can be replaced by :



oA, . ' dA

. j-1,j-1 .
3 a;J =~4cosu.cosw ——!Z;_l;j_ I=1,2 , (38)
24, 1 3A,, 1
P3 o2 =;cosusmw " +4; smusmwAl,’1
S X 39
- @, . ‘ | ' _ (39)
" This system can be easily integratgd' :
o 1 | . 1 . , '

Al,1 =-n[x sm(t”w)fgsm(u-w)] J0 - v . (40)
A, =/l by saws | | | @
2,0 : 8C A B [ : |

L SN
Ay, =- 2 [A2 cos'(2u + 2w) + g2 ©os (2u-2w)
1 K L . K L A
+E(I-§)cos2w+ (X + glcos2u], 42)

with g =P, ; A= 1+§ ; B=1-§ ; C=§ and

l y ”" -
5ot @3)

~
|

i 1 * ”"

° " 48 s °_d62; ~';J0+Jo ; L=
. . B . 1 2 . ‘ . .

In our discussion the magnetic moment Em\_'L'/B will be evaluated at points corresponding

to successive periods of the fniagnetic field modulation. For these points we have Z = nX, or

z = n, n being an integer. P, and P, can then be written as functions of

. V2
f= = - (44) .
v



We have

P, =7tV S 45)

P

, sv(1-002 =tav(l-§)2 . (46)

For the points where z = n, the magnefic field always has the same value and E is probor—
tional to the magneﬁc moment. The particle motion will consequently be studied in a (u,{) -
plane. In the zero order approximation the magnetic moment is conserved and we therefore
see that ¢ is independent of the phase angle u. At w = 2mn, equations (40), (41) and '(42)

can be simplified to :

1 1
Ay = -ﬂ(-A_.+ 1—3)J°’Sinu | | 47)
1 1 1 ’ ' '
= -2c 2-7-3 ’ 48
A2,0 8C( A B)Jo (48)
sl UUN D UES U IR N N D B
A2,2 =-4 [(‘A3+B~3 -A2+BZ)J°+(A2+B2+A+B)J° ]coszu
1 1 1 1 1 1. |
- - — e — J’+_. - - J”', 49
c (a2 gz ) o C(A ) lo J. 49

Conditions which J o must satisfy will result from the fact that all zeros in the denominators

of A Aj 2 and Az,o must be eliminated.

1,1°

Another condition will be explained in the following sections.

3. CHOICE OF J, FOR THE FIRST ORDER PROBLEM

Several functions fof J, may be chosen, provided that they eliminate the singularities

- 10-



in A, for the values g = ¢ 1. It should be noted that the representations of the particle
motion in the (u,¢)-plane with each of these functions will not be identical. They must be
considered as different first order approximations. As J_’ must be proportional to AB in

order to remove the singularities, we choose

J, = A? B® + arbitrary constant , (50)

witha= 2,b> 2.

Takihg for instance a = b = 2, we have

J°’=-4ABC, Sn
and Ay, = Cct®+ A2B2 . (52)
A, = 8Csinu . | (53)

The expression for J can then be written as

J = C'®+ A?B? + 87hCP,!/? sinu . - (54)
We define

X(£) = A?B2 , | - (59)

Y(&h) = 87hCP,}/2 : (56)

Selecting values for h and v, and considering a number of initial conditions (u,, £,), we

obtain the adiabatic invariant curves from the equation

X(E)+ Y sinu = X(E)+ Y, hysinu, - (57)

-11 -



In these and subséquent calculations, the positive value of g is taken into account. This
corresponds to particles with positive initial velocities along the main magnetic field B OE:.
In figures 2 and 3 the curves resulting from equation (57) are displayed in the (u,t)-plane. &
varies between O and 1, u varies between - 37/2 and #/2. The velocities in figures 2 and 3 are
‘assigned the values 1/m and 2/m respectively. The relative amplitude of the field pertur-
bation, h equals 0.025. These curves agree with the results obtained from numerical inte-
Agration of the equations of Hamilton derived from (21), (22) and (23).

This integration has been perfomied by Roth (1974) and the results of these numerical
calculations are shown in figures 4 and 5. The curves in figures 2 and 3 demonstrate the
manner in which the adiabatic fheory.predicts the existence.of a functional relationship
between the perpendicular kinetic energy £ and the phase angle u. It is also clear that there
. exists a resonance point surrounded by closed curves. The abscissa of the resonance point
is - 7/2. The ordinate can be obtained from eq. (57). Indeed, determining the derivative of

sin u with respect to &, for u = - /2, yields

8X, aY

o - (dsne) - Caa .

u=-m/2
A resonance point R(-n/2, £ ) is given by
oltg) = 0 . | (59)
Making a > 2 or b > 2 in the above theory will inevitably give rise to the appearance of
several resonance points. This is due to the fact that _the corfespondin_g choices of J | lead to
functions Y, which have a number of zeros, and these induce a discontinuous behaviour of
o(¢), with several intersections of the £-axis.

As a conclusion we may say that as far as the first order is concerned we can use

J_ = A2?B2? + arbitrary constant - A o (60)

-0

-12-



1.0 T T T

Fig. 2.- Invariant curves resulting from first order theory, for h = 0.025, v=1/m, u,=- 2.
and for different values of Eo, from 0.05 to 0.95.
I, =A%B2.
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0 : ! . | 1 B
-3Tt/2 -TT _Tt/2 5 pegl
U

Fig. 3.- Invariant curves resulting from first order theory, for h = 0.025, v=2/m, u, =- /2,
and for different values of £ , from 0.05 to 0.95.
], =A% '
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0.05 t0 0.95.
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This means that we cannot use analogous solutions for the second and higher order pro-
blems. Indeed. elimination of all singularities is not possible without higher powers of A and
B. These give rise to several resonance points which do not exist in the exact numerical

solutions.

