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FOREWORD 

The paper entitled : "On the entropy balance of the earth-
atmosphere system" will be published in The Quarterly Journal of the 
Royal Meteorological Society, 106, 1980. 

AVANT-PROPOS 

L'article intitulé : "On the entropy balance of the earth-
atmosphere system" sera publié dans I he Quarterly Journal of the K o - y a i 

Meteorological Society, 106, 1980. 

VOORWOORD 

Het artikel getiteld : "On the entropy balance of the earth-
atmosphere system" zal verschijnen in het ti jdschrift The Quarterly 
Journal of the Royal Meteorological Society, 106, 1980. 

VORWORT 

Die Arbeit : "On the entropy balance of the earth-atmosphere 
system" wird in The Quarterly Journal of the Royal Meteorological 
Society, 10(3/ 1980 herausgegeben werden. 



ON THE ENTROPY BALANCE OF THE EARTH-ATMOSPHERE SYSTEM 

by 

G. NI COL IS and C. N ICOL IS 

Abstract 

The entropy balance associated with a Budyko-Sellers climatic 
model is developed. It is shown that different regimes, associated with 
decreasing, as well as increasing values of entropy production (which 
measures the rate of dissipation in the system) in the course of time 
are possible. An explicit criterion of climatic stability is also derived, 
which is expressed in terms of thermodynamic quantities related to 
excess entropy production. The results are illustrated on simple cases 
involving diffusive energy transport. A comparison with Paltridge's 
minimum entropy exchange principle is also attempted. 

Résumé 

Dans ce travail on étudie le bilan entropique associé à un 
modèle climatique du type Budyko-Sel lers. On montre, qu'il est possible 
d'avoir différents régimes climatiques associés aussi bien à une 
augmentation qu'à une diminution de la production d'entropie au cours 
du temps. Le problème de la stabilité des états stationnaires du système 
est dès lors posé. Ensuite on déduit la forme explicite du critère de 
stabilité climatique en terme de variables thermodynamiques associées à 
la production d'entropie d'excès, et on illustre le résultat général sur 
des cas simples. On entreprend enfin une comparaison avec l'hypothèse 
de minimum d'échanges entropiques avancée récemment par Paltridge. 



Samenvatting 

De entropiebalans geassocieerd met een B u d y k o - S e l l e r s 

klimaatmodel wordt opgemaakt. Er wordt aangetoond dat verschi l lende 

toestande, overeenstemmend zowel met dalende als met sti jgende waarden 

van de entropieproduktie (die een maat is voor diss ipatiesnelheid in het 

systeem), mogelijk zi jn in de ti jd : Een expliciet kr iter ium voor de 

stabil iteit van het klimaat wordt ook afgeleid, en wordt u i tgedrukt in 

functie van thermodynamische grootheden die in verband staan met een 

overvloed in de entropie -produkt ie . De resultaten worden geï l lustreerd 

in een eenvoudig geval van d i f f u s i e - e n e r g i e - o v e r d r a c h t . Een v e r -

gel i jk ing met het pr inciepé van Paltr idge voor minimale entropie-

uitwissel ing wordt ook gemaakt. 

Zusammenfassung 

Die Entropie-entgle ichung in das B u d y k o - S e l l e r s klimatisches 

Modell ist entwickelt worden. Es wurde gezeigt dass verschiedene 

Regime f ü r steigende sowie für absteigende Entropie Produktionen (die 

ein Mass der Dissipation im einen System ist) mit der Zeit möglich s ind. 

Ein bestimmtes Cr i ter ium für klimatische Stabilität is auch entworpen 

worden. Thermoaynamische Eigenschaften die von dem Ubermass der 

Entropieprodukt io i abhängen, bestimmen dieses C r i t e r i u m . Die 

Resultaten sind f ü r einfache Fälle für d i f fus ives Energietransport 

i l lustr iert worden. Ein Vergle ich mit das Paltr idge-minimum-Entropie 

entgle ichungspr inz ip is auch v e r s u c h t worden. 
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1. INTRODUCTION 

The complex i t y of the dynamical processes de te rm in ing long 

term cl imat ic t r e n d s is well known . Never the less , the need of an 

approach i n v o l v i n g on ly a few global var iab les is nowadays wide ly 

recogn ized . Su f f i ce i t to quote the e n e r g y - b a l a n c e models of the 

B u d y k o - S e l l e r s t y p e ( B u d y k o , 1969; Se l le rs , 1969), wh ich have been 

developed f u r t h e r by such i n v e s t i g a t o r s as Nor th (1975a, b ) , Ghil 

(1976) or Coakley (1979) , and wh ich led to a q u a l i t a t i v e u n d e r s t a n d i n g 

of a g rea t many fea tu res of cl imate and i ts evo lu t i on . 

Reduct ion of state space b y su i t ab l y averag ing the in i t ia l 

dynamical var iab les is a w e l l - k n o w n p r o c e d u r e in many areas of 

p h y s i c s . The most c h a r a c t e r i s t i c example is c e r t a i n l y Sta t is t ica l 

Mechanics, where d i f f e r e n t averages have led, success ive ly , f rom the 

L iouv i l le equat ion to Bo l t zmann- l i ke equa t ions , to Markov cha ins , o r to 

macroscopic balance equat ions l ike those of h y d r o d y n a m i c s and chemical 

k ine t i cs . 

