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Abstract
We study the decay of Alfvén waves in the solar wind, accounting for the joint operation of two-dimensional (2D)
scalar and three-dimensional (3D) vector nonlinear interactions between Alfvén and slow waves. These
interactions have previously been studied separately in long- and short-wavelength limits where they lead to 2D
scalar and 3D vector decays, correspondingly. The joined action of the scalar and vector interactions shifts the
transition between 2D and 3D decays to signiﬁcantly smaller wavenumbers than was predicted by Zhao et al. who
compared separate scalar and vector decays. In application to the broadband Alfvén waves in the solar wind, this
means that the vector nonlinear coupling dominates in the extended wavenumber range 5×10−4ρik0⊥1,
where the decay is essentially 3D and nonlocal, generating product Alfvén and slow waves around the ion
gyroscale. Here ρi is the ion gyroradius, and k0⊥ is the pump Alfvén wavenumber. It appears that, except for the
smallest wavenumbers at and below ri k 0 ^ ~ 10-4 in Channel I, the nonlinear decay of magnetohydrodynamic
Alfvén waves propagating from the Sun is nonlocal and cannot generate counter-propagating Alfvén waves with
similar scales needed for the turbulent cascade. Evaluation of the nonlinear frequency shift shows that product
Alfvén waves can still be approximately described as normal Alfvénic eigenmodes. On the contrary, nonlinearly
driven slow waves deviate considerably from normal modes and are therefore difﬁcult to identify on the basis of
their phase velocities and/or polarization.
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When these waves propagate away from the Sun, their
amplitudes increase with radial distance, and can eventually
trigger the nonlinear decay instability to produce slow waves
(Suzuki & Inutsuka 2005, 2006; Matsumoto & Suzuki 2012;
Tenerani & Velli 2013; Shi et al. 2017). The produced slow
waves can further form shocks, heating plasma and accelerating
particles in the solar atmosphere and solar wind (Del Zanna
et al. 2001; Suzuki & Inutsuka 2005).
Nonlinear decay of ﬁnite-amplitude Alfvén waves has been
investigated extensively in the past both analytically and
numerically (e.g., Galeev & Oraevskii 1963; Barnes &
Hollweg 1974; Vasquez & Hollweg 1996; Del Zanna 2001;
Matteini et al. 2010a, 2010b; Tenerani & Velli 2013; Del
Zanna et al. 2015). Results of these studies have been used to
explain the wave damping and related phenomena in the solar
corona and solar wind. However, the nature of the decay and its
efﬁciency are still not fully understood, especially for oblique
waves that are common in solar and space plasmas. A
promising progress in this direction includes, in particular,
the recent ﬁnding that in different wavenumber ranges different
scalar- and vector-type nonlinear forces dominate the nonlinear
coupling between Alfvén and slow waves (Zhao et al. 2014,
2015a). The nonlinear decay modiﬁed by the vector nonlinear
effects has recently been proposed as an efﬁcient damping
mechanism for Alfvén waves with periods ∼100 s and
transverse wavelengths 104 km in polar coronal holes (Zhao
et al. 2015b), providing a feasible explanation for the damping
of Alfvén waves observed at 1.5 solar radii (Bemporad &
Abbo 2012; Hahn et al. 2012). Alfvén waves propagating
toward the Sun can be produced by the nonlinear decay and/or
by the reﬂection of outward Alfvén waves off the local density

