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FOREWORD

The paper entitled "Open lon-Exosphere with an Asymmetric
Anisotropic Velocity Distribution" has been presented by M. Nicolet
during the 7th October 1978 session of the Classe des Sciences de
I'Académie Royale de Belgique and will be published in the Bulietin de
I'Académie.

AVANT-PROPOS

Le travail intitulé "Open lon-Exosphere with an Asymmetric
Anisotropic Velocity Distribution" a été présenté par M. Nicolet lors de
la séance du 7 octobre 1978 de la Classe des Sciences de I'Académie

Royale de Belgique et sera publié dans le Bulletin de I'Académie.

VOORWOORD

De tekst getiteld "Open lon-Exosphere with an Asymmetric
Anisotropic Velocity Distribution" werd op 7 oktober 1978 voorgedragen
door M. Nicolet tijdens de zitting van de "Classe des Sciences de
I'Académie Royale de Belgique". De tekst zal in het "Bulletin de

I'Académie" gepubliceerd worden.

VORWORT

Der Text "Open lon-Exosphere with an Asymmetric Anisotropic
Velocity Distribution" wurde am 7 Oktober 1978 wahrend der Sitzung
der "Classe des Sciences de I'Académie Royale de Belgique" wvon
M. Nicolet vorgestelit. Dieser Text wird in dem "Bulletin de I'Académie"

hergestellt worden.



OPEN ION-EXOSPHERE WITH AN ASYMMETRIC ANISOTROPIC

VELOCITY DISTRIBUTION

by

M. SCHERER

Abstract

Expressions for the number density, the escape flux, the parallel
and perpendicular momentum fluxes, and the energy flux in an open
ion-exosphere, are set up under the following assumptions : (a) the
velocity distribution function at the exobase is given by an asymmetric
bimaxwellian depending on 4 parameters; (b) along a magnetic fiéld line
the potential enérgy of a charged particle is a monotonic function and
the magnetic field strength monotonically decreases to a constant value.
A method which allows to calculate ‘the 4 parameters of the velocity
distribution for a given sét of values of the state variables is outlined.
Finally, the analytic formulae for the state variables are explicitely given
for the special case that the velocity distribution at the exobase is a
‘bimaxwellian.



Résumé

Dans un modele d'exosphere ionigue ouverte, on a déterminé des
expressions pour la densité, le flux d'échappement, le flux d'énergie et
les composantes paralleles et perpendiculaires du flux d'impulsion. Ce
faisant, les hypotheses suivantes ont été posées : (a) la fonction de
distribution des vitesses a l'exobase est donnée par une bi-Maxwellienne
asymétrique dépendant de 4 parametres; (b) le long d'une ligne de
force du champ magnétique, I'énergie potentielle d'une particule chargée
est une fonction monotone et l'intensité du champ magnétique décroit de
fagon monotone vers wune valeur constante. Une méthode a été
développée qui permet de calculer les quatre parametres de la fonction
de distribution des vitesses pour une série donnée des variables d'état.
Finalement, des formules analytiques pour les variables d'état sont
données explicitement dans le cas particulier ou fa fonction de

distribution des vitesses est une bi-Maxwellienne.



Samenvatting

De formules voor de deeltjesdichtheid en flux, de momenten flux en
de energie flux in een open ionen-exosfeer worden berekend onder
volgende veronderstellingen : (a) de snelheidsverdelingsfunctie aan de
‘exoba_sis wordt gegeven door een asymmetrische bi-MakweII-Boltzmann
verdeling afhankelijk van 4 parameters; (b) de potentiéie energie van
een geladen deeitje is een monotone functie langs een magnetische
‘veldlijn, en de magnetische veldsterkte is een monotoon dalende functie.
Een méthode voor het berekenen van de 4 pérameters van de snelheids-
verdelingsfunctie wordt geschetst. Tenslotte worden' nog analytische
formules bepaald voor de toestandsveranderlijken in het bijzondere geval
dat de.snelheidsverdelingsfunctie'gegeven wordt door een bi<Maxwell-

Boltzmann distributie.



Zusammenfassung

Formeln fur die Dichteverteilung, der Ausfluss die
perpendikularen und paraltelen Momentumfluss, und der Energiefluss in
einer offenen lonenexosphidre sind ausgerechnet worden. Die folgenen
Hypothesen sind dazu gebraucht worden : (a) die Geschwindigkeits-
verteilung der Exobase kann durch eine bi-maxwellische und
asymetrische funktion mit 4 Parametern vorgestellt werden; (b) die
elektrische Potentialenergie der geladenen Teilchen ist entlangs der
magnetischen Feldlinien ein monotonisch Funktion, und das magnetische
Feld ist eine monotonische abnehmende Funktion die sich zum einen
Konstanten Wert abzielt. Einen Methode flir die Berechnung der
4 Parametern der Geschwindigkeitsverteilung ist gegeben worden. Zuletzt
sind analytische Formeln fur die Variablen in dem spezialen Fall wenn
die Geschwindigkeitsverteilung der Exobase bi-maxwellisch sind,

abgerechnet worden.