A second l ine of approach to the s t u d y of complex systems, 

wh ich is also suggested by the s ta t is t i ca l mechanics " p r o t o t y p e " , is the 

deve lopment of a thermodynamic d e s c r i p t i o n . The p r i m a r y ob jec t ive is to 

cast some basic fea tu res of the system in the p r o p e r t i e s of state 

f u n c t i o n a l s - l i k e e n t r o p y ( o r more g e n e r a l l y , a Lyapounov f u n c t i o n a l ; see 

Pr igog ine et a l , 1977) or e n t r o p y p r o d u c t i o n - wh ich are la rge ly 

i ndependen t of the deta i ls of the i n d i v i d u a l degrees of f reedom. Typ ica l 

examples of such p r o p e r t i e s are the Clausius i n e q u a l i t y , the theorem of 

minimum e n t r o p y p r o d u c t i o n in the l inear range of i r r e v e r s i b l e processes 

( P r i g o g i n e , 1947), or the s t a b i l i t y c r i t e r i o n of s teady states f a r f rom 

e q u i l i b r i u m ( G l a n s d o r f f and Pr igog ine , 1971). S u r p r i s i n g l y , t h i s second 

l ine of approach is much less common in cl imate model l ing. I t is on ly 

v e r y r e c e n t l y t h a t Pa l t r idge (1975, 1978), Gol i tsyn and Mokhov (1978) 



and N o r t h et al (1979) examined the possible ex is tence of a var ia t iona l 

p r i n c i p l e g o v e r n i n g c l imate. Pa l t r i dge 's approach is specia l ly s i gn i f i can t 

f o r o u r d iscuss ion : By assuming ce r ta in re la t ionsh ips between atmo-

spher ic and oceanic d iss ipa t ion ra tes , he showed t h a t a maximizat ion of 

the s t e a d y - s t a t e overa l l d iss ipa t ion ra te of the ea r th -a tmosphere system 

y ie lds u n i q u e l y de f ined spat ial d i s t r i b u t i o n s of su r face t e m p e r a t u r e , 

c loud cover and mer id ional e n e r g y f l u x e s , wh ich c losely resemble the 

obse rved zonal ly averaged mean-annual va lues . 

The purpose of the p resen t paper is to develop the e n t r o p y -

balance equat ion associated to an e n e r g y - b a l a n c e equat ion of the 

B u d y k o - S e l l e r s t y p e . From t h i s equat ion we i d e n t i f y , in Section 2, the 

a p p r o p r i a t e express ions f o r the e n t r o p y f l u x and e n t r o p y p r o d u c t i o n 

wh ich are va l id f o r s t a t i o n a r y as well as f o r t ime-dependen t s ta tes. In 

Sect ion 3, we evaluate the t i m e - d e r i v a t i v e of the e n t r o p y p r o d u c t i o n 

and show t h a t , in genera l , i t has no de f i n i t e s ign . As a r e s u l t the 

steady state so lu t ion of the system does not co r respond to a minimum of 

e n t r o p y p r o d u c t i o n , even if l inear re la t ions between e n e r g y f l u x and 

tempera tu re g r a d i e n t are cons ide red . Th is p rov ides an ex tens ion of 

Pr igog ine 's minimum e n t r o p y p r o d u c t i o n theorem. I t also shows tha t 

e n t r o p y p r o d u c t i o n can no longer serve as a Lyapounov f u n c t i o n a l , 

whose var ia t iona l p rope r t i es guaran tee the s t a b i l i t y of the re fe rence 

s ta te . T h i s raises t h e r e f o r e the ques t ion of s t a b i l i t y of the cl imatic 

sys tem. In the remain ing of sect ion 3 we show how th is ques t ion can be 

tack led by the methods of thermodynamics of i r r e v e r s i b l e processes. 

Sect ion 4 is devoted to the e x p l i c i t eva luat ion of the time 

course of e n t r o p y p r o d u c t i o n f o r a simple cl imatic model i n v o l v i n g , 

success ive ly , an i ce - f ree ea r th (Sect ion 4A) and a cl imate close to the 

p r e s e n t - d a y one (Sect ion 4 B ) . In both cases we show t h a t e n t r o p y 

p r o d u c t i o n may decrease or increase in t ime, depend ing on the in i t ia l 

s ta te . Th is co r robora tes the general resu l ts of the analys is of Sect ion 
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3, acco rd ing to wh ich the s teady state cl imate does not appear to 

sa t i s f y an obv ious var ia t iona l p r i n c i p l e , at least at the level of a 

B u d y k o - S e l l e r s t y p e of model. Never the less , some genera l t r e n d s appear 

to r e c u r c o n t i n u o u s l y . For ins tance , e n t r o p y p r o d u c t i o n tends to 

increase whenever the e q u a t o r - p o l e t e m p e r a t u r e d i f f e r e n c e becomes more 

p r o n o u n c e d . 

Sect ion 5 is devo ted to the so lu t ion of the e n e r g y balance 

equat ion us ing Pa l t r idge 's maximum e n t r o p y p r o d u c t i o n con jec tu re . T h i s 

y ie lds a mer id ional e n e r g y f l u x wh ich is in f a i r agreement w i t h p r e s e n t -

day da ta , b u t a somewhat less s a t i s f a c t o r y t e m p e r a t u r e d i s t r i b u t i o n . 

In the f ina l Sect ion 6 we d raw the main conc lus ions of the 

ana lys is . We po in t ou t the i n t r i n s i c v a r i a b i l i t y of the cl imat ic sys tem, as 

i l l u s t r a t e d f rom the d i f f e r e n t behav io r obta ined f o r the e n t r o p y 

p r o d u c t i o n b y d i f f e r e n t assumpt ions on the e n e r g y f l u x , ( s u c h as a 

d i f f u s i v e e n e r g y t r a n s p o r t o r a maximum e n t r o p y p r o d u c t i o n ) . I t 

appears t h e r e f o r e t h a t the basic problem one is faced w i t h is to del imi t 

the p r i n c i p a l f ac to rs respons ib le f o r the select ion of a p a r t i c u l a r s teady 

state cl imat ic regime. 

2. THE MODEL. E N T R O P Y - B A L A N C E EQUATION 

A one-d imensional model i n v o l v i n g mer id ional e n e r g y t r a n s p o r t 

wi l l be adopted ( N o r t h 1975a, b ; Coak ley , 1979) as descr ibed in F ig . 1. 

As f r e q u e n t l y done in such models, the absorbed p a r t of 

solar i n f l u x , F and the i n f r a r e d cool ing ra te , F I D are desc r ibed in 
S I K 

terms of an e f fec t i ve sur face t e m p e r a t u r e T , wh ich depends on l a t i t u d e . 

T h u s , the f ine s t r u c t u r e of the atmosphere along the v e r t i c a l d i r e c t i o n 

is i g n o r e d . 





