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Abstract The development of the low-frequency variability (LFV) in the atmosphere at multidecadal
timescales is investigated in the context of a low-order coupled ocean-atmosphere model designed to
emulate the interaction between the ocean mixed layer (OML) and the atmosphere at midlatitudes, both
subject to seasonal variations of the Sun’s radiative input. When no seasonal dependences are present, a
LFV is emerging from the chaotic background for sufficiently large wind stress forcing (WSF). The period
of this LFV is strongly controlled by the depth of the OML, with a shorter period for a deeper layer. In the
seasonally dependent case, a similar LFV is developing that persists throughout the year. Remarkably, the
emergence of this LFV occurs for smaller values of the WSF coefficient and is strongly related to the small
thickness of the OML in summer, i.e., large impact of the WSF. Potential implications for real-world dynamics
are discussed.

1. Introduction

The atmosphere displays a variability on a wide range of space and timescales. In the tropical regions, the
El-Niño–Southern Oscillation is known to play an important role at interannual timescales. In the northern
extratropics, the Arctic Oscillation (AO) was found to play an important role in shaping the climate at seasonal,
interannual, and decadal timescales [Thompson and Wallace, 1998]. The regional counterpart of the AO in the
Atlantic is the North Atlantic Oscillation (NAO) that is believed to play an important role on the climatology of
Europe at seasonal, interannual, and decadal timescales [Hurrell, 1995; Bladé et al., 2011; Smith et al., 2014].

Yet as discussed in Smith et al. [2014], the origin of this low-frequency variability is still controversial, associated
either with teleconnections with the tropical Pacific variability, with the stratosphere and the quasi-biennal
oscillation, with the Pacific Decadal Oscillation, with the solar 11 year cycle activity, or due to the direct
interaction with the underlying Atlantic ocean surface, or a combination of these different processes.

The role of the underlying Atlantic ocean temperature dynamics has been emphasized in many investigations
in the context of detailed climate models [e.g., Mosedale et al., 2006; Kravtsov et al., 2007; Gastineau et al., 2012;
Menary et al., 2015], in the analysis of observations [e.g., Czaja and Frankignoul, 2002], and in more theoretical
studies [e.g., Gallego and Cessi, 2000; Marshall et al., 2001; D’Andrea et al., 2005; Vannitsem et al., 2015].
In particular, it is well established that the upper layer of the ocean, known as the mixed layer, is the place
where most of the exchanges occur between the ocean and the atmosphere, namely, heat and freshwater
fluxes, radiative fluxes, and momentum fluxes through wind stresses [Wunsch and Ferrari, 2004]. It is character-
ized by an almost vertically uniform profile of salinity, temperature, and density induced by a strong vertical
mixing associated with the vertical instability of the water column. This instability originates not only from
the heat and water fluxes but also from the wind friction and wave breaking at the ocean surface. The inter-
action between the atmosphere and the mixed layer is at the origin of important dynamics within the ocean
[Wunsch and Ferrari, 2004; Vallis, 2006].

The properties of the ocean mixed layer (OML) are strongly seasonally dependent. In summer at midlatitudes
its thickness is very small due to the weaknesses of the wind friction and the considerable heat entering at the
surface, stabilizing the water column. In winter, wind friction amplifies and part of the heat is progressively
lost, destabilizing the water column and inducing an increase of vertical mixing and, hence, deepening the
OML. The strong seasonality is amply demonstrated in the climatologies that were developed for the mixed
layer depth [Monterey and Levitus, 1997; de Boyer Montégut et al., 2004].
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The current work is an attempt to clarify the impact of the presence of the OML and of its strong season-
ality on the emergence of the LFV (typically the NAO) from a dynamical system’s perspective, based on the
development of an appropriate low-order model and the investigation of its dynamics.

Recently, several coupled ocean-atmosphere models have been developed allowing for addressing this
important problem of coupling between the upper surface of the ocean and the atmosphere [Lorenz, 1984;
Roebber, 1995; Van Veen, 2003; Vannitsem, 2014a, 2014b; Vannitsem and De Cruz, 2014; Vannitsem et al., 2015].
In the latter, a 36-variable low-order nonlinear coupled ocean-atmosphere model has been developed and
shown to display a low-frequency variability (LFV) compatible with the one found for the NAO. This remark-
able result points toward the important role of the Atlantic Ocean in the development of the NAO. However,
the robustness of this conjecture still needs to be confirmed through the extensive investigation of this type
of reduced order models, of detailed climate models, and of real data sets.

