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M e r c u r y resu l t ing from osci l lations of the orbital eccentr ic i ty " will be 

pub l i shed in The Moon and the Planets, 1983. 
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ON THE V A R I A T I O N S IN T H E I N S O L A T I O N A T M E R C U R Y 

R E S U L T I N G FROM O S C I L L A T I O N S OF T H E O R B I T A L E C C E N T R I C I T Y 

by 

E. V A N HEMELR I JCK 

Abstract 

Th i s paper describes variations in the insolation on Mercury 

resulting from fluctuations of the orbital eccentricity (0.11 ^ e ^ 0.24) 

of the planet. Equations for the instantaneous and the daily insolation 

are briefly d iscussed and several numerical examples are g iven 

illustrating the sensitivity of the solar radiation to changes in e. 

Special attention is paid to the behavior of the solar radiation d i s t r ibu-

tion curves near sunr ise and sunset which at the warm pole of Mercury 

(longitudes ± 90°) occur as the planet goes through perihelion. It has 

been found that for eccentricities larger than about 0.194 there exists 

two permanent thermal bulges on opposite sides of the Mercurian 

surface that alternately point to the Sun at every perihelion passage. 

The critical value of e past which the Sun shortly sets after perihelion 

is near 0.213. 



Résumé 

Cet article décrit des variations dans l'insolation de Mercure 

qui proviennent des f luctuations de l 'excentricité orbitale (0.11 S e â 

0.24) de la planète. Les équations de l'insolation instantanée et d iurne 

sont discutées brièvement et di f férents exemples numériques sont 

donnés, i l lustrant la sensibil ité de l'insolation à des changements en e. 

Beaucoup d'attention est prêtée au comportement des courbes de 

distr ibut ion de l'insolation près du lever et du coucher du soleil qu i , au 

pôle chaud de Mercure (longitudes ± 90°), se produisent lorsque la 

planète passe par le périhélie. Pour des excentricités supérieures à 

0.194, il existe deux renflements thermiques permanents aux côtés 

opposés de la surface de Mercure qui, alternativement, pointent vers le 

Soleil à chaque passage du périhélie. La valeur cr i t ique de e au-dessus 

de laquelle le Soleil se couche durant une brève période après le 

passage au périhélie est de l 'ordre de 0.213. 
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Samenvatting 

Dit artikel beschrijft variaties in de zonnestral ing op 

Mercurius die afkomstig zijn van schommelingen van de baanexcentrici-

teit (0.11 ^ e ^0.24) van de planeet. Vergel i jkingen voor de 

ogenblikkelijke en dagelijkse zonnestral ing worden bondig besproken en 

verscheidene numerieke voorbeelden, die de gevoell igheid van de zonne-

stral ing aantonen t . o . v . veranderingen in e, worden gegeven. Veel 

aandacht wordt besteed aan het gedrag van de kurven die de verdel ing 

van de zonnestral ing weergeven bij zonsopgang en zonsondergang. Deze 

doen zich voor aan de warme pool van Mercurius (lengten ± 90°) 

wanneer de planeet doorheen het perihelium gaat. Voor excentriciteiten 

groter dan 0.194 bestaan er twee permanente thermische buiken aan de 

tegengestelde zijden van het Mercuriaans oppervlak die beurtel ings naar 

de zon gericht zijn bij elke doorgang door het perihelium. De krit ische 

waarde van e waarboven de zon een korte tijd ondergaat na de 

doorgang door het perihelium is ongeveer gelijk aan 0.213. 
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Zusammenfassung 