1. INTRODUCTION

Nowadays it is generaliy accepted that the dynamical behaviour of
the ions and electrons in the topside polar ionosphere can not be
described by an hydrodynamic approach of the general transport
equations. Indeed, at higher altitudes the number of collisions becomes
very small and any hydrodynamic approach becomes invalid. In this
collisionless region, known as the ion-exosphere, a kinetic approach is
very useful [see e.g. Chiu and Schulz, 1978; Croley, Jr. et al., 1978;
Lemaire and Scherer, 1970, 1972a, 1973a, 1974; Whipple, Jr., 1977].

The controversy between the supporters of the hydrodynamic
theory and the defenders of the kinetic theory was based on a mis-
understanding [Donahue, 1971; Lemaire and Scherer, 1973b]. Both
methods are appropriate for the study of the dynamical behaviour of
charged particles in the polar ionosphere : the hydrodynamic approach
is valid in the ion-barosphere (i.e. the region where the collisions have
to be taken into account), whereas the kinetic approach can be applied
in the collisionfree exosphere. Between these two regions there exists a
small transition region with a thickness of a few scale heights, where
the number of collisions rapidly decreases. Up till now, this transition
region has not yet been described successfully, and is generally
neglected by introducing the assumption that the barosphere is
separated from the exosphere by a sharply defined surface called the

exobase or baropause.

That the hydrodynamic and kinetic approaches are complementary
and not at all contradictory was illustrated by Lemaire and Scherer
[1975] who calculated continuous distributions for the number density,
the escape flux, the temperature, the temperature anisotropy, and the
energy flux by matching at the exobase the solutions of the hydro-

dynamic Navier-Stokes equations -for the hydrogen ions, to a simple



kinetic polar wind model. Although this model calculation shows many
interesting features, one of the major shortcomings is that the proton
temperature anisotropy at the exobase always equals the constant value
1 - ;Zt- ~ 0.36. This is due to the assumption that the wvelocity distribu-
tion of the hydrogen ions at the exobase is given by a pseudo-Maxwell-

Boltzmann distribution
> m 3/2 r m 2
flr, v(ro)] = N( E_k—’l") exp !- o Y (r‘o)J (1)

where the particles with doanard directed velocities are missing. o is
the radial distance of the exoba‘se; \7(r‘o) is the velocity vector at the
exobase of the particle with mass m; k is the Boltzmann constant; N
and T are two parameters which have to be determined so that the
calculated number density and temperature at the exobase have a given

value.

Once that th.e parameters N and T are defined, any moment of the
distribution (1) has a fixed value. Therefore the escape flux and the
temperature anisotropy can not be fitted on given values. This defi-
ciency can be solved by developing a kinetic polar wind model based on
a more general velocity distribution which depends on more than two
parameters. The purpose of this paper is to calculate formulae for the
state variables in the polar ion-exosphere under the assumption that the
velocity distribution at the exobase is given by an asymmetric
anisotropic maxwellian. .

/2

flr, U(r ) = 072 N /2

2 2
N B“ Bl exp[— ﬁ"(V"- u)- - BJ. V.L]

(2)

with



B" = m/2KT, ; By = m/2le ' (3)

and where Vy and v, denote the components of the velocity vector

\7(ro), respectively parallel and perpendicular to the magnetic field;

i.e.
v, = v(r‘o) cose(r‘o) vy = v(r‘o) sine(ro) (4)
where B(ro) is the pitch angle.
The asymmetric bimaxwellian (2) depends on four parameters N, u,

T

number density, flow velocity or escape flux, temperature, and tem-

" and T, which can be chosen to obtain at the exobase a given

perature - anisotropy. The assumptions on which the kinetic model
calculations are founded are summarized in Sec. 2. For a detailed descrip-
tion of the kinetic approach however, we refer to Lemaire and Scherer
[1971, 1975]. The number density, the particle flux, the parallel and
perpendicular momentum fluxes, and the energy fiux along an open
magnetic field line in the exosphere are calculated in Sec. 3 for
particles emerging from the barosphere. In Sec. 4 we outline how the

four parameters N, u, T, and TL can be determined. Finally, in Sec. 5

H
the special cases of (i) a bimaxwellian velocity distribution function
(u = o; Til T, ); (ii) a maxwellian velocity distribution function (u =
o, TlI
function (T, = Ty ut# 0) are considered.