In the present paper, we discuss the impact of the seasonal variations of the radiative input of the Sun on the
development of the LFV in a slightly modified version of the ocean-atmosphere model discussed in Vannitsem
et al. [2015] in which the ocean layer is supposed to represent the OML. Besides the robustness of the LFV in
the reduced order model, the analysis reveals new very important features of the nonautonomous dynamics
of the model, suggesting the central role of the depth of the summer OML as the source of LFV for all seasons
at midlatitudes and that the annual mean depth of the OML also controls the period of the LFV.

The model is briefly presented in section 2 and in the supporting information. The values of the parameters
fixed in the present study are discussed in sections 2.1 and 2.2. The main results are then presented in section 3,
and the potential implications of these findings for the real coupled ocean-atmosphere system are discussed
in section 4.

2. The Model

The atmospheric model is based on the vorticity equations of a two-layer, quasi-geostrophic flow defined on
a 𝛽 plane, supplemented with a thermodynamic equation for the temperature at the interface between the
two atmospheric layers. The ocean model is based on the reduced-gravity, quasi-geostrophic shallow-water
model with the same order of approximation of the Coriolis parameter. The oceanic temperature is considered
as a passive scalar transported by the ocean currents, but it displays strong interactions with the atmospheric
temperature through radiative and heat exchanges. Since the OML is the central place of exchanges with the
atmosphere, we will suppose that this shallow water ocean layer of the model only describes the mixed layer.
The equations of the model are detailed in the supporting information (Text S1) and in Vannitsem et al. [2015].

In order to build a low-order model version, a truncated Fourier expansion approach is adopted, with a trun-
cation at a minimal number of modes that are believed to capture key features of the observed large-scale
dynamics of both the ocean and the atmosphere. Both linear and nonlinear terms in the equations of motion
are then projected onto the phase subspace spanned by the modes selected, by using an appropriate scalar
product (see supporting information Text S2).

The truncation leads to 20 ordinary differential equations for the atmospheric variables, 8 equations for the
ocean transport dynamics, 6 equations for the temperature anomaly within the ocean, and 2 equations for
the spatially averaged temperatures in the atmosphere and the ocean.

2.1. Parameter Estimation and Seasonal Variations
In the equations described in the supporting information, a large number of parameters are present whose
values should be fixed in such a way to obtain realistic coupled dynamics behavior. These parameters are
listed in Table 1. In order to reduce their number, let us relate some of these parameters to more fundamental
parameters using the Ekman layer theory [Houghton, 1986; Vallis, 2006].

One important process is the friction at the interface between the ocean and the atmosphere. Assuming that
the wind stress follows the linear relation, (𝜏x , 𝜏y) = C(u−U, v−V), where (u = −𝜕𝜓3

a∕𝜕y, v = 𝜕𝜓3
a∕𝜕x) are the

horizontal components of the geostrophic wind and (U, V) the corresponding components of the geostrophic
currents in the ocean, the wind stress curl forcing on the ocean is

curlz𝜏

𝜌oH
= C
𝜌oH

∇2(𝜓3
a − 𝜓o) (1)
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Table 1. Dimensional Parameters Present in the Coupled Ocean-Atmosphere Modelsa

Dynamic Atmosphere Dynamic Ocean Geometry Coupling

kd = gC∕Δp s−1 LR = (g′H)1∕2∕f0 m Ly = 𝜋L = 5000 km 𝜖a = 0.7

k′
d
= kd r = 10−7 s−1 n = (2Ly)∕Lx = 1.5 𝜆 = cp,aC W m−2 K−1

𝜎 = 2.16 10−6 J kg−1 Pa−2 𝛾o = cp,o𝜌oH J m−2 K−1 f0 = 0.0001032 s−1 d = C∕(𝜌oH) s−1

𝛾a = 107 J m−2 K−1 𝛽 = 1.62 10−11 m−1 s−1

Δp = 500 hPa
acp,a and 𝜎B are the usual specific heat at constant pressure of the air and the Stefan-Boltzmann constant, fixed to

