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ABSTRACT

This chapter covers a selection of the range of multispacecraft techniques that have been initially developed to
analyze Cluster data. We begin the chapter with a short introduction, following this with an account of the meth-
ods and their application. The topics are separated into those dealing with magnetic field gradients and topology
(which include the curlometer, magnetic rotation analysis, and least squares approach); magnetic field recon-
struction and the analysis of magnetic field nulls (which are significant for magnetic reconnection and other geo-
metries); time series analysis, adapted for multispacecraft data (including boundary identification, dimensional,
and motion analysis); and wave vector analysis methods in the Fourier domain.

40.1. INTRODUCTION

In February 2000, the four Cluster spacecraft began
full science operations in eccentric polar orbits
(Escoubet et al., 2001). This launch heralded the first
time a coordinated array of measurements in space could

be made and allowed spatial gradients of key quantities
to be made in a step change for the capacity of magneto-
spheric measurements. Cluster has maintained a closed
array configuration for much of its operating life and
remains the only space physics mission to do this with
fully four-point coverage of such a large range of spatial
scales. During the first several years of its operations the
four spacecraft were placed into configurations with spa-
tial scales varying between a few hundred and 2,000 km
(Figure 40.1). For this phase of the mission, the space-
craft were maintained in a close array, which achieved
a regular configuration at some point on the orbit. Sub-
sequently, more complex operations were achieved in
which two spacecraft had much smaller separation dis-
tances (left-hand side of Figure 40.1). But throughout
its mission all spacecraft have flown in formation
throughout the mid to outer magnetosphere, magne-
tosheath, bow shock, and upstream solar wind. The
right-hand side of Figure 40.1 shows that on the dayside
the orbit began as a polar asymmetric orbit (4 × 19.6 RE),
but later correction maneuvers resulted in the orbit incli-
nation rolling over and changing apogee height and
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position. Currently, Cluster is entering its twenty-first
year of full science operations.
As a result of this unprecedented data coverage of the

magnetosphere, a wide range of techniques have been
developed and applied in different ways to investigate a
large number of phenomena and determine key quanti-
ties. These techniques have been documented in two ISSI
books (Paschmann and Daly, 1998, 2008), together with a
range of reviews on their application to key topics
(Chanteur, 1998; Dunlop and Eastwood, 2008; Harvey,
1998; Robert et al., 1998; Vogt et al., 2008). Here we pick
up the state of the art of these methods and their use, men-
tioning, in particular, their adaptation to other recent mis-
sions (notably MMS, THEMIS and Swarm). The
Magnetospheric Multi-Scale (MMS) mission is particu-
larly notable since it follows Cluster in maintaining a close
configuration formuch of its orbit (Burch et al., 2016), but
on much smaller separation scales, while THEMIS has
achieved a three-spacecraft configuration (of the mag-
netospheric spacecraft) in its extended operations
(Angelopoulos, 2008), and Swarm achieved smaller two
and three spacecraft formations at LEO polar altitudes
(Friis-Christensen et al., 2008).

40.2. MAGNETIC FIELD GRADIENTS AND
TOPOLOGY

40.2.1. The Curlometer and Other Spatial Gradient
Methods

Magnetic field measurements on board multiple space-
craft flying in formation allow both the gradient and cur-
vature terms in the dyadic of the magnetic field, B, to be
linearly estimated (Chanteur, 1998; Harvey, 1998; Vogt
et al., 2008; Shen and Dunlop, 2008). A full set of gradient

terms can be obtained with an array of at least four space-
craft. Key formulations of this methodology are magnetic
rotation analysis (Shen et al., 2007, 2012) and least
squares analysis applied to planar reciprocal vectors
(De Keyser et al., 2007; Hamrin et al., 2008; Vogt
et al., 2009, 2013). The performance of the methods, in
general, depends on the integrity of the spacecraft array
and the stationary properties (temporal dependence) of
the magnetic structures.
In particular, a linear estimate of Ampère’s law can be

