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F O R E W O R D 

T h i s paper is the text of a topical inv ited lecture presented 

at the X V I International Conference on Phenomena in Ionized Gases held 

at the Un i ve r s i t y of Dü s se ldo r f (Ge rmany ) on A u g u s t 29, 1983. It will 

be pub l i shed in the Conference Proceed ings ( Ed i to r s : W. Bött icher , 

H. Wenk, E. S c h u l z - G u i d e ) . 

A V A N T - P R O P O S 

Cet article résume une communication présentée s u r invitation 

à la X V I e Conférence s u r les Phénomènes dans les gaz ionisés qui s ' e s t 

tenue à Düs se ldo r f (Al lemagne de l 'Oues t ) le 29 août 1983. Il sera 

publ ié dans les Compté s -Rendus de la ' Conférence ( Ed i teu r s : W. 

Bött icher, H. Wenk, E. S chu l z -Gu l de ) . 

V O O R W O O R D 

Dit artikel is een samenvatt ing van een mededeling die gedaan 

werd op de " X V I International Conference ön Phenomena in lonized 

Gases " die plaats vond in Düs se ldo r f (Du i t s l and ) op 29 a u g u s t u s 1983. 

Het zal gepubl iceerd worden in de mededelingen van de Conferent ie 

(U i t geve r s : W. Bött icher, H. Wenk, E. S chu l z -Gu l de ) . 

V O R W O R T 

Dieser Auf satz wu rd zu r " X V I International Conference on 

Phenomena in lonized Gases " in Düs se ldo r f (Deu t s ch l and ) von 27 A u g u s t 

zum 2 September 1983, vorgeste l l t . Er wird in die Mittei lungen der 

Konferenz herausgegeben werden .(Edited by : W. Bött icher, H. Wenk, 

E. S chu l z -Gu l de ) . 



B O U N D A R Y L A Y E R S IN S P A C E P L A S M A S : A K I N E T I C M O D E L 

OF T A N G E N T I A L D I S C O N T I N U I T I E S 

by 

M. R O T H 

Ab s t r ac t 

A kinetic model of tangential d i scont inu i ty in a col l is ionless 

magnetized plasma with multiple particle species has been reviewed in 

th i s paper. It is a one-dimensional and stat ionary model whose bounda r y 

condit ions on each side of the cu r r en t sheet are specif ied by unl ike 

dens i t ies , temperatures and average velocities for each plasma 

component. These average velocities must however be compatible with 

the asymptotic condit ions of plasma uni formity. The model also allows 

the magnetic field to make an a rb i t r a r y rotation in the plane of the 

d i scont inu i ty . V lasov equations for the particle species and Maxwel l ' s 

equations for the fields are so lved s imultaneously. The theory is se l f -

cons i s tent in that the electric potential and the electric field are 

obtained from the charge-neut ra l approximation which is ver i f ied in most 

cases. In part icu lar , it is shown that the electric field ins ide the 

cu r ren t sheet is far from being identical with the convection electric 

field which is assumed to be a good approximation for the actual electric 

field in the M H D framework. The velocity d i s t r ibut ion funct ions 

complying with V lasov equation are linear combinations of sh i fted 

Maxwell ians. Asymptot ical ly their f i r s t moments are identical with those 

of the actual velocity d i s t r ibut ion funct ions an experiment would 

measure on both s ides of a cu r ren t sheet. With s uch d i s t r ibut ions all 

the moments of any order are analytical ly determined in terms of the 

electric potential and of the components of the vector potential. A 

numerical method is used to solve Maxwel l ' s equations for the f ields and 

their co r re spond ing potentials. The re fo re a full descr ipt ion of the 

microscopic s t ruc tu re of the cu r ren t sheet can be made. The model is a 

powerful tool for s t udy i ng the s t ruc tu re of tangential d i scont inuit ies 

which occur in coll is ionless space (or laboratory) plasmas. 



Résumé 

Un modèle cinétique de discontinuité tangentielle dans un 

plasma magnétisé sans collisions, à particules multiples, a été étudié 

dans cet article. C'est un modèle stationnaire à une dimension dont les 

conditions limites de chaque côté de la couche de courant sont spécifiées 

par des densités et des températures différentes, ainsi que par des 

vitesses moyennes pour chaque espèce de particules. Néanmoins ces 

vitesses moyennes doivent être compatibles avec les conditions 

asymptotiques d'uniformité du plasma. Le modèle permet également une 

rotation arbitraire du champ magnétique dans le plan de la d i s -

continuité. Les équations de Vlasov pour chaque espèce de particules et 

les équations de Maxwell pour les champs sont résolues simultanément. 

La théorie est consistante en soi dans le fait que le potentiel électrique 

et le champ électrique sont obtenus à partir de l'approximation de 

neutralité du plasma qui est vérifiée dans la plupart des cas. En 

particul ier, il est démontré que le champ électrique à l' intérieur de la 

couche de courant est loin d'être identique au champ électrique de 

convection, qui est supposé être une bonne approximation pour le 

champ électrique réel dans le cadre MHD. Les fonctions de distribution 

des vitesses satisfaisant à l'équation de Vlàsov sont des combinaisons 

linéaires de Maxwelliennes déplacées. Asymptotiquement leurs premiers 

moments sont identiques à ceux des fonctions de distribution des 

vitesses réelles qu'une expérience mesurerait de chaque côté d'une 

couche de courant. Avec de telles distr ibutions, tous les moments sont 

déterminés analytiquement en fonction du potentiel électrique et des 

composantes du potentiel vecteur. Une méthode numérique est utilisée 

pour résoudre les équations de Maxwell pour les champs et leurs 

potentiels correspondants. De cette façon, une description complète de 

la structure microscopique de la couche de courant peut être donnée. 