1004 J kg−1 K−1 and 5.6 10−8 W m−2 K−4, respectively. The density, 𝜌o, and the specific heat at constant pressure, cp,o,
for the ocean layer are fixed to 1000 kg m−3 and 4000 J kg−1 K−1. g and g′ are the gravity and reduced gravity fixed to 10
and 0.031 m s−2, respectively.

where C=𝜌aCD|v⃗ − V⃗| with CD is the drag coefficient, |v⃗ − V⃗| the norm of the relative velocity at the surface,
and 𝜌a the air density at the surface. The coefficient d = C∕(𝜌oH) characterizes the strength of the mechani-
cal coupling between the ocean and the atmosphere, where H is the depth of the OML and 𝜌o the constant
density within this layer.

Similarly, one can use the Ekman layer theory to relate the coefficient kd in equation (1) in supporting
information Text S1 to the friction coefficient C in pressure coordinates as

kd =
gC
Δp

s−1 (2)

and one assumes that k′
d=kd as in Charney and Straus [1980].

The heat flux parameter 𝜆 in equation (3) in supporting information Text S1 can also be related to the surface
friction coefficient as discussed in Houghton [1986],

𝜆 = cp,aC W m−2K−1 (3)

where cp,a is the specific heat at constant pressure of the air.

Let us now focus on the dependence of the different parameters of the equations within the ocean as a
function of the depth of the OML, H. The first coefficient is the reduced Rossby radius of deformation, LR,
given as

L2
R =

g′H

f 2
0

m2 (4)

where the reduced gravity is g′ = g(𝜌o,2 − 𝜌o,1)∕𝜌o,1 and 𝜌o,2 and 𝜌o,1 are the densities of the deep quiet layer
and the OML, respectively. It is fixed here to 0.031 m s−2 as in Jiang et al. [1995]. A second parameter that
depends on H is the heat capacity,

𝛾o = 4 106 H J m−2K−1 (5)

Finally, as already mentioned above, d is inversely proportional to H. Note that 𝛾a depends on the depth of the
atmospheric layer supposed to be fixed. Its value is chosen as in Barsugli and Battisti [1998], 𝛾a = 107 J m−2 K−1.

The ensemble of parameters {kd, k′
d, d, 𝛾o, 𝜆, LR} can therefore be reduced to the estimation of two parameters,

the depth of the ocean layer, H, and the friction coefficient, C. The latter is also assumed to be independent
of the season.

2.2. Parameters of the Nonautonomous System
The radiative input at midlatitudes is clearly seasonal dependent, i.e., the system is nonautonomous. The daily
dependence can be directly estimated from the astronomical parameters and the specific latitude on the
Earth [e.g., Goosse, 2015]. The daily averaged radiative forcing for an obliquity of 23∘ for the domain specified
in Table 1 and centered at a latitude of 45∘ north is displayed in Figure 1a.

As well known, the interesting features of this temporal evolution are that the amplitude of the gradient of the
radiative input as a function of latitude is much smaller in summer than in winter and that latitudinal average
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Figure 1. (a) Daily averaged insolation as obtained from Goosse [2015] for an obliquity of 23∘ and for a domain centered
at a latitude of 45∘ with n = 1.5 and 𝜋L = 5000 km, as a function of latitude and time; (b) analytical expression (6) of the
radiative input as a function of latitude and time for So = 310 W m−2 and different values of 𝜅: 𝜅 = 1 (green), 𝜅 = 0.5
(magenta), and 𝜅 = 0.3 (red). The latitude is displayed in adimensional units on the domain [0, 𝜋]. The unit along the
vertical axis is W m−2.

of the radiative input is smaller in winter than in summer. In order to parameterize this evolution in our model,
a simple relation of the following form is used:

Ro = Ro,0 + 𝛿Ro = So(1 + 𝛼 sin(𝜔(t − 𝜁 ))) + 𝜅So cos(y)(1 − 2𝛼sin(𝜔(t − 𝜁 ))) (6)

where 𝜔 = 2𝜋∕365 days−1, 𝜁 = 80 days, and y is the latitude in nondimensional units varying from [0, 𝜋].
𝜅 is a free parameter and 𝛼 is fixed such that the radiative input is never negative in the whole domain,
𝛼 = min((𝜅 − 1)∕(𝜅 + 2), 0.5). This choice also implies that the energy input in the nonautonomous case is
reaching the value of 0 at y = 𝜋 and at t ≈ 355 days (winter solstice). Two free parameters are present in this
relation: So, the energy input, and 𝜅, the latitudinal contribution.