given, i.e. the electric current density from curl(B), in
regions where the displacement current (μ0ε0∂E/∂t) can
be neglected (Russell, et al., 2016), where B and E are
the magnetic and electric fields. This method, the curl-
ometer technique (Dunlop et al., 1988, 2016, 2018; Robert
et al., 1998; Dunlop and Eastwood, 2008), gives a 3-D
vector estimate of current density for a configuration
of four spacecraft (i.e. μ0<J>.(ΔR îΔRj) = ΔBi .ΔRj −
ΔBj .ΔRi, where ΔBi, ΔRi are the differences in the meas-
ured magnetic field and positions to a reference space-
craft). The method is perhaps the most widely used in
the magnetosphere (notably applied in: the magneto-
pause boundary layer (Dunlop et al., 2002a, 2005; Haa-
land et al., 2004a; Panov et al., 2006); the magnetotail
(Runov et al., 2006; Nakamura et al., 2008; Narita
et al., 2013); the ring current (Vallat et al., 2005; Zhang
et al., 2011; Shen et al., 2014, Yang et al., 2016); field-
aligned currents (FACs) (Forsyth et al., 2008; Marchau-
don, 2009; Shi et al., 2010, 2011; Ritter et al., 2013;
Dunlop et al., 2015a, 2015b); and other transient signa-
tures and in the solar wind (Roux et al., 2015; Xiao
et al., 2004; Shen and Dunlop, 2008; Eastwood et al.,
2002)). Although robust, errors in the estimate arise from
uncertainties in the magnetic field measurements, timing,
and the spacecraft separation distances; as well as from
the form (scale-size) of the current structure (the neglect
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Figure 40.1 Dayside Cluster orbit evolution and configuration strategy.
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of nonlinear gradients in the calculation). For Cluster
separations, typically, the dominant error is that arising
from nonlinear gradients. The linear estimator
Q=|divB| / |curl(B)|, is useful as an indirect quality param-
eter and has been used extensively during Cluster studies.
ForMMS,measurement errors are more critical, since the
currents are usually well resolved on smaller scales, with
the result that generally, for MMS, there is a threshold
current density magnitude below which the errors affect
the estimate (Dunlop et al., 2018). Other spacecraft con-
figurations, such as the array of the three magnetospheric
THEMIS spacecraft, or irregular spacecraft separations,
can return at least the current density component normal
to the plane of the array; useful when the large-scale cur-
rent orientation is known, as in the case of the ring cur-
rent, or field-aligned currents (FACs). Where other
assumptions in the behavior of the currents can be made
(e.g. the stationarity of the magnetic field, or force free
structures) the method can be generalized to extend the
multipoint sampling (Ritter et al., 2013; Dunlop
et al., 2015a).
The standard application of the curlometer since the

launch of Cluster was reviewed in Dunlop and Eastwood
(2008) andDunlop et al. (2016, 2018). Ready to use imple-
mentations of the method can be obtained from the Clus-
ter Science archive (http://www.cosmos.esa.int/web/csa/
software); also see the technical note by Middleton and
Masson (2016). To highlight the method, Figure 40.2
shows its application to MMS data at the magnetopause
(after Dunlop et al., 2018). The plot illustrates that the
curlometer estimate closely follows that estimated from
the plasma moments (J = qnsVs ~ qn (Vi − Ve)), aver-
aged over the four spacecraft positions. The individual
plasma current estimated at each spacecraft varies signif-
icantly however, implying small-scale (filamentary) struc-
ture within the magnetopause layer exists, consistent with
the details in the current density profile. Such small-scale
current density structure, together with large currents,
appears to be typical of the magnetopause layer (Dong
et al., 2018) and was not seen by Cluster on larger separa-
tion scales.

40.2.2. MRA Applications

Based on Cluster’s multipoint observations on mag-
netic field, the methods of curvature analysis (MCA)
(Shen et al., 2003) and magnetic rotation analysis
(MRA) (Shen et al., 2007) have been developed. By using
these methods, the 3-D topology of magnetic field can be
deduced, including the curvature radius, normal direction
and binormal direction of the magnetic field lines, and,
additionally, the rotational features of the magnetic struc-
ture. Such analysis uncovered the true 3-D topological
structure of the magnetic field in geomagnetosphere for

the first time. As well as the regions mentioned above,
the method has been applied to the magnetotail current
sheet (Shen et al., 2008a; 2008b; Rong et al., 2011), flux
ropes or plasmoids (Zhang et al., 2013; Yang et al.,
2014), reconnection regions (Lavraud et al., 2016; Zhang
et al., 2016), and the cusp and magnetopause(Shen et al.,
2011; Xiao et al., 2018). These results have advanced our
understanding of the magnetosphere.
To illustrate the use of the magnetic curvature analysis

