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Turbulence and Complexity of Magnetospheric Plasmas
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Yasuhito Narita6, Zoltan Vörös6, Roberto Bruno7, Wieslaw Macek4, Kalevi Mursula8, and

Giuseppe Consolini7

ABSTRACT

Turbulent fluctuations are omnipresent in the terrestrial magnetosphere as well as in other planetary plasma sys-
tems. While the topic is broad and was largely treated in the past (see, for instance, the works of Borovsky and
Funsten, 2003; Zimbardo et al., 2010; Ovchinnikov and Antonova, 2017), this chapter provides a review that
covers under the same title some key facts on the current understanding of turbulence observed in the main
regions of the magnetosphere, such as the magnetosheath, the plasma sheet, and the cusps. We briefly discuss
basic theoretical building blocks (mainly phenomenological) to set the scene for a discussion on the experimental
results obtained during the last two decades of magnetospheric research. Indeed, an unprecedented fleet of space-
craft, like Cluster, THEMIS and MMS, provides in situ observations of magnetospheric turbulence for various
geomagnetic conditions. We also discuss similarities and differences with respect to solar wind turbulence. In
addition, we review ideas stemming frommodern interpretations of turbulence and plasma and field fluctuations,
such as dynamical complexity, and emphasize the key questions still awaiting clarification.

5.1. INTRODUCTION

Random, chaotic behavior of flow pattern can com-
monly be observed in many fluid systems in our daily life
and geophysical flows (rivers, oceans, and atmosphere).
Even plasmas in near-Earth space exhibit random fluctua-
tions in the flow velocity, density, and magnetic field.

Eddies, propagating waves, and coherent structures inter-
act with one another, and nonlinear structures evolve both
in space and time in the magnetospheric plasmas.
In the classical view (Kolmogorov-like) turbulence

implies that many scales of fluctuations are simultane-
ously present and that they nonlinearly interact generat-
ing an energy transfer from the larger scale to the
smaller ones where dissipation occurs. The classical the-
ory considers mainly the fully developed (strong) turbu-
lence, which is incompressible, isotropic, homogeneous,
and develops freely, without effects imposed by dissipa-
tion, external forces, or boundaries. The phenomenolog-
ical description stems from the so-called “Richardson
cascade” (Richardson, 1922). The energy is injected into
the largest scales of the medium, then it is transferred
through nonlinear interactions to smaller and smaller
scales (inertial range) until reaching the kinetic range of
scales, where it dissipates, as heat, for example. In the
inertial range the energy transfer rate is scale-invariant,
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i.e. it does not depend on scale, and it is determined only
by the mean energy dissipation rate per unit mass. In the
dissipation range, turbulence starts to depend on the vis-
cosity as well. These are the main conjectures of the so
called K41 theory (Kolmogorov, 1941) developed to
describe neutral fluid turbulence. A consequence of the
probabilistic description of the fluctuations for a fluid
described by the Navier–Stokes equation leads, under
strong hypothesis (see, e.g. Frisch, 1995), to the derivation
of a scaling law for the energy spectrum: in the inertial
range the power scales as f −α where α = 5/3. The main
assumptions made in K41 are the self–similarity, the
localness of interactions in the inertial range, and a con-
stant uniform energy transfer rate. Self-similarity refers
to the space filling – the largest (mother) eddies break-
down into smaller (daughter) eddies, which occupy the
same space volume as mother eddies, and this picture is
valid for all scale sizes in the inertial range. The localness
of the interactions means that the energy transfer is pref-
erable for scales with comparable size. The power-law
spectrum and the index value have successfully been
tested against various turbulence experiments (e.g.,
Fig. 9 in Saddoughi and Veeravalli, 1994).
Turbulence evolves when the Reynolds number

becomes sufficiently large, say 1000 or even higher
(Frisch, 1995), when the flow nonlinearity (advection)
exceeds the effects of viscosity. Random flow motions
in turbulence serve as effective diffusion (or turbulent dif-
fusion) of the large-scale, mean flow. In other words, tur-
bulence mixes the flow efficiently, even much more than
the molecular viscosity does. The Navier–Stokes equation
is nonlinear in the flow velocity and cannot be directly
time-integrated. However, the statistical quantities such
as energy spectra or velocity correlations can be esti-
mated. For example, Kolmogorov (1941) obtained a solu-
tion for the third-order moment of the flow velocity;
Kraichnan (1965a, 1965b) derived the inertial-range spec-
trum using a closure approximation without introducing a
free adjustable parameter (LHDIA, Lagrangian History
Direct Interaction Approximation), which was extended
to an inhomogeneous turbulence treatment (TSDIA,
Two-Scale Direct Interaction Approximation) by Yoshi-
zawa (1984, 1998).
In the ideal magnetofluid, incompressibility is main-

tained by the magnetic field strength (magnetic pressure).
The presence of a strong background magnetic field in
plasma produces fluctuations propagating as Alfvén
waves parallel and antiparallel along it. As a result, only
Alfvén waves traveling in opposite directions interact.
Since the flow velocity is much lower than the Alfvén
speed, the waves’ interaction time is shorter than the eddy
distortion time. This decorrelation is the basis of the
Alfvén effect (Biskamp, 1993), and it results in slower
full energy transfer in magnetohydrodynamic (MHD)

turbulence (α=3/2). The corresponding energy spectrum
of MHD turbulence, Iroshnikov–Kraichnan (IK67)
(Iroshnikov, 1963; Kraichnan, 1965a, 1965b), depends
not only on the energy transfer rate but on the Alfvén
velocity as well. The energy cascade is anisotropic, being
faster along the perpendicular than along the parallel
wave numbers. When turbulence becomes strong, the
so-called critical balance is achieved between parallel (lin-
ear) and perpendicular (nonlinear) energy propagation,
which is at the base of Goldreich and Sridhar (1995) phe-
nomenology (see also Narita, 2016a).
Turbulence in near-Earth space is unique in that it

occurs in a collisionless, magnetized plasma. This fact
imposes many challenges toward understanding of mag-
netospheric plasma turbulence. First, turbulent flows
are closely coupled to the electric and magnetic fields.
Not only eddies (which inherit fluid turbulence) but also
propagating electromagnetic waves are the ingredients
of plasma turbulence and there is a higher degree of free-
dom in a turbulent cascade mechanism. Simultaneous
coexistence of propagating modes and intermittent non-
linear spatiotemporal structures is the norm of the states
of the plasma media in the space environment. Recent
results demonstrate that the physics of the bimodal state
of admixtures of such types of turbulent fluctuations
may be understood from the point of view of the develop-
ment and interactions of coherent structures arising from
sporadic and localized plasma resonance sites (Chang
et al., 2004).
Second, energy dissipation needs to be achieved without

binary collisions or viscosity, through heating of particles.
One possible scenario involves resonant damping of elec-
tromagnetic fluctuations at kinetic scales leading to an
increase of entropy, thus to dissipation in the thermody-
namic sense. Ion and electron Landau damping of kinetic
Alfvén waves is a possibility explored theoretically and
with data analysis (Leamon et al., 1999; Sahraoui et al.,
2009; Borovsky and Gary, 2011; Chen et al., 2019). As
an alternative, nonlinear perpendicular phase mixing sus-
tains an entropy cascade and leads also to energy dissipa-
tion (Schekochihin et al., 2008). Another relevant process is
the nonresonant, stochastic damping of waves whose dissi-
pative effect is the broadening of particle velocity distribu-
tion (Johnson and Cheng, 2001; Voitenko and Gossens,
2004). Plasma structures like current sheets (Sundkvist
et al., 2007), Alfvénic vortices (Alexandrova et al., 2006),
and electrostatic forms (Stawarz et al., 2015) are also
believed to play a role in dissipation of space plasma turbu-
lent energy. Anomalous transport and diffusion of energy
at coarse-grained scales (Wu and Chang, 2001) may also
serve as effective dissipation mechanisms.
Third, the presence of the mean magnetic field brings

about anisotropy in turbulence processes, e.g., anisotropy
in wave propagation direction and energy cascade
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mechanism (Narita, 2015). On larger spatial scales, when
the gyro-motion of the ions is safely neglected, the plasma
motion can be approximated to that of a magnetofluid
(magnetohydrodynamics, MHD). On smaller spatial
scales, gyro-motion and wave particle energy exchange
become important and the plasma needs to be treated
kinetically and separately for the plasma species. In this
chapter we treat recent results obtained from the analysis
of spacecraft data in turbulence regions of the terrestrial
magnetosphere. We aim to provide a map of turbulence
properties and characteristics in three main magneto-
spheric regions: the magnetosheath, the magnetotail,
and plasma sheet and the cusps and auroral regions.
Let us first briefly summarize some of the main lessons
learned from in situ investigation of solar wind
turbulence.