Figure 1b displays Ro for different values of 𝜅, the smaller the value of 𝜅, the larger the seasonal variations. For
𝜅=0.3, the seasonal variation is very similar to the actual evolution displayed in Figure 1a. Note that for 𝜅=1,
no seasonal variability is present and corresponds to the autonomous case investigated later.

The second important parameter of the OML is H. This layer displays a strong seasonality, with a small depth
in summer and a large depth in winter [e.g., de Boyer Montégut et al., 2004]. Kraus and Turner [1967] suggested
that the characteristic thickness of the convective development within the ocean is of the order of

H = 𝜇 ln(1 + B
S
) (7)

where B is the surface heat exchange and S is the radiative flux penetrating in the ocean layer. If the heat
fluxes are time dependent, the depth H of convection is also strongly dependent on time. In the present
work, we use a relation for the OML depth displaying a similar structure which allows for variations typical to
the ones found in reality when a strong seasonality is present in the model,

H(t) = Href ln(1 +
(

500
Ro,0(t)

)3

) (8)

where Href is fixed to 100 m in most of the integrations performed below, unless it is explicitly stated.
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Figure 2. (a) Values of d = C∕𝜌oH as a function of the friction coefficient C for H =136.5 m (corresponding to
So = 350 W m−2) and 164.8 m (corresponding to So = 310 W m−2). (b) Temporal evolution of the atmospheric
barotropic streamfunction 𝜓a,1 for So = 310 W m−2, for 𝜅 = 1 and C = 0.012 (red) and 0.015 (green) kg m−2 s−1.
(c) Three-dimensional projection of the attractor in the subspace (𝜓o,2, To,2, 𝜓a,1) for 𝜅=1, So=310 W m−2 and different
values of C, 0.01 (red), 0.011 (green), 0.012 (blue), and 0.015 (magenta) kg m−2 s−1. The variables, (𝜓o,2, To,2, 𝜓a,1),
mainly characterize the double-gyre transport within the ocean, the meridional temperature gradient in the ocean, and
the vertically averaged zonal flow within the atmosphere, respectively.

3. Results
3.1. Autonomous Version of the Model
A first integration of the model with a value of 𝛼=0., i.e., 𝜅 = 1, is performed in order to evaluate the nature of
the dynamics in the absence of seasonal cycle (green surface in Figure 1b). Figure 2a displays, for reference,
the values of the friction parameter d = C∕𝜌oH as a function of the friction coefficient C for 𝜌o = 1000 kg m−3

and H given by equation (8) for So =310 and 350 W m−2.

Figure 2b shows the temporal evolution after a transient period of 1000’years of the first mode, 𝜓a,1, of the
atmospheric barotropic streamfunction field (see supporting information Text S1) characterizing the domi-
nant contribution of the zonal flow in the domain, for C = 0.012 and 0.015 kg m−2 s−1. For both values of C a
clear LFV signal is visible, modulating the chaotic dynamics characterizing the “weather”-scale variability. The
LFV signal has a very long period of about 70 years, a value much larger than the LFV signal found in Vannitsem
et al. [2015].

Figure 2c displays the three-dimensional (3-D) projection of several attractors for different values of C for
So = 310 W m−2. For values of C beyond 0.011 kg m−2 s−1, a drastic change of the main location of the attractor
and a drastic qualitative change of the nature of the dynamics are visible when the LFV is developing. Note
that several concommittent attractors can be reached for values of C between 0.011 and 0.013 kg m−2 s−1,
depending on the initial state of the integration, as illustrated in Figure 3a in which the variance is displayed
for different trajectories. The properties of these concommittent attractors are worth investigating further in
the future.