1. Introduction
Alfvén waves observed in the solar atmosphere and solar
wind (e.g., McIntosh et al. 2011; Morton et al. 2015; Li et al.
2016b; Yang et al. 2016) are believed to play a signiﬁcant role
in heating the solar corona and accelerating the solar wind (e.g.,
Asgari-Targhi et al. 2013; van Ballegooijen & Asgari-Targhi
2016). It is important to understand how magnetohydrodynamic (MHD) Alfvén waves dissipate their energy traveling
over long distances throughout the solar atmosphere and
solar wind.
Inhomogeneity of the Alfvén velocity transverse to the
ambient magnetic ﬁeld in the solar atmosphere can trigger
dissipation of Alfvén waves via resonant absorption and phase
mixing (Heyvaerts & Priest 1983; Goossens et al. 2011;
McLaughlin et al. 2011). On the other hand, a fraction of the
upward-propagating Alfvén waves can be reﬂected back by the
inhomogeneity along the ambient magnetic ﬁeld. The reﬂected
downward-propagating waves can interact nonlinearly with the
original upward waves, initiating the turbulent cascade and
Alfvénic turbulence (e.g., Matthaeus et al. 1999; Schekochihin
et al. 2009; Zhao et al. 2013). When the turbulent cascade
reaches sufﬁciently small scales, Alfvén waves are damped
collisionally and/or kinetically to energize plasma particles
(e.g., Voitenko & Goossens 2004; Verdini & Velli 2007;
Voitenko & De Keyser 2011; TenBarge et al. 2013; He et al.
2015b).
Alfvén waves can be excited through convective motions
below the photosphere and/or through changes of the
magnetic-ﬁeld topology in the lower corona (McKenzie et al.
1995; Cranmer & van Ballegooijen 2005; Isobe et al. 2008).
1
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inhomogeneities due to compressive waves (Suzuki &
Inutsuka 2005; Shoda & Yokoyama 2016). This may cause
the observed cross-helicity decrease with the radial distance in
the solar wind (Del Zanna et al. 2015).
When all interacting Alfvén and slow waves have MHD
scales, the nonlinear forces ∝n∂t v⊥ and ∝ B⊥· B⊥ drive the
nonlinear current density and nonlinear pressure, respectively.
Here n is the number density perturbation due to the slow
wave, whereas B⊥ and v⊥ are the magnetic ﬁeld and velocity
perturbations due to the MHD Alfvén wave. Under the action
of these forces, a forward pump Alfvén wave decays into a
backward Alfvén wave and a forward slow wave, which was
originally studied by Galeev & Oraevskii (1963), followed by,
e.g., Goldstein (1978) and many others. We denote this decay
channel as Channel I.
If the pump Alfvén wave is still MHD, but the product
waves are not restricted to be MHD, we have to use at least a
two-ﬂuid MHD model. In this case, the perpendicular
wavelengths of the product waves can extend from the MHD
down to ion kinetic scales (Matteini et al. 2010a; Zhao et al.
2014). The product Alfvén wave is driven by the same
nonlinear force as in the MHD case, but the slow wave is now
driven by a combination of the nonlinear Lorentz force
µe (vitA ´ B^) · zˆ and the nonlinear inertial force ∝mi
vitA·∇⊥ vizA. Here vitA and vizA are the ion velocities driven
by Alfvén waves (subscript A) in the directions êt º k^ k^ and
ẑ º B0 B0 , k⊥ is the perpendicular wavevector of the pump
Alfvén wave, and B0 is the ambient magnetic ﬁeld. In addition
to the Channel I decay, the MHD Alfvén wave can now decay
into the kinetic-scale forward Alfvén and slow waves (Zhao
et al. 2014). This decay channel is denoted as Channel II.
Finally, allowing for ﬁnite-ρik0⊥ effects in the pump Alfvén
wave, we found that the product Alfvén wave is driven by the
nonlinear current ∝nS vipA+nA vipS and the nonlinear inertia
µvipA · ^ vipS ´ zˆ + vipS · ^ vipA ´ zˆ . Here nS (nA) and vipS
( vipA) are perturbed ion number density and ion velocity along
eˆp º eˆt ´ zˆ in the slow (Alfvén) wave, ρi is the ion gyroradius,
and subscript S denotes the slow wave. The nonlinear forces
driving the slow wave are the nonlinear ion inertial force ∝mi
vipA·∇⊥vizA, nonlinear ion Lorentz force µe (vipA ´ B^) · zˆ ,
and electron Lorentz force µ - e (vepA ´ B^) · zˆ . In addition to
Channels I and II, the ﬁnite-ρik0⊥ pump Alfvén wave can also
decay into the forward Alfvén and backward slow waves
(Hasegawa & Chen 1976). This third decay is denoted as
Channel III.
Zhao et al. (2015a) considered the nonlinear coupling between
the Alfvén and slow waves via the vector-type nonlinear
terms proportional to nS vipA+nA vipS, vipA · ^ vipS ´
zˆ + vipS · ^ vipA ´ zˆ , mi vipA·∇⊥vizA, e (vipA ´ B^) · zˆ , and
-e (vepA ´ B^) · zˆ and discovered a three-dimensional (3D)
“vector” decay of obliquely propagating MHD Alfvén waves.
By comparing this vector decay to the previously known
“scalar” decay driven by the scalar nonlinearities nSvtA,
(vitA ´ B^) · zˆ , and (vitA · ^ ) vizA, Zhao et al. (2015a) concluded
that the scalar and vector decays operate in two opposite
wavenumber limits: scalar decay operates in the limit k0⊥=ktr
and the vector decay operates in the limit k0⊥?ktr, where
ri k tr » w wci is the “turnover” wavenumber, ω is the pump
wave frequency, and ωci is the ion cyclotron frequency. It has
been demonstrated that the vector decay can operate in all three
decay channels, generating product waves propagating obliquely
to the (B0 , k0 ) plane (Zhao et al. 2015a). In this case, the nature

of the decay is essentially 3D, in contrast to the one-dimensional
(1D) and two-dimensional (2D) decays studied before (Galeev &
Oraevskii 1963; Goldstein 1978), where all wavevectors reside
in the (B0 , k0 ) plane.
Scalar and vector nonlinearities analyzed separately by Zhao
et al. (2014, 2015a) describe the decay in two opposite
wavenumber limits but not inbetween. To investigate the
nonlinear decay of Alfvén waves in the general case of
arbitrary wavelengths, including also an extended range of
transition wavenumbers, we now keep both scalar and vector
nonlinearities simultaneously. In addition to the decay rate
analyzed by Zhao et al. (2015a), here we present a more
comprehensive analysis, including also the nonlinear frequency
shift. The results are applied to the broadband wavenumber
distribution of Alfvén waves in the solar wind.
The organization of the study is as follows. Section 2
presents nonlinear dispersion equations and their solutions
describing the nonlinear interaction among Alfvén and slow
waves. Section 3 describes the main properties of the nonlinear
Alfvénic decay in solar wind conditions. Discussion and
summary are included in Sections 4 and 5, respectively.
2. Nonlinear Equations and Dispersion Relations
To consider the nonlinear wave–wave interaction among
low-frequency waves in a magnetized plasma, we adopt the
basic nonlinear two-ﬂuid and Maxwell’s equations:
qa
(E + va ´ B0)
ma
1
+
Pa = NLvel a ;
n 0 ma

¶t va -

(1 )

¶t na +  · (n 0 va ) = NLdena ;

(2 )

 ´ B = m 0 J;

(3 )