5.2. LESSONS LEARNED FROM STUDIES OF
SOLAR WIND TURBULENCE

Extensive studies based on data from various space
missions as well as theoretical insights built a framework
for understanding solar wind plasma turbulence (see,
e.g., Bruno & Carbone, 2013; Alexandrova, 2008 and
references therein) that can be relevant for magneto-
spheric turbulence. Nevertheless, the conditions in the
solar wind are fundamentally different from the magneto-
spheric ones. The solar wind turbulence may be consid-
ered fully developed, particularly at relatively large
distances from the Sun, the interactions with boundaries
are of minor importance, and the Reynolds number is
quite high. The solar wind is often called the largest nat-
ural turbulence tunnel (Bruno and Carbone, 2013).
The Power Spectral Density of solar wind fluctuations

exhibit power-law ranges, separated by spectral breaks, as
illustrated in Figure 5.1. Numerous studies confirm an
f−1 spectrum at large scales as well as a Kolmogorov
scaling (f−5/3 spectrum) in the inertial range (Leamon
et al., 1998; Wicks et al, 2010). However, the size of the
inertial range, in particular, the location of the high-
frequency break, depends on the solar wind conditions
and varies with the heliocentric distance, moving to lower
frequencies as the wind expands, suggesting a cyclotron-
resonant dissipation mechanism (Bruno and Tren-
chi, 2014).
Moreover, at frequencies above the high-frequency

break the spectrum steepens from f−2 to f−4, a spectral
behavior associated by some authors to different physical
processes: ion cyclotron resonances (Leamon et al. 1998);
kinetic Alfvén waves (Sahraoui et al., 2009), dissipation at
electron scales (Alexandrova et al., 2009; Chen et al.,
2012); Hall effect or ion cyclotron damping of obliquely
propagating fluctuations (Alexandrova et al., 2012;

Bourouaine et al., 2012). On the other hand, Bruno
et al. (2014) showed that the spectral slope at frequencies
higher than the spectral break is strongly related to the
wind speed and to the power of the fluctuations within
the inertial range.
Another important feature of the small-scale solar wind

fluctuations is the presence of intermittency, identified by
the departure of probability density functions (PDFs)
from Gaussian statistics (Marsch and Tu, 1994; Sorriso-
Valvo et al., 1999), anomalous scaling of structure func-
tions (Burlaga 1991) or from multifractal analyses
(Macek and Wawrzaszek, 2011; Wawrzaszek et al.,
2015, 2019). The intermittent character of magnetic field
fluctuations in the kinetic range has also been investigated
(Kiyani et al., 2009; Perri et al., 2012; Wan et al., 2012;
Carbone et al., 2018; Alberti et al., 2019). Results
seems to indicate that although there is a clear departure
from Gaussianity of the PDFs of the fluctuations/
increments in the kinetic domain, there is, however, a
quasi-self-similarity of these fluctuations, i.e., the multi-
fractal character and the anomalous scaling features
are lost.
The turbulence of undisturbed solar wind is highly ani-

sotropic in the inertial range (Horbury et al. 2008, Wicks
et al., 2010) as well as at kinetic scales (Lacombe et al.,
2017). The anisotropy is revealed by the spectral behavior
of magnetic field fluctuations and seems to depend
strongly on the large-scale magnetic field (Sorriso-Valvo
et al., 2010) or plasma beta (Bruno and Carbone, 2013).
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Figure 5.1 Trace of the wavelet and Fourier power spectra of
magnetic field observations from Ulysses for the period
between days 100 and 200 of 1995. Figure published by
Wicks et al. (2010).
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One key hypothesis to understand turbulence, the Taylor
frozen-in-flow hypothesis, is usually satisfied in the solar
wind at MHD scales. Some studies suggest that this
hypothesis may fail when the solar wind flow velocity falls
below the Alfvén wave velocity, and when dispersive
effects at small scales cause the wave frequency to increase
more rapidly than linearly with the wavevector (Howes
et al, 2014, Perri et al., 2017).
Unlike weak turbulence, strong turbulence as described

in the introductory section of this chapter cannot be
understood purely in terms of waves and wave interactions
alone. Although any fluctuation may be mathematically
expanded in terms of sines and cosines, when inserting such
expansions into the basic fluid and/or kinetic plasma equa-
tions the nonlinear terms in the equations will generate infi-
nite number of interaction terms that must be considered in
full in a strong turbulence analysis. To circumvent such dif-
ficulty, there exist special methods, such as fractals, wavelet
transforms, structure function, singularity and rank-
ordered spectrum procedures, and other related theoretical
techniques, to address and analyze strong turbulence invol-
ving the bimodal dynamic interactions of coherent struc-
tures and wave modes. Some of these ideas are discussed
in more detail in the illustrative examples of this chapter.

5.3. TURBULENCE AND COMPLEXITY IN KEY
MAGNETOSPHERIC REGIONS

Fleets of spacecraft orbiting along highly elongated tra-
jectories allow in situ investigation of turbulence in virtu-
ally all magnetospheric domains. In the following sections
some of the main results obtained during the last decades
are reviewed and the main similarities and differences
between turbulence properties in key magnetospheric
regions are emphasized.

5.3.1. Bow Shock, Shock-Upstream, and
Magnetosheath Turbulence

Terrestrial bow shock (BS) results from the interaction
of the supersonic and superalfvénic solar wind flow with
the outer layers of the Earth’s magnetic field and plasma.
The large-scale properties of the bow shock are controlled
by θBn (the angle between the upstream interplanetary
magnetic field (IMF) and the normal to the bow shock
surface) the magnetospheric system size and the Mach
number. When θBn is smaller than 45 , the configuration
is called quasi-parallel (Qpar), as opposed to the quasi-
perpendicular (Qperp) case where the angle is larger
than 45 .
The upstream region of the BS where the solar wind is

magnetically connected to the BS surface is called fore-
shock. The foreshock is the subject of a number of
instabilities emerging between incoming solar wind

particles and ions and electrons reflected from the bow
shock surface along the IMF lines. Instabilities result in
the excitation of ultralow frequency (ULF) waves and
various nonlinear structures, such as shocklets, Short
Large Amplitude Magnetic Structures (SLAMS,
Schwartz et al., 1992), hot flow anomalies (HFAs), spon-
taneous HFAs (Zhang et al., 2013 and references therein).
Despite the well-known subdivision to ion and electron
foreshock, recently it has been reported that the ion fore-
shock is bounded by compressional boundaries of
enhanced magnetic field and density (Rojas-Castillo
et al., 2013). There are also traveling foreshocks caused
by consecutive rotations of the IMF that change locally
the bow shock geometry and bound a region exhibiting
fluctuations similar to the foreshock ones (Kajdic
et al., 2017).
The quasi-parallel shock is the region where the strong-

est turbulence is observed and the fluctuations in all para-
meters are intensified. Due to the downstream-convected
foreshock fluctuations, the quasi-parallel shock surface is
strongly rippled and the local curvature variations can
generate fast jets penetrating to the magnetosheath
(Hietala and Plaschke, 2013). The turbulent fluctuations
at quasi-perpendicular shock have lower amplitudes.
However, they are the efficient source of particle energiza-
tion at kinetic scales (Johlander et al., 2016). Very recent
detection of rippling in the quasi-perpendicular bow
shock has been accounted responsible for the observed
reflection of ions (Johlander et al, 2018).
The magnetosheath (MSH) is bounded by the bow

shock and the magnetopause (MP). Its spatial extent in
the subsolar region is of the order of 3 RE. (RE being
the Earth’ radius). The main dynamical and turbulent fea-
tures are determined by the geometry of the upstream part
of the bow shock, i.e., its Qpar or Qperp character. The
Qpar magnetosheath exhibits strong turbulence where
the δB/B ratio is close to unity. On the contrary, the power
of the electromagnetic fluctuations behind the quasi-
perpendicular part of BS is about one order weaker
(Figure 5.2). Though the main part of the MSH plasma
is composed of solar wind (SW) particles, the physical
conditions change considerably behind the BS. As com-
pared to the SW, the MSH plasma density increases
(though it still remains collisionless), the plasma velocity
is slowed down, the plasma beta exhibits a considerable
spatiotemporal variation ranging from less than unity
to order of ten, the ion temperature becomes much larger
than that of electrons and there appears a big anisotropy
between parallel and perpendicular temperatures
as T⊥ T .
The release of strong temperature anisotropy in the col-

lisionless MSH environment can take place only via wave
particle interactions (Schwartz et al., 1996). The MSH
dynamics characterized by large variations of the ion beta
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can be modelled by kinetic theory. It is argued that the
temperature anisotropy, T⊥ T , introduced by the
shock ramp is the source of two basic linear wave modes,
the Alfvén ion cyclotron (AIC) and mirror waves
(Alexandrova et al., 2004; Sahraoui et al., 2003; Schwartz
et al., 1996). AICs are dominant for low βi and large tem-
perature anisotropy environment while mirror modes
require a high βi and small temperature anisotropy satis-
fying the T⊥

