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FOREWORD 

The paper entitled "Open lon-Exosphere with an Asymmetric 
Anisotropic Velocity Distribution" has been presented by M. Nicolet 
during the 7th October 1978 session of the Classe des Sciences de 
l'Académie Royale de Belgique and will be published in the Bulletin de 
l'Académie. 

AVANT-PROPOS 

Le travail intitulé "Open lon-Exosphere with an Asymmetric 
Anisotropic Velocity Distribution" a été présenté par M. Nicolet lors de 
la séance du 7 octobre 1978 de la Classe des Sciences de l'Académie 
Royale de Belgique et sera publié dans le Bulletin de l'Académie. 

VOORWOORD 

De tekst getiteld "Open lon-Exosphere with an Asymmetric 
Anisotropic Velocity Distribution" werd op 7 oktober 1978 voorgedragen 
door M. Nicolet tijdens de zitting van de "Classe des Sciences de 
l'Académie Royale de Belgique". De tekst zal in het "Bul let in de 
l'Académie" gepubliceerd worden. 

VORWORT 

Der Text "Open lon-Exosphere with an Asymmetric Anisotropic 
Velocity Distribution" wurde am 7 Oktober 1978 während der Sitzung 
der "Classe des Sciences de l'Académie Royale de Belgique" von 
M. Nicolet vorgestellt. Dieser Text wird in dem "Bul let in de l'Académie" 
hergestellt worden. 



OPEN ION-EXOSPHERE WITH AN ASYMMETR IC AN I SOTROP IC 

VELOC ITY D I S T R I B U T I O N 

by 

M. SCHERER 

Abstract 

Expressions for the number density, the escape flux, the parallel 

and perpendicular momentum fluxes, and the energy flux in an open 

ion-exosphere, are set up under the following assumptions : (a) the 

velocity distribution function at the exobase is given by an asymmetric 

bimaxwellian depending on 4 parameters; (b ) along a magnetic field line 

the potential energy of a charged particle is a monotonic function and 

the magnetic field strength monotonically decreases to a constant value. 

A method which allows to calculate the 4 parameters of the velocity 

distribution for a given set of values of the state variables is outlined. 

Finally, the analytic formulae for the state variables are explicitely given 

for the special case that the velocity distribution at the exobase is a 

bimaxwellian. 



Résumé 

Dans  un  modèle  d'exosphère  ionique  ouverte,  on  a déterminé  des 

expressions  pour  la  densité,  le  f lux  d'échappement,  le  flux  d'énergie  et 

les  composantes  parallèles  et  perpendiculaires  du  f lux  d' impulsion.  Ce 

faisant,  les  hypothèses  suivantes  ont  été  posées  : (a)  la  fonction  de 

distr ibut ion  des  vitesses  à l'exobase  est  donnée  par  une  bi-Maxwellienne 

asymétrique  dépendant  de  4 paramètres;  (b)  le  long  d'une  ligne  de 

force  du  champ  magnétique,  l 'énergie  potentielle  d'une  particule  chargée 

est  une  fonction  monotone  et  l ' intensité  du  champ  magnétique  décroît  de 

façon  monotone  vers  une  valeur  constante.  Une  méthode  a été 

développée  qui  permet  de  calculer  les  quatre  paramètres  de  la  fonction 

de  distr ibut ion  des  vitesses  pour  une  série  donnée  des  variables  d'état. 

Finalement,  des  formules  analytiques  pour  les  variables  d'état  sont 

données  explicitement  dans  le  cas  part icul ier  où  la  fonction  de 

distr ibut ion  des  vitesses  est  une  bi-Maxwell ienne. 



Samenvatting 

De  formules  voor  de  deeltjesdichtheid  en  f lux ,  de  momenten  f lux  en 

de  energie  f lux  in  een  open  ionen-exosfeer  worden  berekend  onder 

volgende  veronderstel l ingen  : (a)  de  snelheidsverdel ingsfunct ie  aan  de 

exobasis  wordt  gegeven  door  een  asymmetrische  bi-Maxwell-Boltzmann 

verdel ing  afhankelijk  van  4 parameters;  (b)  dè  potentiële  energie  van 

een  geladen  deeltje  is  een  monotone  functie  langs  een  magnetische 

veldl i jn,  en  de  magnetische  veldsterkte  is  een  monotoon  dalende  funct ie. 

Een  methode  voor  het  berekenen  van  de  4 parameters  van  de  snelheids-

verdel ingsfunct ie  wordt  geschetst.  Tenslotte  worden'  nog  analytische 

formules  bepaald  voor  de  toestandsveranderl i jken  in  het  bijzondere  geval 

dat  de  . snelheidsverdel ingsfunct ie  gegeven  wordt  door  een  bi-Maxwell-

Boltzmann  d ist r ibut ie . 
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Zusammenfassung 

Formeln für die Dichteverteilung, der Ausfluss die 

perpendikularen und parallelen Momentumfluss, und der Energiefluss in 

einer offenen lonenexosphäre sind ausgerechnet worden. Die folgenen 

Hypothesen sind dazu gebraucht worden : (a) die Geschwindigkeits-

verteilung der Exobase kann durch eine bi-maxwellische und 

asymetrische funktion mit 4 Parametern vorgestellt werden; (b) die 

elektrische Potentialenergie der geladenen Teilchen ist entlangs der 

magnetischen Feldlinien ein monotonisch Funktion, und das magnetische 

Feld ist eine monotonische abnehmende Funktion die sich zum einen 

Konstanten Wert abzielt. Einen Methode für die Berechnung der 

4 Parametern der Geschwindigkeitsverteilung ist gegeben worden. Zuletzt 

sind analytische Formeln für die Variablen in dem spezialen Fall wenn 

die Geschwindigkeitsverteilung der Exobase bi-maxwellisch sind, 

abgerechnet worden. 
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1. I N T R O D U C T I O N 

Nowadays it is genera l ly accepted that the dynamical behav iour of 

the ions and electrons in the tops ide polar ionosphere can not be 

descr ibed by an hyd rodynamic approach of the general t r an spo r t 

equat ions. Indeed, at h i gher alt itudes the number of col l is ions becomes 

v e r y small and any hyd rodynamic approach becomes inval id. In th is 

col l is ionless reg ion, known as the i on -exosphere , a kinetic approach is 

v e r y useful [see e . g . Ch iu and S chu l z , 1978; C ro ley , J r . et a l . , 1978; 

Lemaire and S c h e r e r , 1970, 1972a, 1973a, 1974; Whipple, J r . , 1977]. 