A basic question arising in the analysis of evolution of a 
physical system is to find the appropriate constitutive relationes) 
between the fluxes (in the present case, the meridional energy f lux) 
and the state variables (in the present case, the surface temperature T 
and its gradient). The complexity of the earth-atmosphere system 
precludes any derivation of such laws starting from f irst principles. It 
is therefore tempting to turn to thermodynamics of irreversible 
processes, which provides a natural classification of physical systems 
according to the type of constitutive relation prevai l ing. As it turns 
out, one must f irst identify the proper quantities which have to be 
related by the constitutive relations (also known as phenomenological 
laws). T h i s is done by constructing the entropy production, which 
plays a central role in the theory of irreversible processes. To this 
end, we f irst write the energy-balance equation for our system. It will 
be convenient to switch to spherical coordinates and to incorporate the 
square of the inverse of radius of the earth into the heat flux and the 
various proportionality coefficients. The only component of V surv iv ing 
in a one dimensional latitudinal model is then 

V x M l - x V / 2 | j (1) 

where x is the sine of latitude. The balance equation takes thus the 

form 

3e _ 3T _ T 
3t = c 3t = F s " F I R 1 V ^ 

or, setting 

F s - F i r = f ( T , x) 



C g = f(T, X) - (1 - X 2 ) 1 / 2 J x (2) 

where c is the heat capacity (or thermal inert ia) coefficient and e the 
energy . 

In order to deduce the entropy-balance equation we adopt 
Gibb's entropy postulate (Glansdorf f and Pr igogine, 1971). Namely, we 
assume that if the total entropy is written in the form ( in the symmetric 
hemisphere case considered hereafter) : 

0 

then the reduced entropy s depends on the same variables as in thermo-
dynamic equil ibrium. For the system under consideration this means 

s = s (e ) 

ds = I de = Y dT (4) 

T h i s assumption is eminently plausible. The most important climatic 
phenomena are those due to the transport by the oceans and the lower 
atmosphere. Both systems are well within the collisional regime of 
kinetic theory, and hence their state is expected to be close to local 
equil ibrium. 

We now combine eqs (3 ) - (4 ) with eq. ( 2 ) . We obtain : 



• 1 

0 0 

1 

ƒ M ^ - u » - " 2 ' 1 ' 2 ' , ] 

+ ƒ „ „ T ^ _ „2,1/2 3T -1 
dx J (1 - x ) x v ' 3x 

0 

Performing the x-integration in the first term and using the boundary 
condition 

J x = 0 at x = 0, x = ± 1 (5) 

as well as eq. (1 ) , we arr ive at the expression 

r 1 . . 1 dS _ , fÇT.X) I /4 T V7 T~ l 

2 dt * I d x — T ~ + I d x Jx " Vx T 
0 0 

(6) 

Hence, we identify 

- the entropy flux 

f 1 
deS 
dt 

0 
= 2 f dx W f l (7) 

- and the entropy production 
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d .S r 1 

= 2 / 
dx J V T 

x (8) 

Note t h a t t h i s separa t ion implies t h a t t he f u n c t i o n f ( T , x ) , t ha t is the 

absorbed and ou tgo ing rad ia t ions F and F I D is e n t i r e l y associated to 
S I K 

n o n - d i s s i p a t i v e processes. In t h i s v iew t h e r e f o r e , the main role of the 

rad ia t i ve f l u x is to create a lateral t empera tu re g r a d i e n t ( t h a t is , a 

n o n - e q u i l i b r i u m s t a t e ) , whose mainta inance is associated w i t h the djS 
e n t r o p y p roduc t i on , eq. ( 8 ) . 

We are now in pos i t ion to i d e n t i f y the var iab les to be re la ted 
- 1 

by the c o n s t i t u t i v e equa t ions , namely J^ and V^ T . Let us d iscuss a 

few rep resen ta t i ve s i tua t ions (see also G lansdor f f and Pr igog ine , 

1971) : 

( a ) We f i r s t assume tha t the system operates in the l inear range of 

i r r e v e r s i b l e processes. Th i s wi l l be re f lec ted by the l inear re la t ion 

J = L V T - 1 (9a) 
x x , 

where the phenomenological coe f f i c ien t L (L è 0) is cons tan t . In t h i s 
.1 

re la t i on , V^ T is to be v iewed as a genera l ized thermodynamic fo rce 

con jugate to t he ene rgy f l u x J . 

( b ) The phenomenological coe f f i c i en t , L is not cons tan t . Ra the r , when 

eq. (9a) is w r i t t e n in the F ick ian or Four ie r fo rm : 

J = - X V T 
x x 

— V T . 2 x (9b) 
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2 
the t ranspo r t coef f ic ient k = L / T is constant . 

In both cases (a) and ( b ) we have a phenomenological law 

reminiscent of a d i f f us i ve mechanism of energy t r anspo r t . Natura l l y , 

th is does not mean that molecular d i f fus ion and heat conduct ion are the 

dominant t r anspo r t mechanism. Rather , these laws must be viewed as a 

phenomenological way of express ing t u rbu len t t rans fe r of latent heat 

and sensible heat in a medium of var iable temperature. Several authors 

have discussed the proper t ies of the phenomenological t rans fe r 

coeff ic i ent (Stone, 1973; Newell, 1974; L in, 1977), and in par t icu lar its 

possible dependence on both local temperature and temperature 

grad ien ts . This leads us to discuss a t h i r d type of s i tuat ion : 

( c ) The system operates in the nonl inear range of i r revers ib le 

processes, in the sense that the f l u x - f o r c e relat ionship is nonl inear . 