4. CHOICE OF J, FOR THE SECOND ORDER PROBLEM

To solve the second order problem we have tried a function J , satisfying the differen-
_ tial equation :
J,' = ABCH®) . ©h

[+]

In this case the equations (47), (48) and (49) are reduced to :

Ay, = -2Cf@)sinu (62)

L 2
Ao = 7 6210 (63)

2 202+ 82 fR)+ 48 F
Ay, = - "—4' [2(2+5°) (i)l; £ L) cos2u-2[2f(B)+ B B} - (64)

Elimination of the singularities in the coefficient of cos 2u is possible. We take a function

f(3) satisfying a linear differential equation, such as :
2 P(8) + (2+82) £(8) = ap(1-%) - (65)
Integration leads to the result

52
4— .
[a(5-52)+ be ], : (66)

]
f3) = =
B

where b is the integration constant. The calculation of J follows from (61). Indeed inte-

gration (61) leads to :

-17 -



5 . - .
= a(56- 283 +-§—) +b[-n1/2‘erf(%)+ 2B e ] (67)

(o]

+ arbitrary constant.
The equation defining the adiabatic invariant curves is now given by:

X(Eh) + YEh)sinu + Z(g,h) cos 2u =

X(E,h) + Y(g.o,h) sinu, + Z(Eo,h) cos 2u° , (68)
with
h? 5 .
X(kh) = I, + 2= (626) + 2n% P, [266) + 6 PG} . (69)
Y(¢,h) = -27hC  P,1/2 £(g) ‘ (70)
2 - |
Zgh).= - = h2CP,a. - . (71)

Equation (68) can be written as a quadratic equétion in sin u. This equation is homogeneous
. a )
in a and b, so that the invariant curves will depend upon the parameter m = g Difficulties

similar to the ones described in section 3 may arise here. Indeed we have :

_dX dY 4z

- + — + —
_ [ dsinu _de  dy dt
p(§) = <_d§ > = Y + 4z : _ (72)
: u=-r/2 _

The equation ¢(¢¥) = 0, may only have one solution, namely the £ -value for the resonance

point. Situations can be described where a particular choice of m gives rise to a second
reso'nance point, due to the discontinuous beﬁaviour of p(§). An important result follows
from the fact that we are able to determine the value of m in such a way that a ﬁxéd point
-3 2 , £)is a resonance point. This is only acceptable when the condition Y + 4Z # 0 is
satisfied for any £ between O and 1. In our calculatlons we obtamed satisfactory results with

- the value

- 18-



m=1. | \ (73)

In figures 6 and 7 we show the curves resulting from equation (68) forh= 0.1 andv="1/n
and 2/n respectively. In ﬁgure 8 wze compare the results obtained from numerical compu-
tation with the curves deduced (a). from the first order theory as explained in section 3, and
(b) from the second order theory as shown in section 4, for h.= 0.1 and v = 1/n. To display

the differences clearly, we examine a region in the resonance domain.

5. OTHER POSSIBLE CHOICES OF J o FOR THE FIRS T ORDER PROBLEM

In section 3 it is shown that an essential condition J must satisfy is that its first

derivative be propdrtiqnal to AB, so that we can write

J;) = ABg() = (1-8%)g®B) .. (74)
The results obtained in t:hat section correspond to

gB) = - 4. . | (75)

Roth(1974) found some remarkable results in using

@) = -(2v2-p2) ' (76)

Finally we can obtain a first order solution by neglecting all terms of h? in the solution
explained in section 4. This corresponds to g(8) = 81(8), f(B)‘ being defined by (66). The
curves resulting from first order theory, but making use of a function J  satisfying second
order requirements, .proved ‘to be better than those obtained from the other first order

theories mentioned in this paper.

-19-



-(:)m‘./z TL/2

Fig. 6.- Invariant curves resulting from second order theory, for h= 0.1, m= 1, v= l/m,
U, =- n/2, and for different values of ¢ A from0:05t0 0.95.
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Fig. 7.- Invariant- curves resultixig“from second order theory, for h= 0.1, m= 1, v=2/n,
u, =- /2, and for different values of £, from 0.05 t6°0:95.
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Fig. 8.- Comparison of integrated orbits (dots) to invariant curves resulting from (a) first order
theory (dashed lines); (b) second order theory (m = 1), (solid lines), for different values
of £, from 0.02 to 0.16.
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6. CONCLUSIONS

In the previous sections, it is shown that it is possible to find different approximations
of the first adiabatic invariant. Visual evaluation helps.us to conclude that for our choices of
the parameters h and v, the second order approximation is the best one. The first order
counterpart of tAhis approximatio‘n proves to be better than any of the other first order
solutions. This shows that the magnetic moment can be replaced by the first order
truncation of the second order invariant. The accuracy is very high even in the resoﬁance

_region and for larger values of the relative amplitude of the magnetic field perturbation. This
first order truncation avoids tedious numerical integratidn of a system of differential
equations. In fact, the introduction of this new approximate constant of motion, added to
the constancy of the total energy permits in many practical cases the full description of the
charged particle motion. This is important in determining the trajectories of cosmic ray
particles in interplanetary space and the dispersion of the solar wind particles through the

inhomogeneities of the interplanetary magnetic field.
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