(MRA), the right-hand side of Figure 40.2 shows esti-
mates of the field-line curvature in the ring current, which
shows that the associated implied current density grows
with geomagnetic activity (SYM-H) and that the dawn-
side crossings are slightly more intense than on the dusk-
side. Taking the magnetotail current sheet as another
example, we have found the tail current sheet can be
divided into three types (the normal, the flattened, and
the tilted) based on the yielded field topology. The illus-
trated cartoons of the three types of current sheet are
shown in Figure 40.3.

40.2.3. Least-Squares Methods for Multipoint Gradient
Computation

Gradient computation based on four noncoplanar in
situ measurements suffers from a number of difficulties.
First, it requires exactly four points: with less, the method
requires modification; with more, the method is not able
to use all the available information. Second, it is based on
the assumption that the gradient does not change over the
spatial scale corresponding to the separation of the points
(the “homogeneity condition”). Third, gradient computa-
tion is a difference operator that leads to large relative
errors on the result, and this is especially true when the
measurements are made close together to satisfy the
homogeneity condition.
In many situations (for instance, with Cluster) the

instruments record multiple data points in the time span
needed for the spacecraft to cover a distance comparable
to the typical separation scales. It is then intuitively clear
that all those measurements carry information that may
be relevant for the calculation of the gradient, as was
already noted by Harvey (1998). This is particularly evi-
dent if one assumes a certain degree of invariance of the
structures of interest as a function of time. This is the idea
behind the Gradient Analysis by Least-Squares (GALS)
technique (Hamrin et al., 2008).
The Least-Squares Gradient Calculation (LSGC) tech-

nique (De Keyser et al., 2007) approximates the quantity
to be measured (scalar or vector) with a Taylor series
expansion around the point of reference in space and
time (typically the barycenter of the set of measurement
points). The expansion describes the field in terms of
the value at the reference point, its space and time
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gradients, and higher order nonlinear terms. In the basic
version of the method, it is assumed that the homogeneity
scales in space and time are known (i.e. the scales over
which the gradient can be considered constant) so that
the higher order terms can be estimated. Truncating the
Taylor expansion after the linear term, one then obtains
a linear equation for each available data point. Each of
these equations is given a weight based on the measure-
ment and the truncation errors. The resulting overdeter-
mined system is then solved in a weighted least-squares
sense, providing the quantity’s value and space and time
gradients at the point of reference, as well as an error esti-
mate on these results. This error reflects both the measure-
ment errors and the errors that stem from the nonlinear
behavior of the gradients. The procedure is repeated along
the orbit of the spacecraft formation. In a further develop-
ment, heuristic techniques have been devised to automat-
ically estimate the homogeneity scales, which makes the
method much more convenient (De Keyser, 2008).
Such least-squares methods allow the exploitation of

the information content of a larger number of data points
and will thus lead to more precise gradient values; in addi-
tion, LSGC provides a full error estimate. In many prac-
tical situations there is a certain degree of redundancy in
the consecutive measurements, so that the increase in pre-
cision is real but not necessarily dramatic – it depends on
how the space and time sampling scales compare with the
homogeneity scales. LSGC allows constraints to be taken
into account (e.g. gradient along themagnetic field is zero,
divB= 0, assuming that the structures are static but not
stationary). Adding such constraints strongly improves
both the gradient computation itself and the automatic
estimation of the homogeneity scales. As a consequence,
these techniques can in principle be applied to measure-
ments provided by an arbitrary number of spacecraft,
although in practice the quality of the results depends
on the measurement errors, the spacecraft orbits and
separations, the sampling rate, and the homogeneity
scales, but less than the 4-point techniques.
Figure 40.4 illustrates an application of LSGC and

highlights how the computation provides error estimates.
Although promising, the least-squares gradient methods
have not (yet) become main stream because they are com-
puter intensive and not trivial to implement.