= T.L)? and (iii) an asymmetric maxwellian velocity distribution

2. THE KINETIC MODEL

We assume that in the ion-exosphere the trajectories of the
charged particles can be determined by the non relativistic guiding
center approximation, and that the particle drift across magnetic field
lines can be disregarded. Moreover we assume that along a magnetic

field line, the static magnetic field is a monotonic decreasing function of



the distance s (measured along the field line), and reaches a constant

. value at infinity. The law of conservation of energy yields the relation
Vi(s) = vE(s) + R(s) (5)

with
R(s) = -2¢[1 + a - (1 + B)y] (6)

where we introduced the shorthand -notations
a = Ze cp(so)/md> , B = Ze ¢(s)/moy ; (7)

for the reduced electric potential energy respectively at the exobase So
and at the point s in the exosphere; Ze is the electric charge of a
particle with mass m, ¢ is the electrostatic potential due to the small
charge separation, ¢ is the gravitational potential at the exobase; and
finally y = _r'o/r is the ratio of the radial distance of the exobase level

So’ to the radial distance of the point s.

Moreover; from the first adiabatic invariant follows

B(s ) V2 (s)
(o]

sin2 9(.5 ) = sin2 6(s) (8)

B(s)  vi(s)

' (o]
Assuming that the potential energy, % mR(s), is a monotonic function,
two cases have to be considered corresponding to the algebraic sign of
R(s) [Lemaire and Scherer, 1971]. A particle for which R(s) is
negative, will move in a potential well. Such particle will be accelerated
outwardly and will escape. This occurs for the lighter positive ions
such as H' and;'He+, for which the outward directed electric force is

larger than the gr‘a\'/it'ational force. On the other hand the heavy



oxygen ions 0" and the electrons emerging from the barosphere, will
encounter a potential barrier and are decelerated. In this case only
particles with a velocity vector inside a loss cone can escape. Particles
with a wvelocity wvector outside the loss cone are gravitationally or

magnetically reflected and are called ballistic particles.

It can be shown [Lemaire and Scherer, 1971] that the region in

velocity space corresponding to the class of ballistic particles is defined

by :

O§v§vb, O £6=5n, O £ o< 2n ;
0O <£86¢&g
m
vbgvévm, O ogp<2n; (9
n-6 <£06sn,
m
1 <9 <
6m=6=6m,
Ve SV SV, Oso<an,;
- < - '
n 6m§6=n em,
with
2 = R/(1 < n), ™ 2"2¢(1+B)
Vb"n nJ, Vo = Y .
vC2=-2¢a(1+a)/(1-a)-2¢(1+8)y,
em' = arcsin [r11/2(1 + R/V2)1/2] p (10)



!

121 .y 23172

em' = arcsin [‘p

B(s)/B(=) .

H

n = B(s)/B(sy)) , a=B(«)/B(s)) , u=n/a
The angle ¢ is measured in a plane normal to the magnetic field. The
class of escaping particles which have to overcome the potential barrier

-;— mR(s) > o is given by :
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(11)
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£ 9 < 2n

And finally, the escaping particles moving in a potential well, i.e.
%m R(s) < o, are defined by

(- R )1/2 < 0058 , oSg<an . (12)

In what follows we will assume that at the exobase, the wvelocity
distribution function of the particies emerging from the barosphere is
given by the asymmetric bimaxwellian (2). The velocity distribution in
the exosphere is obtained by solving Vlasov's equation subject to the
boundary condition (2). Taking into account (5) and (8) this yields :

-3/2 N B’l/

flr, V(r)] = n g exp [ - By (u? + R)]

. r r . AN \1/2
. exp ﬁ - B“l v2 ( 1+ vl sin26 ) - 2u<R + v2(1 . &in e))
(13)

with t = T, /T,

-10-



3. MOMENTS OF THE VELOCITY DISTRIBUTION

The state variables, defined as the physically significant moments

of the velocity distribution, can be calculated by means of
(a) the number density n(s) = f f(r,\7) d3v (14)
(b) the escape flux F(s) = v“f(r,\_;) d3v (15)

(c) the parallel and perpendicular momentum fluxes

P (s) = m [ V& f(r, V) dv (16)

P, (s) %m J vff(r,\-/)) av a7

(d) the energy flux parallel to the magnetic field

f(r,\j) d3v (18)

e(s) =%m J v2 v,

The integrations are to be taken over the appropriate three dimensional
velocity space. The integration over the angle ¢ is straightforward
since this wvariable does not occur in the integrand. To caiculate the

remaining double integrals we use:the transformation formulae :

r

v=p 2 [x%+ y2 - g2
B ‘ (19)
6 = Arcsinﬁ r]1/2x [xz + y2 - q(s)]-V2 }
with q(s) = B"R(s) ; ‘ . (20)