One way to express th is is to take the coeff ic ients L or A in eq. (9a) 

or (9b) to depend on both T and V T : 

J = L(T, I V T | ) V T " 1 
X 1 X I X 

(9c) 
or 

J = - T, |V T l ) V T 
X ' I X I X 

Cont ra ry to the case of certain physico-chemical systems (Glansdor f f 

and Pr igogine, 1971) i t does not seem possible to speci fy the par t i cu la r 

form of non l inear i ty involved in eq. (9c ) . Hence, one can envisage a 

large number of d i f f e ren t s i tuat ions corresponding to d i f f e ren t choices 

of cons t i tu t i ve relat ions. All these choices may well be compatible wi th 



p r e s e n t - d a y cl imat ic da ta , i f the coe f f i c ien ts i nvo l ved in L or \ are 

adequate ly f i t t e d . A l r e a d y in the case of eq. ( 9 b ) , No r th (1975) was 

able to rep roduce a reasonable p r e s e n t - d a y mer id ional t empera tu re 

d i s t r i b u t i o n and f l u x by f i t t i n g a s ing le parameter A. I t is t h e r e f o r e 

impor tan t to be able to remove somehow th is h igh degeneracy in the 

choice of J . One way to achieve th i s is Pa l t r i dge ' s maximum e n t r o p y 

p r o d u c t i o n A n s a t z . We wi l l have a deta i led look at t h i s poss ib i l i t y in 

Sect ion 5. In the fo l low ing Sect ion we adopt a d i f f e r e n t approach . We 

in tend to see how fa r one can go in the analys is of the cl imatic system 

as rep resen ted by the e n e r g y balance equa t ion , on the basis of the 

p rope r t i es of thermodynamic state f unc t i ons l ike e n t r o p y and e n t r o p y 

p r o d u c t i o n . 

3. V A R I A T I O N A L PROPERTIES OF ENTROPY PRODUCTION. LYAPOUNOV 

FUNCTIONALS 

Orve of the most impor tan t resu l t s of the thermodynamic 

t h e o r y of i r r e v e r s i b l e processes is Pr igog ine 's theorem of minimum 

e n t r o p y p r o d u c t i o n ( P r i g o g i n e , 1947). I t asser ts t ha t in p u r e l y 

d i ss ipa t i ve systems in wh ich the f l uxes and forces are re la ted by l inear 

laws of t he form ( 9 a ) , e n t r o p y p r o d u c t i o n at the s teady state set t les to 

a minimum value compat ib le w i th the cons t ra i n t s ac t ing on the system. 

I t fo l lows tha t these steady states are stable t owa rd all possib le d i s t u r b -

ances, p r o v i d e d t h a t thermodynamic equ i l i b r i um i tse l f is s tab le . In o the r 

w o r d s , e n t r o p y p r o d u c t i o n acts l ike a Lyapounov func t iona l (see e . g . 

Cesar i , 1962) e n s u r i n g global s t a b i l i t y . 

Let us now see whe ther th i s resu l t can be extended, to our 

c l imat ic model, eq . ( 2 ) . To th is end we examine the behav io r of e n t r o p y 

p r o d u c t i o n as a f u n c t i o n of t ime. To remain as long as possib le w i t h i n 

the hypotheses of Pr igog ine 's theorem we f i r s t cons ider the l inear 

f l u x - f o r c e re la t ion ( 9 a ) , where the phenomenological coe f f i c ien t L is 

cons tan t . 
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The balance equat ion (2 ) takes the form 

3T ^ . 3 , , 2n r 3T" 1 

c a t = f ( T ' x ) " Bi ( 1 • x } L ST (10) 

and P> eq. (8 ) becomes : 

P = 2 ƒ dx (1 - x 2 ) L ) è O (11) 

0 

T a k i n g the time d e r i v a t i v e and remember ing tha t L is cons tan t , we 

ob ta in : 

f = - A L / dx (1 - x 2 ) 2^ 3 T ' 1 3_ 1_ 3T 
3x 3x 2 3 t T 

S u b s t i t u t i n g 3 T / 3 t f rom eq. ( 1 0 ) , pe r f o rm ing a par t ia l i n teg ra t i on and 

t a k i n g in to account the b o u n d a r y cond i t ions (6 ) we obta in : 

2 / 1 r -1 " 2 

dP 4L ƒ , 1 1 8 , . 2N 3T 
dï = - — J d x 1 1 S i ( 1 " x ) "aï 3x 

0 T 

4 L f 1 ^ 1 * fT ï I 9 t i 3 T ' 1 1 
- J dx ~2 f ( T ' x ) 1 SÏ ( 1 • X } " 3 7 " J 

'0 T 

d . P d P 
- i - + 
d t d t 

(12) 
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The f i r s t t e rm of t h i s re la t i on , d j P / d t descr ibes t he t i m e - v a r i a t i o n of P 

a r i s i n g solely f rom in te rna l d i ss ipa t i ve processes. If on ly t h i s te rm were 

p resen t re la t ion (12) wou ld be equ iva len t to t he theorem of minimum 

e n t r o p y p r o d u c t i o n , d P / d t ^ 0. In eq. (12) however we have a second 

te rm d g P / d t wh ich depends on the rad ia t i ve f l u x f ( T , x ) and wh ich has 

no de f i n i t e s i gn . I ts presence o f f e r s new poss ib i l i t i es l i ke , f o r ins tance , 

the i nve rs i on of the s ign of d P / d t u n d e r ce r ta in cond i t i ons . 

The reason fo r t h i s lack of u n i v e r s a l i t y , as opposed to the 

u n i v e r s a l i t y of P r igog ine 's theorem, is in the b o u n d a r y cond i t i ons . In 

Pr igog ine 's theorem, the la t te r ( f i x e d o r z e r o - f l u x cond i t i ons ) ru l e out 

all spat ia l con f i gu ra t i ons t h a t cou ld lead to a va lue of P smaller than 

the s teady -s ta te one. In t he p resen t case however the lateral (ze ro f l u x ) 

b o u n d a r y cond i t i ons , eq . ( 5 ) , are not s u f f i c i e n t l y s t r i n g e n t t o el iminate 

such poss ib i l i t i es . As a mat ter of f a c t , the on ly exchanges between 

system and s u r r o u n d i n g s are along the ve r t i ca l d i r e c t i o n wh ich has 

been lumped, owing to the one-d imens iona l cha rac te r of the model 

desc r ibed by F ig . 1 and eq. ( 2 ) . As a r e s u l t , t he rad ia t i ve f l u x f ( T , x ) 

wh ich is at the o r i g i n of the te rm d g P / d t in eq . ( 1 2 ) , acts l ike a 

c o n s t r a i n t of a new t y p e as i t is i nco rpo ra ted in to t he s t r u c t u r e of t h e 

e n e r g y balance equa t ion . I n t e r e s t i n g l y , t h i s c o n s t r a i n t does not act 

d i r e c t l y as the d r i v i n g fo rce f o r a d i ss ipa t i ve f l u x . Rather (see also 

comments fo l l ow ing eq. (8)) , i t is associated to a process of s to rage of 

e n e r g y . In th i s respec t , t he behav io r of d P / d t as deduced f rom eq. 