T − 1 ≥ 1 βi condition. The highest growth rate

of AIC instabilities is found for parallel propagation.
When alpha particles are present the waves emerge in
two different frequency bands related to the cyclotron fre-
quencies of protons and He ions, respectively (Gary et al.,
1994). The mirror waves are compressional nonpropagat-
ing waves with zero frequency in the plasma rest frame. In
general, at low and intermediate frequencies (1 - 100mHz)
AIC waves are more dominant near the weak quasi-
perpendicular BS and in the plasma depletion layer, while
mirror modes dominate the region at middle magne-
tosheath (Schwartz et al., 1996, Sahraoui et al., 2003).
In a case study Sahraoui et al. (2003, 2006) applied the

k-filtering technique (Pincon and Lefeuvre, 1991) onClus-
ter multispacecraft data in high-beta plasma near the
magnetopause and showed that magnetic fluctuations
related to different spacecraft frequencies correspond to

mirror waves of different spatial scales, i.e. wave numbers.
The largest mirror structure appears at fsc = 0.11 Hz cor-
responding to kρ 0.3 (ρ being the proton Larmor
radius), i.e. a spatial scale of about 2,000 km and the struc-
ture can be followed until fsc = 1.5 Hz and kρ 3.5
(~150 km) (Sahraoui et al., 2006). Since the small-scale
mirror waves should have been damped according to
the kinetic linear theory it is argued that nonlinear effects
are at work while cascading the energy from large to small
spatial scales. This process is however not isotropic and
proceeds to full development only along the plasma flow
direction, kv. The magnetic energy spectrum in terms of kv
can be obtained by consecutive space–time integration of
the four dimensional B2(ω, k) power function over fre-
quency and over directions perpendicular to the flow.
The reduced spectrum exhibits power-law behavior,
k − 8 3
v , that is valid for the full wave number range

(0.3 < kvρ < 3.5), i.e. no spectral break is observed.
Although the general plasma conditions change rapidly

in the magnetosheath, the environment is highly inhomo-
geneous and the upstream and downstream boundaries
are relatively close, some universal properties of
MSH plasma and field fluctuations have been found.
Czaykovska et al. (2001) showed that irrespective
of the quasi-parallel or quasi-perpendicular geometry
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Figure 5.2 Left: schematic illustration of the shock geometry and associated upstream phenomena. The red and
green regions illustrate a quasi-perpendicular geometry and the other regions correspond to quasi-parallel
shock (figure published by Kajdic et al., 2017). Upper right: rippled magnetic structures at the quasi-parallel
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of the bow shock, the magnetic variations in the MSH
exhibit broken power-law spectra. Breuillard et al.
(2016) argued that the spectral break at kinetic scales is
closer to the smallest ion characteristic scale, the gyrora-
dius ρi or the inertial length λi, for various plasma condi-
tions (0.5 ≤ β ≤ 10). However, at low frequencies the
scaling exponent is close to −1, a common feature with
solar wind magnetic field spectra where the 1/f scaling is
believed to be related to the superposition of uncorrelated
magnetic structures emerging from the solar surface and
having log-normal distribution of correlation lengths
(Matthaeus and Goldstein, 1986). At high frequencies
the power-law index in the magnetosheath is between
−2 and −3. Breuillard et al. (2016) also showed that the
occurrence of AIC or mirror/slow mode waves result in
less steep spectra at small scales, otherwise the scaling
exponent is close to −2.8 consistent with kinetic Alfvén
wave (Howes et al., 2008; Schekochihin et al., 2009), whis-
tler modes (Stawicki et al., 2001) or Hall-MHD turbu-
lence (Alexandrova et al., 2007) scenarios.
In medium or low β plasma environments, the steep

part of the spectra is often preceded by bumps in the vicin-
ity of frequencies typical for kinetic instabilities
(Alexandrova et al., 2006; Breuillard et al., 2016). Alexan-
drova (2008) argued that the bump feature is different
from what is expected for the peak signature of linear
wave modes and conjectured that in case of ion cyclotron
instabilities the bumps are related to the emergence of Alf-
vén vortices (Petviashvili and Pokhotelov, 1992), that are
shown to be the solutions of the incompressible ideal
MHD equations. Alfvén vortices are incompressible
coherent field-aligned current structures with small (near
to the ion Larmour radius) dimension perpendicular to
the ambient magnetic field and with transversal magnetic
field and velocity fluctuations. Alexandrova et al. (2006)
pointed out several possible mechanisms for the genera-
tion of the Alfvén vortices; however, the question
remained open as to which mechanism is the most prob-
able in the magnetosheath region. In the paper of Alexan-
drova et al. (2008) it is argued that a network of monopole
or dipole filamentary vortices can satisfactorily explain
the spectral features observed in the magnetosheath,
namely the flat and steep part at large and small scales,
respectively, as well as the spectral bump around the fre-
quencies separating the two scaling regions. A striking
recurrent feature of the magnetic field spectra in the sub-
solar magnetosheath region and near the BS is the appar-
ent lack of a properly defined inertial range at MHD
scales (below the proton gyrofrequency, fci). Indeed,
Huang et al. (2017) showed that magnetic field spectra
depart significantly from the f−5/3 (Kolmogorov) or f−3/2

(Iroshnikov–Kraichnan) scaling typically observed for
inertial range turbulence (Figure 5.3). This finding is in
contrast with the spectral properties of fully developed
solar wind turbulence and could imply that downstream

the BS new fluctuations are generated independently on
the solar wind turbulent structures (Huang et al., 2017).
Hybrid simulations and recent MMS observations

seemed to confirm this behavior (Gingell et al., 2017).
However, it was also suggested that the random-like field
observed just behind the BS can later develop into corre-
lated fluctuations exhibiting Kolmogorov-like features if
there is enough time for the nonlinear interactions and
the cascade can involve larger and larger ranges of scales.
This process seemed to be verified by the observations of
f−5/3 inertial range magnetic field spectra in the flank
regions of the magnetosheath at large distances from
the shock surface (Alexandrova, 2008; Huang et al.,
2017; see also Dwivedi et al., 2019). Note also an alterna-
tive explanation for the emergence of developed turbu-
lence in the flank regions of the magnetosheath that
considered the cascade initiated by large-scale coherent
structures developed on the flank of the magnetopause
by Kelvin–Helmholtz instability (Hasegawa et al., 2004;
Karimabadi et al., 2014).
The properties of the plasma fluctuations beyond the

MHD scale, at electron (kc/ωpe = 0.3 − 30, where
ωpe is the electron plasma frequency) and electrostatic
(kc/ωpe~30 − 200) scales, were investigated through the
joint spectra derived from FGM magnetic field (Balogh
et al., 2001) and STAFF spectral analyser (Cornilleau-
Wehrlin et al., 2003) records of the Cluster spacecraft.
Note that the given frequency range corresponds to scales
of the order of 0, 1 − 10 km, much smaller than the space-
craft separation; therefore only single spacecraft analyses
could be applied. Considering that the spectra of MSH
electromagnetic (δB2 and δE2) fluctuations have a domi-
nant f−α power-law dependence, and that the observed
spacecraft frame frequencies are the Doppler shifts of
the plasma frame frequencies, f = f0 + k V (V and k being
the bulk plasma flow velocity and wave vector, respec-
tively), it is argued that in case of anisotropic k distribution
the δB2 and δE2 spectral values are functions of ΘBV the
angle between the ambient magnetic field B and the flow
velocity V. By modeling the observed δB2(ΘBV) and
δE2(ΘBV) functions at different frequencies for the flank
MS region, Mangeney et al. (2006) concluded that the
plasma fluctuations exhibited two-dimensional (2-D) wave
vector distribution with k⊥ k and vanishing rest frame
frequency, f0, while the wave number dependence of the
δB2 magnetic fluctuations was k−ν with ν = ~3 − 4, at
the electromagnetic range. Alexandrova et al. (2006) have
shown that this scaling is valid both for compressional and
transversal fluctuations, δB and δB⊥, independent of the
ion plasma βi parameter. It is also shown that the 2-D tur-
bulence range increased towards larger scales (smaller
wave numbers) with βi. This spectral behavior could be
linked to mirror or slow mode waves; however it was
stressed that results of several case studies are inconsistent
with linear wave mode approximation (Mangeney et al.,
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2006) and point toward a nonlinear evolutionof theelectro-
magnetic fluctuations in the magnetosheath. Recent MMS
magnetic observations that show a clear break of the mag-
netic spectrum exponent to about −11/2 at frequencies of
20–25 Hz agree with the predictions of kinetic theory
(−16/3) (Macek et al., 2018a).
Another remarkable signature of universal MSH