The computation of the Lyapunov exponents for these cases reveals that several positive exponents
are present, with a dominant exponent of 0.377 days−1 for C = 0.01 kg m−2 s−1, and 0.127 days−1 for
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Figure 3. (a) d(t) for 𝜅 = 0.3 and for different values of C = 0.005 (red), 0.006 (green), 0.0065 (blue), and 0.010
(magenta) kg m−2 s−1; (b) temporal evolution of the atmospheric barotropic variable, 𝜓a,1, for 𝜅 = 0.3, So = 310 W m−2,
and C = 0.0065 (red) and 0.010 (green) kg m−2 s−1; (c) Three-dimensional projection of the attractor for 𝜅 = 0.3,
So = 310 W m−2, and different values of C: 0.005 (red), 0.006 (green), 0.0065 (blue), 0.010 (magenta) kg m−2 s−1.

C = 0.015 kg m−2 s−1, indicating that the solutions are sensitive to initial state errors, i.e., display a chaotic
dynamics.

The slight modifications of the dynamical equations discussed in section 2 and of the main parameter values
does not modify the main conclusions of Vannitsem et al. [2015] concerning the development of a coupled
LFV mode, except that this LFV has now a much longer period. As we will see later, the depth of the OML is
effectively controlling the period of the LFV (Figure 4b).

To interpret the development of the LFV of the magenta and blue attractors of Figure 2c, let us assume that
the system is starting in the region for which 𝜓o,2 is close to 0 and To,2 close to 10 K. In this situation, the
dynamics of the ocean is characterized by a system of four gyres; i.e., the variable 𝜓o,4 is dominating. Subse-
quently, the meridional temperature gradient within the ocean (essentially given by the value To,2) is building
up and the intensity (with positive values) of the “double-gyre” stream function variable, 𝜓o,2, increases. As
the meridional temperature gradient in the ocean becomes larger, the solution enters in the highly erratic
zone on the right “wing” of the attractor. In this zone, important heat exchanges between the ocean and
the atmosphere are occurring in order to compensate for the temperature gradient within the ocean. This in
turn induces a large meridional gradient of temperature within the atmosphere, driving an intense baroclinic
instability around an intense westerly jet (also leading to large local instability properties of the flow). Due to
the rapid transport of heat within the atmosphere the temperature gradient within the ocean is progressively
attenuated, leading to a decrease of To,2. The decrease of the temperature gradient within the ocean is also
accompanied by a decrease of the intensity of the double-gyre variable,𝜓o,2, and a system of four gyres (with
opposite sign) is again developing within the ocean. This evolution is then repeated on the left wing of the
attractor. Interestingly, the growth and decay of the double gyre, with high amplitudes of 𝜓o,2 in Figure 2c,
and the concommittent development of the four-gyre system, is associated with the westward propagation
of basin-scale Rossby-like waves.
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Figure 4. (a) Variance of the ocean temperature as a function of the friction coefficient, C, for the autonomous, 𝜅 = 1,
and the nonautonomous, 𝜅 = 0.3, systems, complementing the phase subspace representations already displayed in
Figures 2c and 3c; (b) variations of the approximate period of the LFV as a function of Href for the nonautonomous case,
𝜅 = 0.3, with So = 310 W m−2.

To summarize, the dynamics seems therefore the consequence of the interplay between the transport of heat
within the ocean, the heat fluxes between the ocean and the atmosphere, and the wind friction inducing the
development of Rossby-like waves within the ocean. A detailed investigation of this specific dynamics is worth
performing to clarify the roles of the different processes at play through the evaluation of the energetics of
this system in the spirit of Gallego and Cessi [2000] and Farneti and Vallis [2013].

3.2. Nonautonomous Version
Let us now turn to the model version in which the seasonal signal is incorporated. For the present analysis,
we fix 𝜅 = 0.3, implying that 𝛼 = 0.4375 in (6). The solar radiative input into the ocean corresponds to
the red surface in Figure 1b. Figure 3a displays the evolution of the friction coefficient d(t) = C∕(𝜌oH(t))
as a function of time for different values of C. A reference value of d as obtained for 𝜅=1., So = 310 W m−2,
and C = 0.011 kg m−2 s−1 is also displayed (see Figure 2a). In winter the friction parameter d is small and
progressively amplifies in the course of the year with a maximum value in summer. As for the autonomous
case, no LFV is developing for small values of C. However, once this parameter reaches a value larger than
0.065, the LFV appears as illustrated in Figures 3b and 3c, but with a smaller amplitude. Interestingly, this LFV is
now developing for values of C smaller than in the autonomous case. Moreover, the qualitative change occurs
when the amplitude of d reaches in summer a value larger than the reference value of the autonomous case
for which the LFV is emerging (d = 6.7 10−8 s−1, horizontal line in Figure 3a). Furthermore, this LFV persists in
winter even if d becomes much smaller than the reference value of the autonomous case.