Le modèle est un instrument puissant pour étudier la structure des 

discontinuités tangentielles qui se produisent dans les plasmas sans 

collisions de l'espace (ou les plasmas de laboratoire). 
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Samenvatt ing 

Een k inet isch model van tangent ië le d iscont inuï te i t in een 

gemagnetiseerd bo ts ingvr i j plasma, opgebouwd u i t meerdere pa r t i ke l s , 

werd bestudeerd in d i t a r t i ke l . Het is een ééndimensionaal en stat ionair 

model waarvan de l imiettoestanden aan weerszi jden van de stroomlaag 

gespecif ieerd worden door verschi l lende densi te i ten, temperaturen en de 

gemiddelde snelheden voor elke soort pa r t i ke ls . Deze gemiddelde snel-

heden moeten echter overeenstemmen met de asymptotische toestanden 

van de p lasma-uni formi te i t . Het model laat het magnetisch veld ook toe 

een wi l lekeur ige rotat ie u i t te voeren in de ruimte van de 

d iscont inuï te i t . De V lasov-verge l i j k ingen voor iedere soort par t ike ls en 

de Maxwell verge l i j k ingen voor de velden zi jn ge l i j k t i j d ig opgelost. De 

theor ie is gegrond door het fe i t dat de e lekt r ische potentiaal en het 

e lekt r isch veld verk regen worden vanaf de neut ra l i te i tsbenader ing van 

het plasma dat in de meeste gevallen gecontroleerd word t . In het 

bi jzonder is aangetoond dat het e lekt r isch veld b innenin de stroomlaag 

volkomen versch i l t van het e lekt r isch convect ieveld, dat veronders te ld 

wordt een degel i jke benadering te zi jn voor het reëel e lekt r isch veld in 

het MHD kader. De sne lhe idsverde l ingsfunkt ies , overeenkomstig de 

V lasov-verge l i j k ingen, zi jn l ineaire combinaties van verp laatste 

Maxwell iennes. Asymptot isch beschouwd, zi jn hun eerste momenten gel i jk 

aan die van de reëele snelheidsverdel ing die door een experiment zou 

gemeten worden aan weerszijden van een stroomlaag. Met zulke 

verdel ingen worden alle momenten op analyt ische wijze bepaald in 

funk t i e van de elektr ische potentiaal en van de componenten van de 

vectorpotent iaal . Men geb ru i k t een numerieke methode om de Maxwell-

verge l i j k ingen voor de velden en hun overeenstemmende potentialen op 

te lossen. Op zulke manier kan een vol ledige beschr i j v ing van de micro-

scopische s t r uc tuu r van de stroomlaag gegeven worden. Het model is 

een kracht ig inst rument om de s t r u c t u u r van de tangent ië le 

d iscont inuï te i ten die zich voordoen in de bots ingvr i je ruimteplasmas (of 

laboratoriumplasmas) te bestuderen. 
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Zusammenfassung 

Ein kinetisches Modell von tangentiale Unterbrechung in einem 

magnetizierten stossfreien Plasma mit mehreren Partikeln wird bestudiert 

in diesem Artikel. Es ist ein eindimensionales und stationäres Modell 

wovon die Limitzustanden auf beiden Seiten der Stromschicht specifiziert 

werden durch verschiedene Dichtigkeiten, Temperaturen und die 

mittlere Geschwindigkeiten für jede Sorte Partikeln. Die mittlere 

Geschwindigkeiten müssen aber übereinstimmen mit den asymptotischen 

Zustanden der Plasmagleichformigkeit. Das Modell erlaubt das 

magnetische Feld ebenfalls eine eigenmächtige Rotation zu machen im 

Raum der Unterbrechung. Die Vlasov-Gleichungen für jede Sorte 

Partikeln und die Maxwell-Gleichungen für das Feld sind gleichzeitig 

gelöst. Die Theorie ist begründet da das elektrische Potential und das 

elektrische Feld bekommen werden ab die Neutralitätsannäherung von 

dem Plasma, kontrolliert auf meisten Fälle. Besonders ist gezeigt dass 

das elektrische Feld in der Stromschicht sich volkommen unterscheidet 

von dem elektrischen Konvektionfeld, wovon man annehmt dass es eine 

gute Annäherung ist für das elektrische Feld im MHD Rahmen. Die 

Geschwindigkeitsverteilungsfunktionen, übereinstimmend die Vlasov-

Gleichungen, sind lineare Kombinationen von versetzte Maxwelliennen. 

Asymptotisch betracht, sind ihre erste Momenten gleich an die von der 

reellen Geschwindigkeitsverteilung, die gemessen werden werden durch 

eine Experiment auf beiden Seiten von der Stromschicht. Mit diesen 

Verteilungen werden alle Momenten bestimmt auf analytischer Weise in 

Zusammenhang mit dem elektrischen Potential und von den Komponenten 

vom Vektorpotential. Man gebraucht eine numerische Methode um die 

Maxwell-Gleichungen für die Felden und ihre übereinstimmende 

Potentialen zu lösen. Auf dieser Weise kann eine volle Beschreibung von 

der mikroskopischen Struktur von der Stromschicht gegeben werden. 

Das Modell ist ein kräftiges Instrument um die Struktur von der 

tangentialen Unterbrechungen, die auftreten in den stossfreien Raum-

plasmas (oder Laboratoriumplasmas) zu studieren. 



1. I N T R O D U C T I O N 

Space plasmas have a natural propensity to break up into 

distinct regions with characteristic densities, compositions, 

temperatures, magnetizations and average particle velocities (Falthammar 

et al., 1978, Al fven, 1981, p. 40). The boundaries between these 

regions are often stable transition layers with very high observed 

lifetimes. These layers contain interpenetrated plasmas from the adjacent 

zones and most of them have electric current sheets which change the 

orientation and intensity of the local magnetic field. Their observed 

thickness is usually of the order of a few ion Larmor gyroradi i (see for 

instance : Bur laga, 1971; Bur laga et al., 1977, for the solar wind 

discontinuities). Typical examples of such a cellular structure of space 

plasmas are the filamentary character of the solar wind and the 

containment of plasmas originating from planets and stars inside distinct 

compartments dividing the neighborhood of planetary magnetospheres. 