(12) is somewhat remin iscent of t h a t of e lec t r ica l . c i r c u i t s compr i s ing 

' res i s to rs and induc tances . As po in ted ou t by Landauer (1975) , in such 

systems i n v o l v i n g ine r t i a l elements in add i t i on to d i ss ipa t i ve ones, the 

e n t r o p y p roduc t i on may indeed increase in t ime, even i f t he c i r c u i t 

cha rac te r i s t i cs are complete ly l i near . 

So f a r we d iscussed s t r i c t l y l inear phenomenological laws, eq . 

( 9 a ) . The resu l t s can however be ex tended s t r a i g h t f o r w a r d l y to case 

o ( 9 b ) of a Four ie r t y p e of law. The balance equat ion (2 ) and the 

e n t r o p y p r o d u c t i o n P, eq . (8 ) take the fo rm : 
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2.- Possible time evolutions of entropy production compat-

ible with eq. (12) and (15). Curve (a) : same 

behavior as in Prigogine's minimum entropy production 

theorem, (b) : Entropy production is increasing, but 

reference state remains stable, (c), (d) : Reference 

state is unstable, and system evolves to new steady 

states. 

- 1 6 -



theorem. Different possibi l it ies can be envisaged, l ike for instance 
curve ( b ) of F ig . 2. We d iscuss their climatic s ignif icance in Section 4. 
For the purpose of our present qualitative discuss ion however, both 
situations ( a ) and ( b ) are indicative of the stabi l ity of the stationary 
climatic regime. Of more interest are therefore situations corresponding 
to curves ( c ) or ( d ) , which are perfectly compatible with eq. (12) or 
(15) and which indicate, nevertheless, that the system may evolve away 
from a certain reference state and tend to a new climatic configurat ion. 

We would now like to obtain a cr iterion which would show 
when such instabil it ies are possible. In i r revers ib le thermodynamics, it 
turns out that one cannot derive such a criterion using the variational 
properties of entropy production. Following Glansdorff and Prigogine 
(1971) we introduce a new functional related to the excess entropy 
around the reference state. Let us f i r s t outline the formulation in the 
general case where no part icular constitutive relation is postulated. 

A 

Let T be a reference temperature, for instance that 
corresponding to the present-day climate. We consider a s l ight perturba-
tion, ÔT, form this state, and set 

T = T + ÔT, I ^ I « 1 (16) 
T 

Using eq. (4 ) one can easily construct the excess entropy function 

\ Ô2s = - ÔT"1 Ôe = - \ ~ (ÔT)2 (17) 
T 

Note that 
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6 2 S = J  dx 6 2 s S 0 ( 1 8 ) 
- 1 

2 
Because of this, we regard 6 S as a Lyapounov functional (Cesari, 
1962) and we evaluate its time derivative along the motion described by A 

the balance equation ( 2 ) . Keeping in mind that T is time-dependent, we 
obtain : 

k i ( 6 2 S ) E - 2 c ƒ ' d x l j ST § S ( .9a ) 
0 T 

with (cf . eq. ( 2 ) ) 

36T _ / 3f ) a f. 2 x 1 / 2 - , r 1 Qi •> 

C a t " ' I 3T fe 6 T - Bi ( 1 " x } 6 J X ( 1 9 b ) 

More explicitly : 

at i c A ) - - ^ ƒ ' ^ h ( H ) f < s « 2 

.0 1 

1 
+ 2 | dx 6 J . 6 V T - 1 ( 2 0 ) ) x x 

0 

The first term of this expression reflects the effect of radiative f lux. 
The second term has the same structure as the entropy production, eq. 
( 9 ) , except that we now deal with the excess flux 6 J . and the excess 

-1 
force 6 Vx T . We shall refer to this combination as the excess entropy 
production (Glansdorff and Prigogine, 1971). 
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By Lyapounov's s tab i l i t y theorem (Cesar i , 1962), we conclude 
j «1 

tha t T wil l be asymptot ical ly stable as long as ^ ^ ^ s ) / h a s a s i 9 n 

opposite to or 

f d x [ : n ( M ) f ( 6 T ) 2 + 6 J x 6 v x T _ 1 ] 
0 (21) 

along all solut ions of eq. (19b) . 

To g ive a more exp l ic i t form to th is express ion, we must 

dw J is related to 1 
x 

l inear relat ion (Stone, 1973) : 

• 1 
speci fy how J is related to V T Choosing as an example, the non X X 

J = - [ k (x) + k. ( JP , x ) ] V T (22) x L o 1 3x ' J x 

we obtain the exp l ic i t form of the s tab i l i t y condit ion : 

[ ^ (i1)2 (M)x t«'2 
o T 

\ 1 2 
+ (1 - x 2 ) — I ' (V T) ( f f 1 ) = 0 (23) 

T 

where denotes the der iva t i ve of k^ wi th respect to its argument 

3 T / 8 x . 

In th is inequa l i ty , all terms but the f i r s t one have no def in i te 

s ign. Hence, under cer ta in condit ions the i r sign can become negat ive 
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and their absolute value can exceed that of of the first* term. In this 
2 2 case one would have d /d t (6 S) < 0, and since (6 S) remains always 

negative, by Lyapounov's theorem T would be unstable. We may refer 
to this situation as a climatic catastrophe. We see that it is reflected by 
a clearcut change in the thermodynamic properties of the system. In a 
sense, climatic change becomes a problem of thermodynamic stability. 
Note that the terms threatening stability in eq. (23) are related either 
to the storage term f , or to the nonlinearity in the J

x " T relation-
ship. This is in agreement with the fact that the source of nonlinearity 
making bifurcations possible in the energy balance equation (cf . eq. (2) 
or (19b) ) is, precisely, in these two terms. 

Finally, it is easy to verify that the left hand side of relation 
(21) or (23) is closely related to the second variation of the functional 
recently proposed by North et al (1979) in their variational formulation 
of Budyko-Sellers climate models. 