40.3. MAGNETIC FIELD RECONSTRUCTION
AND NULL FIELDS

40.3.1. Magnetic Nulls and the FOTE Method

Another technique focusing on the magnetic field struc-
ture is the identification of magnetic nulls and reconstruc-
tion of magnetic topology. One such technique, based on

linear variation of the magnetic field around spacecraft
tetrahedron, is termed the First-Order Tayler Expansion
(FOTE) (Fu et al., 2015, 2020). It operates as a “search-
light” on the trajectory of the spacecraft and can resolve
the position of magnetic null nearest to the spacecraft tet-
rahedron. Unlike the Poincare-index method (Xiao et al.,
2006), which can only distinguish whether a magnetic null
is inside or outside the tetrahedron, this technique can find
a magnetic null both inside and outside the tetrahedron
and also deduce its drift velocity (Fu et al., 2015, 2018).
Such technique has been tested using the 3-D particle-
in-cell simulation data (Fu et al., 2015) and has been suc-
cessfully applied to both the Cluster (Fu et al., 2016, 2017;
Wang et al., 2017; Chen et al., 2018a; Liu et al., 2018) and
MMS (Fu et al., 2018; Chen et al., 2018b; Man et al.,
2018; Huang et al., 2018; Liu et al., 2019) data to resolve
structures in the Earth’s magnetosphere. According to the
test (Fu et al., 2015), such a technique is empirically accu-
rate when a magnetic null is resolved within one ion iner-
tial length near the spacecraft tetrahedron. It will not be
affected by the data resolution, instrumental offset, and
tetrahedron size (Fu et al., 2015). It is particularly useful
to the study of magnetic null and magnetic islands (flux
ropes), which have been suggested in previous studies as
linear structures (Parnell et al., 1996). Figure 40.5 is an
example demonstrating the application of the FOTE tech-
nique to a spiral magnetic null around the Cluster space-
craft on 2 October 2003. Specifically, Figures 40.5a–
40.53.1f (left-hand column) demonstrate the application
of FOTE to find a spiral null, while Figures 40.5g–
40.5h (right-hand column) demonstrate the application
of FOTE to reconstruct the topology of this null. In Fig-
ures 40.5a–40.5d, the magnetic field strength and three
components (L, M, N) are shown. In Figure 40.5e, the
minimum distance between magnetic null and each of
the four Cluster spacecraft, with null types labelled, is
shown. In Figure 40.5f, the two parameters, η ≡ |∇ B|/
|∇ × B| and ξ ≡ |(λ1 + λ2 + λ3)|/|λ|max, for quantifying
the quality of the FOTE results (Fu et al., 2015), are
shown. And in Figures 40.5g–40.5h, the 3-D topology
of the spiral null and the 2-D view of this topology
are shown.
The null types in Figure 40.5e are identified based on

the Jacobian matrix δB of the magnetic field around
the null. The Jacobian matrix has three eigenvectors, v1,
v2, v3, and correspondingly has three eigenvalues, λ1, λ2,
λ3. The sum of these three eigenvalues is zero (λ1 + λ2
+ λ3 ≡∇ B= 0), because the magnetic field is “nondiver-
gent” (Dunlop et al., 2002a). This implies that either all
the eigenvalues are real or one is real while the two others
are conjugate complex (Lau and Finn, 1990). If all the
eigenvalues are real, the null is of radial type, which
includes both A- and B-type. The A null has one positive
and two negative eigenvalues, while the B null has two
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positive and one negative eigenvalues. If one eigenvalue
is real while the two others are conjugate complex, the
null is of spiral type, which includes As- and Bs-type.
The As null has a positive real eigenvalue, while the Bs

null has a negative real eigenvalue. Regarding the radial
null, if one of the eigenvalues is zero, the topology will
degenerate to a two-dimensional structure, and corre-
spondingly the A and B nulls degenerate to an X null.
Regarding the spiral null, if the real part of the eigenva-
lues is zero, the topology will also become two-dimen-
sional, and similarly the As and Bs nulls become an
O null. This simplification, from A and B to X, and from
As and Bs to O, is only possible in theory or mathematics,
but not in nature or physics, because in nature the eigen-
value never becomes zero, due to the uncertainty of