Boundary layers resulting from a partition of magnetized 

plasmas can be classified into (Nish ida, 1978, p. 17) : tangential 

discontinuities, contact discontinuities and shocks. For tangential and 

contact discontinuities there is no mass flow across the boundary layers 

which are then convected along with the flow. To d ist inguish between 

these two types of discontinuities one has to examine the magnetic field 

component along the normal to the boundary. If this component 

vanishes, then it is a tangential discontinuity for which the total plasma 

and field pressure across the discontinuity is conserved, while in the 

case of a finite normal component, it is a contact discontinuity for 

which the particles rapidly diffuse along field lines making the plasma 

pressure uniform. On the other hand, when the plasma flows across the 

boundary layers, these structures are propagated through the medium. 

The resulting waves are large amplitude, sharp structures or shock 

waves. These shocks include rotational discontinuities (intermediate 

shocks) as well as slow and fast shocks. 
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Equilibrium configurations of tangential discontinuities in 

collisionless plasmas have been discussed by a number of authors in the 

context of thermonuclear containment. Harr is (1962) considered a pinch 

configuration in which an exactly charge-neutral layer ( i . e . , with no 

electric field) was confined between two oppositely directed magnetic 

fields produced by perpendicular flowing currents. On the other hand, 

Nicholson (1963) obtained a pinch configuration for an exactly charge-

neutral layer confined between two revers ing flowing diamagnetic 

currents perpendicular to a given external magnetic field. A super -

position of Harris and Nicholson's models was made by Kan (1972). In 

Kan's model, revers ing and field-aligned currents, perpendicular to 

each other, produced corresponding diamagnetic and opposite magnetic 

fields inside a exactly charge-neutral plasma with a slab configuration. 

Sestero (1964) provided a model for the microscopic description of 

hydrogen plasma sheaths us ing Vlasov equations for ions and electrons 

coupled with Maxwell's equations for the fields. The plasma sheaths he 

considered connected two different uniform states of a plasma in a 

magnetic field. In the charge-neutral approximation ( i .e . , with a small 

charge separation), solutions were obtained which scaled according to 

some representative electron Larmor radius, or ion Larmor radius, or 

piecewise, according to both. Sestero generalized this model by 

considering also cases involving shearing plasmas (Sestero, 1966). 

Inside these sheaths the magnitude of the magnetic field changed while 

the direction did not. However, Sestero did not include changes in 

composition, temperatures, anisotropics, etc. . . Although Kan's model 

included multidirectional currents (Kan, 1972), it was restricted to 

exactly charge-neutral layers. 

These early models of tangential discontinuities were adjusted 

and generalized to describe the microscopic structure of current sheets 

in space plasmas. Thus , kinetic theories of tangential discontinuities 

were elaborated for the purpose of explaining the structure of the 

earth's plasmapause (Roth, 1976), of current sheets in the solar wind 



(Lemaire and Bu r l a g a , 1976) and of the terrestr ia l magnetopause 

( A l p e r s , 1969; Roth, 1978, 1979, 1980; Lee and Kan, 1979). In th i s 

context the most improved model was elaborated by Roth in a ser ies of 

papers ( Ro th , 1976, 1978, 1979, 1980). T h i s model cons ide r s the 

s t ruc tu re of s teady-s tate tangential d i scont inu it ies in a col l is ionless 

magnetized plasma with multiple particle species. It inc ludes changes in 

magnetic field intens i ty and d i rect ion, plasma bu lk ve loc i ty, 

composit ion, temperatures and an i sotrop ies. It is not restr icted to 

exactly charge-neut ra l layers . The role of col l is ions as prime mover for 

the d iss ipat ion is p layed by wave-part ic le interactions which determine 

the stabil ity and th i cknes s of the cu r r en t layers ( Ro th , 1980). 

B y reason of the cons iderable s ign i f icance of such kinetic 

models for ou r unde r s t and ing of the microscopic s t ruc tu re of cu r ren t 

layers in space plasmas we will devote th is paper to a review of the 

au tho r ' s model. Section 2 will be devoted to the descr ipt ion of this 

model, with part icular emphasis on the bounda r y condi t ions. Un i -

dimensional plane cu r ren t layers are cons idered and the determination of 

their microscopic s t ruc tu re is based on both V lasov and Maxwel l ' s 

equations for plasma and f ie lds. In section 3, the moments of the 

velocity d i s t r ibut ion funct ions are determined in terms of the electric 

potential and the components of the vector potential. The numerical 

method for so lv ing Maxwel l ' s equations is explained in section 4. Hence, 

by so lv ing these equations for both the potentials and the f ields we can 

also compute the va r ious moments determined in section 3. T h i s is done 

by means of a suitable numerical program (see numerical resu l t s in 

Roth, 1978, 1979, 1980). There fore a complete descr ipt ion of the micro-

scopic s t ruc tu re of the cu r ren t sheet can be achieved. In part icu lar , 

the electric field is found by as suming that the cha rge -neut ra l i t y 

approximation remains t rue. It is also shown that the actual electric 

field is far from being identical with the convection electric f ield. 

F inal ly, conclus ions will be summarized in section 5. 
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2. DESCRIPTION OF THE MODEL 

In a car tes ian coord ina te sys tem, t he p lane of a d i s c o n t i n u i t y 

is para l le l to t he ( y , z ) plane and all t he var iab les are assumed to 

depend on the x coo rd ina te , normal to the d i s c o n t i n u i t y . Since t h e r e is 

no mass f low across t he t r a n s i t i o n and since t he para l le l c o n d u c t i v i t y is 

v e r y l a rge , t he e lec t r i c f i e ld is e v e r y w h e r e o r i en ted a long the x - a x i s . 

F u r t h e r m o r e , t he normal component of t he magnet ic f i e l d ( B x ) is 

assumed to van ish since th i s model appl ies to t he d e s c r i p t i o n of 

tangen t ia l d i scon t i nu i t i es . 