Dieses Artikel beschreibt Variationen in der Sonnenstrahlung 

auf dem Merkur, resultierend von Schwankungen der Bahnexzentrizität 

(0.11 ^ e ^ 0.24) des Planeten. Vergleichungen für die augenblickliche 

und tägliche Sonnenstrahlung werden bündig besprochen und 

verschiedene numerische Beispiele werden gegeben, die die Empfind-

lichkeit von der Sonnenstrahlung illustrieren mit Rücksicht auf 

Veränderungen in e. Viele Aufmerksamkeit wird geschenkt am Benehmen 

der Kurven der die Verteilung der Sonnenstrahlung zeigen bei Sonnen-

aufgang und Sonnenuntergang welche am warme Pol vom Merkur 

(Längen ± 90°) auftreten wenn der Planet hindurch das Perihelium 

geht. Für Exzentrizitäten grosser als 0.194 gibt eis zwei ständige 

thermische Bäuche an der entgegengesetzten Seiten von der merkurische 

Oberfläche der abwechselnd nach der Sonne gerichtet sind bei jedem 

Durchgang durch das Perihelium. Der kritische Wert von e worüber die 

Sonne während einer kurze Zeit sinkt nach dem Durchgang durch das 

Perihelium ist ungefähr 0.213. 

- 4 -



1. I N T R O D U C T I O N 

S ince the work of B rouwer and van Woerkom (1950) on the 

theory of secular var iat ions of the planetary elements, it has been 

poss ib le to calculate the long-term periodic oscillation of the orbital 

eccentr ic ity of Me r cu r y caused by gravitat ional per turbat ions from the 

S u n and the other planets. Now, we know (Cohen et a l . , 1973; Ward et 

a l . , 1976; Van F landern and Ha r r i ng ton , 1976) that the eccentr ic ity (e ) 

of Me r cu r y is cu r ren t l y 0.20563, whereas it r anges from a value near 

0.11 to a theoretical maximum of approximately 0.24 d u r i n g the 

dynamical h i s to ry of the planet. The oscillation has two supe rposed 
5 6 

per iods : one of 10 y r and another of 10 y r . 

Some aspects of the solar radiation incident at the top of the 

atmosphere of Me r cu r y have been studied by e . g . Soter and U l r i chs 

(1967), Liu (1968), Vo r ob ' y e v and Monin (1975), Van Hemelrijck and 

Vercheval (1981) and Landau (1982). In their computations the above 

mentioned author s used the present value of the eccentr ic i ty. However, 

the solar radiation being s t r ong l y dependent upon th is parameter, it is 

obv ious that important periodic insolation var iat ions on Me r cu r y are 

closely associated with f luctuations in e. In th is paper, therefore, we 

will s t udy the effect of the time evolution of the eccentr ic ity on the 

insolation at Me r c u r y . 

In a f i r s t section, we br ief ly d i s c u s s some formulas needed 

for the computation of the insolation. For more details on solar radiation 

invest igat ion we refer to Ward (1974), Vo r ob ' y e v and Monin (1975), 

Levine et al. (1977), Van Hemelrijck and Vercheval (1981, 1983), 

Landau (1982) and Van Hemelrijck (1982a, b, c, d ; 1983a, b ) . T h e n , 

the influence of the oscil lating orbital eccentr ic ity on the instantaneous 

as well as on the daily u p p e r - b o u n d a r y insolation is presented. 



2. C A L C U L A T I O N OF T H E I N S O L A T I O N 

The instantaneous insolation ( I ) is def ined as the solar heat 

f lux sensed at a g i ven time b y a horizontal unit area of the top of the 

atmosphere at a g i ven point and per unit time. 

A s s um ing the S u n as a point source, I may be written under 

the following form 

I = (S / r 2 ) cos z i f z < 71/2 (1). 
o' o ' 

1 = 0 i f z ^ n/2 

with 

r O = a O ( 1 " e 2 ) / ( 1 + e c o s W ) ( 2 ) 

and (for M e r c u r y ) ( V a n Hemelrijck and Vercheva l , 1981) 

z = AA. + nt - W (3) 

where S is the solar constant at the mean S u n - E a r t h distance of 1 A U 
o p 3 - 1 

taken at 1.96 cal cm (min) or 2.82 x 10 cal cm (p lanetary d a y ) 

(Wilson, 1982), r© is the heliocentric d istance, a Q (0.3871 A U ) is the 

semi-major ax i s , e is the eccentr ic ity, W is the t rue anomaly, z is the 

zenith angle of the center of the S u n , AÀ is the longitude difference 

between the meridian of the surface element cons idered and the meridian 



c ro s s ing the line of aps ides at the perihelion passage of the planet 

which is taken as t = 0 and n (6.13811) is the rotational angu lar 

velocity of the planet. Furthermore, keeping only terms up to the th i rd 

degree in e (which is suff iciently accurate for our calculat ions), the 

true anomaly W is g i ven by 

W = n t + (2e - e
3

/ 4 ) sin n t o o 

+ (5/4) e
2

 sin 2 n t + (13/12) e
3

 sin 3 n t (4) o o 

where n^ (4.09235) designates the mean angular motion. 