4. ILLUSTRATIONS 

In this section we illustrate the structure of the general 
expressions derived so far on simple examples. 

a. An ice-free earth 

We f irst consider eq. (2 ) in the case of an ice-free earth. It 

is believed (Budyko, 1977) that this was indeed the case in the 
mesozoic and early cenozoic eras up to the beginning of the quaternary 
glaciations. 

We adopt relation (9b) for the energy f lux, and the following 
expressions for the radiative flux terms f ( T , x ) : 

J = x \ V T 
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f ( T , x ) = Q(1 - a) S(x) - (A + BT) (24) 

where the albedo a is taken to be constant (a ra ther legit imate 

approximat ion fo r an ice- f ree ea r t h ) . Q is the solar constant , A and B 

are the in f ra red-coo l ing coef f ic ients, and the insolation S ( x ) is 

approximated by (Coackley, 1979) : 

S(x) = 1 + S2 P2 (S2 < 0) (25) 

P^ being the second Legendre polynomial. Eq. (2) takes thus the 

exp l ic i t form 

c = Q(1 - «) (1 + S2 P2) - (A + BT) 

• A j L (1 - x 2 ) g (26) 

The solut ion is easily found to be 

T ( x , t ) = T ( t ) + T ( t ) P 2 ( x ) ( 2 7 a ) 

where the p lanetary temperature TQ obeys to 

dT 
c ^ = Q(1 - a) - (A + B T q ) (27b) 
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and the amplitude T^ to 

d T ~ 

c ^ = Q(1 - a) S2 - (B + 6k) T2 (27C) 

Both T q / T 2 are to be expressed in degrees cent igrade. The entropy 

product ion, eq. (14), becomes : 

2 f1 2 1 fd?2 2 

P - 2 \ T2 J dx (1 - x ) [ (273 + T0) + T2 P2(x)]2 1 y 

One can easily see (Nicol is , 1979) us ing the appropr iate numerical 

values for Q, a, S^, A , B, A that 273 + TQ >> T T h u s , the above 

express ion can be approximated by 

P " t (273 I T o ( t ) J2 ( 2 8 ) 

We proceed to the evaluation of dP /d t . To simplify the p ic ture as much 

as possible we consider only those evolutions that keep the planetary 

temperature TQ invar iant . Th i s is legitimate, since the equations for TQ 

and T^ are uncoupled. The time dependence of T^ is easily found to be 

V 0 = T2oo + e " M t ( T20 - V ( 2 9 ) 

with 
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Q(1 - ce) S 
T2OO = — < o 

B + 6À 

T£Q = initial condition 

|j = i (B + 6\) > 0 

It follows that 

" " M 5(273 )2 T 2 ( T 20 " X 2» } ( 3 0 ) 

0 

F ig . 3 depicts the evolution of T^ and P. We see that P can decrease or 
increase in time, according as the initial value T2Q is smaller or larger 
than the steady-state level T2 o o. As T2qo is negative, in actual fact this 
implies that for f ixed values of the coeff ic ients, P decreases if the 
initial thermal gradient , measured by J 1~2 j, is large and it increases if 
the initial \T^ | is small. T h i s is quite reasonable, since the steeper the 
grad ient , the larger the rate of dissipation will have to be. 

We see in an expl ic it way the possibi l i ty of having maximum 
entropy production at the steady state for all families of initial 
conditions (or equivalent ly , for all "v irtual displacements") with 
T 2 0 > T 2 » ' T h e s a m e system however can g ive rise to a decrease in P, 
for different types of initial conditions. Note that all these new 
possibi l it ies do not compromise the stabi l i ty of the steady-state regime, 
T „ . A s a matter of fact , (P - P , J t u r n s out to be a Lyapounov 0̂0 00 

function ensur ing stabil ity both in the case of increasing and of 

decreasing P' (see also F ig . 2, curves ( a ) and ( b ) ) . 
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Fig. 3.- Time evolution of the amplitude T^ of the second 

Legendre mode (lower part) and of entropy production 

(upper part) associated with model eq. (26). 
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In the context of climatic h istory of the last 250 myr or so, 
one might question the assumption adopted implicitly so far that the 
coefficients A , B , A. do not evolve in time. Recently one of the authors 
(Nicol is , 1979) developed plausible scenarios of evolution of these 
coefficients and analyzed the consequences of such variations on the 

values of TQ and T ^ , us ing the constraint ( suggested by paleoclimatic 
data) , that the equatorial temperature, T remained pract ical ly 
invar iant ( T = 2 5 ° C ) . We have veri f ied that this simultaneous v eq 
evolution of both T and the parameters does not affect the qualitative 
trends shown in F ig . 3. Namely, a more pronounced pole-equator 
thermal gradient leads to a relaxation accompanied by a decreasing 
entropy production, whereas the opposite is true if the pole-equator 
initial gradient is smaller that the steady state value. 

b. T h e influence of ice caps 

We now extend the model of the previous subsection to 
account for the existence of ice caps character iz ing the present climate. 
Eq. (26) keeps then the same general form, except that the albedo a is 
substituted by an expression taking into account the existence of ice 
edge. Specif ical ly (North , 1975a), denoting by x g the position of the 
latter and assuming symmetric hemispheres : 

1 - a = a ( x , x ) b.. , x > x 0 s 

aQ + a 2 P 2 ( x ) , x <x s (31) 

where bp is the absorption coefficient over ice or snow 50% covered with 
c louds, and ag, a^ a r e the absorption coefficients over ice-free areas 
obtained after analyz ing the albedo distr ibution by Legendre ser ies . As 
usual , it is assumed that at x the temperature is of - 10°C. 
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An appropriate solution of eq. (26) and (31) can be found by 

expanding T in series of Legendre polynomials. Truncat ion to the 

second mode gives (North, 1975a) : 

dT 
c dtT = « H0 ( x s } "

 (A + B V 
dT 

c d T = Q H2 - ( B + x2 

Tq + T2 P 2 (X s) = - 10 (32) 

where TQ and T^ are again expressed in degrees centigrade, and 

H ( x ) = (2n + 1) f dx S(x) a(x, x ) P (x) (33) m s J s m 
0 

m = 0,2 

Note that, contrary to the preceding subsection, these equations are 

coupled through the variable x . 