 ´ E = -¶t B,

(4 )

with the nonlinear terms
NLvel a = - va · va +

qa
1 na
va ´ B +
Pa;
ma
n 0 ma n 0

NLdena = - · (na va ) ,

where vα, nα, E, B, and J denote the velocity, number density,
electric ﬁeld, magnetic ﬁeld, and current density, respectively.
qα, mα, Tα, and Pa = Ta (n 0 + na ) denote the particle charge,
mass, temperature, and thermal pressure, respectively, for
species α=i for ions and α=e for electrons. Here, n0 and B0
denote the background number density and magnetic ﬁeld,
respectively. Since we consider low-frequency waves, the
displacement current in Ampere’s law is neglected.
Using Equations (1)–(4), Zhao et al. (2014) have derived the
general nonlinear equation that describes the nonlinear
dynamics of low-frequency Alfvén, slow, and fast mode
waves. Here we do not repeat the detailed derivations, the
interested reader can refer to Zhao et al. (2014). For the
nonlinear interaction between obliquely propagating Alfvén
and slow waves in the plasmas with me/mi=β = 1, the set
of nonlinearly coupled equations for Alfvén and slow waves
2
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Both scalar and vector nonlinearities are kept in Equations (7)
and (8), which makes them different from the basic nonlinear
equations used by Zhao et al. (2015a), where Equations (1)–(2)
contain only scalar nonlinear effects and Equations (3)–(4) only
vector ones.
Here we study a three-wave resonant interaction among
the pump Alfvén wave (w0, k0 ), product Alfvén wave
(w1, k1), and product slow wave (w 2, k2 ), where the frequency
ω0 = ω1 + ω2 and wavenumber k0 = k1 + k2 matching
conditions are satisﬁed. All quantities perturbed by the
waves are expressed as f = ( fk e-iwt + ik·r + f k* eiw*t - ik·r ) 2.
We also assume applicability of the linear wave responses for
the perturbed quantities entering the nonlinear terms in
Equations (7) and (8). These linear responses for Alfvén and
slow waves read as

reads as
nS
n0
m
m0 2 3
= 0 ¶2z ¶2t NLcur^ · eˆp ¶^¶ t NLcur^ · eˆt
B0
B0 wci
m el 2 ⎛
1 2 2⎞
+ 0 e ⎜¶2z + 2 ¶^
¶ t ⎟ ¶^¶z NLcur
mi ⎝
w ci
⎠

2
[(1 - r 2¶^
) ¶2t - VT2 ¶2z ] ¶2z ¶^

+ ¶^¶2z NLdent ,

(5 )

and
2
[¶2t - (1 - r 2¶^
) VA2 ¶2z ] ¶t

BpA

=

m 0 rVT
¶z ¶2t NLcur^ · eˆp
B0

B0
m 0 VA2
(1 - r 2¶2^) ¶t ¶z NLcur^ · eˆt
B0
m l2
+ 0 e ¶2t ¶^NLcur + rVT ¶^¶z NLdent ,
B0

sVA2 kz (BpA )k
eˆt ;
B0
wci
V rk (BpA )k
zˆ ;
(vizA )k = i T 2 ^
K
B0
sV (BpA )k
eˆp ;
(vipA )k = - A
K B0
(BpA )k
eˆp ;
(vepA )k = - sVA K
B0
sn V k (BpA )k
(nA )k = i 0 A ^
;
B0
wci K
(n )
(vipS )k = - iVT rk^ S k eˆp ,
n0
(vitA )k = i

(6 )

with nonlinear terms
⎞
n 0 m i ⎡⎛
m
⎢⎜NLveli ^ + e NLvel e^⎟ ´ zˆ
⎠
B 0 ⎣⎝
mi
⎞⎤
m2
n
1 ⎛
J^ ;
+
¶t ⎜NLveli ^ - e2 NLvel e^⎟ ⎥ +
⎥
n
wci ⎝
mi
⎠⎦
0
⎛n ⎞
NLcur º n 0 e (NLveli - NLvel e) · zˆ + ¶t ⎜ J⎟ ;
⎝ n0 ⎠
⎛ 1
⎞
1
NLdent = - ¶t  · ⎜ ¶t NLveli ^ + NLveli ^ ´ zˆ ⎟
⎝ wci
⎠
wci
1
- ¶z NLveli · zˆ +
¶t NLdeni ,
n0

NLcur^ º

where K º 1 + r 2k^2 , and s denotes the wave propagation
direction, s=1 along B0 and s=−1 against B0. With these
responses, from nonlinear Equations (7) and (8), we obtain the
nonlinear dispersion equations
B1
B n*
= C1 A0 2 ;
B0
B0 n 0
n
B B*
(w 22 - W22 ) 2 = C2 A0 1 ,
n0
B0 B0
(w12 - W12 )

where VT is the ion acoustic speed, VA is the Alfvén speed,
and ρ=VT/ωci. The three unit axes are deﬁned as
eˆp = ^ ´ zˆ ∣ ^ ∣, eˆt = ^ ∣ ^ ∣, and ẑ B0 .
Keeping dominant nonlinear terms, Equations (5)–(6) reduce to

2
[¶2t - (1 - r 2¶^
) VA2 ¶2z ] ¶^

W1 = VA k1z K1;

W2 =

VT k 2z
;
K2

⎡V k
VA wci
s1k1z ⎢ A 0z K12 (ˆe1t · eˆ0t )
⎣ wci
2
2 2
⎤
K K - K22
(ˆe1t ´ eˆ0t ) · zˆ ⎥ ;
-i 0 1
K0
⎦
V w s k ⎡V ⎛s k
k ⎞
C2 = - A ci 2 22z ⎢ A ⎜ 1 12z - 02z ⎟ (ˆe1t · eˆ0t )
2
K2 ⎢⎣ wci ⎝ K0
K1 ⎠
⎤
K 2 K2 - K 2
- i 0 21 2 2 2 (s1K1 - K0)(ˆe1t ´ eˆ0t ) · zˆ ⎥.
K0 K1 K2
⎦
C1 = -

(7 )

BpA

B0
⎛n
⎞
= - wci (1 - r 2¶2^) ¶z ^ · ⎜ S vitA⎟
⎝ n0 ⎠
⎛n
⎞
n
- wci r 2¶2^¶z ^ · ⎜ S vipA + A vipS ⎟
⎝ n0
n0 ⎠
+ ¶z ^ · (vipA · vipS ´ zˆ + vipS · vipA ´ zˆ).