A s already pointed out by Landau (1975, 1982) a problem 

arises near sunr i se and sunset when the horizon intersects the S u n ' s 

d i sk ( Th i s is part icular ly true at longitudes AA = ± 90° where e .g . for 

the cur rent value of the eccentricity the S u n takes approximately 18 

days to rise or set) . Indeed, for z > TT/2 some parts of the S u n may 

still be above the horizon and the instantaneous insolation will be 

different from zero. For z < 7t/2 the centroid of the vis ible portion of 

the S u n ' s d i sk will be smaller than z and I will again be greater than 

the insolation obtained by express ion (1 ) . 

Tak i ng into account the finite angular size of the solar d i sk 

at the intersection by the horizon, the instantaneous insolation is, in a 

ve r y good approximation, g iven by (Landau 1975, 1982) 

I = (s /rh f cos z' (5) 



with 

f = 1/2 + (u + sin u cos u)/rt (6) 

z* = z - 2R cos
3

 u/3rt f (7) 

where f is the fract ional area of the Sun above the hor izon, z1 is the 

zenith angle of the centroid of th is area and R is the angular radius of 

the Sun and depends upon the hel iocentr ic distance r . F ina l l y , the 

parameter u is defined as 

u = arc sin [(rt/2-z)/R] (8) 

T h e dai ly insolation ( l D ) can be found by integrat ing relation 

( 1 ) or ( 5 ) numerical ly over a period equal to the planet's solar day 

T (^ 176 Ear th d a y s ) 

T o 

I D = ƒ I dt ( 9 ) 
t = 0 

Prac t i ca l l y , relationship ( 9 ) may also be wr i t ten as 

• T 0 

I
D
 = ƒ I dt + ƒ I dt (10) 

o t 2 

where t^ and 1 2 correspond respect ive ly to the time of sett ing and 

r i s ing of the Sun [note that I is always posit ive using formula ( 1 0 ) ] . 



The integrat ion limits (t^ and f ° r a specif ic va lue of AA may be 

determined from the following relations ( V a n Hemelrijck and Ve rcheva l , 

1981) 

n - w(t2) = 270° - AA (11) 

and 

n t j - W(t x ) = 90° - AA (12) 

and from the graphica l representat ion of the exp re s s i on f ( t ) = nt - W(t ) 

as a funct ion of time. The accuracy obtained with th is method is 

suff ic ient ly h i gh cons ider ing the small value of the solar radiation in 

the v ic in i ty of the lower and upper time limits. 

3. T H E I N S T A N T A N E O U S I N S O L A T I O N 

The d i s t r ibut ion of the equatorial instantaneous insolation on 

the meridians AA = 0 (the so-called hot pole) and AA = - 90°, (warm 

pole) for three different values of the eccentr ic ity (e = 0.11', 0 .20563 

and 0.24) is respect ive ly i l lustrated in F i g s . 1 and 2. It has to be 

emphasized that the instantaneous solar radiation at a g i ven time and at 

a g i ven latitude can easi ly be found by mult ip ly ing the insolation on the 

same meridian at the same moment by the correct ion factor cos and 

for a surface element located on the equator ( = 0) ( V a n Hemelrijck 

and Vercheva l , 1981). 