Taking into account (13), the state variables (14) - (18) become

-11-



(a) the number density :

- s A(X,y)
n(s) = 6 C Jf Jrky dx dy

(b) the escape flux

1/2

F(s) = (2 - 8) B, "7 C ff Alx,y) dx dy

(c) the barallel and perpendicular momentum fluxes

Py (s) = 28k T, C Jf A(x,y) B(x,y) dx dy
P,(s) =8k T, nC [f NG ﬁ%,)l;,)-) dx dy

(d) the energy flux paraliel to the magnetic field

e(s) = (2 - &) B2 kT, € gf X8+ y

In these formulae the following shorthand notations were

2. yz' + 2Uy]

A(x,y) = xy exp[ - t x

1/2

B(x,y) = [px? +y2 - a(s))

-1/2

C =2n Ntn expl- U2]

1 for escaping particles

2 for ballistic particles

-12-

(21)

(22)

(23)

(24)

- q(s)] A(x,y) dx dy

(25)

introduced

(26)



The domain of integration depends on the type of particles and follows
'~ from (9), (11) and (12) and the transformation formulae (19).

A. Particles moving in a potential well (R(s) < o)

All particles are escaping. The velocity space is defined by (12)
from which we deduce that the integrations (21) to (25) have to be
taken over the domain

o
A
X

< o : 0Ly <<®

Hence the state variables can be calculated by means of the.following
formulae

(a) the number density

1/2

n(s) = N(t/p) ""n exp (- u?) h(o, =, S,) (27)

(b) the escape flux

F(s) = 211- N c, n exp (- U2).. [1 + Jn U erfex (- U)]
(28)
with -
¢, = (8kT, /mm)"/ (29)
(c) the parallel and perpendicular mémentum fluxes
Py (s) = NkTh(p/t)1/2n exp (- u%) n(o, =, S, * Sé)
(30)

1/2 n2 exp (- U2) h(o, ©, S1 + 52 - 53)

(31)

-1
P (s) = % NKT (t/p)

-13-



(d) the energy flux parallel to the magnetic field

e(s) = —15 NKT, c, N exp (- U2)

{(%+%-q(s)+uz} . [1 + Jn U erfex(- U)]-%_}* (32)

~ v

In the formulae above, h(a,b,S) is a linear function of S defined by :
b 2 .
a

Moreover we introduced the shorthand notations

- Jn
S1 = erfex <2 52)

_2 172 ( 2 1/2 '
S = T (t/p) [y a(s)] (34)

= 2
533 595

_ 2 2 2
erfex(z) = 7 exp(z™) exp(- x7) dx (35)
. .
The functions h(o, &, Si) with i = 1, 2, 3, defined by (33) and (34)

can not be determined analytically; the remaining integrals have to be

calculated numericaily.

B. Particles encountering a potential barrier (R(s) > o)

*

In this case the particles can be subdivided into two classes : the
escaping and the ballistic particles. For each class we will calculate the

state variables (21) to (25) separately.

-14-



1. Escaping particles

The domain of integration GE for the escaping particles follows
from (11) and (19), and is illustrated in Fig. 1 were v = 1 - a. All
integrations over the variable x can be performed. This yields :

(a) the number density :
n(E)(s) = N(t/p)!/2 0 exp(-U®) {h(Q, =, S)
+g(o, Q, T;) exp [- tg(e)/v]} : (36)
(b) the escape flux
FE(s) = 3 N e nexp(-U%) {h(Q, =, 1)
+ g(o, Q, 1) exp [- tg(=)/v]} (37)
'(c) the parallel and perpendicular momentum fluxes
\‘~ .

P(E)(s) = NKT, (p/)'/2 1 exp(- UP) {h(Q, =, S, + S)

+g(o, Q, T, + T,) exp [- ta(=)/v] - (388)
E 1 1/2 2 2 :

P(E)(s) = 1 Nk (/)12 n® exp(-UP) {h(Q, =, S, + S, - Sy

+9g(o, Q; T, + T, = T3) exp [~ ta(=)/v]} (39)

(d) the energy flux parallel to the magnetic field

e(E)(;c,) = % NkT"

r

¢, nexp(-UD) {1 1-a)] @, = 1+

0@, » ¥9) + [a(e, @ vD) ¢ [ 1= a(s) + a@)p] a0, @, D |

exp [- tq(=)/v] } o (40)

-15-"



The function g(a, b, T) is linear in T and defined by

- b
g(a,b,T) = | y T(y) exp [2Uy + (£ - 1) y?] ay
v
a (41)

Moreover the following shorthand notations were introduced

T1 = erfex ( )2m T2 )
_2 1/2 2 2,1/2
T, = N (t/p}m [ty© + X T (42)
_n 2
T3 =3 T79:8;
Q= a2 ; x%=Bqg® -aq(s) ;
B (o0) P B(s) - B(w)
v=1-a=1 - > o0 y T =1 -—= : > o
B(s ) ' v B(s ) - B(w)
(o] . o]