The con t r o ve r s y between the s uppo r te r s of the hyd rodynamic 

theory and the defenders of the kinetic theory was based on a mis-

unde r s t and i ng [Donahue, 1971; Lemaire and S che re r , 1973b]. Both 

methods are appropr iate for the s t u d y of the dynamical behav iour of 

cha rged particles in the polar ionosphere : the hyd rodynamic approach 

is val id in the i on -ba ro sphere ( i .e . the region where the coll is ions have 

to be taken into account ) , whereas the kinetic approach can be appl ied 

in the coll is ionfree exosphere . Between these two reg ions there ex i s t s a 

small t rans i t ion region with a th i ckne s s of a few scale he i gh t s , where 

the number of col l is ions rap id ly decreases . Up till now, th is t rans i t ion 

region has not yet been descr ibed succe s s fu l l y , and is genera l ly 

neglected by in t roduc ing the assumption that the ba ro sphere is 

separated from the exosphere b y a s ha rp l y defined sur face called the 

exobase or baropause . 

That the hyd rodynamic and kinetic approaches are complementary 

and not at all contrad ictory was i l lustrated by Lemaire and S che re r 

[1975] who calculated cont inuous d i s t r ibut ions for the number den s i t y , 

the escape f l u x , the temperature, the temperature an i so t ropy , and the 

ene rgy f lux by matching at the exobase the solut ions of the h y d r o -

dynamic Nav i e r - S t oke s equat ions for the h y d r o g e n ions, to a simple 
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kinetic polar wind model. Although this model calculation shows many 

interesting features, one of the major shortcomings is that the proton 

temperature anisotropy at the exobase always equals the constant value 

1 - ^ = 0.36. This is due to the assumption that the velocity distribu-

tion of the hydrogen ions at the exobase is given by a pseudo-Maxwell-

Boltzmann distribution : 

/ \3/2 r ? 
f [ r o , v ( r o ) ] = N ( J exp j - ^ v 2 ( r o ) (1) 

where the particles with downward directed velocities are missing. rQ is 

the radial distance of the exobase; v(r ) is the velocity vector at the 

exobase of the particle with mass m; k is the Boltzmann constant; N 

and T are two parameters which have to be determined so that the 

calculated number density and temperature at the exobase have a given 

value. 

Once that the parameters N and T are defined, any moment of the 

distribution (1) has a fixed value. Therefore the escape flux and the 

temperature anisotropy can not be fitted. on given values. This defi-

ciency can be solved by developing a kinetic polar wind model based on 

a more general velocity distribution which depends on more than two 

parameters. The purpose of this paper is to calculate formulae for the 

state variables in the polar ion-exosphere under the assumption that the 

velocity distribution at the exobase is given by an asymmetric 

anisotropic maxwellian. 

f [ rQ , v ( r o ) ] = n 3 / 2 N p](
/2 exp[- P(|(v/(- u)2 - ^ v|] 

(2) 

with 



0„ = m/2kT„ ; pA = m ^ k " ^ ( 3 ) 

and where v^ and v ^ denote the components of the ve loc i t y v e c t o r 

v ( r J, r e s p e c t i v e l y paral le l and p e r p e n d i c u l a r to the magnet ic f i e l d ; 

1.e. 

V» = v ( r ) cos8( r ) ; v , = v ( r ) s i n 0 ( r ) ( 4 ) II o o o o 

where is t he p i t ch ang le . 

The asymmetr ic b imaxwel l ian ( 2 ) depends on f o u r parameters N, u , 

T|j and T^ wh ich can be chosen to ob ta in at the exobase a g i v e n 

number d e n s i t y , f low ve loc i t y o r escape f l u x , t e m p e r a t u r e , and tem-

p e r a t u r e a n i s o t r o p y . The assumpt ions on wh ich the k ine t ic model 

ca lcu la t ions are f o u n d e d are summarized in Sec. 2. For a deta i led d e s c r i p 

t ion of t he k ine t i c approach h o w e v e r , we r e f e r to Lemaire and Schere r 

[1971, 1975] . The number d e n s i t y , the pa r t i c le f l u x , the paral le l and 

p e r p e n d i c u l a r momentum f l u x e s , and the e n e r g y f l u x along an open 

magnet ic f i e ld l ine in the exosphere are ca lcu lated in Sec. 3 f o r 

pa r t i c les emerg ing f rom the b a r o s p h e r e . In Sec. 4 we ou t l i ne how the 

f o u r parameters N, u , T„ and T^ can be de te rm ined . F ina l l y , in Sec. 5 

t he special cases of ( i ) a b imaxwel l ian ve loc i t y d i s t r i b u t i o n f u n c t i o n 

( u = o ; T | ( t Tj_ ) ; ( i i ) a maxwell.ian ve loc i t y d i s t r i b u t i o n f u n c t i o n ( u = 

o , T|( = Tj_); and ( i i i ) an asymmetr ic maxwel l ian ve loc i t y d i s t r i b u t i o n 

f u n c t i o n ( T „ = T ^ ; u o ) are cons ide red . 