From F ig . 1 (AA = 0 ) , it can be seen that the maximum solar 

radiation is incident at the f i r s t perihel ion pas sage of the planet with 
4 4 

va lues r ang i n g from 3.1 x 10 (e = 0 .24) to approximately 2 .5 x 10 cal 
- 2 - 1 cm (p lanetary d a y ) (e = 0 .11 ) , the percent di f ference of th is two 

maxima being of the o rder of 25%. Fur thermore, from day 10 until 

sunset ( day 44) the difference between the insolation c u r v e s for e = 

0.24 and e = 0.11 equals near ly 10%. For exactly half a solar day ( ^ 88 

Earth d a y s ; not v i s ib le on F ig. 1) or more prec ise ly from the f i r s t 

aphelion pas sage to the next one, all part s of the meridian AA. = 0 are 

in permanent d a r k n e s s . F inal ly, another maximum is f ound on the th i rd 

perihel ion pas sage of M e r c u r y . 

In F ig . 2 we have plotted the solar radiation incident at the 

top of the Mercur ian atmosphere as a funct ion of time for AA. = - 90° 

and for the three eccentricit ies under cons iderat ion. The time evolution 

of the instantaneous insolation ex tends , as in F ig . 1, over one sidereal 

period of revolut ion (or one tropical y ea r ) . F ig . 2 reveals that the 

insolation d i s t r ibut ions are quas i -paral le l and that the percentage 

di f ferences are obv ious l y h i gher than those obtained for AA = 0. The 

maximum insolation at aphelion amounts to about 1.6 x 104 (e = 0 .11) 

and 1.2 x 10 4 cal cm " 2 (p lanetary d a y ) " 1 (e = 0 .24) co r re spond ing to a 

percentage difference of the o rder of 35%. Before and after aphelion the 

percent di f ferences are s ign i f icant ly h i ghe r . 

The insolation cu r ve s represented in F ig . 2 were computed by 

as suming the S u n as a point source. However, near s un r i s e and sun se t , 

which at longitudes ± 90° occur as Me r cu r y goes t h r ough per ihel ion, 

more accurate calculations are needed ( Landau 1975, 1982) part icu lar ly 

due to the fact that the S u n takes mostly several d a y s to r ise or set 

completely ( L andau , 1982; Van Hemelrijck and Vercheva l , 1983). 

These calculations are g i ven in F ig . 3 for the three adopted 

va lues of the eccentr ic ity. 

- 1 0 -
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Fig. 1.- Time variation of the instantaneous insolation at the top of the 
Mercurian atmosphere on the meridian AA. = 0° and for the following 
numerical values of the eccentricity e : 0.11, 0.20563 and 0.24. The 
curves are related to the equator. Perihelion and aphelion passages are 
also illustrated. 



Fig. 2.- Time variation of the instantaneous insolation at 
" the top of the Mercurian atmosphere on the 

meridian hk = - 90°. See Fig. 1 for full explana-
tion. 
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Fig. 3.- Time variation of the instantaneous insolation at 

the top of the Mercurian atmosphere on the warm 

pole (AA. = - 90°) from 14 days before to 14 days 

after the perihelion passage. 
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From th i s F i gu re , it can be seen that the solar radiation 

d i s t r ibut ion s l i ght ly before the perihel ion pas sage of the planet resu l t s 

in a thermal bulge (Soter and U l r i ch s , 1967; L iu , 1968; Mo r r i s on , 1970; 

Van Hemelrijck and Vercheva l , 1981, 1983; Landau, 1982) for eccentr ic i -

ties equal to 0.20563 and 0.24; for e = 0.11 the temporal increase of the 

u p p e r - b o u n d a r y solar heat f lux does not take place. Fur thermore, it is 

obv ious that the shape of the c u r v e s is markedly d i f fe rent , in pa s s i n g 

from the minimum to the maximum value of e. 