In ra t iona l ized MKSA u n i t s , Maxwel l 's equat ions become f o r 

the one-d imensional geometry cons idered here : 

• 2 d a H 

i • "Mo * JyV> (1) 

dx v=l . 

,2 
d a |i , . 

Z ^ .(v) — 2 = " M0 1 J z ( 2 ) 
dx v = l 

<Lf = - S - I Z ( V ) n ( v ) (3) 
dx 0 v=l 

where e^ and |JQ are the vacuum p e r m i t t i v i t y and p e r m e a b i l i t y , 

r e s p e c t i v e l y ; |J, the number of pa r t i c l e species; and a z , t he non-

van i sh i ng components of t he vec to r potent ia l ( a ) ; <(>, t he e lec t r i c 

po ten t ia l ; and , the components of the c u r r e n t d e n s i t y Q ^ ) 

p roduced by t he f low of par t i c les of species v (each pa r t i c l e c a r r y i n g a 

charge Z ^ e ; e be ing the magn i tude of the e lec t ron ic c h a r g e ) ; and 

t he co r respond ing number d e n s i t y . 



The magnetic and electric structures of a transition are 

determined by solving the system of differential equations (1) - (3 ) . 

Th i s can be achieved by numerical methods when the current and 

number densities are known functions of <t>, a^, and a z > These functions 

are the f i rst moments of the plasma velocity distr ibution functions 

determined from Vlasov equation. These moments will be determined in 

section 3. For the potential <j>, we replace Poisson 's equation (3) by the 

quasi-neutral ity approximation 

I Z ( V ) n ( v ) (a , az, 4») = 0 ' (4) 
v=l ^ 

A self-consistent electric field is obtained whenever the 

charge density proportional to the Laplacian of (|> is much smaller than 

the charge density associated with the positive (or negative) particles. 

The velocity distribution functions must satisfy Vlasov 

equation whose most general solution is any function depending on the 

constants of the motion of a single particle. These constants are the 

kinetic energy (H ) and the y - and z- components of the generalized 

momentum (p ) : 

From Liouville 's theorem, it follows that the velocity d i s t r ibu-

tion functions satisfying Vlasov equation are any functions of H, p y 

and p z - By generalizing the method used by Sestero (1964, 1966), the 

following velocity distribution functions have been used by Roth 

(1978, 1979, 1980) : 

F ( V ) (H, P y, pz) = j i (Py, Pz) n-V) (H, P y, p2) (5) 



where H, p y and p z va ry in the set defined by the inequalities 

- 00 < p < + 00 (6) 

- oo < p < + oo (7) rz 

^ H < + oo (8) 

with 

H ( v ) 
0 

Z<V> e * + (2 m ^ ) " 1 [ ( P y - Z<V> e a y ) 2 + (pz - Z<V> e a / ] 
(9) 

Here is the mass of particles of species v . In the (H , 
p y ' ^z^ s P a c e ' the set defined by the inequalities (6) - (8) 
corresponds to the interior of a paraboloid of revolution whose 
symmetry axis is parallel to the H- axis and whose vertex is located at 
the point ( Z ^ v V Z ^ e a , Z ^ e a ) . In equation (5 ) , r ^ are 

(v) shifted Maxwellians in the presence of an electric field while g> ( i = 
1, 2) are discontinuous functions in the (p , p ) plane taking non-

t \ Y z 
negative constant values c. y ( k ) in each quadrant E. (k = 1, 2, 3, 4) 

' ( v ) , 0 ) dividing this plane into four parts from a finite origin p \ . . For Z > 
r>j U f I 

0, these quadrants are defined in the following way : 

= p ^ i i - 1 • + - 1 
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e2 • 1 . + - f « i • + - 1 

«3 = ] - ] • - . 4 v ! i ) 

For Z ^ < 0, quadrants E ^ E 4 and Eg, E 3 are permuted. 

Therefore the asymptotic parts of the quadrants E k are related to the 

asymptotic values of the components of the vector potential located in 
the corresponding quadrants EL* of the (a , a ) plane. Th i s can be 

K y z 
easily seen from the definition of the generalized momentum. Across the 
transit ion, from x = - » ( i = 1) to x = + ® ( i = 2 ) , the point of the 
vector potential draws a curve in the ( a y , a z ) plane start ing in the 
asymptotic part of a quadrant Ê  and ending in the asymptotic part of 
another quadrant Ê  . (Trans i t ion from an asymptotic configuration of 3 
towards another one actually determines the st ructure of the magnetic 
field ^ and, in part icular , the amount of rotation of this vector across 
the tangential discontinuity) . Therefore if 

c[v)  (k2) = 0 (10) 

c [ v ) ( k p = 0 (11) 

it is seen from Eq. (5 ) and the definition of g f t h a t the velocity 

distribution function changes from c ^ v \ k 1 ) r|i at x = - » to c i v ^ ( k _ ) / \ I I I c u 
Hp at x = + 00. Note however that the same result is also achieved 

( \ ( \ 
without any restriction on the values of c!| ( k „ ) and c , v ( k 1 ) in the 

r \ I d , \ d I 
particular cases for Which r^ 0 at x = - <» and r|-j ^ 0 at x = + « . 
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T h e asymptotic velocity d i s t r ibut ion funct ions 

must have the same f i r s t o rde r moments as the actual velocity d i s t r i b u -

tion funct ions ob se r ved on each s ide of the tangential d i s cont inu i ty . A 

simple descr ipt ion of these funct ions is g i ven by shifted Maxwel l ians in 

the presence of an electric field : 

3/2 

n^v)(H, P y , p z ) = N 0 

m 
( v ) 

2tikT 
( v ) 

exp 
kT 

( v ) 

exp 
kT 

( v ) 

1 ( v ) ( v ) 2 

— m V 
2 

V 
( v ) 