dynamics is intermittency, i.e. breaking of self-similarity
of the turbulent cascade energy flow. Observations show
that the energy is not distributed homogeneously and is
dominated by nonlinear structures (shocklets, vortices,
magnetic islands, cavitons, SLAMS, etc.) resulting in
sudden intermittent changes in the electromagnetic
fluctuations. The intermittent events lead to a departure
from theGaussian statistics at small scales. Therefore, their

investigation needs higher-order moments of the fluctuat-
ing fields via, e.g., probability density function analysis
(Macek et al., 2015, 2018b), gradient tensor geometrical
invariants (Consolini et al., 2015; Quattrociocchi et al.,
2019), structure function analysis or wavelet transform
modulus maxima method (Yordanova et al., 2008). Con-
cerning the spatiotemporal variation of intermittency
behind the Qpar BS, Yordanova et al. (2008) verified that
intermittency increases with the distance from the shock
surface, and this finding is assigned to the effect of strength-
ening of the mean field and weakening of the fluctuations.
The authors also showed stronger intermittency in the
plane perpendicular to the mean field than in the parallel
direction, suggesting an anisotropic development of the
intermittent processes.
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Figure 5.3 (a) The spatial distribution of spectral slopes detected at MHD scales from Cluster observations of
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Intermittency is considered to be also effective for
energy dissipation at kinetic scales, as well as for particle
heating and acceleration. Kinetic simulations
(Karimabadi et al., 2014), as well as experimental results
for solar wind (Osman et al., 2011) and magnetosheath
(Chasapis et al., 2015, 2017; Sundkvist et al., 2007), indi-
cated that ion and electron heating can take place most
effectively in current sheet structures. Magnetic disconti-
nuities and current sheets can easily develop in turbulent
media by nonlinear interaction of migrating flux tubes
(Yordanova et al., 2008); therefore they seem to be abun-
dant in Qpar magnetosheath (Vörös et al., 2017). Some of
the current sheets are associated with magnetic reconnec-
tion. Recently, reconnection events have been identified
in the magnetosheath also in kinetic scales by using
Cluster (Retino et al., 2007; Phan et al., 2007) and
MMS (Yordanova et al., 2016; Vörös at al., 2016) electro-
magnetic and plasma data. The case studies indicated that
the magnetosheath turbulence is essential in triggering or
generating reconnection at thin current sheets (Vörös
et al., 2016).

5.3.2. Magnetotail and Plasma Sheet Turbulence

Driving, dynamics and dissipation of turbulence in the
plasma sheet and magnetotail raise several open questions
(Borovsky and Funsten, 2003): (1) how is energy trans-
ferred in plasma sheet turbulence? (2) what is the role of
eddy-diffusion? (3) how do charged particles interact with
turbulence? (4) what is the nature of the coupling between
the plasma sheet turbulence and the ionosphere? and (5)
which processes are involved in dissipation of turbulent
energy? Borovsky and Funsten (2003) note that key
hypothesis of classical MHD turbulence models
(Kolmogorov, Iroshnikov–Kraichnan) might be violated
in the plasma sheet and magnetotail due to: (i) the role of
boundaries (e.g. the plasma sheet boundary layer), (ii) the
spatial scales for turbulence driving and dissipation not
being well separated, and (iii) the energy transfer rate
not being scale invariant. Let us follow Borovsky and
Funsten (2003) and investigate the current status of under-
standing for three key elements of plasma sheet and mag-
netotail turbulence.

Dynamics of Turbulence in the Plasma sheet and
Magnetotail. Since the difference between the transversal
size of the plasma sheet and the scales relevant for dissipa-
tion (ion Larmor radius and inertial length) is less than
two decades the formation of a “proper” inertial range
is questionable. Therefore, the paradigm of MHD turbu-
lence in an homogeneous medium might not be appropri-
ate; perhaps plasma sheet and magnetotail turbulence
shows features similar to turbulence in a channel
(Hussain and Reynolds, 1975) or the wake behind an

obstacle (Taneda, 1956; Canuto and Taira, 2015) similar
to neutral fluids dynamics or alternatively “turbulence-in-
a-box” (Borovsky and Funsten, 2003). Another possible
consequence is that turbulence in the magnetotail and
plasma sheet might be dominated by flow eddies (2-D
turbulence) rather than Alfvén waves (slab turbulence).
Observations from THEMIS spacecraft and results of
MHD simulations partially confirmed the dominance
of eddies (Stepanova et al., 2011; El-Alaoui et al.,
2013, 2016).

Driving of Turbulence in the Plasma Sheet and the
Magnetotail. Fluctuations of magnetic field and
plasma velocity are omnipresent in the plasma sheet
and the magnetotail; their intensity depends on the geo-
magnetic activity while the level of magnetic fluctua-
tions increases with increasing velocity fluctuations
(Neagu et al., 2002, 2005). Whether these fluctuations
can be directly related to turbulence is not yet clarified.
Nevertheless, several mechanisms for driving turbu-
lence in the plasma sheet and the tail are considered
(see also Table 2 of Borovsky and Funsten, 2003): (1)
Bursty Bulk Flows (BBFs); (2) Low-Latitude-Bound-
ary-Layer (LLBL) shear flow; (3) shears in large-scale
tail flow; (4) turbulent and sporadic reconnections;
and (5) global reorganization of the plasma sheet state
as in critical phase transitions (driven and/or self-
organized criticality). These mechanisms are briefly
reviewed here.
Bursts of perpendicular sunward plasma (bursty bulk)

flows often observed in the plasma sheet carry significant
amounts of mass and momentum (Baumjohann et al.,
1989; Angelopoulos et al., 1992) and drive shears of veloc-
ity. The spectral properties of magnetic fluctuations from
case studies of such types of events suggest a turbulent cas-
cade with a strong anisotropy introduced by the mean
magnetic field. The spectral properties of magnetic fluc-
tuations evidence power laws in frequency (in the satellite
rest frame) P(f ) ~ f −α where α = 2.6 ± 0.4. This value is
similar to the observed spectral indices over the kinetic
scales in the solar wind or in the magnetosheath.
Although the fulfillment of the frozen-in hypothesis over
kinetic scales in the plasma sheet is questionable, α ~ 2.6 is
robustly observed during time intervals of bursty bulk
flows. Similar spectral features have been observed during
tail current disruption events (Consolini et al., 2005). It is
more difficult to observe the scaling features of magnetic
fluctuations over the supposedly existing turbulent iner-
tial ranges in the plasma sheet. The available spatial scales
where fluctuations can develop depend on the type of tur-
bulence driving mechanisms. For example, when turbu-
lence is driven by reconnection-associated bursty flows,
the spatial scales along flow directions can be 15 RE

(Vörös et al., 2007a); however, the transversal scales, in
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the direction normal to the flow, are of the order of 2–4RE