The integrations over the y variable, which still remain in the formulae
(36) - (40) can only be calculated "analytically for the escape flux (37)
and the energy flux (40). Indeed, after some tedious calculation we

obtain :

h(Q, =, 1) = 3 [1 + 41 U erfex(Q-W)] exp[U? - (Q - U)?]
(43)

h(Q, = y3= 2 {1+ Q% + Qu + U? + Jr UC 3 + U®) erfex(Q - L)}

Cexp [UZ - (Q - W3] O (a9)

-16-



t=-v

g(0,Q,1) = k 2u

[%ﬁ%—(Q-%E)eZUQJ ift=yvw

A
withg(z) = % exp (- 22) [ exp(tz) dt (46)
o '
and finally
1 {[ 2 v? 3 v 9( U
L 1090 4. o8 (32 U Uy
2 1L T 1-0Q )+Vn 3<2 2> «a+ ) |
K K K
l2uq + «2Q%] - & [ﬁ-lwf L 3_U2>9(9>J}‘
exp L20Q+ Q-5 [ 2 3 N2 T 2 /% Nk
if ,2 _=_£ - 1> o0
2 1 3 3 3 2 3 3 2U ’
g(o,Q,y ) = EE[-_S +<Q - Q + Q2 - 3> Q J if t = v (47)
4U 2U 207 - 4U
1 { 1 { u? U (3 U ) ( )
— |l 2l + 1+ VYn = E+—5 erfex \ - =
2p P P P
2 2
2 1 (u v (3 9_> v |
- [Q + = <} S+ 1+0Q )+ Vn 3 < >+ 3 erfex(pQ . )
P P P
b exp[-p2Q2+2UQ]} if pAE % > 0

-17-

_.‘_’_{[1 - \[rrxga? (KQ‘+S‘)] exp [2UQ + ( % - 1‘) Qz]

_{:1_\[7'[ 22<g>j’}if;;255—1>0
K K v

(45)



All the other functions h and g in the formulae (36), (38) and (39)

have to be calculated numerically.

2. Ballistic particles

The domain of integration G_ in the xy-plane for the class of

B
ballistic particles can be determined by (9) and (19), and is illustrated

in FigA. 1. Since for the ballistic particles § = 2, the escape flux (22)
and the energy flux parallel to the magnetic field (25) will be zero. For
the remaining state variables the integrations over the x variable can

be performed. This y\ields :
(a) the number density :

V2 0 expl- UZ - t q(s)/p]

n(B(s) = an(t/p)
{2(0,Q,W,) - £(Ja(3), Q, W,)} (48)
(b) the parallel and perpendicular momentum fluxes

/2 n exp(- u?)

p(BI(s) = 2nkT, (p/1)]
{[2(0,Q,W}) - 2/, Q, W,)] exp[- t a(s)/p]
+ h({a(s), Q, s, - g(c;, Q, T,) exp[- ta(=)/v]} (49)
P(lB)(s) = NkT,_(t/p)V2 nz exp(- u?)

{[2(01Q1W1 - W3) - Q(VQ(S)I Q/ W2 - W4)] . exp[- tCI(S)/p]

+ h(Ja(s), Q, S,) - 9(0,Q,T,) expl- ta(=)/v]} (50)

-18-
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N
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i
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> 5

Fig. 1. Domains ’of integration for the ballistic (GB) and for the
escaping (GE) particles.



where 2(a, b, W) is a linear function in W defined by

b
2@, b, W) = [y W(y) expl2uy + (L - 1) v¥) gy

a

Moreover we introduced the shor‘thand notations

- 1 ) . - s R
W1-erf< =T, ) ;o W, =erf {3 52/)

_n 2 . = 2
W3 =3 W5 P Wy =3 WS,

with
YA
_ 2 2

erf(z) = N d[ exp(- t7) dt .

(o]

4, DETERMINATION OF THE PARAMETERS N, u, T, and T,

The in Sec. 3 calculated state variables depend on the parameters
N, u, T" and T; of the velocity distribution function (2). These can be
determinated by expressing that at the exobase the calculated number
density n(so), flow speed w(so), temperature T(so) and temperature

anisotropy a(so) are equal to given values. The flow speed is defined

by

w(s) = F(s)/n(s)

and the temperature and temperature anisotropy can be calculated by

means of

T(s) = 3 [T, (s) + T, ()]

-20-
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(52)

(53)

(54)

(55)



a(s) = T, (s)/T (s) (56)

with

T, (s) = P (s)/k n(s) | (57)