(12) 

where the lower indices i = 1 and i = 2 refer to quantit ies evaluated at 
(v) (v) 

x = - oo and x = + oo, respect ive ly. In Eq. ( 12 ) , T> and a r e t h e 

obse rved average asymptotic temperatures and velocities of the part icles 

of species v , respect ive ly; while NQ is a constant which has the 

dimension of a number dens i t y . To s impl i fy, asymptotic i sotropic 

temperatures have been cons idered in th i s paper (However , asymptotic 

an isotropics have also been taken into account by Roth, 1980). It must 

be noticed that the velocity d i s t r ibut ion funct ions defined b y Eq. ( 5 ) 

are solutions of V lasov equation in a weak way. Indeed, these solut ions 

have mathematical d iscont inuit ies in the ( p y , p z ) plane s ince their 

der ivat ives are s i ngu la r at the boundar ies of quad ran t s E k < However , 

as shown in section 3, any moment of the velocity d i s t r ibut ion funct ions 

defined by Eq. (5 ) is cont inuous with respect to the potentials <|>, a y 

and a z - Furthermore, these moments str ict ly meet the full h i e ra rchy of 

t r an spo r t equat ions. It must also be noticed that the ob se r ved 

asymptotic densit ies N ^ and average velocities are not a r b i t r a r y . 
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Indeed, the plasma at x = + » is charge-neutra l and homogeneous. T h i s 

implies that 

I Z ( V ) NÇV) = 0 (13) 
v=l 1 

• v « « 

n 
I 

v=l 
I Z ( V ) N<v) V ^ . = 0 (15) 

Equation (13 ) is the condition of charge neutra l i ty at x = + » . 

In Eqs . (14) and ( 1 5 ) , V ^ . and V*jv? are respect ive ly the paral lel and U , l JLt l 
perpendicular (wi th respect to the magnetic f ield d i rect ion) average 

velocit ies of the part ic les of species v , at x = + » . Equation (14 ) means 

that the perpendicular components are uniform and all are equal 

to the perpendicular component ( C , . ) of the asymptotic mass-velocity Jm, I 
( Ç . ) defined by 

E 
v=l 

( V ) ( V ) ( V ) E m N. V. 

Ï (
V ) M ( V ) 

E m N. 
v=l 

l 

(16) 

Indeed, s ince the plasma and f ie lds become uniform asymptot ica l ly , the 

electr ic d r i f t remains the only perpendicular d r i f t . T h i s also implies 

that the asymptotic e lectr ic f ield is a convection electr ic f ield given 

by 
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E i = " Ci x e n ) 

Finally, equation (15) shows that the parallel electric current density 

vanishes at x = + ». Indeed, since the magnetic field becomes uniform 

at x = + », the electric current becomes vanishingly small. From 

equation (14), it can be seen that, in frames of reference moving with 

the asymptotic mass-velocity of the plasma, the average peculiar 

velocity of the charged particles of species is parallel to the 

asymptotic magnetic field, i.e., 

- ti* - « i = % « « • 

In this equation, e. is the unit vector parallel to the 

asymptotic magnetic field direction. From Eqs. (13), (15) and (18), it 

is easy to show that 

I Z ( V ) N?V ) u ^ . = 0 (19) 
v=i 1 / A 1 

while, from Eqs. (18) and (16) 

I m ( V ) u ^ . = 0 (20) 
v = l 

Equations (14), (19) and (20) are the conditions that the asymptotic 

average velocities must fulfill for the plasma and fields to remain 

uniform at x = + ». 
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From Eqs. (5 ) and (12) the asymptot ic number densi t ies are 
of the form : 

fV) rv") 
N} J = c[ J ( k . ) N q exp 

Z ( V ) e<*. - a. v ? v ) ) 

k T. (v) (21) 

where the exponent ia l term is the asymptot ic Boltzmann fac to r . In th is 

equat ion, and c|> | are the asymptot ic vec tor potent ia ls and the 

asymptot ic e lect r ic potent ia ls , respec t i ve ly . The Boltzmann fac to r 

becomes homogeneous at x = + » , since the asymptot ic e lect r ic f ie ld 

vanishes in each frame of reference moving wi th the ve loc i ty From 

Eq. (17 ) , i t can be deduced tha t 

• i = * i • + V (22) 

where <J>Q . ( i = 1 ,2 ) are the asymptot ic values of the e lectr ic potent ia l 

in frames of reference moving w i th Q.. 

From Eqs. (21 ) , (22) and (18 ) , we can then calculate the 

asymptot ic number densi t ies. We f i n d 

N f v ) = c f v ) ( k . ) Nn exp 1 1 1 0 r 

Z e • 

k x ( v ) 

1 

(23) 

where 

X ( v ) _ 
Z ( V ) e 

k T ( v ) 
( v ) 

u// • a// • / / , ! / A 1 (24) 



In equation (24) , u j j ' ) are the average pecul iar speeds of the 

charged part ic les of species v at x = + » j n a d i rect ion paral lel to the 

magnetic f i e ld , whi le a ^ j are the paral lel components of the asymptot ic 

vector potentials (also wi th respect to the magnetic f ie ld d i rec t i on ) . As 

the Boltzmann factor is homogeneous at x = + », i t is clear from Eqs. 

(23) and (24) tha t th is must also be the case fo r a//. 

Note however tha t the in tegrat ion of Eqs. (1) - (3) requ i res 

only in i t ia l values at x = - ». There fore , the d i rect ion of the magnetic 

f ie ld at x = + » is not known a p r i o r i (Th is is not the case fo r the 

in tens i ty B which can be deduced from a pressure balance cond i t ion) . 

To avoid an i terat ion process we consider the st i l l general cases fo r 

which X ^ = 0. These cases can be classif ied into two d is t inc t classes. 

The f i r s t class includes the t rans i t ions fo r which the magnetic f ie ld 

remains parallel to a g iven d i rect ion (a^= 0 in the whole t rans i t i on ) 

while the second includes the t rans i t ions fo r which the average 

velocit ies of all part ic les species at x = + » are identical to the 

corresponding mass-velocity of the plasma = 0 fo r v = 1,...|j). 