2. THE K I N E T I C MODEL 

We assume t h a t in the i on -exosphere the t ra jec to r i es of t he 

charged par t i c les can be de te rmined by the non r e l a t i v i s t i c g u i d i n g 

cen te r app rox ima t ion , and t h a t the pa r t i c le d r i f t across magnet ic f i e ld 

l ines can be d i s r e g a r d e d . Moreover we assume t h a t along a magnet ic 

f i e ld l i ne , the s ta t ic magnet ic f i e ld is a monotonic decreas ing f u n c t i o n of 



the distance s (measured along the f ield l i ne ) , and reaches a constant 

value at i n f in i t y . The law of conservat ion of energy y ie lds the relation 

v 2 ( s o ) = v ( s ) + R ( s ) ( 5 ) 

with 

R ( s ) = -2<t>[1 + a - (1 + p ) y ] ( 6 ) 

where we introduced the shorthand notations 

a = Ze c p ( s o ) / m 4 > , p = Z e c p ( s ) / m 4 > y ; ( 7 ) 

for the reduced electr ic potential energy respect ive ly at the exobase s q 

and at the point s in the exosphere ; Ze is the electr ic charge of a 

part ic le with mass m, cp is the electrostat ic potential due to the small 

charge separat ion, <t> is the gravitat ional potential at the exobase; and 

f ina l ly y = r / r is the ratio of the radial distance of the exobase level 
s , to the radial distance of the point s . o' 

Moreover, from the f i r s t adiabatic invar iant follows 

2 B ( S o } v 2 ( s ) 2 sin 0(s ) = . — sin 8(s) (8) 
' ° B(s) v 2(s ) o 

1 
Assuming that the potential ene rgy , ^ m R ( s ) , is a monotonic funct ion , 

two cases have to be considered corresponding to the algebraic s ign of 

R ( s ) [Lemaire and S c h e r e r , 1971]. A part ic le for which R ( s ) is 

negat ive , will move in a potential wel l . Such part ic le will be accelerated 

outwardly and will escape. T h i s occurs for the l ighter posit ive ions 

such as H + and, He+ , for which the outward directed e lectr ic force is 

larger than the gravitat ional force . On the other hand the heavy 



oxygen ions 0 + and the electrons emerging from the barosphere, will 
encounter a potential barr ier and are decelerated. In this case only 
particles with a velocity vector inside a loss cone can escape. Particles 
with a velocity vector outside the loss cone are gravitat ional ly or 
magnetically reflected and are called ball ist ic part ic les. 

It can be shown [Lemaire and S c h e r e r , 1971] that the region in 
velocity space corresponding to the class of ball istic particles is defined 
by : 

0 ^ v ^ v b , O ^ e g n , O ^ cp < 2n ; 

O S 8 ^ 8 m 
v. g v g v , [ O g cp < 2tt ; (9 ) D 00 

7i - 6 i 8 i n , m 

0 ' S 8 ^ 8 , m m ' 

v < v < v , f 0 ^ c p < 2 n ; v> ~ C 1 

n - e g e g n - e ' m m 

with 

v b
2 = nR/(1 * V 2 = - 24»(1 + P)y , 

2 v c = - 24>a(1 + c0/(1 - a) - 24>(1 + p)y , 

6 m = arcs in [ n V 2 ( 1 + R / v 2 ) 1 / 2 ] , (10) 



l> 

8 1 = arcsin [ M
V 2 ( 1 - v 2 / v 2 ) 1 / 2 ] , m 

H = B ( s ) / B ( s o ) , a = B(oo)/B(so ) , |j = n / a = B ( s ) / B ( ® ) . 

The angle <p is measured in a plane normal to the magnetic f ield. The 

class of escaping particles which have to overcome the potential barr ier 

^ mR(s) > o is given by : 

oo - - c m Y 

v S v < » , o ^ e ^ e , o ^ tp < 2n c m 

( 1 1 ) 

And f inal ly , the escaping particles moving in a potential well, i . e . 

2 m R(s ) < o, are defined by 

( - R ) 1 / 2 ^ v < oo , o ^ 6 I fl , o = cp < 2/t . (12 ) 

In what follows we will assume that at the exobase, the velocity 

distr ibution function of the particles emerging from the barosphere is 

given by the asymmetric bimaxwellian ( 2 ) . The velocity distr ibution in 

the exosphere is obtained by solving Vlasov's equation subject to the 

boundary condition ( 2 ) . Taking into account ( 5 ) and ( 8 ) this yields : 

f [ r , v ( r ) ] = t i " 3 / 2 N p 1 / 2 exp [ - p(| ( u 2 + R ) ] 

. exp { - P ( l l v 2 ( 1 + s i n 2 e ) - 2u ( R • v 2 ( 1 -

(13) 

1/2 

with t = T|| /Tj_ . 

- 1 0 -



3. MOMENTS OF THE VELOCITY DISTRIBUTION 

The state var iab les, def ined as the physical ly s ign i f icant moments 

of the veloci ty d i s t r i bu t i on , can be calculated by means of 

(a) the number dens i ty n ( s ) = ƒ f ( r , v ) d 3 v (14) 

( b ) the escape f l ux F(s) = ƒ v ( | f ( r , v ) d 3 v (15) 

( c ) the parallel and perpendicular momentum f luxes 

P „ (s ) = m J v 2 f ( r , v ) d 3 v (16) 

PL(s) = \ m ƒ v 2 f ( r , v ) d 3 v (17) 

( d ) the energy f l ux parallel to the magnetic f ie ld 

e(s) = \ m ƒ v 2 v | ( f ( r , v ) d 3 v (18) 

The integrat ions are to be taken over the appropr ia te three dimensional 

veloci ty space. The integrat ion over the angle q> is s t ra igh t fo rward 

since th is var iable does not occur in the in tegrand. To calculate the 

remaining double integrals we use the t ransformat ion formulae : 

v = P ; 1 / 2 [ x 2 • y 2 - q ( s ) ] 1 / 2 

(19) 