(Nakamura et al., 2004).
The limited dimension of the flow channels together

with the flapping motion of the plasma sheet and short
duration of the flows (typically several minutes) make it
almost impossible to observe the inertial scale fluctuations
or use multipoint wave telescope techniques in this region
(Pinçon and Lefeuvre, 1991; Motschmann et al., 1996;
see also the review by Narita, 2017). There exist as well
observations when the spacecraft were constantly in
the inner plasma sheet for longer times, like Geotail for
seven hours on 25 January 2000. In that instance, bursty
flows or groups of flows were observed and for carefully
selected stationary subintervals the inertial scale spectral
index, α = 1.8 ± 0.4 was clearly observed (Vörös
et al., 2007b).
The scaling spectral properties can be consistent with

anisotropic models of MHD turbulence proposed for
solar wind (Goldreich and Sridhar, 1995; see also Vörös
et al., 2004), although, as pointed out by Borovsky and
Funsten (2003), some basic hypotheses of this model are
violated in the plasma sheet. Interestingly, case studies
of BBF events (Wang et al., 2016) also indicate that, while
strongly anticorrelated, the magnetic field and density
fluctuations (the latter related to compressible turbulence)
have similar scaling properties. Intermittency is seen both
in density and magnetic field fluctuations by higher order
analysis (kurtosis, see, e.g., Wang et al., 2016). Electric
field fluctuations at the smallest scales are linked to turbu-
lence and dissipation via kinetic Alfvén waves and current
instabilities, including double layers, in the regions of
BBFs braking (Stawarz et al., 2015).
Shear flows in theplasmasheetboundary layermaydrive

turbulence in the plasma sheet (Borovsky and Funsten,
2003), similarly to shear-driven turbulence in the neutral
fluids wakes, as illustrated in Figure 5.4 (Gentile et al.,
2016). It is supposed that unstable Kelvin–Helmholtz
(KH) vortices in the boundary layer (see, e.g., the review
by Johnson et al., 2014), possibly related to the nonlinear
stage of KH modes, are excited at the magnetopause
(Walsh et al., 2015; De Camilis et al., 2016). This mechan-
ismseemsplausible; however,no in-depthanalysiswasper-
formed to test its feasibility for plasma sheet turbulence.
Large-scale plasma sheet vortices leading to turbulence

are advocated by Antonova and Ovchinnikov (1999)
and Ovchinnikov and Atonova (2017) in relation
with the large-scale plasma sheet shear flows and the
dawn-dusk electric field. The occurrence of large-scale
eddies was confirmed by estimations of the correlation
times for magnetic and plasma bulk velocity in the plasma
sheet, of the order of approximately 10,000 km from
ISEE-2 measurements (Borovsky et al., 1997), and
between 4,000 and 10,000 km from Cluster (Weygand
et al., 2005; see also Narita, 2016b). Other direct evidence

pointing towards formation of large-scale eddies and
related plasma sheet turbulence was provided by auroral
imaging and observations of vertical structures and auro-
ral turbulence (Kintner, 1976; Golovchanskaya and
Kozelov, 2010; Cousins and Shepherd, 2012). The latter
aspect also reveals a fundamental constraint on plasma
sheet turbulence (and violation of a key hypothesis for
MHD turbulence): the coupling of the plasma sheet with
the conducting ionosphere leading to dissipative coupling
at virtually all scales (including meso- or inertial range
scales). This issue is further discussed in the sub-
section devoted to dissipation.
Reconnection in the magnetotail is considered to be a

source of waves and turbulence (Petkaki et al., 2006; Ser-
geev et al., 2008). Multispacecraft analysis shows differ-
ences between the spectral properties (in the frequency
range 0.3–8 Hz) of magnetic fluctuations in tailward
and earthward reconnection outflows (Vörös et al.,
2008; Narita et al., 2016). Magnetic fluctuations tailward
of reconnection seems to show a scale-dependent anisot-
ropy while the anisotropy is strong but virtually scale-
independent earthward of reconnection events (Vörös
et al., 2008).

High-Reynolds-Number Fluid Wake

High-Reynolds-Number Plasma Sheet

Obstacle attached
twin vortex

flow-reversal
point

trall

earth and
dipole

earthward-convecting
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Tailward flow
in LLBL

Figure 5.4 High Reynolds plasma sheet turbulence similar to
the turbulence in the wake of a neutral fluid flowing past a
cylindrical object (from Borovsky and Funsten, 2003)
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It was also conjectured that a magnetohydrodynamic
description of the global magnetospheric state allows
for emergence of stochastic multiscale coherent struc-
tures/states in the tail as a hallmark of “complexity”
(Consolini and Chang, 2001; Kretzschmar and Consolini,
2006). In this paradigm, localized reconnections and
BBFs in the magnetotail are a natural consequence of
the multiscale “complexity” that converts the “configura-
tional free energy” due to nontrivial magnetic configura-
tions into relaxation processes (Hornig and Schindler,
1996; Milovanov et al., 2001). Long-range correlations
lead to a scale-free behavior generally recognized as the
emergence of power-law scaling also named “criticality”
(Kadanoff et al., 1967). The system is also slowly driven
out of equilibrium by the continuous interaction with
the solar wind while intermittency and turbulence occur
as manifestations of a critical-like state (forced and/or
self-organized criticality) (Consolini and Chang, 2001;
Milovanov et al., 2001). It was demonstrated that the cor-
relation length in the plasma sheet depends on the auroral
activity level (Weygand et al., 2010).

Dissipation of Turbulence in the Plasma Sheet and the
Magnetotail. Borovsky and Funsten (2003) argued that
two mechanisms are important for dissipation of turbu-
lence in the plasma sheet: (1) multiscale electric coupling
with the ionosphere and (2) eddy and wave dissipation at
high wave numbers. The magnetosphere–ionosphere cou-
pling contributes to dissipation of the plasma sheet turbu-
lence through field-aligned currents connecting the
plasma sheet vortices to the resistive ionosphere; this proc-
ess acts like a kind of viscosity. From geometrical and
dimensional analysis Borovsky and Funsten (2003) con-
jectured that the typical plasma sheet vortices map into
elongated auroral structures extending hundreds of
kilometers in the azimuthal direction and several
kilometers in the North–South direction, respectively.

The power dissipation rate ranges between 7 × 105 and
107 W and dissipation times take values between 70 and
1,300 seconds (Borovsky and Funsten, 2003). This dissi-
pative coupling with the ionosphere adds additional com-
plications to treating turbulence in the plasma sheet, as the
dissipation depends on the size of the eddies. It also man-
ifests at all wave numbers, to be contrasted with the
homogeneous MHD inertial range of scales that is clearly
separated from dissipation scales and is dominated by the
nonlinear transfer of energy (or cascade), as illustrated by
diagrams in Figure 5.5. In other words, the dissipative
coupling with the ionosphere may inhibit the forward cas-
cade postulated for the inertial range homogeneousMHD
turbulence. Simulation studies indicate that reconnection
associated outflows are sources of significant free energy
that can drive instabilities and lead to additional dissipa-
tion and energy conversion (Lapenta et al., 2018).
At higher wave numbers the dissipation shows features

similar to solar wind turbulence (see, e.g. Vörös et al.,
2008). Indeed it is advocated that thin current sheets
are sites of small-scale reconnections that dissipate
energy (Matthaeus and Lamkin, 1986; Leamon et al.,
2010; Loureiro and Boldyrev, 2017). The role of Landau
damping is also recognized (Leamon et al., 1998). How-
ever, due to the prominence of eddy versus Alfvén turbu-
lence in the plasma sheet and to the dissipative coupling to
the ionosphere the role of cyclotron interactions with ions
and electron is believed to be of less importance (Borovsky
and Funsten, 2003). Magnetic reconnection in the plasma
sheet appears to be associated with magnetic turbulence,
wave activity, enhanced current densities, and parallel
electric fields. The electric field can play a key role in tur-
bulent dissipation and particle acceleration in the magne-
totail (Ergun et al., 2018).
The current sheet instabilities at the interface between

coherent structures leading to their collapse and mutual
merging contribute to a coarse-graining dissipation and/
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or inverse cascade due to the medium-sized eddies merging
and thus transferring energy to the resulting larger and
smaller scale eddies (Wu and Chang, 2001; Chang et al.,
2004). (A detailed example of coarse-grained dissipation
at MHD scales may be found in section 3.6 of the book,
An Introduction to Space Plasma Complexity, by Chang,
2015.) High resolution kinetic numerical simulations reveal
that coherent structures of this type indeed form in two-
dimensional turbulent plasmawhere theymutually interact
(Servidio et al., 2012). As conjectured by Chang et al.
(2004) the dynamical complexity of such structures leads
to involved spatiotemporal behavior, including those in
the phase space (see, e.g., Valentini et al., 2014). Possible
hints pointing towards a dynamical complexity of the
plasma sheet turbulence were provided by multipoint anal-
ysis of higher order moments of magnetic field fluctuations
recorded by Cluster (Weygand et al., 2005).