If we normalize the electr ic potential in such a way tha t 

• 0 f l = 0 (25) 

we can see, by pu t t i ng i = 1 in Eq. (23) tha t 

exp ( - x j v ) ) (26) 

In eq. (26) , NQ is the total number densi ty of electrons on 

side 2, i . e . , if there is j ( 1 ) electron species, 

N 
(v) 

c « ( k l , - 1 

N 0 
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j ( l ) 
N0 = I N<o) (27) u a=l 1 

If we assume that v = 1 corresponds to an electron species whose 
(1) 

number density is non-vanishing at x = + °° ( l ^ # 0) , it can be 
deduced, by putting v — 1 and i — 2 in Eq. (23) that 

k T « > / » < » X 

Taking account of Eqs. (22) and (25), this constant <|)q ^ ' s 

seen to be the electric potential difference between x = + °° and x = 
- », in a frame of reference moving with the plasma mass-velocity. From 

(1) 
Eq. (28), it is also seen that the parameter c^ ( l ^ ) can be chosen as 
an arbitrary positive number regulating the electric potential jump 
across the transition layer. The other c ^ ^ k ^ ) for y > 1 can now be 
deduced from Eqs. (23), (28) and (24). We f ind, for v = 2 , . . . , p 

Z ( V ) T ( . ) 

( v ) „ . . _ 2 _ / I X 
c , ' (k 2 ) = ""(J) . ] (29) 

% \ e 2 V o 

The role of the constants c ^ ( k 3 ) and c ^ ( k 4 ) related to 
quadrants k^ and k^ is to allow the point of the vector potential £ to 
draw a curve within the (a^, a z ) plane whose asymptotic limits turn out 
to be in predetermined quadrants : E^ (corresponding to x = - and 
E|], (corresponding to x = +•»). Generally, this will be achieved if the 
kinetic plasma pressure associated with the asymptotic parts of 
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quadrants E. and E. is larger than the total pressure (kinetic + 
3 4 

magnetic) associated with the asymptotic parts of quadrants E ^ . This 

pressure unbalance can be made possible by a suitable choice of the 

parameters c ^ C k g ) and c * j V \ k 4 ) . Therefore, we should be able to 

simulate arbitrary rotations of the magnetic field in the (y, z) plane. 

Finally, for each velocity distribution function, 4 additional 

parameters ( P 0 y / 1 / Poz,1^ a n d ^ p 0y ,2 ' p0z d e f i n e t w o i s e t s o f 

quadrants whose origin is located at PQ ^ and £Q respectively. Their 

role is to overlap or separate the contributions of the asymptotic plasma 

distributions of the form c^.v\k.) 

If 

2 

2 
i = l 

I c ^ ( k j ) = constant ; j = 1, 2, 3, 4 (30) 

and 

n < v ) = n < v ) ( 3 D 

the corresponding v - velocity distribution function ( F ^ ) is a shifted 

Maxwellian everywhere within the transition and it is obvious that the 

temperature ( 0 ^ ) and the average velocity (< >) remain uniform 

from x = - » to x = + If the electron (/ion) species remain shifted 

Maxwellians from x = - » to x = + only the ions (/electrons) can be 

accelerated inside the transition, on a characteristic scale length of the 

order of a few ion (/electron) Larmor gyroradii. As Sestero (1964) we 
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call these kinds of transition ion(/electron) layers, respectively. On the 

other hand, if Eqs. (30) - (32) are not fulfilled together, then one 

obtains transitions which are variously scaled. Namely, the scale length 

is an electron Larmor radius near the middle of the sheath and an ion 

Larmor radius further out towards the two ends. 

3. MOMENTS OF THE VELOC ITY D I S T R I B U T I O N FUNCTIONS 

In this section, the results are related to any velocity distribu-

tion function. Therefore, the upper indices will be dropped, unless 

otherwise stated. All the variables can be made dimensionless by 

introducing four basic units for length (A ), velocity (A ), time (A.) 
X V L 

and mass (A ), defined by m 1 

(33) 

(34) 

m \ = ̂  ™ 
A - m (36) m e 

In these equations (33) - (36), mg is the electron mass and it 

is assumed that the upper index (a) pertains to an electron species. 

Corresponding to this electron species, the unit of length (A ) is the 

skin depth, the unit of velocity (A v ) is the thermal velocity, the unit 

of time (A t) is proportional to the gyroperiod in a magnetic field whose 
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magnitude is \g , the magnetic field unit, and, finally, the electron 

mass is the unit of mass With this system of units, it is easy to 

demonstrate that relations between dimensional physical variables and 

the corresponding dimensionless ones are unchanged provided that, in 

the dimensionless system used, the magnitude of the electronic charge 

(e), the permeability of vacuum (|Jq) and the Boltzmann's constant (k) 

be all together equal to unity, i.e. (identifying dimensionless quantities 

with a star index) 

* * i * i e = p ö = k =1 (37) 

From Poisson's equation (3), it can also be deduced that 

* 2 
£ 0 = 2 ~ m c e 

(38) 

where c is the speed of light in vacuum. Therefore, the dimensionless 

form of Eq. (3) is 

dy m c 
e 

dx 
*2 

k T (oc) 
I 

v = l 

z ( v ) n * ( v ) (39) 

and the charge density can be ignored provided that 

k T 2 
2 * 

d 0 

2 
m c dx 

« 1 (40) 

Eq. (40) is a necessary and sufficient condition for the 

quasi-neutrality approximation to hold. 
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Let us take, for v = 1 , . . . , ( j and i = 1,2 

k T ( 0 t ) 1 

i i 

i . e . , the inverse of the asymptotic thermal energies. 

In the remaining par t of th is paper we shall only use 

dimensionless quant i t ies and shall there fore leave out the star index. 

Moments of any order Q r s t are def ined by 

Q = n < v r vS v t > (42) x r s t x y z 

where n is the number dens i ty , v , v w and v , the components of the 
' r 1 t 

part ic le ve loc i ty . The symbolization < v v v > represents the 
r s V 

average value of the var iable quan t i t y v v v over the ent i re d i s t r i bu -x v t 
t ion of veloci t ies. 