(10)

where

n
2
[(1 - r 2¶^
) ¶2t - VT2 ¶2z ] ¶z S
n0
e 2
= - ¶ z [(vitA + vipA) ´ BpA] · zˆ
mi
⎞
e ⎛ 2
1
2
+
⎜¶ z + 2 ¶2t ¶^
⎟ (vepA ´ BpA) · zˆ
mi ⎝
w ci
⎠
+ ¶2z (vitA + vipA) · vizA;

(9 )

The subscripts A and S for product Alfvén and slow waves
are replaced here by their numbers 1 and 2, such that Ω1 and
Ω2 are their linear dispersions and, C1 and C2 are their
nonlinear coupling coefﬁcients, respectively. The nonlinear

(8 )

3
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scales (K0=K1=K2=1) Equation (16) reduces to

terms proportional to eˆ1t · eˆ0t and eˆ1t ´ eˆ0t represent scalar
and vector nonlinear couplings (Voitenko & Goossens 2005;
Zhao et al. 2015a).
The nonlinear coupling terms on the right-hand sides of
Equations (9) and (10) produce a nonlinear frequency shift Δω,
modifying the linear Alfvén and slow mode dispersions:
w1 = W1 - Dw + ig;
w 2 = W2 + Dw + ig ,

[(Dw + ig ) - 2W1][(Dw + ig ) + 2W2 ](Dw + ig )2
=-

-

W12

(11)

B
B n*
- i2w1gL1) A1 = C1 A0 2 ;
B0
B0 n 0

(12)

n2
B B*
= C2 A0 A1 .
n0
B0 B0

(13)

(w 22 - W22 - i2w 2 gL2 )

gmax =

w

BA0
B0

(18)

V

3. Decay of Alfvén Waves in the Solar Wind

(14)

Alfvén waves permeating the interplanetary space have a
broadband wavenumber spectrum extending from MHD to ion
kinetic scales (e.g., Leamon et al. 1998; Bale et al. 2005;
Roberts et al. 2015). According to observational and theoretical
results, the amplitude and frequency of Alfvén waves can be
expressed as
(15)

B^
B
= (1 + r 2k^2 )-1 6 (k^ k^ in)-1 3 in ,
B0
B0

(19)

w0
w
= (1 + r 2k^2 )-1 6 (k^ k^ in )2 3 in ,
wci
wci

(20)

and

where kin, Bin, and ωin are the perpendicular wavenumber,
magnetic ﬁeld, and frequency of Alfvén waves at the largest
injection scale. We will assume Te/Ti=1 and, except where
other values are indicated, ρikin=10−4, Bin/B0=0.3, and
ωin/ωci=10−4 for the waves at the injection scale, which is
typical for the inner solar wind. The same Alfvén wave
distribution has been used by Zhao et al. (2015a) to estimate
their decay rate in some wavelength limits in the solar wind
conditions. In the present study, we explore the Alfvén decay
and its evolution from largest MHD to smallest kinetic scales,
including an extended wavenumber range where the scalar and
vector nonlinear interactions operate simultaneously.

[(Dw + ig )2 - 2 (W1 + ig L1)(Dw + ig ) + i2W1g L1]
´ [(Dw + ig )2 + 2 (W2 - ig L2)(Dw + ig ) - i2W2 g L2]
BA0
B0

VA
VT

decay to be 20 VA h . Hence, the expression (18) can be
T
recovered from the Goldstein’s dispersion equation.

represent the Landau damping of Alfvén and slow waves,
respectively (Zhao et al. 2014), L 0 = I0 (mi2 ) exp (-mi2 ), I0 (mi2 )
is the zero-order modiﬁed Bessel function of the ﬁrst kind,
and m1,2i º ri k1,2 ^.
Equations (11)–(13) yield the general nonlinear equation

= C1*C2

w0
2 2

where h º (BA0 B0 )2 , and ω and k are normalized by ω0 and
k0. Note that the coefﬁcient “1/2” is lost in the dispersion
relation by Derby (1978) who treated perturbation as
df = df (w, k ) exp (-iwt + kz ), whereas Goldstein (1978) used
1
df = 2 [df (w, k ) exp (-iwt + kz ) + df * (w, k ) exp (iw*t + kz )]
adopted also in our derivation. By analyzing the unstable mode
of the general dispersion equation by Derby (1978), Jayanti &
Hollweg (1993) found the maximal growth rate of the Alfvén

2
⎛
g L2
T ⎞ 0.42 + 0.58m2i
= 0.14 - 0.61 ⎜1 + i ⎟
-1
⎝
W2
Te ⎠ 0.42 + 0.038m22i
2
⎡⎛
⎤
T ⎞ 0.42 + 0.58m2i
⎥,
+ 0.05 ⎢⎜1 + i ⎟
1
⎢⎣⎝
⎥⎦
Te ⎠ 0.42 + 0.038m22i

(17)

(w 2 - bk 2)(w - k )[(w + k )2 - 4]
1
= hk 2 (w 3 + w 2k - 3w + k ) ,
2

2
⎛ V2 K2 ⎞
g L1
p m1i Te VA ⎡ Te
⎢ L 0 exp ⎜ - A 1 ⎟
=8 K Ti VTi ⎢⎣ Ti
W1
⎝ 2VTi2 ⎠

⎛ V2 K2 V2 ⎞⎤
VTi
exp ⎜ - A 21 Ti2 ⎟ ⎥ ;
VTe
⎝ 2VTi VTe ⎠ ⎥⎦

.

consistent with the nonlinear growth rate found by Galeev &
Oraevskii (1963).
The decay instability can also be driven by the four-wave
coupling among MHD scale Alfvén and slow waves (Derby
1978; Goldstein 1978). The general dispersion equation was
derived by Goldstein (1978)