6 = Arcs in [ x 2 + y 2 - q ( s ) ] " 1 / 2 j-

w i th q ( s ) = p R(s) • (20) 

Tak ing into account (13) , the state variables (14) - (18) become 
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( a ) the number dens i t y : 

n ( s ) = ô C ƒƒ dx dy (21) 

( b ) the escape f l u x 

F (s ) = (2 - Ô) ß ~ 1 / 2 C ƒƒ A ( x , y ) dx dy (22) 

( c ) the para l le l and pe rpend i cu l a r momentum f l uxes 

P „ ( s ) = 26k T ( (C ƒƒ A ( x , y ) B ( x , y ) dx dy 

PA.(s) = ôk T() n C ƒƒ X2 dx d y 

(23) 

(24) 

( d ) the e n e r g y f l u x para l le l to the magnet ic f i e ld 

e ( s ) = (2 - Ô) ß ~ 1 / 2 kT ( | C ƒƒ [ x 2 + y 2 - q ( s ) ] A ( x , y ) dx dy 
(25) 

In these formulae the fo l low ing sho r t hand nota t ions were i n t r o d u c e d 

2 2 

A ( x , y ) = x y e x p [ - t x - y • + 2Uy ] 

B ( x , y ) = [ p x 2 +y 2 - q ( s ) ] V 2 

C = 2 n " 1 / 2 Ntq e x p [ - U 2 ] (26) 

U ^ ß j / 2 u ; p = 1 - n = 1 > o 
B ( s 0 ) ° 

ô = 

1 f o r escaping par t i c les 

2 f o r ba l l i s t i c pa r t i c les 



The domain of integration depends on the type of particles and follows 

from (9), (11) and (12) and the transformation formulae (19). 

A. Particles moving in a potential well (R(s) < o) 

Al l particles are escaping. The velocity space is defined by (12) 

from which we deduce that the integrations (21) to (25) have to be 

taken over the domain 

o ^ x < ® ; o ^ y < ° ° 

Hence the state variables can be calculated by means of the following 

formulae 

(a) the number density 

n(s) = N ( t / p ) 1 / 2 n exp ( - U 2 ) h (o , s.,) (27) 

(b) the escape f lux 

F(s) = i N c n exp ( - U 2 ) . [1 + -Jn U erfex ( - U)] 
4 0 

(28) 

with 

cQ = (8kT | (/7tm)1/2 (29) 

(c) the parallel and perpendicular momentum fluxes 

P„ (s) = NkT(( ( p / t ) 1 / 2 n exp ( - U 2 ) h(o, s., + S 2 ) 
(30) 

PJ_(s) = \ N k T i ( t / p ) 1 / 2 n 2 exp ( - U 2 ) h(o, oo, S l + S 2 - S 3 ) 
(31) 
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( d ) the energy f lux parallel to the magnetic field 

e ( s ) = J NkT ( | C Q N exp (- U 2 ) . 

1 + T - q ( s ) + U 2 . [1 + Vn U e r fex (- U ) ] - \ \ (32) d t i 

In the formulae above, h ( a , b , S ) is a l inear function of S defined by 

h ( a , b , S ) = / y S ( y ) exp (2Uy - y 2 ) dy (33) 
a 

Moreover we introduced the shorthand notations 

S^ = erfex ^ ^ S^ 

S 2 = ^ ( t / p ) 1 / 2 [ y 2 - q ( s ) ] 1 / 2 (34) 

s = - s s 2 
3 2 2 

e r f ex ( z ) = ^ e x p ( z 2 ) J exp(- x 2 ) dx (35) 
z 

The funct ions h (o , s . ) with i = 1, 2, 3, defined by (33) and (34) 
can not be determined ana ly t ica l l y ; the remaining integrals have to be 
calculated numerical ly . 

B . Part ic les encounter ing a potential bar r ie r ( R ( s ) > o ) 

In this case the part ic les can be subdiv ided into two classes : the 
escaping and the ballistic part ic les . For each class we will calculate the 
state var iables (21) to (25) separate ly . 
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1. Escaping part ic les 

The domain of in tegrat ion G^ for the escaping part ic les follows 

from (11) and (19), and is i l l us t ra ted in Fig. 1 were v = 1 - a. A l l 

in tegrat ions ove r the var iab le x can be performed. Th i s y ie lds : 

(a) the number dens i t y : 

n ( E ) ( s ) = N ( t / p ) 1 / 2 n e xp (-U 2 ) {h(Q, S.,) 

+ g(o, Q, T^ ) exp [- tq ( » ) / v]} (36) 

( b ) the escape f l u x 

F ( E ) ( S ) = J N C q q e xp (-U 2 ) {h(Q, 1) 

+ g(o, Q, 1) exp [- tq ( » ) / v]} (37) 

(c ) the paral lel and perpend icu la r momentum f luxes 

v. 

p[ j E ) ( s ) = NkT(| ( p / t ) 1 / 2 rj exp(- U 2 ) {h(Q, S l + S 2 ) 

+ g(o, Q, + T 2 ) exp [- tq(®)/v] (38) 

P^ E ) ( s ) = \ N k T l ( t / p ) 1 / 2 n 2 e xp (-U 2 ) {h(Q, s., + S 2 - S3) 

+ g(o, Q; T 1 + T 2 - T 3 ) exp [- tq (» ) / v]} (39) 

( d ) the ene rgy f l u x paral lel to the magnetic f ie ld 

e ( E ) ( s ) = \ NkTjj co n e xp (-U 2 ) { [ 1 - q (s ) ] h (Q, 1) + • 

g(o, Q, y 2 ) + [ I - q ( s ) + q(°°)/v] g(o, Q, 1) 

exp [- t q ( » ) / v ] | ( 40 ) 