I t is found (Roth , 1980) 

Q = 0 (43) 

if r is odd 

Q r s t = j I M r s t Ck. i ) (44) 
i = l k=l 

- 2 1 -



if r is even, with 

M r s t ( k , i ) = c . ( k ) 4 r s t A . ( r ) L y ; M ( s ) L z ; k f i ( t ) (45) 

where 

r ! 

' r s t 2 r / 2 n ( r/2) ! 

s+t Z m (46) 

•r/2 A i ( r ) = a / exp ( - cp±) (47) 

L . . (s) = I 
y ; M j=o 

K ( S  - i , D . ) x 

[ • ( } V
1 / 2 e

y , k
D

y , i 1 
(48) 

t 

V k i ( t ) = 1 
z ' k ' 1 j=0 

K(t - j, D z > i ) X 

R j [ - ( l V 1 / 2 £ z , k U z , i ] (49) 

with 

<P. = a. Z(cf - ^ : JJ.) 

ft ^ 

(50) 

(51) 

-22-



n _ 7 - l -1 /2 
Qi - z • P 0 f i 

A. = a. Z' l l 

v, -1/2 fe = m * 

n _ 1/2 7 - l „ p. = m z y . t j . "vi 

(52) 

(53) 

(54) 

(55) 

The vectors pertaining to Eqs. (50) - (55) are two-
dimensional vectors in the ( y , z) plane. The usual binomial coefficients 
occur in the sums defined by Eqs. (48) and (49). In these sums, 
(k = 1 , . . . , 4 ) are two-dimensional vectors whose definit ion is the 
following 

= (" 1. + 1) 

= ( + + 1) 

% = (" " 1) 

£4 = ( + 1. " 1) 

(56) 

Also, in Eqs. (48) and (49), expressions like K( i , y ) and 

R.(y) are functions defined for real "y " and non-negative integral " i " 

as follows : 

K ( i , y ) = y 1 (57) 
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for i > 0 

K ( i , y ) = 1 (58) 

for i =' 0 

- + oo 

R . ( y ) = J x 1 exp ( - x 2 ) dx (59) 
y 

In particular, 

K(0,0 = 1 (60) 

1/2 IX 
R 0 ( y ) = erfc (y) (61) 

j ( y ) = I exp ( - y 2 ) (62) R 

where e r f c ( y ) is the complementary error function : 

2 ,+ OD 
er fc (y ) = — J exp ( - x ) dx (63) 

u y 

4. THE NUMERICAL METHOD OF SOLVING MAXWELL'S EQUATIONS 

We are now able to determine the second members of Eqs. 
(1) - (2) and the f irst member of Eq. (4) in terms of <)>, a y and a z < 

Indeed, we have for each particle species (leaving out the species 
index) 
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11 = Qooo 

jy
 = Z Q

010 

JZ
 = Z Q001 

Let us define (w i th k = 1) 

( V
/ 2 

A. = ) (a + v . ) 

- 1 V 2 m k T i / ~ 

wi th 

J i
 = z

'
1

 <
m

 -J?0,i> 

Let us also define 

* i = • " fL • li 

i .e . , the electr ic potential in a 

average velocity V.. Then, from 
~ i 

seen that 

Z A. 
' i = kT7 

(64) 

(65) 

(66) 

(67) 

(68) 

(69) 

frame of reference moving wi th the 

Eqs. (50), (41) and (69), it can be 

(70) 
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Now, from the formulae established in the previous section, 
can be deduced that 

} ( V ) = M)00 

^010 

2 

1 
i=l 

2 
I 

i = l 

4 
I 

j = l 

4 
I 

j = l 

i J 

f ! ! > i j »y 

(71) 

(72) 

5 ( V ) = 
2 
I 

4 
I 

i=l j=l 

fW i j ,z 
(73) 

with 

i j 4 I i j 
(74) 

> - < ' E y . j O + ' „ J ^ ( 2 / " ) 1 / 2 ^ 

( V ) < exp ( - ^ J. ) ] * y > 1 
(75) 

and 

f<?> c ^ ( j ) erfc ( - £ A<v>) i j , z 4 i i J Y j J Y ) 1 

< 1 e r f c e z , j s i g n z ( v ) (2/n) 1 / 2 

exp ( - ) ] (76) 
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(v) 
where 6> is the thermal velocity 

k T ( v ) x l / 2 

8, ' = - 7 T T - (77) l 

and 

(v) m 

1 = exp 
k T (v) (78) 

i j 
c^ v )(j) erfc (- e . A ( v?) erfc (- e . A ( v?) (79) 

sign Z = + 1 for Z > 0 

= - 1 for Z < 0 (80) 

Equations (1) - (3) can be written 

dB 

dz 
y z ( v ) o ( v ) 

(81) 
v=l 

dB 
y - u i z ( v ) o ( v ) 

Mn ^ L Vr dx M0 
V = 1 

<001 
(82) 

d (j) _ 1 

dx' 

|i 
I 

v=l 
Z ( V ) 0 ( V ) 
L ^000 

(83) 
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As shown by Eq. (40) , the quas i -neu t ra l i t y approximat ion is 

expected to hold in most cases. There fo re , the electr ic potent ial is more 

su i tab ly determined from the plasma neu t ra l i t y equation : 

I Z ^ C 0 - 0 (4) 
V=1 

The electr ic f ie ld E can be obtained exp l i c i t l y in terms of (|), 

ay and a z , by tak ing the f i r s t der iva t i ve of Eq. (4) wi th respect to x 