The entropy production, eq. (14), takes the same form as 

eq. (28) : 

P<*> 3 ¥ ( 2 7 3 V v O j ' ( 3 4 ) 
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provided we again adopt the assumption 273 + TQ » i T g h A s it turns 

out, the solution of eq. (32) completely justifies this assumption. 

In order to analyze the time dependence of P(t) we solved 

numerically the initial value problem for eqs. (32) us ing the Hamin 

method. We f irst explored (F ig . 4) the vicinity of the steady-state 

solution of these equations corresponding to the present-day climate. 

For the numerical values g iven in the caption of Fig. 4, this state 

corresponds to TQ = 14.9°C, T 2 = - 28.2°C, x g = 0.96 and is 

asymptotically stable. Fig. 4 depicts the evolution of P(t ) induced by a 

perturbed pole-equator gradient, keeping the planetary temperature 

invariant. We see that if T2Q = - 30°C P decreases in time, whereas for 

T£Q = - 26°C P increases until the present-day climate is recovered. We 

arr ive therefore at the same qualitative behavior as in the preceding 

susbsection. We thus feel that there is no support for the claim 

(Gol itsyn and Mokhov, 1978) that the stability properties of the climate 

should be linked to the extremal properties of entropy production. In 

Fig. 5 we report the evolution of entropy production us ing the same 

parameter values as in Fig. 4, but starting from initial conditions 

simulating the last major glaciation (18.000 years B . C . ) . We know that 

in this case the ice caps went as far down as 57° in the Northern 

Hemisphere, and that the planetary temperature was less by about 5°C. 

The ice boundary condition (th ird relation (32)) allows then us to 

compute T2• Tak ing x s = sin 57° = 0.84, TQ = 10°C, we find T 2 = 

- 35.8°C. A s seen from Fig. 5, the entropy production decreases then 

monotonously until the present-day climate is reached. 

5. C O M P A R I S O N WITH P A L T R I D G E ' S I D E A S 

The main focus of this paper was on the time-dependent 

properties of entropy production in the vicinity of a steady-state 

climatic regime. A s is usually done in the analysis of irreversible 



Time evolution of entropy product ion associated with model eq. (32 ) , 

u s i ng two different initial condit ions for T„ and T = 14.9° C . In both 
d o 

cases the present climatic regime is recovered asymptotical ly. Numerical 

values used : 0 = \ (1360) Wm" 2 , bQ = 0.38, aQ = 0.697, a 0 
Q = ^ (1360) Wm" 2 

c = 3.138 x 108 J m " 2 , S 2 = - 0.477, A = 214.2 Wm" 2 

A = 0.591 Wm" 2 . 

- 0.0779, 
- 2 B = 1 .575 Wm 



0 50 100 

t (years) 

Fig . 5 . - Time evo lu t ion of e n t r o p y p roduc t i on associated w i th model eq. (32) 

us ing an in i t ia l cond i t ion ( x g = 0.84, T q = 10° C, ~i~2 = - 35.8° C) 
s imulat ing the last major g lac ia t ion . Numerical values used are as in 

F ig . 2. 



phenomena, bo th the equat ions of evo lu t i on of the s t a t e - v a r i a b l e s and 

the e n t r o p y f u n c t i o n were eva luated by i n t r o d u c i n g su i tab le c o n s t i t u t i v e 

re la t ions l i n k i n g f l u x e s and fo rces . T h a n k s to these re la t ions , the 

e n e r g y - b a l a n c e equat ion became c losed, and al lowed fo r an exp l i c i t 

eva luat ion of the t empera tu re p ro f i l e across the system. 

An a l toge ther d i f f e r e n t approach was adopted in the w o r k by 

Pa l t r i dge (1975, 1978). His main idea is to use an uncons t ra ined ene rgy 

balance equa t ion , whe reby the e n e r g y f l u x is not l i nked to the tem-

p e r a t u r e g r a d i e n t . A t the s teady state and in the f ramework of the 

one-d imensional model adopted in the p resen t w o r k , t h i s y ie lds : 

V + J x = k ( 1 " x 2 ) V 2 J x = Q ( 1 " a ( x ) ) S ( x ) " ( A + B T ) 

(35) 

w h e r e - V + is the ad jo in t g r a d i e n t o p e r a t o r . As noted in sec. 2, the 

i nve rse of the rad ius of t he ea r th has been absorbed in to J . From th i s x 
re la t ion one may express T as a f u n c t i o n of J^ : 

Q(1 - a ( x ) ) S ( x ) - A - J 
T = : (36) 

B 

In t h i s way the e n t r o p y p r o d u c t i o n , eq. ( 8 ) , can be w r i t t e n e n t i r e l y in 

terms of the f l u x J : x 

r1 j 
P = - 2B J dx (37) 

0 273B + Q(1 - a ( x ) ) S ( x ) - A - J x 
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Following Pal t r idge, we may now seek fo r the func t ion d^ extremiz ing 

P. We obtain in th is way the fol lowing var iat ional equat ion, 6P/6J x = 0 

(1 - x 2 ) 1 / 2 J ° ( x ) = ƒ g (x ) dx - ± ƒ g 1 / 2 ( x ) dx (38) 

0 0 

where 

g(x) = Q(1 - a (x ) ) S(x) - A + 273B (39a) 

and the constant K is adjusted to g ive zero f l ux at the poles : 

f 1 1 / 2
 f \ A I g (x) dx 

K = — j (39b) 

I g (x ) dx 

0 

Fig. 6 depicts the energy f l ux obtained by app ly ing th is procedure and 

by using the parameter values adopted ear l ier in the present work . The 

resul ts are reasonable, both as fa r as the posit ion of the maximum and 

the behavior near the poles is concerned. On the other hand, one can 

show that the corresponding temperature prof i le gives excessively h igh 

values at the equator and low values at the poles, as already pointed 

out by Gol i tsyn and Mokhov (1978). 