T,(s) = [Py(s) - mw(s) F(s)]/kn(s) | (58)

The number density and the parallel and perpendicular momentum fluxes
at the exobase can be expressed by means of analytical formulae.
Indeed from (21), (23), (24) and (26) follows :

“(a) the number density

n(so) =6 C// x exp [- tx2 - y2 + 2Uy] dx dy (59)

(b) the parallel and perpendicular momentum fluxes

P" (so) 26kT, C f/ xy2 exp|[- tx2 - y2 + 2Uy] dx dy(60)

PJ-(So) 6kT" C/fx3 exp(- tx2 - y2 + 2Uy] dx dy (61)

For the escaping particles the domains of integration are the same as
given in Sec. 3, whereas for the ballistic particles it can be shown that
the domain of integration is determined as the region inside the ellipse
\)x2 + y2 = q(®) for which x 2 o0 and y 2 o. Some tedious calculations

give the following resuits.

-21-



A. Particles moving in a potential well (R(s) < o)

(a) the number density

1

n(s,) = 5 N erfc(-U) (62)

with

~

erfc(z) = exp(-zz') erfex(z) = 1 - erf (2) (63)

and (b) the parallel and perpendicular momentum fluxes

U ) 1 2 2
P"(so) NKT, | = (3 U“) erfex(-U)] exp(-U~)

] mt
(64)

PL(so) = % NKkT, erfc(-U) ‘ (65)

After substitution of these results in (55) - (58) the temperature T(so)
and the temperature anisotropy a(so) at the exobase can be calculated

by means of

2t

T.I. { (2+t) erfex(-U) - n—er‘fg)ru) -

tu] /erfex(-U)
(66)

éﬂh)

wl|-=

T(so) =

2u 2
a(so) =t {1 T Jn erfex(-U) ~  nferfex(-U)]2 } (67)

Substitution of (28) and (62) in (54) vyields the flow speed at the

exobase :

¢, [1 + Jn erfex(-U)]/erfex(-U) (68)

N -

w(so) =

_22_



For a given set of values n(so), w(so), T(so) and a(so) the parameters.
N, u, T" and T; can be determined by means of the system of four
transcendental equations (62), (66), (67) and (68). This will be

discussed in more detail in a forthcoming paper.

B. Particles _encountering a potential barrier (R(s) 2 o)

1. Escaping particles

(a) the number density

n®s,) = 3 Nlerfe(Q-U) + K] (69)
with
%2 (xQ + % ) expl- (Q - U]
- %9( 9.2 ) expl- UZ - tq(®)/v]
for k223 - 150
& 1. 20 > A
Ky = —wu— expl-@-U) ] fort=yv (70)
- T erfex(pQ - 3 ) expl- @ - u)?]
+ % erfex(- % ) expl- U? - tq(=)/v]
for p2=1-%50

(b) The parallel and perpendicular momentum fluxes

P, (F(s,) = Nk, HU rQ 4 (3 + U erfex(Q-U)

+ KZ(Q)J exp|- (Q-v)%) - K,(0) exp(- % - tq(®)/v] JL
‘ ’ (71)
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pi8(s) = 3 Nle{ (erfex(Q-U) + K4(Q)] expl- (Q-U)?)

- K3(O) exp|- u? - tQ(“’)/v]]f (72)
J
with
2 \ )
1 Kz - U U 1 U
*3[77;— *(7 z)ﬂ(“*?)]
foersE‘-1>o
\Y]
kz(z) =8 [1 - 2Uz + 20272 - e-ZUZ]/(Z Jn U3)
for t = v (73)
1 [22+U (uz 1> u
- = Pﬁ__ +l=< +3 er‘fex(pz-—)]
p3 p Jn p2 -2 P
for‘p251-£>o
\Y
(L U, t(x?z - U) 2 _t
—2(KZ+—)°—-————— for k“=z--1>0
K K v kb v
: 2 - -2Uz
K4(2) 11}: L - K, (2) for t = v (74)
2
-Eerfex(pz-g)+——g—————t( ZZU) 'forp251-£>o
L P P Vnovop v
1
|_:1+§1tT+%q(oo)-t—5 u (75)
, VK

2. Ballistic particles

It can be shown that the number density, and the parallel and
perpendicular momentum fluxes for the class of ballistic pérticles are

given by
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n(B)(so) = N erfc(-U) - 2 n(E)(so) (76)

p(B)(s) = aNkT, [ Y ¢ (§+ UD) erfex(-U)] exp(- UP) - 2P(F)Gs )
(77)

B
p(BI(s,) = NKT, erfe(- V) - 2p§F(s,) | (78)
where ‘n(E)‘(so), P(E)(s ) .and P_(L )(s ) are the corresponding state
variables for the escaping particles, respectlvely given by (69), (71)

and (72).