-1-5-
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The function g ( a , b, T ) is l inear in T and defined by 

rb
 t 2 g ( a , b , T ) = / y T ( y ) exp [2Uy + ( \ - 1) y* ] dy 

Moreover the following shorthand notations were introduced 

( 4 1 ) 

T 1 = erfex ( ^ T ^ ) 

J Z - T n < t / p > " 2 ( t y 2 + X 2 ) V ! (42) 

T - - T S 2 

' 3 " 2 1 2 

Q = [ q ( « ) ] V 2 ; X 2 = H q(«) - q (s ) ; 

3(oo) P B(s ) - B(oo) 
v = 1 - a = 1 - > o ; T = 1 - ~ = ; > o 

B(s ) v B(s ) - B ( o o ) o o 

T h e integrations over the y var iable, which stil l remain in the formulae 
(36) - ( 4 0 ) can only be calculated analytical ly for the escape f lux (37) 
and the energy f lux (40) . Indeed, after some tedious calculation we 
obtain : 

h ( Q , oo, 1 ) = 1 [1 + Vn U e r f e x ( Q - U ) ] e x p [ U 2 - (Q - U ) 2 ] 

(43) 

h ( Q , » , y 2 ) = 1 {1 + Q 2 + QU + U 2 + y/n U( | + U 2 ) er fex(Q - U) } 

. exp [ U 2 - (Q - U ) 2 ] (44) 
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g ( o , Q , i ) =. 

- V n J ? + f j exp [ 2UQ + ( ^ - 1) Q
2

 ] 

1 - U U-2(U~) 
IC \ K 

if u ± - 1 
V 

J_ 
2U 

2UQ 
if t = v 

1 -f I i + Yn " erf ex ( pQ - -
2 t-v I L P 

(45) 

exp [2UQ+(~ - 1)Q
2

] 

1 + Vn ~ erfex ( - —
 1 

P \ P 

r
z 

W i t h 2 ( z ) = ^ e x p (- z
2

) J exp(t ) dt 

lif a
2

 = 1 - i 

(46) 

and finally 

2 2 1 
exp [2UQ + k Q ] - — 

g ( o , Q , y
2

) = • 
_3_

 x
f

n
3 _ 321

 +
 ^ _ _3_ )

 fi
2UQ 

K K K K 

« - ^ 

K K K 

2 _ t 

1 

) 

2U 2U 4U 

if
 K
 E - - 1 > o 

if t = v (47) 

4 • 1 + V «
1 1

 ( i + 4 ^
e r f e x 

2

 ^ » 

u 
p 

Q
2

 + ^ ( ^ • » + "Q J
 +

 V n ^ ( J + % J erfex(pQ 

exp [ - p V + 2UQ] \ if p^ = 1 - ~ > o 

* ) 



All the other functions h and g in the formulae (36), (38) and (39) 

have to be calculated numerically. 

2. Ball istic particles 

The domain of integration G^ in the xy-plane for the class of 

ball istic particles can be determined by (9) and (19), and is i l lustrated 

in F ig. 1. Since for the ball istic particles 6 = 2, the escape f lux (22) 

and the energy f lux parallel to the magnetic f ield (25) will be zero. For 

the remaining state variables the integrations over the x variable can 

be performed. Th is yields : 

(a) the number density : 

n ( B ) ( s ) = 2N( t / p ) 1 / 2 n exp[- U 2 - t q ( s ) /p ] 

{ £ ( 0 , ( 3 ^ ) - SKjq is) , Q, W2)} (48) 

(b) the parallel and perpendicular momentum f luxes 

P^ B ) ( s ) = 2NkT|( ( p / t ) 1 / 2 n exp(- U 2 ) 

{[£(o,Q,W.,) r £ (Vq(D, Q, V^)] exp[- t q (s ) /p] 

+ h(Vq(I) , Q, S 2 - g(o, Q, T ? ) exp[- tq(oo)/v]} (49) 

P (
A

B ) ( S ) = N k T x ( t / p ) 1 / 2 N 2 e x p ( - U 2 ) 

{[£(o,Q,W1 - W3) - £(Vq(s), Q, W2 - W4)] . exp[- tq(s) /p] 

+ h(Vq(7), Q, S 2 ) - g ( o , Q , T 2 ) exp[- tq(»)/ v]} (50) 
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escap ing  (G  ) par t i c les . 



where £ (a , b, W) is a linear function in W defined by 

r b t 2 £(a, b, W) = I y W(y) exp[2Uy + ( £ - 1) y ] dy (51) 

Moreover we introduced the shorthand notations 

W1 = erf ( i K j > 
(52) 

w = - w s 2 • W = - W S 2 

3 2 1 2 4 2 2 2 

with 

e r f ( z ) = ^ ƒ e x p ( - t 2 ) dt (53) 
• , o 

4. D E T E R M I N A T I O N OF T H E P A R A M E T E R S N, u, T|( and T x 

The in Sec . 3 calculated state variables depend on the parameters 
N, u , Tj and Tj^ of the velocity distr ibution function ( 2 ) . These can be 
determinated by express ing that at the exobase the calculated number 
density n ( s o ) , flow speed W(Sq ) , temperature T (S q ) and temperature 
anisotropy a ( s Q ) are equal to g iven values. The flow speed is defined 
by 

w ( s ) = F ( s ) / n ( s ) (54) 

and the temperature and temperature anisotropy can be calculated by 

means of 

T ( s ) = I [TJF C s ) + T J_ ( s ) ] ( 5 5 ) 
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a ( s ) = T M ( s ) / T t ( s ) (56) 

with 

T j_(s) = P x ( s ) / k n ( s ) (57) 

T|j ( s ) = [ P „ ( s ) - mw(s) F ( s ) ] / k n ( s ) (58) 

T h e number density and the parallel and perpendicular momentum f luxes 
at the exobase can be expressed by means of analytical formulae. 
Indeed from (21) , (23) , (24) and (26) follows : 