Here

+

2

In the limit ∣ Dw + ig ∣  Ω2 and k2z;2k0z, (17) gives the
nonlinear growth rate

where γ is the nonlinear growth rate. In the derivation of ω2, the
resonant condition Ω0=Ω1+Ω2 is used, and the pump wave
frequency is unaffected in the nonlinear coupling at the initial
stage of the decay. In passing, we note that Equation (11)
corrects the misprint signs in Equations (A4) and (A5) by Zhao
et al. (2015a).
Equations (9) and (10) describe the nonlinear coupling
among nondissipative waves. Since the kinetic-scale Alfvén
and slow waves undergo Landau damping, we incorporate
it into the nonlinear model as (Nishikawa 1968; Zhao
et al. 2015a)
(w12

s1V A4 k 0z k1z k 22z
B
(ˆe1t · eˆ0t )2 A0
4
B0

2

.
(16)

Using this equation, we are going to explore three channels for
the nonlinear Alfvénic decay in different wavenumber ranges.
In the case of nondissipative waves (γL1=γL2 =0) at MHD
4

The Astrophysical Journal, 857:42 (12pp), 2018 April 10

Zhao et al.

Figure 1. Top panels present the nonlinear growth rate g gmax as a function of ρik0⊥ and angle θ between perpendicular wavevectors of two Alfvén waves: Channel I
(a1), Channel II (b1), and Channel III (c1). Bottom panels present γ/γmax as a function of ρik0⊥ and ρik1⊥: Channel I (a2), Channel II (b2), and Channel III (c2).
γImax/Ω0=0.23, γIImax/Ω0=0.03, and γIIImax/Ω0=0.01 correspond to the maximal growth rates in Channels I, II, and III.

Using Equation (16) with amplitudes (19) and frequencies
(20), in panels (a1)–(c1) of Figure 1, we show the 2D
distribution of the normalized growth rate γ/γmax as a function
of the perpendicular wavenumber ρik0⊥ and angle θ between
perpendicular wavevectors of two Alfvén waves. The decay is
of scalar type when γ/γmax is peaked at θ=0, and of vector
type when the maximum(s) is at q ¹ 0. In Channel I, at the
smallest wavenumbers ρik0⊥, the maximal growth rate is
attained at θ≈0°. With increasing ρik0⊥, the single maximum
of γ/γI max splits into two at θ∼±45°. The transition
is smooth and occupies about one decade from ρik0⊥10−4
to ρik0⊥10−3, with the “mean” transition wavenumber
ρiktr∼5×10−4. It is thus clear that the transition occurs at
signiﬁcantly smaller wavenumbers than the wavenumber
ρiktr∼ w wci ~ 10-2 predicted theoretically by Zhao et al.
(2015a). In Channel II, the transition occurs even earlier,
at smaller wavenumbers around ρiktr∼10−4, where the
maximum of the growth rate splits into two at θ∼±45°.
When passing through the ion kinetic scales ρik0⊥∼1, these
two maxima move farther apart from each other up to
θ∼±90°, which is governed by the combined action of scalar
and vector nonlinear effects. In Channel III the decay is limited
to the ion kinetic scales ρik0⊥∼0.5 and has two maxima at
azimuthal angles θ∼±45°.
The behavior of the growth rate described above indicates
that, except for the pump Alfvén waves of largest scales
ρik0⊥∼10−4, the product waves generated by the decay
propagate out of the (k0 ^ , B0 ) plane. All decay channels are
therefore essentially 3D; only Channel I at the largest scales is
2D. In accordance to Zhao et al. (2015a), the large-scale decay
with maximum at θ∼0° is dominated by the scalar-type
nonlinear interactions, whereas other decays with peaks at
q ¹ 0 are contributed or dominated by the vector-type
interactions. In addition, we also observe kinetic-scale

obliquely propagating product waves generated by the joint
action of scalar- and vector-type nonlinear interactions.
Panels (a2)–(c2) in Figure 1, showing the nonlinear growth
rate γ/γmax as a function of ρik0⊥ and ρik1⊥, are particularly
useful to distinguish local and nonlocal decay processes. In
Channel I, the large-scale Alfvén waves with 10−4<ρik0⊥<
10−3 excite broadband Alfvén waves in the wide range from
MHD to kinetic scales, 10−4<ρik1⊥<1. The picture changes
at ρik0⊥10−3 where the product waves are concentrated in
the relatively narrow kinetic-scale range at ρik0⊥1. In
Channel II, the pump Alfvén waves produce kinetic-scale
Alfvén waves peaked at ρik1⊥∼1 and ρik1⊥∼10. The heavy
depression of the growth rate observed between these two
peaks is contributed mainly to the strong Landau damping
therein (Zhao et al. 2014). In Channel III, only the pump
Alfvén waves with ρik0⊥∼0.5 can decay, generating the
product Alfvén wave with similar wavenumbers k1⊥∼k0⊥.
The conclusion is as follows: Alfvén waves with ρik0⊥ 10−3
from the solar wind spectrum tend to decay nonlocally,
generating distant kinetic-scale wavenumbers ρik1⊥∼1. At
larger scales the decay tends to be local, generating similar
wavenumbers.
Figure 2 presents the normalized nonlinear frequency shifts
of the product waves Δω/Ω1 and Δω/Ω2 as functions of θ and
ρik0⊥. Note that different color bars are used to show Δω/Ω1
and Δω/Ω2 in Figure 2, as well as γ/Ω0, Δω/Ω1, and Δω/Ω2
in the following ﬁgures. In the wavenumber space, both
Δω/Ω1 and Δω/Ω2 behave similarly to γ, except for Channel
II at ρik⊥>0.4 and for Channel III at nearly ρik⊥∼0.1.
Furthermore, panels (a3)–(c3) display the maximal nonlinear
growth rate γmax/Ω0 and the corresponding nonlinear
frequency shifts Δω/Ω1 and Δω/Ω2. It is seen that the decay
rates in Channels I, II, and III are arranged as g Imax W0 >
5
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Figure 2. Nonlinear frequency shifts Δω/Ω1 (top panels) and Δω/Ω2 (middle panels) as functions of ρik0⊥ and θ: Channel I (a1) and (a2); Channel II (b1) and (b2);
and Channel III (c1) and (c2). Bottom panels present the maximal growth rate γmax/Ω0 and the nonlinear frequency shifts Δω/Ω1 and Δω/Ω2 in Channel I (solid
line), Channel II (dashed line), and Channel III (dotted line).