5.3.3. Auroral and Cusp Regions – Sites of Turbulence
and Plasma Complexity

The plasma and field fluctuations observed in the mag-
netospheric cusps and the auroral regions are perhaps the
best illustration of the complex and turbulent dynamics of
a driven space plasma system. Intermittency and sporadic
intense dissipation events are dominant in these regions.
Therefore, a description of turbulence in terms of classical
concepts is not fully justified. This section is devoted to a
discussion of experimental observations of turbulence in
the cusp and auroral regions and an introduction to mod-
ern analysis methods for magnetospheric turbulence/

complexity, such as wavelets, probability distribution
functions, and multifractals, with emphasis on a relatively
new technique, successfully employed for the complexity
phenomena in these regions, the Rank OrderedMultifrac-
tal Analysis (ROMA).

Dynamics of Turbulence in the Cusp. The same argu-
ments put forward when discussing the dynamics of tur-
bulence in the magnetospheric tail may be invoked for
the cusp turbulence. Indeed, the cusp, a region populated
by shocked solar wind, is limited to a funnel-shaped struc-
ture above the two magnetic poles whose inner boundary
is the magnetopause (Heikkila and Winningham, 1971).
Its spatial dimension is less than two orders of magnitude
larger than the kinetic (dissipative) ion scales that can
impede the formation of a proper inertial range of turbu-
lence. Nevertheless, multipoint observations of magnetic
and electric field fluctuations in the cusp reveal Kolmo-
gorov-like scaling of Power Spectral Density (f−1.7) with
a spectral break marking the transition to steeper scaling
(f−2.8) around the local proton gyrofrequency (Nykyri
et al., 2006; Wang et al., 2014) (Figure 5.6). Furthermore,
some studies suggest that the exterior cusp may however
take the form of a spatially extended region spanning
between 4.5 and 9 RE along the magnetopause with a
typical cross dimension of the order of 1.3 RE (Walsh
et al., 2012).
The cusp is also the site of strong plasma waves span-

ning a broad range of frequencies, from ion cyclotron
to electron whistlers and kinetic Alfvén waves (Pickett
et al., 2001; Khotyaintsev et al., 2004; Wang et al.,
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2014). Whether these waves are part of a cusp turbulence
in the classical sense of the term is not clear (see the dis-
cussion by Nykyri et al., 2011). An important feature
revealed experimentally by missions like Interball
and Polar is the so called Cusp Turbulent Boundary
Layer, a distinct region of a characteristic size of
300–5,000 km, just outside the magnetopause on the cusp
side (Savin et al., 1998, 2002; Pickett et al., 2001) that can,
at times, occupy parcels on the magnetospheric side of the
cusp magnetopause (Dubinin et al., 2002). This layer is a
site of intense magnetic and electrostatic turbulent wave
activity (Pickett et al., 2001). The presence of eddies/
vortices, small-scale current sheets and other coherent
plasma structures in the cusp and its turbulent boundary
layer is also confirmed (Sundkvist et al., 2005; Nykyri
et al., 2011).

Driving of Turbulence in the Cusp. The existence of elec-
tromagnetic fluctuations and turbulence in the cusp raise
questions on the driving mechanisms. Several scenarios
can be considered: (1) small-scale magnetic vortices (-
Sundkvist et al., 2005), (2) velocity shears of ion beams
(Lakhina, 1990), (3) local transport of magnetosheath
material from localized reconnection/merging events
(Dubinin et al., 2002) or direct entry of solar wind plasma
(Lundin and Dubinin, 1985; Woch and Lundin, 1992).
Nevertheless, there are no studies devoted to an in-
depth investigation of these mechanisms and a critical
comparison.
Small-scale magnetic vortices were detected frommulti-

point observations by Cluster in the cusp and are charac-
terized by spatial scales of the order of several proton
Larmor radii, roughly several tens of kilometers
(Sundkvist et al., 2005). It is believed they are fundamen-
tal plasma modes resulting from the self-organization and
nonlinear interaction of obliquely propagating drift and
kinetic Alfvén waves driven by sheared plasma flows
(see also, Shukla et al., 1986; Liu and Horton, 1986).
These structures bear similarities with the Alfvénic vorti-
ces advocated for themagnetosheath (Alexandrova, 2008)
and pertain perhaps to the same class of phenomena.
Although they can span an enlarged domain of scales,
is not likely that this type of structure can sustain a non-
linear cascade leading to power-law scaling observed in
the inertial range.
It was shown, from theoretical arguments, that cold and

hot ion beams with velocity shears along cusp magnetic
field lines excite resonant and nonresonant kinetic Alfvén
mode instabilities (Lakhina, 1990). A relatively broad
spectrum of waves is indeed observed in connection to
counterstreaming magnetosheath ions flowing along cusp
magnetic field lines (Le et al., 2001; Grison et al., 2005).
Multispacecraft observations from Cluster allowed iden-
tification of kinetic Alfvén waves as a dominant mode
during ion injection events (Grison et al., 2005). However,

observations also show that the magnetic power spectral
densities obtained during ion beam events exhibit out-
standing prominent spectral peaks (Le et al., 2001) that
are inconsistent with the standard picture of turbulent
energy cascade characterized by a power law. Thus the
ion beams seem to be more related to the occurrence of
wave emission than to a proper turbulent topology.More-
over, some of the ion injections might bemanifestations of
entry events discussed in the next paragraph.
Most of the time, however, the cusp is populated by

magnetosheath plasma. The advocated entry mechanisms
rely on magnetic merging/reconnection (Dubinin et al.,
2002) or direct/impulsive penetration (Lundin and Dubi-
nin, 1985; Woch and Lundin, 1992; see also Echim and
Lemaire, 2000). Regardless the type of the entry mechan-
ism, the magnetosheath plasma “carries” its turbulent
properties, possibly linked to the turbulent state at the ori-
gin, in the solar wind. This might possibly explain theKol-
mogorov-like spectra observed at times in the cusp
(Nykyri et al., 2006; Wang et al., 2014) which would be
a “remnant” of solar wind turbulence. At least part of
the solar wind nonlinear cascade topology, i.e. the eddies
at scales smaller than cusp’s typical size, might survive the
traversal of the bow shock and they could continue to
“actively” contribute to the nonlinear transfer of energy
through scales. However, the presence of regions of stag-
nant magnetosheath plasma in the cusp (Dubinin et al.,
2002) indicates the (partial) evanescence of turbulence
in the cusp during entry events.

Dissipation of Turbulent Energy in the Cusp. Since the
main characteristics of plasma in the cusp are similar
to solar wind and the magnetopsheric environment one
would expect the physical mechanisms for dissipation
of turbulent energy to be similar. Multipoint observa-
tions of magnetic field fluctuations in the cusp allowed
estimation of the wave structure in the k-space and iden-
tified kinetic Alfvén waves in the frequency domain at
scales around and smaller than the ion Larmor radius,
corresponding to the spectral break (Wang et al.,
2014). The origin of these waves was assigned to density
gradients through a resonance-convergence mechanism
at the interface between the cusp and the magnetosheath.
However, the damping of these waves in the frequency
range typical for ion kinetic range was moderate
(Wang et al., 2014), contrary to reports of kinetic Alfvén
wave (KAW) damping in the solar wind (Sahraoui et al.,
2010). Nevertheless, the damping through electron
Landau damping of KAW was not probed for the cusp
turbulent dissipation. Nykyri et al. (2006) discussed
damping of additional modes and found that ion cyclo-
tron modes with all angles of propagation are efficiently
damped while damping of magnetosonic and of ion
Bernstein modes is negligible.
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Intermittency Analysis of Electrostatic Fluctuations in
the Auroral Zone. Let us now turn our attention to addi-
tional interpretations of the observed fluctuations in the
auroral regions and introduce additional data analysis
strategies that allow understanding the structure of these
fluctuations, particularly of their intermittent features.
The origin of intermittent fluctuations in magnetized plas-
mas may also be interpreted as the result of the sporadic
mixing and/or interactions of localized pseudo coherent
structures interspersed with energy carrying propagat-
ing waves.
The dominant forms of such structures in the auroral

zone are the pseudo 2-D oblique potential structures.
The interactions of these structures are the manifestation
of localized reconnections/mergingsmediated by intermit-
tent inertial Alfvén waves, fractions of other electrostatic
and electromagnetic fluctuations, generalized resistivity,
and coarse-grained dissipation (Chang, 2001). Thus,
one expects a significant fraction of such fluctuations to
be electrostatic and transverse. When detected in the
spacecraft (rocket) frame, the signatures of these fluctua-
tions are Doppler shifted and have relatively slow moving
speeds in the rest frame interspersed with small compo-
nents of electrostatic and/or electromagnetic waves.
As an example, we consider below the intermittency of

the Broadband Extremely Low Frequency (BB-ELF)
electric field fluctuations in the auroral zone, as measured
by the Sounding of the Ion Energization Region: Resol-
ving Ambiguities (SIERRA) rocket mission (Tam et al.,
2005). Results of the data analyses are discussed based

on techniques like wavelet analysis, local intermittency
measure (LIM), and Flatness. Figure 5.7(top) shows
typical electric field fluctuations, normal to the auroral
magnetic field, Enorth. By averaging over 1,910 spectra,
the spectral density within a special time interval is calcu-
lated. Figure 5.7 (bottom) indicates the fluctuations are
broadband in nature, with a power-law spectral density
covering the extremely low-frequency range (3–200 Hz)
within the auroral region.
Intermittent fluctuations may be analyzed using wave-

let transforms that generally are composed of modes that
are square integrable localized functions capable of
unfolding fluctuating fields into time (or space) and scales.
To study the intermittency of fluctuations at different
scales, we define the Local Intermittency Measure
(LIM): LIM(s, t) = |Ws(t)|