( a ) the number density 

n ( s Q ) = 6 C J J x exp [ - t x 2 - y 2 + 2Uy] dx dy (59) 

( b ) the parallel and perpendicular momentum f luxes 

P (Sq)  = 26kT(| C J f x y 2 e x p [ - t x 2 - y 2 + 2Uy] d x d y ( 6 0 ) 

P x ( s Q ) = 6kT(( C ffx3
 e x p [ - t x 2 - y 2 + 2Uy] dx d y (61) 

For the escaping particles the domains of integration are the same as 
g iven in Sec. 3, whereas for the ball ist ic particles it can be shown that 
the domain of integration is determined as the region inside the ell ipse 

2 2 
vx + y = q(°°) for which x ^ o and y ^ o. Some tedious calculations 
g ive the following results . 
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A. Particles moving in a potential well (R(s) < o) 

(a) the number density 

n(s ) = ] n erfc(-U) (62) 

with 

erfc(z) = exp(-z2) erfex(z) = 1 - erf (z) (63) 

and (b) the parallel and perpendicular momentum fluxes 

P„(s o) = N.kTw [ ^ + ( \ + U 2 ) erfex(-U)] exp(-U2) 
(64) 

P L ( S Q ) = \ NkTj_er fc( -U) (65) 

After substitution of these results in (55) - (58) the temperature T(SQ) 

and the temperature anisotropy a(sQ) at the exobase can be calculated 

by means of 

T ( s o ) = 1 T , [ (2tt) erfex(-U) - " k t U ] / e r f e x ( " U ) 

L ' (66) 

2U _ 2 . I ( 6 ? ) a(sQ) - t -j 1 - erfex(-U) " n[er fex(-U)F 

Substitution of (28) and (62) in (54) yields the flow speed at the 

exobase : 

w(s ) = I c o [1 + Vn erfex(-U)]/erfex(-U) (68) 
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For a given set of values n(sQ), W(SQ) , T ( S q ) arid a(sQ) the parameters 

N, u, T^ and T^ can be determined by means of the system of four 

transcendental equations (62), (66), (67) and (68). This will be 

discussed in more detail in a forthcoming paper. 

B. Particles encountering a potential barrier (R(s) ^ o) 

1. Escaping particles 

(a) the number density 

n ( E ) ( s o ) = \ N [erfc(Q-l)) + K.,] (69) 

with 

K1 = 

f ( K Q + ^ } e X p l " ( Q " y 2 ) ] 

- 1 $ ( ^ ) exp[- U 2 - tq(oo)/v] 

* 2 _ t for K = -

1 - e " 2 U Q 2 
' ^ n

e
u . exp[- (Q - U) ] for t = v 

- 1 erfex(pQ - ^ ) exp[- (Q - U) 2] 

+ - erfex(- ~ ) exp[- U 2 - tq(®)/v] 
P P 

for p = 1 

- 1 > o 

(70) 

I > o 

(b) The parallel and perpendicular momentum fluxes 

P M
( E ) ( S o ) = N k T , + ( I + u 2 ) e r f e x ( Q - U ) 

+ K 2 ( Q ) exp[- (Q-U) 2] - K-(O) exp[- U 2 - tq<»)/v] 

(71) 
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p i E ) ( s o ) = \ NkT^ -j [ e r f e x ( Q - U ) + K 3 ( Q ) ] e x p [ - ( Q - U ) 2 ] 

- K 3 ( 0 ) e x p [ - U - tq(< 0 / v ] \ (72) 

with 

K 2 Z U 
K yjn 

for K H 
2 _ t - - 1 > o v 

k 2 ( z ) [1 - 2Uz + 2 U 2 Z 2 - e ~ 2 U z ] / ( 2 Jn U 3 ) 

for t = v (73) 

r p 2 z + u ^ f u 2
 x n . , u x H JT L + 2 1 er fex(pz - - ) p I n 

for p = 1 • < > o v 

K 3 ( Z ) = <L 

L 
K 

( K Z + U ) . t (K 2 Z - U) 
K yjn v k* 

1 + r - 1 - e 
-2Uz 

VTT u K 2 ( Z ) 

* 2 _ t for K = -v 

for t = v 

- 1 > o 

L , , U . t(p z + U) , 2 _ - t er fex(pz - — ) + for p = 1 — 
f n v p 

L = 1 + $ q ( - ) " H ' VK 
u 

(74) 

t 
v > o 

(75) 

2, Bal l ist ic particles 

It can be shown that the number dens i ty , and the parallel and 
perpendicular momentum f luxes for the class of ball istic particles are 
g iven by 
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n ( B ) ( s o ) = N e r f c (-ü ) - 2 n ( E ) ( s Q ) (76) 

P ^ B ) ( s o ) = 2NkT ( | [ ^ + ( l + U 2 ) e r fex (-U) ] exp(- U 2 ) - 2p [ , E ) ( s o ) 
(77) 

P £ B ) ( S ) = NKT^ erfc(- U ) - 2 P [ E ) ( S Q ) (78) 

where n ^ ( s ) , P j , E \ s o ) . and P j . E ^(s o ) are the corresponding state 
variables for thé escaping particles, respectively given by (69), (71) 
and (72). 