The total number density, escape flux and parallei and

perpendicular momentum fluxecs are given by

n(so) = n(E)(so) + n(B)(so) . | (79)
F(s) = F(E)(s) (80)
P, (s0) = P{E(s) + PERY(s ) e
p,(s) = P{EI(s ) + P{B)(s ) - | (82)

which allows to calculate the flow speed w(so), the temperature T(so)
and the temperature anisotropy a(so) by means of the relations (54) -
(58). Since all the state variables at the exobase still depend on Q or
g(=) (which is proportional to the height of the potential barrier) the
parameters N, u, T" and T, can not be determined as easily as for the
particles moving in a potential well. The height of the potential barrier
depends on the different kinds of constituents of the ion-exosphere,
and can be calculated in a self consistent way by expressing that the
total ion escape flux equals the electron escape flux [Lemaire and
Scherer, 1971]. Therefore the parameters N, u, T and TJ_

_ , n
- corresponding to the velocity distribution (2) of one kind of‘par‘ticles
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will not only be determined by the particle density n(so), the flow
speed w(so), the temperature T(so), and the. anisotropy a(so) of the
considered particles, but also by the values at the exobase of the state

variables of all other sorts of particies building up the ion-exosphere.

5. SOME SPECIAL VELOCITY DISTRIBUTION FUNCTIONS

In Sec. 3 we calculated the state variables under the assumption
that the velocity distribution was given by a general asymmetric
anisotropic Maxwellian, depending on four parameters N, u, T, and T,.
In what follows we will consider some special cases of this velocity

distribution, corresponding to some particular values of the parameters.

(i) The bimaxwellian velocity distribution function (U = o, Ty# T, )

The bimaxwellian or anisotropic wvelocity distribution depends on
three parameters N, T, and T;. The formulae for the state variables
can be deduced from the formulae of Sec. 3, in which U = 0. As a

consequence of this the y-integrations can be calculated analytically.

‘A. Particles moving in_a potential well

The analytical expressions for the functions h(o, o, Si)’ with
i=1, 2, 3, entering in (27), (30) and (31) can be calculated quite
easily. This yields

(a) the number density

17214 (83)

=

n{(s) = 5 Nd {erfex(vx) - (p/t)1/2 er‘fex[Vx(t/p)
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(b) the parallel and perpendicular momentum fluxes

P, (s) = % NKT, aferfex(V ) - (p/t)3/2 erfex[Vx(t/p)Vz']

cEa-Ryvy o | (84)
PL(s) = 3 NKT, ala erfex(V ) - n V, /i

- (p/t)v2 M1‘erfeX[Vx(t/p)1/2]} (85)
with

a=n/( -y v = a2

M, =a+3n+tna(s)/p o (86)

The escape flux and the energy flux follow respectively from (28) and
(32)

Nc n=35N (2kT /nm)v2 n . (87)

-0

F(s)

N
| —=

|-

£(s) NKT, cn [1+ 1 - q(s)] (88)

B. Particles encountering a potential barrier

1. Escaping particles
The functions h(Q, ¢, Si) and g(o, Q, Ti)’ with i = 1, 2, 3,

entering in the formulae (36), (38) and (39) can be defined analytically

for U = o. This yields after some tedious calculations.

-27-



(a) the number density :
for t # v

n(B)s) = 1w a-{ [erfex(V ) + z(vc>1 exp[- q(=)]

1
2
- [(p/t)v2 erfeX[X(t/p>1/2] + Z(X)] exp[- tq(m)/v]}

(89)

and for t = Vv

1/2]

n(E)(s) = -;— N a exp[- qg(®)] {erfex(VC) - (p/t)v2 erfex[X(t/p)
2 . o
+ G (v - X)) (90)

where we introduced the following shorthand notations

v, = [a(® - a(s)1'/? (91)
’y /RC with y = (D8 if® =2 - 150
Z(x) = | (92)
- B erfex(x/s) with B = (1/02)"/? it =1 -150
.

(b) the parallel and perpendicular momentum fluxes

for t # v

o+

-V

) Pl('E)(g) :% NKT, a{ [er‘fex(\/q) + % {:E Vo

- % Z(VC)J exp[- a(=)] - {(uo/t)y2 erfex[X(t/p) /2]
+ 2 v(t-p) X. -2 72 (%) ‘l ex [-'t (®)/v}} | (93)
T Wy t-v | exPLT tal®)
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t
n Vv,

P(];E)(s) =% NKT, a {[ o erfex(Vc) T - wdn

+ M, Z(Vc)] exp[- q(=)] - {M1(p/t)1/‘2 erfex{X(t/p)VZ]
- V(t_if) ~ + M, Z(X)J exp[- tq(e)/v] (94)
with

and for t =V

p"(E)(s) % NkT“or exp- Q(“)]{ erfex(V )