2/ |Ws(t)|
2

t, where Ws(t) are
the wavelet coefficients at various scale s and time t
(Farge, 1991; Kovacs et al., 2001). Based on the Haar
wavelet transform (Bruno et al., 2001), an example of a
map of LIM computed for fluctuations of the Enorth com-
ponent of the electric field measured by the SIERRA
experiment in the auroral regions is shown in
Figure 5.8. The spectral power of the fluctuations mainly
concentrates at scales of 320 ms or larger and the LIM
analysis indicates that the power of intermittent events
is generally larger at small scales.
A direct measure of the degree of intermittency is

related to the fourth-order moment of the probability dis-
tribution function (see the discussion in the next section)
through the so-called flatness parameter:F(s) ≡ [LIM
(s, t)]2 . We note that for Gaussian fluctuations, F = 3.
Figure 5.9 shows the flatness forEnorth (based on theHaar
wavelets), recorded by the SIERRA experiment. At small
scales, the flatness varies inversely with the time scale. At
scales of few milliseconds, the flatness increases to several
thousands, verifying strong intermittency of fluctuations
at small scales.
Using the observed turbulent fluctuations, it will be

possible to calculate the global energization and acceler-
ation of charged particles and their phase space
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distributions using kinetic and/or fluid equations self-
consistently within the auroral range (Chang et al.,
2004; Jasperse et al, 2006a, 2006b). Such calculations
are, however, too detailed and complicated for inclusion
in this brief chapter.

Probabilistic Description of Turbulence and Complexity
with Structure Functions andmultifractals. The structure
of magnetic field fluctuations in the cusp, and particularly
their intermittency, was unfolded by higher-order ana-
lyses like probability distribution functions, structure
functions and multifractals (Yordanova et al, 2004,
2005; Echim et al., 2007). Let us briefly introduce this
methodology and consider a generic time series of a cer-
tain physical turbulent measure: μ(t). The discussions in
the next few sections apply equally well for temporal
series/scales τ and spatial measures/scales δ. To address
its fluctuating characteristics, we may form the scale-
dependent difference series δμ = μ (t + τ) − μ (t) and con-
sider the normalized histograms of differences δμ at scale
τ, i.e. the probability distribution functions (PDFs) P(δμ,
τ) for a range of temporal scales τ. Such PDFs for turbu-
lent variables are generally non-Gaussian with extended
tails for intermittent fluctuations. An example of non-
Gaussian PDFs computed for cusp magnetic field fluctua-
tions measured by the four Cluster spacecraft is shown in
Figure 5.10 (Echim et al., 2007).
To study the phenomenon of intermittency we may

consider the structure functions, Sq, defined as the
moments of order q of the PDFs: Sq (δμ, τ) = (δμ)qP(δμ,
τ)d(δμ). The motivation here is that different moments
q emphasize different peaks in the fluctuating series.
Generally, corresponding to each Sq one defines a fractal
(structure function) exponent ζq that satisfies the power
law relation Sq = τςq for some limited range of small
values of τ.

When the scaling exponent ζq varies linearly with the
moment order q, the fluctuating variable in that range
of scales (and the dynamical process at the origin of these
fluctuations) is considered monofractal or self-similar.
When the linear relation between ζq and q is not satisfied,
the fluctuating phenomenon is considered multifractal.
An example of multifractal behavior of cusp magnetic
fluctuations is shown in Figure 5.11 (Yordanova et al.,
2004). The right-hand panel of this figure shows the scal-
ing exponents evaluated by a linear least-squares fit to the
double logarithmic plot, log Sq versus log Δt, and using
the formula τ(q) = ζq − 1; the figure also shows the scaling
exponent derived from an alternative approach based on
the wavelet transform modulus maxima (WTMM)
(Mallat and Zhong, 1992).
The probabilistic analysis of cusp data identified an

extended range of scales where PDFs are non-Gaussian
compared to the PDFs computed in the magnetosheath
(Echim et al., 2007). The structure function and multi-
fractal analysis of cusp magnetic fluctuations also
revealed anisotropic behavior: the magnetic fluctuations
parallel to the main field can be described by a self-sim-
ilar, monofractal process while the perpendicular fluc-
tuations are characterized by a strong intermittency
with multifractal topology (Yordanova et al., 2005).
These findings suggest the plasma dynamics in the cusp
can be understood in terms of dynamical coherent sto-
chastic structures forming a complex medium consisting
of a hierarchy of multiscale interacting dynamical struc-
tures. In the following a mathematical apparatus devel-
oped specifically for such complex dynamical systems is
discussed.

Rank-Ordered Multifractal Analysis (ROMA). Because
the conventional structure function formalism is based
on the moments of the full set of fluctuations (which are
dominated by those of the small amplitudes), the physical
interpretation of the multifractal nature is not easily dec-
iphered by merely examining the curvatures of the devia-
tions from linearity. Furthermore, the structure function
exponents are poorly defined because rarely do the
actual data exhibit truly power-law relationships between
Sq and τ over the entire scaling range. In addition, even
though structure function calculations may be performed
conveniently for a fluctuating series for positive values
of q, they invariably exhibit divergent characteristics
for q < 0.
It appears then reasonable to search for a procedure

that explores the fractal, i.e. power-law scaling behavior
of the subdominant fluctuations by first appropriately iso-
lating out the minority populations and then performing
the statistical investigation for each of the isolated
populations. Such grouping of fluctuations must depend
somehow on the sizes of the fluctuations. However,
the groupings cannot depend merely on the raw values

104

103

Scale (msec)

F
la

tn
es

s

102

101

100

101 102 103 104

Figure 5.9 Flatness for Enorth (from Tam et al. 2005).
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of the sizes of the fluctuations because the ranges of the
fluctuating sizes will be different for different scales.
Therefore, we are led to proceed to rank-order the sizes
of the fluctuations based on the local fractal invariant Y
= δμ/τs, where s is the scaling exponent for each (local)
grouping.
Consider a differential range of dY in the vicinity of

some scaled size Y = δμ/τs. We expect the fluctuations
whose sizes fall within this differential range to exhibit
monofractal behavior characterized by the local scaling
exponent s such that the differential structure function
dSq will vary with the scale as τsq according to:

dSq = δμ qP δμ, τ d δμ = τsqYqPs Y dY (5.1)

Given an ensemble of PDFs P(δμ, τ), the corresponding
multifractal spectrum s(Y) may be obtained

approximately (if the ansatz is valid) by integrating the
functional differential expression (5.1) over small contig-
uous ranges of ΔY with the assumption that within each
incremental range the scaling exponent s is essentially a
constant. Thus, for a range ofΔYwithin (Y1,Y2), we form
a range-limited structure function as follows:

ΔSq δμ, τ =
a2

a1

δμ qP δμ, τ d δμ = τsq
Y 2

Y 1

YqPs Y dY

(5.2)

where a1 =Y1τ
s and a2 =Y2τ

s. Wemay then search for the
valueof s such that the scalingpropertyof the range-limited
structure function that varies with s is: ΔSq(δμ, τ) = τsq. If
such a value of s exists, then we have found one region of
the multifractal spectrum of the fluctuations such that
the PDFs in the range of ΔY collapses onto one scaled
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PDF. Performing this procedure for all contiguous ranges
of ΔY will produce the approximate rank-ordered multi-
fractal spectrum s(Y) that we are looking for.
The determined value of s for each grouping should be

unaffected by the statistics of other subsets of fluctuations
that are not within the chosen range ΔY and therefore
should be quantitatively quite accurate. If this spectrum
exists, the PDFs for all time lags collapse onto one master
multifractal scaled PDF, Ps(Y). The spectrum will be
implicit since Y is defined as a function of s (the local
Hurst exponent). The above procedure, commonly
known as ROMA (rank-ordered multifractal analysis),
was first introduced by Chang and Wu in 2008.
We illustrate the procedure discussed above based on

magnetic field records observed by the four Cluster space-
craft during a long crossing of the Northern cusp (Echim
et al., 2007). Prior to the fractal analysis an implicit partial
removal of the dipole component of the magnetic field
fluctuation is achieved by computing first the differences
δB2(t, τ) from the raw data with τ being the time scale and
then the mean value of the fluctuations at each scale is
subtracted yielding a new “ensemble” of fluctuations
(Echim et al., 2007)