g IImax W0 > g III
W0 . Since the nonlinear frequency shift
max
Δω/Ω1 is always much smaller than 0.1, the product Alfvén
waves can be approximated as normal modes. In the strongest
Channel I, Δω/Ω2 is slightly smaller than 0.3, and in the other
two channels it is slightly larger than 0.5. Such large values of
Δω/Ω2 mean that the product slow waves deviate considerably
from the normal modes. Note that only the data corresponding
to γ/Ω0>10−3 are retained.
In order to study the dependence of γ/Ω0, Δω/Ω1, and
Δω/Ω2 on the wave and plasma parameters, we change the
initial wave amplitude to Bin/B0=0.5 in Figure 3, the initial
wave frequency to ωini/ωci=0.5×10−4 in Figure 4, the
plasma βi to βi=0.1 in Figure 5, and the temperature ratio to
Te/Ti=3 in Figure 6, keeping other parameters the same as in
Figures 1 and 2.
Comparison of Figures 2 and 3 shows that γ/Ω0 is larger for
larger wave amplitude (g Imax W0 » 0.36for Bin/B0=0.5 and
g Imax W0 » 0.23 for Bin/B0=0.3), but does not follow the
usual scaling γ/Ω0∼(B^ B0 ). For Bin/B0=0.5, Δω/Ω1<
0.13 and Δω/Ω2∼0.4 in Channel I, and Δω/Ω2>1 in the
other two channels, which means that the product Alfvén

waves are still the normal modes, whereas the product slow
waves deviate further from the normal modes.
It is interesting to observe in Figure 4 that the maximum
growth rates γImax/Ω0;0.26 and g IImax W0  0.053 remain
nearly constant, while ρik0⊥ varies in a wide range from 10−4
to 0.5. On the contrary, comparing Figure 4 to Figure 2, we see
that Δω/Ω1 and Δω/Ω2 become larger for smaller ωini/ωci,
resulting in larger departures from the normal modes.
In Figure 5, where βi is higher, the nonlinear growth rate
γ/Ω0 is depressed as compared to Figure 2, where βi is lower.
The nonlinear frequency shifts Δω/Ω1and Δω/Ω2 are also
highly reduced in the higher-βi cases, which implies that the
product waves are close to the normal modes.
With larger Te/Ti, as in Figures 6, the growth rate γmax/Ω0 is
normally larger (smaller) in Channel I (Channel II). Also,
γmax/Ω0 becomes larger at smaller ρik0⊥. In the wavenumber
range ρik0⊥0.5, both Δω/Ω1 and Δω/Ω2 are smaller when
Te/Ti is larger. It is thus easier to ﬁnd product Alfvén and slow
waves as normal modes at larger Te/Ti.
The general trend observed in Figures 1, 3, and 4 for all three
channels (except for Channel I at the lowest wavenumbers
ρik0⊥∼10−4) is the 3D and nonlocal character of the Alfvénwave decay in the solar wind. The nonlocality is reﬂected in
6
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Figure 3. Nonlinear growth rate γ/Ω0 (top panels), and the nonlinear frequency shifts Δω/Ω1 (second panels) and Δω/Ω2 (third panels) as functions of ρik0⊥ and θ:
Channel I (a1), (a2), and (a3); Channel II (b1), (b2), and (b3); and Channel III (c1), (c2), and (c3). Bottom panels present the maximal growth rate γmax/Ω0 as well as
nonlinear frequency shifts Δω/Ω1 and Δω/Ω2, where the solid, dashed, and dotted lines represent Channels I, II, and III, respectively. Here the amplitude of the pump
wave at injection is Bin/B0=0.5.

both the wavenumber (k1⊥) distribution and the asimuthal
angular (θ) distribution of the product waves. As a consequence, the Alfvén wave decay can generate a nonlocal spectral
transport of the wave energy over several decades from the
MHD scales directly to the ion kinetic scales.

wind. Observations of radio scintillations have demonstrated
that the transverse velocity ﬂuctuations are ∼50–300 km s−1 at
radial distances r∼20–60RS in the fast solar wind (Canals
et al. 2002). With the Alfvén speed ∼600 km s−1, such
velocities give the relative magnetic amplitudes of Alfvén
waves ∼0.1–0.5. Several simulations have reproduced similar
amplitudes of Alfvén waves in the inner solar wind at
r ~ 20–60 RS (Cranmer & van Ballegooijen 2005; Suzuki &
Inutsuka 2005; Verdini & Velli 2007). These high-amplitude
Alfvén waves can undergo nonlinear decay, which has been

4. Discussion
When Alfvén waves propagate outward from the Sun, their
amplitudes increase with the radial distance in the inner solar
7
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Figure 4. Nonlinear growth rate γ/Ω0 (top panels), and the nonlinear frequency shifts Δω/Ω1 (second panels) and Δω/Ω2 (third panels) as functions of ρik0⊥ and θ:
Channel I (a1), (a2), and (a3); Channel II (b1), (b2), and (b3); and Channel III (c1), (c2), and (c3). Bottom panels present the maximal growth rate γmax/Ω0 as well as
nonlinear frequency shifts Δω/Ω1 and Δω/Ω2, where the solid, dashed, and dotted lines represent Channels I, II, and III, respectively. Here the frequency of the pump
wave at injection is ωin/ω0=0.5×10−4.