- /0¥ ertexixtp)) ¢ B v, - pxit ¢ § v -0}
‘ ' _ (96)
pCE)(s) = 1 NKT, o exp[- (m)]{ fex(V ) |
L) =3 L aexpl-q a erfex(V_
- M1(p/t)1/2 erfex[X(t/p)1/2] + 5—7; {avc + % o Vc3
2 .01 1.0t o3
-lvs/|1x-§'(_§+?)éLx J} (97)

The escape flux and the energy flux parallel to the magnetic field
can be determined respectively from (37) and (40), in which the results
(43) - (45), (47) for U = o are substituted. This yields for t # v

F(s) = % N c, n{t exp[- q(®)] - v exp[- tq(=)/v]}/t - 'V)
(98)

| 1+ thz . |

e(s) = 3 NKT, c.n {{1 + %E‘V.'VTZJ exp[- g(=)]
'%)7\7 [ %+ %\,-,*r 9%94) - q(s)] expl[- tq(m)/v]} (99)

-29-



and for t

n
<

F(s)

Bl

N c nl1+ q(®)] exp[- q(=)] (100)

e(s) = % NkTh c N -{[1 + q(@)] (1 + % + VCZ)

- q(e) [1 4+ E%% q(m)]‘} exp[- g(=)] (101)

2. Ballistic particles

The functions 2(o, Q, Wi) and £(Jq(s), Q, W1) with i =1, 3
h(Ja(s), Q, 52), and g(o, Q, T2) which enter in the right hand side
of (48), (49) and (50) can be defined analyticaily if U = o. Hence the
number density and the parallel and perpendicular momentum fluxes of
the ballistic particles can be calculated by means of analytical expre-
ssions. Calculating the integrals which define £, h and g, is, however,
very cumbersome. These tedlous calculations can be avoided by defining
the functions Uf(s) J (s) and j (s) as follows

(’)[(s) = 2C /[ B(X.y exp[- tx2 - y2]‘ dx dy (102)
.‘ (s) = 4kT“C f[ xy B(x,y) expl[- tx2 -y ] dx dy (103)
Gg+Gg
/31(5) = 2kTyn C /f BIx, y) exp (- - y2) dx dy (104)
CgtCy '

where B(x,y) and C are given in (26), and GE and GB are the domains
of integration respectively for the escaping and ballistic particles (see
Fig. 1). The double integrals in the righthand side of (102), (103) and

(104) can be calculated easily and lead to the formulae
bd}s) =N a‘{ exp[- q(s)] - (p/t)v2 exp(- tq(s)/p]‘} (105)

S (s) NkT, o {’exp[- a(s)] - (p/t)3/2 exp(- tq(s)/p]}
(106)
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r N

B(s) = NkTL o] o expl- a(e)] - M (/D)2 expl- ta(s)/p]
(107)

where a and M, are given by (86).

From the definitions (102) - (104) and the relations (21), (23) and
(24) follows that

n®(s) =0lis) - 2nFs) (108)

p(B(s) =8 () - 2 PiE)(s) | (109)

p(B)(s) I8, (s) - 2 P{E)(s) | (110)
where n{E)(s), P{E)(s) and PLE)(s) are respectively given by (89) and

(90), (93) and (96), and (94) and .(97).

(ii) The Maxwellian velocity distribution function (U = o, Ty= Tu.)

In this case we can deduce the formulae for the state variables
directly from the expressions obtained for a bimaxwellian velocity
distribution by putti'ng t = 1. The resulting formulae are much sim-
plified since

a=1;t-v=1T-v=a>

and therefore :Z(x) = y 9(x/y) with y =_‘(_('tv/a)1/2

The formulae obtained in this way are in.compliance with the results

obtained in earlier model calculations [Lemaire and Scherer,1970].
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(iii) The asymmetric maxwellian velocity distribution (U # o, Ty = Ty1)

Substituting t = 1 in the general formulae deduced in Sec. 3 we
recover the earlier calculated results for an ion-exosphere model with

an asymmetric velocity distributidn [Lemaire and Scherer, 1972].

6. CONCLUSIONS

Assuming that at the exobase the velocity distribution function of
the particles emerging from the barosphere is given by an asymmetric
anisotropic velocity distribution function the number density, the escape
flux, the parallel and perpendicular momentum fluxes and the energy
flux along an open magnetic field line have been calculated. Moreover
we have shown that the earlier determined formulae for the polar wind
state variables [Lemaire and Scherer, 1970, 1972b] can be obtained as a
special case of the present model ion-exosphere in which the tem-

perature anisotropy of the protons at the exobase is no longer restric-
2 . :

ted to the constant value 1 - =
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