The reason for the apparit ion of the thermal bu lges at large 

eccentricit ies is that in the ne ighborhood of perihel ion the Mercur ian 

angu la r velocity of revolut ion (W) exceeds the rotational angu la r velo-

city ( n ) of the planet on its own ax i s . T h i s phenomenon is i l lustrated 

in F ig . 4, the cu r ve s represent ing the var iabi l i ty of W being obtained 

by Kep le r ' s second law 

W = n (1 - e 2 ) 1 / 2 ( a / r ) 2 (13) o O O 

with 

(a /r ) 2 = 1 + e 2/2 + (2e + 3/4 e 3 ) cos M + (5/2) e 2 cos 2M v O O 

+ (13/4) e 3 cos 3M (14) 

where M is the mean anomaly. Note that in expres s i on (14) we kept 

only terms up to the th i rd degree in e. 
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F ig . 4 clearly demonstrates that W ^ n from 4 day s (e = 

0.20563), respect ive ly 7 d a y s (e = 0 . 24 ) , before to 4 d a y s (e = 

0.20563), respect ive ly 7 day s (e = 0 .24 ) , after the perihel ion pa s sage . 

For the minimum value of the orbital eccentr ic i ty (e = 0 . 11 ) , W < n over 

the entire time interval . On the other hand it has been found ( V a n 

Hemelrijck and Vercheva l , 1983) that the minimum value of e past which 

W i n is approximately equal to 0.194. In other wo rd s , for eccentr ic i -

ties larger than the above mentioned limit, there exist two permanent 

thermal bu lges on opposite s ides of the Mercur ian su r face that 

alternately point to the S u n at e ve r y perihel ion pas sage . 

A s a l ready stated p rev i ou s l y the behav ior of the solar 

radiation d i s t r ibut ion cu r ve s ( F i g . 3) for e = 0.20563 and e = 0.24 is 

fundamentaly d i f ferent. Indeed, for the actual value of e it can be 

mathematically demonstrated ( T u r n e r , 1978; Landau, 1982; Van 

Hemelrijck and Vercheva l , 1983) that from 9 day s before to 9 d a y s after 

the perihel ion pas sage some fraction of the S u n is above the hor izon; 

from day + 9 the S u n is completely v i s ib le. A s a consequence of the 

existence of the thermal bulge and owing to the fact that the S u n does 

not definitely set it follows that after r i s i ng and receding the S u n r i ses 

again without d i sappear ing completely ( F i g . 3 ) . The maximum value of 

the instantaneous insolation for e = 0.20563 amounts to about 250 cal 
- 2 - 1 cm (p lanetary da y ) at d a y - 4 ; the minimum value, obtained 

- 2 
symmetricaly with respect to the per ihel ion, reaches s l i ght ly 15 cal cm 

_ I 

(p lanetary d a y ) . It is also interest ing to note that the 18 day s 

spends by the S u n to r ise (or set ) completely, co r re spond r ough l y to 

20% o f an orbital period ( T = ^ 88 Earth d a y s ) . 

A s mentioned above, a s t r i k i ng dif ference ex i s t s for e = 0.24. 

F ig. 3 reveals that, tak ing into account the finite angu la r size of the 

S u n ' s d i s k , the upper limb of the S u n b reak s the hor izon at day - 13, 

whereas the lower limb d i sappear s v e r y shor t l y ( day + 1) after the 

perihelion pas sage. The S u n temporari ly sets , then r i ses aga in. For 

th is conf igurat ion it is shown that the relatively shor t period of weak 
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insolation (14 d a y s ) is followed (o r preceded on the next o rb i t ) by a 

time interva l of complete darkness of approximately 11 d a y s . Concern ing 

more par t i cu la r l y the peak insolation of the thermal bulge , the sens ib i l -

i ty of I to changes in e is ev ident from F ig . 3. Indeed, it can be seen 

that the instantaneous insolation exh ib i t s a s ix fo ld [from 250 to 1500 cal 
- 2 - 1 cm (p lanetary d a y ) ] increase in going from the cu r ren t value of e 

to the theoretical maximum one. For completeness, it has to be said that 

the cr i t ica l va lue of e past which the Sun short ly sets af ter perihelion 

is near 0.213 (Van Hemelri jck and Ve rcheva l , 1983). 