This result suggests that the LFV is essentially driven by the depth of the OML in summer and that the inertia
of the ocean is sufficiently important to avoid a strong response to the fast decrease of the friction parameter
d in winter.
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As mentioned above, the period of the LFV is large in the current parameter settings (Table 1) and differs
considerably to the one obtained in Vannitsem et al. [2015] for which the depth of the ocean was fixed to
H = 500 m. To understand this feature, we have modified the OML reference depth, Href in equation (8) from
100 to 400 m. The OML can now reach very large mean depth for Href large, with values similar to the one used
in Vannitsem et al. [2015].

Figure 4b shows the approximate period of the LFV as a function of Href. The larger is Href, the shorter is the
period. This result is consistent with the period obtained in Vannitsem et al. [2015] of about 22 years and sug-
gests that the mean climatological depth of the OML (associated with its inertia) is controlling the period of
the LFV.

To interpret this behavior, one must recall that the succession of double and quadruple gyres in the system is
associated with a Rossby-like wave propagation. In the classical theory of Rossby wave propagation for finite
deformation radius, Ld , the frequency of the Rossby wave 𝜔 is given by

𝜔 = −k𝛽

K2 + 1∕L2
d

(9)

where k is the zonal wave number and K2 = l2 +k2, the square of the total wave number with l the meridional
wave number. If we consider basin-scale modes (as it is our aim in the present system), then this frequency
is approximately proportional to L2

d , or in other words to the depth H. This feature qualitatively explains the
result found here with a decrease of the period of the LFV with Href in the ocean-atmosphere model. We can
therefore associate this property with the propagation of basin-scale Rossby-like waves within the OML.

4. Discussion

The coupled dynamics between the ocean mixed layer and the atmosphere is described using a reduced
order coupled nonlinear ocean-atmosphere model with seasonal variations of the radiative input. The cou-
pled low-frequency variability mode discovered in Vannitsem et al. [2015] is a robust feature for both the
autonomous and nonautonomous versions of this reduced order ocean-atmosphere model, suggesting fur-
ther the genuine character of the LFV in the coupled ocean-atmosphere system. Remarkably, the period of this
LFV is much longer than the one discovered in Vannitsem et al. [2015] and, as shown here, is closely related to
the reference depth of the OML, the deeper is the layer, the shorter is the period and the smaller the amplitude
of the LFV. This feature can be interpreted in terms of Rossby-like wave propagation.

An even more important finding is that in the nonautonomous version of the model, the LFV is controlled by
the depth of the OML in the summer period during which the layer thickness is small. Furthermore, once the
LFV is settled, it does not disappear in the course of the year when the layer thickness is much larger. To inter-
pret this result, one must realize that the ocean has an important inertia and that the LFV has a period much
larger than the one of the annual cycle. This large difference in frequencies seems to preclude the possibility
of complex interactions between the two dominant modes of variability present in the model dynamics. The
possibility of synchronizations to the annual cycle is however worth investigating in the context of this model
in the future.

The finding that the LFV is controlled by the properties of the interaction between the ocean and the atmo-
sphere during the summer period is intriguing and is worth exploring further. Usually, in data analysis, the
focus is given to the dynamics in winter because the LFV signal-to-noise ratio is larger, except in a limited
number of investigations [e.g., Bladé et al., 2011]. An analysis of the data during the full seasonal cycle is worth
performing in the light of the present results.

In the real coupled ocean-atmosphere system, the mean depth and the amplitude of the seasonal variations of
the OML strongly depend on the location in the Atlantic (and more generally at midlatitudes in the Northern
Hemisphere). We can therefore wonder whether depending on the location in the North Atlantic, the ampli-
tude and frequency of the LFV could change, provided that the different zones are sufficiently decoupled; or
if a dominant global LFV is selected for the whole North Atlantic zone. This question is worth addressing in
the future in both observational data and in the current model in which spatial dependences of the mixed
layer depth can be introduced.
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