(Ro th , 1980). I t is found that 
M- . . 2 2 4 . , s 
E Z ( V ) E E - 4 ^ - ( f x B) 

v=l i = l j = l kT?v ) ~ 1 J ~ X 

E = - r r (84) 
, 2 4 . ( s 

E Z ( V ) E E — „ 
v=l i = l j = l k l j V ) 1 J 

This resul t shows tha t the convection electr ic f ie ld ( E c ) 

d i f fe rs general ly from the actual electr ic f ie ld ( E ) . Indeed, 

Ec = - GE x $ ) x 

v. 2 4 , s. 
E m E E ( f . . x B; 

v ~ ] 1 " 1 J (85) 

V ( \
 2 4

 f \ (v) „ _ (v) 
E m E E n. . 

v=l i = l j = l 1 J 

For the electr ic f ie ld (E) be equal to the convection electr ic 

f ie ld ( E c ) , i t is suf f ic ient tha t 

z<»>2 

(v) , (v) m k T. l 

= constant (86) 

for v •= 1 , . . .[J and i = 1,2. 
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For example, in the case of a hydrogen plasma whose ion 

temperature is much smaller than the electron temperature (cold plasma 

approximation), the condition g iven by Eq. (86) could be met. 

However, in the case of the earth ' s magnetopause, where the H + 

temperature is about 10 times as large as the electron temperature 

(Eastman, 1979), Eq. (86) could not be satisfied. 

The charge density ( q ) can also be obtained by taking the 

second derivative of Eq. (4) with respect to x . The result can be 

found in Roth (1980). 

The differential equations (81) and (82), together with the 

field equations 

da 
B = - ^ (87) 

y dx 

da 

B = - J (88) 
z dx 

form a system of four differential equations of the f irst order for a y , 

a , B and B z > Th i s system of differential equations, coupled with Eq. 

(4) whose solution is obtained by Newton's method of success ive 

approximation, is integrated numerically by us ing a Hamin's predictor-

corrector scheme (Ralston and Wilf, 1965). In practice, one starts 

integrating with "initial values of |ay ^ and | a £ l a r g e enough for the 

asymptotic values of Q r s t to be reached. Simultaneously with the 

computation of <|>, a y , a £ , B y and B z , the moments of the velocity 

distribution functions are computed from Eqs. (43), (44) and (45) -

(59). Th is g ives the complete description of the structure of the 

current sheet. Indeed, any physical parameter describing this structure 

can be expressed in terms of Q r s t -
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A numerical program is available at the Institute for Space 

Aeronomy (B ru s se l s ) . It takes account of a maximum of 12 particle 

species. Th i s program can be applied to the description of current 

sheets separating the "cells" of space plasmas and numerical applications 

can be found in papers by Roth (1978, 1979, 1980). 

5. C O N C L U S I O N S 

The kinetic model that has been developed in this paper can 

be used to determine numerically the internal structure of a tangential 

discontinuity in a collisionless plasma. On each side of this plasma 

transition layer, the first moments of the theoretical velocity d i s t r ibu-

tion functions are identified with the corresponding moments of the 

actual distribution functions. Th i s model is not restricted to a hydrogen 

plasma but the formalism is developed to take account of a plasma with 

multiple particle species. It also includes the presence of an electric 

field, normal to the plane of the discontinuity. Th i s electric field is 

self-consistent since it derives from the distribution of the electric 

potential which allows the plasma to be quasi-neutral. In most cases, 

the weak charge density sustaining this electric field does not however 

violate the quasi-neutral ity condition. 

Although discontinuous in the plane of the generalized 

momenta, the theoretical velocity distribution functions are not only 

solutions of Vlasov equation but also solutions of the transport 

equations. They form a set of linear combinations of shifted Maxwellians 

which moreover are just one class of functions amongst a number of 

others depending only on the constants of motion (in the Hamiltonian 

formalism). From a mathematical point of view, these distribution 

functions are very simple. Nevertheless, they include all the parameters 

describing the asymptotic characteristics of the plasma, i.e., the 



average velocity, number density and temperature of each particle 

species. Moments of arbitrary order have been determined analytically 

in terms of the electric potential (<(>) and of the components of the 

vector potential (a^ and a z ) . 

Since 1978, a numerical program for the description of the 

internal structure of tangential discontinuities has been available at the 

Institute for Space Aeronomy (B ru s se l s ) . Th i s program is based on the 

theory developed in this paper and solves Maxwell 's equations for the 

potentials and the magnetic field. Furthermore, this program computes 

the moments of the velocity distribution functions (up to 12 particle 

species), the electric field and the charge separation, thus leading to a 

complete description of the internal structure of the layer. It can be 

used daily and the results are given on a graphical format for every 

physical variable calculated from moments up to the third order. 

Numerical examples obtained with this program have already been 

published elsewhere (Roth, 1978, 1979, 1980). They gave a description 

of the internal structure of the terrestrial magnetopause. 

As shown in this paper, our model is based on the kinetic 

description of plasma without resorting to the MHD theory. In 

particular, it has been shown that this latter theory is unable to 

describe the structure of thin current sheets, since the actual electric 

field is generally not equal to the convection electric field which is 

assumed to be a good approximation of the actual electric field in the 

MHD theory. Such a result was already pointed out by Eastman (1979, 

p. 97-101) and Roth (1982) for scale lengths and plasma parameters 

that are often observed near the earth 's magnetopause and adjacent 

plasma boundary layer. Consequently, electric and gradient drifts in 

sharp boundary layers can be very different from what is usually 

assumed from the classical MHD approximation. 

Finally, the many parameters used in this model make it very 

general. By a suitable choice of these parameters, it is expected to 



"mimic" the observed structure of a large class of tangential d iscont inu-

ities. Furthermore, when the model resorts to moments of higher order, 

like the energy flow, the results that can be obtained precede the 

observations (Roth, 1980). More generally, the model and its associated 

numerical program are a powerful tool for s tudy ing the structure of 

tangential discontinuities which are inherent in collisionless space (or 

even laboratory) plasmas. Th i s includes some of the boundary layers 

resulting from the cellular structure of space plasmas, from the 

planetary and pulsar magnetopauses to the cometary tails, without 

forgetting the micro-scale structure of stellar winds. 
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