Independent ly of these technical aspects however, the main 

point to be retained is that en t ropy extremizat ion dispenses us from 

using a cons t i tu t i ve relat ion express ing J in terms of 3T /8x and from 

f i t t i n g such coeff ic ients as X in order to obtain the steady state format 

of present cl imate. Thus , among all possible steady states that may be 

realized by the earth-atmosphere system under a g iven energy i npu t , 
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LATITUDE (degrees) 

Fig . 6. La t i tude dependence of the ene rgy f l u x d i v i d e d by the ea r th ' s r a d i u s , 

ob ta ined by the e n t r o p y p roduc t i on ex t remiza t ion ( e q . ( 3 8 ) ) . The 

parameter values used are the same as in F ig . 4. 



t he re is one (,cf. eq . (38) and F ig . 6) wh ich extremize-s the e n t r o p y 

p r o d u c t i o n . O the r s teady s ta tes , such as those eva lua ted in sect ion 4, 

are poss ib le . They have , howeve r , a smaller d iss ipa t ion ra te than the 

state J^ eq. ( 3 8 ) . The s i t ua t i on is desc r ibed in F ig . 7. 

6. CONCLUDING REMARKS 

O u r p r i nc i pa l goal in t h i s paper was to cast some basic 

fea tu res re la ted to cl imate and i ts evo lu t ion in to the p r o p e r t i e s of 

e n t r o p y and e n t r o p y p r o d u c t i o n . We have f o u n d t h a t the behav io r of 

these quan t i t i es is f a r f r om be ing simple and u n i v e r s a l , j u s t l ike cl imate 

i t se l f is f a r f rom showing simple and un i ve rsa l t r e n d s . ' ' R a t h e r , i t 

appears t h a t the d i r ec t i on of change of e n t r o p y p r o d u c t i o n is 

cond i t ioned by t he in i t ia l s t r e n g t h of the equa to r -po le t empera tu re 

g r a d i e n t as compared to t h a t of the f ina l s teady s ta te . Now, a more 

p ronounced thermal g r a d i e n t is c h a r a c t e r i s t i c of glacial per iods (Newe l l , 

1974). We may t h e r e f o r e summarize the resu l t s of Sect ion 4 b y s ta t i ng 

t ha t the evo lu t ion to a g lac ia t ion is accompanied by an enhanced ra te 

of d i ss i pa t i on , as measured by the e n t r o p y p r o d u c t i o n . An add i t iona l 

i l l u s t r a t i o n of t h i s conc lus ion is p r o v i d e d by a d i r e c t compar ison of eq . 

(28) and ( 3 4 ) . Us ing paleocl imat ic data f rom the mesozoic era (N ico l is 

(1979) ) we deduce t h a t f o r an equator ia l t empera tu re of 25° and a polar 

one of 15°, 

p 1 2 ^Past ^ 
pas t , 

5 (273 + 22) 

whereas f o r the p resen t in te rg lac ia l c l imate : 

-33-



Fig. 7 . - E n t r o p y p r o d u c t i o n su r face , I as a f u n c t i o n of the e n e r g y f l u x , J^ and 

of an average t e m p e r a t u r e g r a d i e n t , ] A T | . : l ine of u n c o n s t r a i n e d 

s teady s ta tes . An example of such states is ( b ) , the state of maximum 

d iss ipa t i on , ( a ) , ( c ) : s teady states ob ta ined a f te r us ing a c o n s t i t u t i v e 

re la t ion . In p a r t i c u l a r state ( a ) is taken to be the p r e s e n t - d a y cl imate 

as g i v e n by N o r t h ' s model discussed, in sect ion 4. Possible t ime-

dependen t behav io rs of e n t r o p y p r o d u c t i o n are desc r ibed in the v i c i n i t y 

of po in ts ( a 1 ) , (c 1 ) of the su r face I . In p a r t i c u l a r , as shown in sec. 

4B, (a 1 ) is a saddle po in t : f o r h igh in i t ia l 1 AT | P tends to decrease, 

whereas the oppos i te is t r u e f o r small in i t ia l | A T | ' s . Th is behav io r is 

not to be confused w i t h t he f a c t t h a t , among all possible s teady s ta tes , 

( b ) is the one w i t h maximum d iss ipa t i on . In o the r w o r d s , Pa l t r i dge 's 

va r ia t iona l p r i n c i p l e pe r ta ins to s t e a d y - s t a t e behav io r and not to the 

evo lu t ion in the v i c i n i t y of a s teady s ta te . 
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12 X. (- 28.2) 
2 

P Present 
present 

(273 + 14.9) 
2 

5 

We see that the change in T 2 induces about a 16fold increase of P. 
Certainly, A. cannot have varied in the opposite direction by a 
comparable amount. Thus, the present interglacial climate appears to be 
more dissipative than the climate associated with an ice-free earth. 

illustrations developed in section 4B are limited by several simplifica-
tions. Perhaps the most serious one-which is in fact a limitation of all 
diffusive models used so far in the literature - is the assumption that 
x g , adjusts instantaneously to the value of T ( x ) . This introduces an 
unreaslistically fast time scale into the problem. Obviously, a natural 
boundary condition on the ice edge must be introduced in order to allow 
for the ice melting or advance in a self-consistent way (see also 
Pollard, 1978; Nicolis, 1980). A second limitation is the two-mode 
truncation adopted. This does not enable us to analyze the behavior of 
dissipation under the effect of localized disturbances from some 
reference state. Such local disturbances are certainly more realistic. 
The time scale of evolution is also likely to be lengthened under these 
conditions. 

properties of steady states illustrates the considerable degeneracy 
associated with the modeling of the meridional f lux. A basic problem 
which remains open at this time is therefore to come up with criteria 
determing the selection mechanisms of a particular steady state climatic 
regime. Paltridge (1979) suggests that the role of fluctuations is likely 
to be instrumental. He believes that fluctuations are capable of 
introducing a dr i f t in state space, driving eventually the system to the 
state of maximum dissipation. A general answer to this major question is 

Although the results of section 2 and 3 are quite general, the 

The discussion of Fig. 7 in connection with the thermodynamic 



however st i l l lack ing. I t may be expected tha t the systematic use of 

thermodynamics could prove useful in tack l ing th is problem. 
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