δb2
δB2 t, τ − δB2 t, τ

σ2
(5.3)

where the bracket indicates the ensemble average and σ is
the variance. Typical PDFs were computed for the quan-
tity, δb2, where differences δB2 have been calculated by
moving an overlapping window of width τ = 2jδt over
the entire time interval with δt = 0.0015 seconds being
the time resolution of the measurements and j = 1, 2,

…, 15, as shown in Figure 5.10. In this analysis, we shall
adopt the Taylor hypothesis (1938), which assumes the
temporal fluctuations observed in satellite data corre-
spond to spatial fluctuations.
A ROMA analysis using the aforementioned approxi-

mate integral technique was performed for the chosen
data set in the cusp region (Chang et al., 2010; Chang,
2015) and the results are shown in Figure 5.12. We note
that for smallY, the fluctuations were persistent (s >
0.5), indicating the turbulence was unstable and probably
not yet completely fully developed. For larger values ofY,
the fluctuations became antipersistent (s < 0.5) and spar-
ser and sparser as the value of Y increased. (The special
situation for s = 0.5 may be shown to correspond to fluc-
tuations of classical random diffusion.) The ROMA spec-
tra for all four spacecraft were very similar; indicating that
despite the magnetic field fluctuations were anisotropic,
the magnetic energy density fluctuations in the cusp were
essentially statistically isotropic over the distance covered
by the cusp passage for spatial scales of the separation dis-
tance between the Cluster spacecraft (~1,000 km).

Comparison with ROMA of Solar Wind Turbulence.
We compare the above cusp results with solar wind turbu-
lence based on a particular set of WIND data (Chang
et al., 2008). The solar wind ROMA spectrum presented
in Figure 5.13 has the similar signature of Figure 5.12.
However, it is much flatter with the range of the fractal
index s lying between 0.44 and 0.38. The turbulence is
antipersistent, fully developed, and essentially monofrac-
tal. Thus, the observed PDFs collapse nearly onto one sin-
gle curve for s = 0.44 as shown by Figure 5.14. A quite
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similar result was obtained by Hnat et al. (2002) for
another set of WIND data.

Double Rank-Ordering of BB-ELF ROMA – Crossover
from Kinetic to MHD Scales. We now demonstrate the
crossover phenomena of ROMA scaling based on the

auroral rocket data discussed in the earlier part of this
section (Tam et al., 2010, 2011). Since the dominant
fraction of the electric field variations in the observa-
tional region were known to be nearly nonpropagating
intermittent turbulence composed mainly of multiple
interacting inertial Alfvénic potential structures, the
observed time series were interpreted in terms of spatial
fluctuations with Δ ≈ Uτ, where U ≈ 1.5 km s−1 is the
horizontal speed of the rocket, τ the time scale and Δ the
corresponding spatial scale.
In analyzing the data, it was discovered that the

observed fluctuations span across four contiguous
regimes of scales (from kinetic to inertial Alfvénic, to
intermediate, and eventually to theMHD scales) with dif-
ferent multifractal characteristics. A rank ordered multi-
fractal spectrum was found for each regime: s1(Y1) for
kinetic range, s2(Y2) for inertial Alfvénic, s3(Y3) for inter-
mediate and s4(Y4) for MHD range of scales (see
Figure 5.15, top panel). The dividing times between the
adjacent regimes were determined to be roughly τ ≈ 80
ms, τ ≈ 160 ms, and τ ≈ 320 ms.
Thus, the observed intermittent turbulence of the auro-

ral electric field fluctuations was found to be characterized
by two rank-ordered parameters: the index i and the
power-law scaling variable Yi. Assuming the nonlinear
crossover regions between the adjacent regimes were nar-
row, the ROMA spectra were mapped onto one global
scaling variable with a single global scaling function
(Figure 5.15, bottom panel). Such a mapping served the
purpose of demonstrating the ROMA spectrum as multi-
valued and provided a convenient display of the individ-
ual multifractal characteristics for each rank-ordered
index i. It also demonstrated the generalization of the idea
of monofractal mapping to the concept of multiparameter
mapping involving crossover effects among multifractals.
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5.4. SUMMARY AND OUTLOOK

In this chapter some key facts about turbulence and
complexity in the terrestrial magnetosphere have been
reviewed, focusing on three main magnetospheric subsys-
tems: (1) the magnetosheath, (2) the tail/plasma sheet, and
(3) the cusps/auroral regions. While in the solar wind the
turbulence is freely decaying and the boundaries play a
minor role in the development of turbulence, the magne-
tospheric context is fundamentally different; the key
regions are bounded and have fundamentally different
physical characteristics with deep impact on turbulence
properties. Each magnetospheric region is unique and
the data show a broad range of conditions and manifesta-
tions of turbulence and complexity. We attempted to
discuss the still unsolved issues and present the reader a
list of research topics that await further investigations/
clarifications.
The terrestrial magnetosheath, at the interface with the

solar wind, raises puzzling questions regarding its turbu-
lent state. The magnetosheath is a bounded system,

confined between the bow shock and the magnetopause;
therefore, the turbulence might not be fully developed.
The anisotropy and the geometry of the upstream bow
shock play an important role for the plasma dynamics
and excitation of waves and instabilities. Waves, like
the mirror mode and the Alfvén ion cyclotron mode, play
a role in relaxing the temperature anisotropy and leading
to fluctuations and turbulence. However, experimental
observations provide evidence for the occurrence of non-
linear structures, like the Alfvén vortices, possibly linked
to spectral properties of magnetosheath fluctuations oth-
erwise not explained by the linear theory. Recent studies
provide evidence for a lack of a proper inertial-like scaling
for ranges of scales, at distances closer to the bow shock.
Some interpretations consider this behavior possibly a sig-
nature of the “destructuring” of the solar wind turbulence
at the bow shock accompanied by creation of new struc-
tures and fluctuations that inhibit the formation of an
energy cascade. This is a field of research that requires fur-
ther analyses and missions like MMS can certainly con-
tribute in this respect.
The magnetotail and the plasma sheet are also bounded

regions: the ionosphere represents the inner boundary
while the magnetopause plays the role of the outer one.
It is argued that the typical spatial scale of the magnetotail
and plasma sheet does not truly allow for a good separa-
tion between the dissipation and the driving scales, thus
the fundamental hypothesis of MHD turbulence is not
satisfied. The type of dynamics leading to turbulence is
not fully understood: the physical characteristics of the
magnetotail and plasma sheet point towards a type of tur-
bulence similar to the one observed in channels populated
by high Reynolds number fluids. There is evidence that
the magnetotail turbulence is dominated by eddies (two-
dimensional turbulence) rather than Alfvén waves (slab
turbulence). The driving of plasma sheet turbulence is
not fully elucidated, several mechanisms are considered
of importance: bursty bulk flows (BBFs), low-latitude-
boundary-layer sheared flow, shears in large-scale tail
flow, turbulent and sporadic reconnections, and global
reorganization of the plasma sheet state as in critical
phase transitions. In the magnetotail and plasma sheet,
dissipation is an open question. Numerical simulations
suggest that current instabilities can play an important
role. On the other hand the coupling with the conducting
ionosphere adds a level of complexity, as this coupling
manifests itself over a broad range of scales leading to dis-
sipation of energy at virtually all scales – an additional
violation of the fundamental hypothesis of classical
MHD turbulence.
Themagnetospheric cusps are perhaps the example that

illustrates best the complexity of plasma dynamics in the
terrestrial environment. The probabilistic description of
electric field and magnetic field fluctuations shows
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properties that evidence complex topologies, dominated
by intermittency and non self-similar behavior. New anal-
ysis tools are developed, like the rank-ordered multifrac-
tal analysis (ROMA) applied for the analysis of MHD
space plasma turbulence and also in other astrophysical
contexts. It is found that in the cusps the energy transfer
rate is nonuniform and highly fragmented consistent with
the multifractal topology.
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