The total number density, escape flux and parallel and 
perpendicular momentum fluxes ore given by 

n ( s 0 ) = n<E>(so ) • n ( B ) ( s o ) 

F ( s 0 ) = F ( E ) ( S D ) 

W = P « E > ( V > + p ' < B ) ( V > 

P x ( s 0 ) = p i E \ s 0 ) • p 1 B \ s 0 ) 

which allows to calculate the flow speed W(S q ) , the temperature T ( S Q ) 

and the temperature anisotropy a ( s Q ) by means of the relations (54) -
(58). Since all the state variables at the exobase still depend on Q or 
q(oo) (which is proportional to the height of the potential barr ier ) the 
parameters N, u, T(| and can not be determined as easily as for the 
particles moving in a potential well. The height of the potential barrier 
depends on the different kinds of constituents of the ion-exosphere, 
and can be calculated in a self consistent way by expressing that the 
total ion escape flux equals the electron escape flux [Lemaire apd 
Scherer , 1971]. Therefore the parameters N, u, T(| and T^ 
corresponding to the velocity distribution (2) of one kind of particles 

(79) 

(80) 

(81) 

(82) 
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will not only be determined by the particle density n ( s Q ) , the flow 
speed W(Sq), the temperature T ( s o ) , and the anisotropy a ( s Q ) of the 
considered part ic les , but also by the values at the exobase of the state 
variables of all other sorts of partic les bui lding up the ion-exosphere. 

5. SOME S P E C I A L V E L O C I T Y D I S T R I B U T I O N F U N C T I O N S 

In Sec. 3 we calculated the state var iables under the assumption 
that the velocity distr ibut ion was g iven by a general asymmetric 
anisotropic Maxwellian, depending on four parameters N, u, T|( and Tj_. 
In what follows we will consider some special cases of this velocity 
d istr ibut ion, corresponding to some part icular values of the parameters. 

( i ) T h e bimaxwellian velocity distr ibution function (U = o, T»* T x ) 

T h e bimaxwellian or anisotropic velocity distr ibution depends on 
three parameters N, T„ and T ^ . The formulae for the state var iables 
can be deduced from the formulae of Sec. 3, in which U = o. A s a 
consequence of this the y- integrat ions can be calculated analyt ica l ly . 

A . Particles moving in a potential well 

T h e analytical express ions for the functions h (o , S j ) , with 
i = 1, 2, 3, entering in (27) , (30) and (31) can be calculated quite 
easi ly . T h i s y ields 

( a ) the number density 

n ( s ) = \ Na ( e r f e x ( V x ) - ( p / t ) 1 / 2 e r f e x [ V x ( t / p ) 1 / 2 ] } (83) 
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( b ) the paral lel and perpendicular momentum f luxes 

P/( ( s ) = \ NkTj j a { e r f e x ( V x ) - ( p / t ) 3 / 2 e r f e x [ V x ( t / p ) 1 / 2 ] 

• 2 . ( 1 . £ ) v x } (84) 

P x ( s ) = \ NkTj_ a [ a e r f e x ( V x ) - n v
x / V * 

- ( p / t ) 1 / 2 M1 e r f e x [ V x ( t / p ) 1 / 2 ] } (85 ) 

with 

a = 11/(1 - f ) ; V x = [ - q ( s ) ] 1 / 2 

m1 = a + 1 n + tn q ( s ) / p (86 ) 

The escape f l u x and the energy f lux follow respect ive ly from (28)  and 

(32) 

F ( s ) = ! n c n = J N ( 2 k T /7tm)1 / 2 n (87 ) 4 o c. 

e ( s ) = I NkT ( | cQn [1 + t " 1 - q ( s ) ] (88 ) 

B . Part ic les encounter ing a potential ba r r i e r 

1. Escaping part ic les 

The funct ions h ( Q ,  s . )  and g (o , Q, T . ) , with i = 1,  2,  3, 

enter ing in the formulae (36) ,  (38)  and (39)  can be defined analyt ica l ly 

for U = o. T h i s y ie lds af ter some tedious calculat ions . 
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(a) the number dens i t y : 

fo r t * v 

n ( E ) ( s ) = I N a \ [ e r f ex (V ) + Z(V )] e xp [ - q(®)] 

( p / t ) 1 / 2 e r f e x [ X ( t / p ) 1 / 2 ] + Z ( X ) e x p [ - t q ( » ) / v ] L 

(89) 

and fo r t = v 

n ( E ) ( s ) = \ N a e xp [ - q(®)] { e r f e x ( V r ) - ( p / t ) 1 / 2 e r f e x [ X ( t / p ) 1 / 2 

d. ^ 

+ h ( v c • x ) } 
(90) 

where we i n t r oduced the fo l low ing sho r thand notat ions 

V „ = [q(«0 - q ( s ) ] 

Y 3 (X/Y) 

1/2 (91) 

wi th y = ( t / k 2 ) 1 7 2 if k 2 h | - 1 > 

Z ( x ) = < 

- p erfex(x/{5) w i th .p = ( t / p 2 ) 1 / 2 

(92) 

if p = 1 I > 
v 

( b ) the paral le l and pe rpend i cu l a r momentum f l uxes 

for t t v 

P{|E)(S-) = | N k T ( a e r f e x ( V c > + ^ g j V 

exp [ - q(°°)] - ( p / t ) 3 / 2 e r f e x [ X ( t / p ) 1 / 2 ] 

+ 2 x . 1JL z ( x ) 
V7t t ( t - v ) t - V 

exp [ - tq (») /v ]} (93) 



p £ E ) ( . ) = \ N k T J - 0 { 

t r j V 

a e r f e x ( V c ) - ^ ^ 

+ M 2 Z ( V C ) 

. vn x 

e x p [ - q ( » ) ] - M ^ p / t ) 1 / 2 e r f e x [ X ( t / p ) 1 / 2 ] 

+ M 2 Z ( X ) J 
e x p [ - tq («° ) /v ] ( 9 4 ) 

wi th 

( 9 5 ) 

and for t = V 

P < E ) ( s ) = \ NkT(|<v e x p [ - q ( ° ° ) ] "j e r f e x ( V c ) 

- ( p / t ) 3 / 2 e r f e x [ X ( t / p ) 1 / 2 ] + ^ [ V c - p X / t + § ( v / - X 3 ) ] 

p ( E > ( s ) = 1 N k ^ a e x p [ - q ( » ) ] a e r f e x ( V c ) 