demonstrated by many MHD simulations (e.g., Suzuki &
Inutsuka 2005, 2006; Matsumoto & Suzuki 2012; Tenerani &
Velli 2013). In the case of relative amplitudes ∼0.5, the
maximum growth rate may reach ∼0.3ω, as one can see in
Figure 3.
Through the decay, original Alfvén waves dissipate
nonlinearly, transferring a fraction of their energy to the slow
waves. In turn, these slow waves can develop shocks heating
plasma in the solar corona and solar wind (Del Zanna et al.
2001; Suzuki & Inutsuka 2005, 2006). Also, the slow wave can

heat ions through the Landau damping (Narita & Marsch
2015), or can trap ions in electrostatic potential wells and
accelerate them (e.g., Terasawa et al. 1986; Maneva et al.
2015). On the other hand, a steepening of the Alfvén wave can
arise due to the local density inhomogeneity induced by the
slow wave (Cohen & Kulsrud 1974; Shoda & Yokoyama
2016). Moreover, the Alfvénic turbulence may develop through
nonlinear interactions between the forward pump waves
and counter-propagating product Alfvén waves (Matsumoto
& Suzuki 2012). Nonlinear decay, wave steepening, and
8
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Figure 5. Nonlinear growth rate γ/Ω0 (top panels), and the nonlinear frequency shifts Δω/Ω1 (second panels) and Δω/Ω2 (third panels) as functions of ρik0⊥ and θ:
Channel I (a1), (a2), and (a3); Channel II (b1), (b2), and (b3); and Channel III (c1), (c2), and (c3). Bottom panels present the maximal growth rate γmax/Ω0 as well as
nonlinear frequency shifts Δω/Ω1 and Δω/Ω2, where the solid, dashed, and dotted lines represent Channel I, II, and III, respectively. Here βi=0.1.

with kinetic-scale Alfvén waves (Zhao et al. 2014). The scalartype nonlinear forces, that come from both the MHD and
kinetic effects, drive broadband Alfvén waves distributed from
MHD to ion scales. The vector-type nonlinear forces, which are
mainly contributed by the kinetic effects, generate Alfvén
waves close to the ion gyroscale. Moreover, for pump
wavelengths 104ρi, the 3D vector-type nonlinear forces
dominate the Alfvén wave decay (see Figure 1) and cannot
be captured by the one-ﬂuid MHD model.
Alfvén wave decay may be responsible for many phenomena
observed in the solar wind, like decreasing cross-helicity with

turbulence are all processes that can contribute to the
dissipation of original Alfvén waves.
Previous works were mainly focused on the 1D or 2D decay
of the Alfvén wave in the framework of a one-ﬂuid MHD
model, as well as on 1D or 2D hybrid simulations (e.g., Del
Zanna et al. 2001; Suzuki & Inutsuka 2005; Nariyuki et al.
2014; Maneva et al. 2015). However, the one-ﬂuid MHD
model cannot capture all decay channels, in particular, channels
involving kinetic effects. The kinetic effects affect the decay
even when wavelengths are much larger than the ion gyroscale.
As a result, the MHD-scale Alfvén waves can strongly couple
9
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Figure 6. Nonlinear growth rate γ/Ω0 (top panels), and the nonlinear frequency shifts Δω/Ω1 (second panels) and Δω/Ω2 (third panels) as functions of ρik0⊥ and θ:
Channel I (a1), (a2), and (a3); Channel II (b1), (b2), and (b3); and Channel III (c1), (c2), and (c3). Bottom panels present the maximal growth rate γmax/Ω0 as well as
nonlinear frequency shifts Δω/Ω1 and Δω/Ω2, where the solid, dashed, and dotted lines represent Channels I, II, and III, respectively. Here Te/ Ti=3.

radial distance (Bavassano et al. 2000), compressible waves
(Miyamoto et al. 2014; Shi et al. 2015; Roberts et al. 2017),
and inward propagating Alfvén waves in the fast solar wind
(He et al. 2015a; Li et al. 2016a; Yang et al. 2016). However,
the decay instability itself is not easy to observe directly. The
most difﬁcult is the mode identiﬁcation. First, it is difﬁcult to
distinguish the forward/backward Alfvén waves. Second, the
slow waves can deviate strongly from the normal modes, in
which case their identiﬁcation based on the linear wave
response is impossible. In most cases, the pump Alfvén wave

excites the normal Alfvén eigenmodes and the nonlinear soundlike ﬂuctuations (e.g., Goldstein 1978; Araneda et al. 2007).
Only with low wave amplitudes and/or large βi do the soundlike ﬂuctuations approach the normal wave modes.
In Channel I, the product Alfvén waves propagate against the
pump Alfvén waves, which complicates the task of maintaining
their correlation time long enough for the nonlinear wave–wave
interaction to accomplish the decay. In Figures 1–6, we analyze
merely the nonlinear decay with 10−3<γ/ω0<1 and
ω1,2/ω0>10−4. To achieve the decay in the cases of weaker
10
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−3

growth rates γ/ω0<10 , even longer correlation times are
needed, which can hardly be satisﬁed in the turbulent solar
wind environment.
It should also be emphasized that, although we took into
account the dominant nonlinear forces, there are also some
minor forces neglected in our present analysis. For example,
the nonlinear electron Lorentz force -e (vepA ´ B^) · zˆ in the
nonlinear equation of the slow wave and several other minor
forces may affect the decay in special circumstances, which
needs further analysis.