4. T H E D A I L Y INSOLAT ION 

We also have invest igated the dai ly insolation Ip as a funct ion 

of the longitude di f ference AA. by application of express ion ( 1 0 ) . T h e 

integration limits t^ and t^ have been determined from relations (11 ) 

and (12 ) and from F ig . 5 represent ing the var iab i l i t y of the funct ion 

f ( t ) = nt - W( t ) over a time period equal to one Mercurian solar day 

and where W( t ) is g iven by formula ( 4 ) . It has to be noticed that t̂  

and t 2 corresponding to e = 0.20563 are taken from Van Hemelri jck and 

Vercheva l (1981) . 

The dist r ibut ion of the d iurnal insolation, on the equator and 

for the three eccentr ic i t ies studied in th is paper , as a funct ion of the 

longitude di f ference between the meridian of a sur face element and the 

meridian cross ing the line of apsides at the perihelion passage of 

Mercury is plotted in F ig . 6. 

From an ana lys i s of th is F igure it may be concluded that the 

maximum dai ly insolation attained by a so-called hot pole (AA = 0) is 

about 1 .25 x 106 (e = 0 . 1 1 ) , 1 .40 x 106 (e = 0.20563) and 1.45 x 106 

- ? - 1 (e = 0 . 24 ) cal cm (p lanetary d a y ) . T h e minimum values occur at a 
5 

warm pole (AA = - 90° ) and amount respect ive ly to 7 .95 x 10 , 
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Fig. 5.- Rotation angle difference (nt - W) for Mercury as a function of time. 
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Fig. 6.- Daily insolation at the top of Mercury as a 

function of the longitude difference A\. The 

curves correspond to the equator. 

-19-



5.50 x 10 5 and 4.80 x 10 5 cal c m " 2 (p lanetary d a y ) " 1 . It follows that 

the d iurnal insolation decreases by near ly a factor of 1.6, 2 .5 and 3.0 

as the longitude dif ference increases from 0 to 90°. Fur thermore, it is 

part icu lar ly ev ident from F ig. 6 that the critical longitude dif ference 

past which the dai ly insolation at small eccentricit ies exceeds the one at 

large eccentricit ies is of the o rder of 55°. 

5. S U M M A R Y A N D C O N C L U S I O N S 

In the preced ing sections emphas is is placed on the influence 

of orbital eccentr ic ity var iat ions on the instantaneous and daily inso la-

tion on the planet M e r c u r y . 

The main resu l t s of th i s sho r t s t udy may be summarized by 

the following statements : 

(a ) A t the hot pole of M e r c u r y , the maximum percent difference in the 

instantaneous insolation in go ing from the minimum to the maximum value 

of the orbital eccentr ic ity amounts to about 25% at the f i r s t and the 

th i rd perihelion pas sage of the planet. 

( b ) A t the warm pole, the percentage di f ferences in the instantaneous 

insolation are s ign i f icant ly h i gher with a minimum value of approximately 

35% at aphelion. 

( c ) T a k i n g into account the finite angu la r size of the S u n , especial ly at 

the warm pole, it is found that there ex i s t s two permanent thermal 

bu lges on opposite s ides of the Mercur ian sur face that alternately face 

the S u n at eve ry perihelion pas sage for eccentricit ies larger than about 

0.194, 

( d ) For 0.194 < e < 0.213 and at the warm pole the S u n r i ses , recedes, 

then r i ses again without d i sappear ing completely. 
(e ) For e > 0.213 the S u n r i se s , temporari ly sets , then r i ses aga in. 
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( f ) The dai ly insolation on the equator decreases by near ly a factor of 

1.6 (e = 0 .11) and 3.0 (e = 0 .24) as the longitude dif ference ranges 

from 0 to 90°. 

( g ) A s eccentr ic i ty increases, the dai ly insolation at the hot pole 

increases but conver se l y decreases at the warm pole. The longitude 

difference for which I p is practical ly independent upon the orbital 

eccentr ic ity is of the o rder of 55°. 

In conc lus ion, we believe that long-term changes in the 

instantaneous and dai ly insolations on M e r c u r y caused by var iat ions of 

the Mercur ian orb i t have to be taken into account in o rder to better 

unde r s tand some aspects of the past and the present weather and 

climatc on M e r c u r y . 
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