( 9 6 ) 

- M ^ p / t ) 1 7 2 e r f e x [ X ( t / p ) 1 / 2 ] + 

. M i x . f ( i t l ) p a t x 3 ] } 

2 2 3 aV + | a V J 

c 3 c 

( 9 7 ) 

T h e escape f l u x and the ene rgy f l u x para l le l to the magnetic f ie ld 

can be determined respec t i ve l y from ( 3 7 ) and ( 4 0 ) , in which the r e su l t s 

( 4 3 ) - ( 4 5 ) , ( 4 7 ) for U = o are subs t i t u ted . T h i s y ie lds for t t v 

F ( s ) = J ' N cQ r| "ft e x p [ - q ( « ) ] - v e x p [ - t q ( » ) / v ] } / t - v ) 
( 9 8 ) 

e ( s ) = i N k T . , V 

1 + tv 

1 + 
t - V 

c + a v 
( t - v ) 2 J e x p [ - q ( ° ° ) ] 

- I h r [ I + f ^ r - + ^ • e x p [ " } ( 9 9 ) 
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and for t = v 

F(S) = 1 N CQ N[I + q O ) l E X P [ - ( 1 0 ° ) 

e(s) = \ NkT„ c on { [1 + q O ) ] (1 + } + V c
2 ) 

- q(®) [1 + ^ q(«)] \ exp[- q(«0] (101) 

2. Bal l ist ic part ic les 

The funct ions £(o, Q, W.) and £(Vq(s), Q, W1) with i = 1, 3 

h(Vq(s) , Q, S 2 ) , and g(o, Q, T~2) which enter in the r ight hand side 

of (48)/ (49) and (50) can be defined analyt ical ly if U = o. Hence the 

number density and the parallel and perpendicular momentum f luxes of 

the ball ist ic particles can be calculated by means of analytical expre-

ssions. Calculat ing the integrals which define h and g, is, however, 

very cumbersome. These tedious calculations can be avoided by def in ing 

the funct ions e / ( s ) ,^ ; (s) a n d ^ ( s ) as follows 

= 2 C I S i f e r v o e x p [ " t x 2 " y 2 ] d x d y ( 1 0 2 ) 

GE+GB If 2 2 
l ( s ) = 4kTJ(.C j j xy B ( x , y ) exp[- tx - y ] dx dy (103) 

' GE+GB 

TA<S> = 2kT ( |n C I f exp ( - t x 2 - y 2 ) dx dy (104) 

GE+GB 

where B ( x , y ) and C are given in (26), and G^ and G Q are the domains 

of integration respect ively for the escaping and bal l ist ic part ic les (see 

F ig. 1). The double integrals in the r ighthand side of (102), (103) and 

(104) can be calculated easily and lead to the formulae 

t / ( s ) = N a -f exp[- q (s ) ] - ( p / t ) V 2 exp[- t q ( s ) /p ] V (105) 

' T ( s ) = N k T . a -[ exp[- q (s ) ] - ( p / t ) 3 / 2 exp[- t q ( s ) /p ] 
ll « i (106) 
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i x ( s ) = NkTj . a a e x p [ - q ( s ) ] - M ^ p / t ) 1 7 2 e x p [ - t q ( s ) / p ] 

(107) 

where a and M^ are g i ven by (86) . 

From the def in it ions (102) - (104) and the relations (21 ) , (23) and 

(24) follows that 

n ( B ) ( s ) = / ( s ) - 2 n ( E ) ( s ) (108) 

P < B ) ( s ) ^ ( s ) - 2 P ( „ E ) ( s ) (109) 

P ^ s ) ^ ( s ) - 2 P j . E ) ( s ) (110) 

where n ^ E \ s ) , P „ E \ s ) and P ^ E \ s ) are respect ive ly g i ven b y (89) and 

(90 ) , (93 ) and (96 ) , and (94) and (97) . 

( i i ) The Maxwell ian velocity d i s t r ibut ion funct ion (U = o, Tn = T x ) 

In th is case we can deduce the formulae for the state var iab les 

d i rect ly from the exp re s s i on s obtained for a bimaxweliian velocity 

d i s t r ibut ion by putt ing t = 1. The resu l t ing formulae are much s im-

plified s ince 

ci = 1 ; t - v = 1 - v = a > o 

and therefore : Z ( x ) = y <^ (x/y ) with y = ( t v / a ) 1 ^ 2 

The formulae obtained in this way are in compliance with the resu l t s 

obtained in earl ier model calculations [Lemaire and S che re r , 1970]. 
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( i i i ) T h e asymmetric maxwell ian ve loc i ty d i s t r i b u t i o n ( U t o , Tfl = T i ) 

S u b s t i t u t i n g t = 1 in the general formulae deduced in S e c . 3 we 

recover the ear l ier calculated resu l t s for an i o n - e x o s p h e r e model with 

an asymmetric ve loc i ty d i s t r i b u t i o n [Lemaire and S c h e r e r , 1972]. 

6. C O N C L U S I O N S 

A s s u m i n g that at the exobase the veloc i ty d i s t r i b u t i o n funct ion of 

the part ic les emerging from the barosphere is g i v e n b y an asymmetric 

an isotropic ve loc i ty d i s t r i b u t i o n funct ion the number d e n s i t y , the escape 

f l u x , the paral lel and p e r p e n d i c u l a r momentum f l u x e s and the e n e r g y 

f l u x along an open magnetic f ield line have been ca lcu lated. Moreover 

we have shown that the ear l ier determined formulae for the polar wind 

state v a r i a b l e s [Lemaire and S c h e r e r , 1970, 1972b] can be obtained as a 

special case of the present model i o n - e x o s p h e r e in which the tem-

perature an isotropy of the protons at the exobase is no longer r e s t r i c -
2 

ted to the constant va lue 1 - - . 
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