growth rate normally increases with larger initial amplitude,
smaller initial frequency, and smaller βi. At larger Te/Ti, the
normalized growth rate is larger in the strongest channel:
Channel I. Furthermore, our results revealed the following
decay properties in three possible decay channels in the
solar wind.
Channel I. In this channel the decay is usually strongest. At
the largest scales ρik0⊥10−4 the decay of MHD Alfvén
waves is 2D, generating a broadband wavenumber range of
product waves with collinear perpendicular wavevectors k1 ^ 
k2 ^  k0⊥. At still very small MHD wavenumbers around
ρik0⊥∼5×10−4, the Channel I decay is driven by the
competing scalar and vector nonlinear interaction and becomes
3D. The 3D decay of MHD Alfvén waves, dominating at
ρik0⊥>10−3, is nonlocal and generates kinetic-scale product
waves with ρk⊥≈0.5 and θ≈±45°.
Channel II. At ρik0⊥>10−4, the decay in this channel is
entirely 3D and nonlocal, generating kinetic-scale Alfvén
waves with two peaks in the wavenumber spectrum,
ρik⊥≈0.5 and ρik⊥≈10, and two peaks in the azimuthal
angle spectrum, θ≈45°. The kinetic-scale pump Alfvén
waves with ρik0⊥∼0.5 generates product waves with similar
wavenumbers, but they are rather spread in the azimuthal
angle, 45  ∣ q ∣  90.
Channel III. Only kinetic-scale Alfvén waves with
ρik0⊥∼1 can decay in this channel, The decay here is 3D
and local in wavenumber space, exciting product waves at the
same scales but nonlocal in the azimuthal angle with two peaks
at θ∼±45°.
It should be noted that counter-propagating Alfvén waves
can undergo strong incoherent interactions governing the
turbulence of Alfvén waves (e.g., Goldreich & Sridhar 1995;
Schekochihin et al. 2009). Generation of Alfvénic turbulence
has been observed in recent 2D and 3D hybrid particle-in-cell
simulations (e.g., Franci et al. 2015a, 2015b, 2018), where
spectra of electric and magnetic ﬁelds, velocity, and density
exhibited power-law dependences in the wide wavenumber
range from MHD to subproton scales. For MHD Alfvén waves
propagating in the same direction, the previous hybrid
simulations have conﬁrmed the existence of the nonlinear
decay (e.g., Matteini et al. 2010a, 2010b; Lin et al. 2012).
These simulations indicate that the nonlinear evolution of
copropagating Alfvén waves is controlled by the resonant
three-wave interactions between Alfvén and slow waves, while
the nonlinear evolution of counter-propagating Alfvén waves is
dominated by the strong nonresonant interactions among
Alfvén waves. Therefore, the Alfvén decay instability is
preferred in the inner solar wind (e.g., Tenerani & Velli
2013), particularly in the fast streams where the overwhelming
majority of Alfvén waves propagate away from the Sun.
Our theoretical analysis assumes the homogeneous plasma
density and magnetic ﬁeld. However, as the solar wind is
radially expanding, its density and magnetic ﬁeld depend on
the heliocentric distance. The expansion effects in the nonlinear
decay of Alfvén waves have been studied by Matteini et al.
(2010a, 2010b), Matteini et al. (2012), Tenerani & Velli
(2013), and Del Zanna et al. (2015). Because the pump Alfvén
wave amplitude decreases with the radial distance, the decay
rate is, in general, reduced (e.g., Tenerani & Velli 2013, and
Del Zanna et al. 2015). Therefore, in order to account for the
radial evolution of the 3D decay of the Alfvén wave, one needs

5. Summary
We investigated properties of the nonlinear decay of Alfvén
waves in the solar wind taking into account the joint action of
both scalar- and vector-type nonlinear interactions among
Alfvén and slow waves. This study extends and complements
previous studies by Zhao et al. (2014, 2015a) in which scalarand vector-type nonlinearities have been investigated separately in two opposite wavelength limits. The most important
new properties of the decay and their consequences are
summarized as follows:
1. The transition from the 2D scalar to 3D vector decay is
smooth and occurs in the extended wavenumber range
10−4ρik0⊥10−3. The mean value of the transition
wavenumber ρiktr≈5×10−4 is thus much smaller than the
transition wavenumber ρiktr≈10−2 found by Zhao et al.
(2015a) from comparison of separate scalar and vector decays.
This numerical result exhibits importance of the joint action of
scalar and vector nonlinear interactions, reducing the transition
wavenumbers.
2. In application to the solar wind, it means that the
vast majority of Alfvén waves in the extended range
10−4ρik0⊥1 are affected by the vector nonlinear
interaction. The Alfvénic decay is thus 3D over almost four
decades of scales below the ion gyroscale. The decay is
essentially nonlocal in this range, introducing a nonlocal
spectral transport of wave energy across several decades from
MHD scales directly to the ion kinetic scales ρik1⊥∼1.
3. Because of the decay nonlocality, the MHD Alfvén waves
with 5×10−4ρik0⊥<10−1 propagating from the Sun
cannot generate counter-propagating Alfvén waves with similar
scales needed for the turbulent cascade. Only Alfvén waves of
the largest scales (at least ρik0⊥∼10−4) can generate the seed
counter-propagating waves initiating the turbulent cascade.
4. Evaluation of the nonlinear frequency shift shows that the
product Alfvén waves can still be approximately described as
the normal Alfvén eigenmodes. On the contrary, the nonlinearly driven slow waves deviate considerably from the
normal modes and therefore are difﬁcult to identify on the basis
of their phase velocities and/or polarization.
5. A new range of unstable highly oblique product waves
arises at ion kinetic scales due to the joint action of scalar and
vector nonlinearities.
2. Another general trend observed in Figures 1, 3, and 4 for
all three channels (except for Channel I at the lowest
wavenumbers ρik0⊥∼10−4) is the nonlocal character of the
Alfvén wave decay not only in the wavenumber k1⊥ but also in
the azimuthal angle θ. This makes the wave spectrum
azimuthally symmetric.
Inﬂuence of wave and plasma parameters on the decay, such
as the wave amplitude and frequency, plasma βi, and
temperature ratio Te/Ti is also investigated. The nonlinear
11
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to include the expansion effects in a two-ﬂuid plasma model,
which is a task for future studies.
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