instrument measurements. Instead, in nature, we can
treat one of the eigenvalues as “zero” if it is significantly
smaller than the other two eigenvalues. Specifically, fol-
lowing Fu et al. (2015), we may simplify A and B nulls to
X null if the three eigenvalues satisfy min(|λ|) < ¼ max
(|λ|) and simplify As and Bs nulls to O null if the real
and imaginary parts of the three eigenvalues satisfy
max(|Real(λ)|) < ¼ min(|Imag(λ)|). In other words, the
three-dimensional topology will have a two-dimensional
appearance if one of the eigenvalues is very small. If the
relation among the three eigenvalues (λ1, λ2, λ3) belongs
to none of the above categories, due to large uncertain-
ties of instruments or nonlinearity of the magnetic field
around magnetic null, we cannot identify the null type
and therefore label it as “unknown”.
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As can be seen, a spiral null is detected around the Clus-
ter tetrahedron (Figure 40.5e), with the minimum null-SC
distance less than 100 km. This null belongs to Bs type. It
should be accurately resolved, because during the detec-
tion of the null the two parameters are small (η < 40%
and ξ< 40%). The topology of this null exhibits a very nice
spiral feature (Figure 40.5g), with the spine primarily
along the e1 direction and the fan in the e2e3 plane. Look-
ing along the -e1 direction (Figure 40.5h), the topology
shows a magnetic island (or flux rope) feature. In the
fan plane, the magntiec field is diverging (Figure 40.5g),
consistent with definition of the Bs-type null (Lau and
Finn, 1990). Since this technique (FOTE) does not assume
the structure to be time-stationary, it can also resolve the
temporal evolution of a magnetic structure in space.

40.3.2. Magnetic Field Reconstruction

As described above, null points are places where mag-
netic field vanishes. In magnetospheric plasmas, recon-
nection configurations with nulls in two-dimensional (2-
D) geometry, that is, X-points have been proposed and
studied widely. However, for an arbitrary interplanetary
magnetic field orientation, reconnection is predicted to
occur along a field line linking a pair of nulls (converges
A type and diverges B type) in three-dimensional (3-D)
geometry, known as the separator, and separatrix sur-
faces, known as Σ-surfaces or preferably fans (Priest
and Titov, 1996), generated by the nulls (Lau and Finn,
1990). On the other hand, nulls and their 3-D properties
are also of crucial importance in topology, nonlinear

dynamics, and the interaction of complex fields (Wang
and Bhattacharjee, 1996).
Xiao et al. (2006) used data from four Cluster constel-

lation spacecraft to identify positively the presence and
structure of an isolated null point in the magnetotail.
The simultaneous collection of data from the four sepa-
rated spacecraft enables its presence to be inferred by cal-
culation of the Poincaré index or topological degree
(Greene, 1992) of the surrounding magnetic field. The
Poincaré index calculated from these data jumped from
0 to +1 and back again, indicating the occurrence of a null
within the tetrahedron defined by the four spacecraft, the
first such identification. Following this, a pair of nulls, the
null–null line that connects them, and associated fans and
spines in the magnetotail are identified also by using four
Cluster spacecraft data (Xiao et al., 2007).
To clarify the magnetic topologic property of 3-D MR

process, He et al. (2008a, 2008b) reconstructed the mag-
netic field by using a fitting-reconstructing technique,
which is based on a model containing two main constitu-
ents of the magnetic field in the magnetotail: a potential
field and a Harris current sheet (Harris, 1962). Using
the magnetic field vectors instantaneously measured at
four positions by FGMon board Cluster, the 12 unknown
parameters in 12 equations which constitute the fitting
model can be calculated. Then the magnetic field around
the Cluster spacecraft is derived (more details see He et al.,
2008a). Using this method, separator magnetic reconnec-
tion configuration has also been confirmed at dayside
magnetopause (Figure 40.6a) (Dunlop et al., 2009) and
magnetotail with both antiparallel and component
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reconnection (Guo et al., 2013). Furthermore, flux ropes
formed association with a pair of spiral nulls are recon-
structed too (Figure 40.6b) (Guo et al., 2016).

40.4. TIME SERIES ANALYSIS: BOUNDARIES,
MOTION, AND STRUCTURES

40.4.1. Orientation and Motion of Boundaries
(Minimum Residue Approach)

Most of the methods above utilize differences in timing
between spacecraft to calculate orientations and velocities
of a magnetospheric plasma structure. In addition to an
underlying model of the structure to be studied, a mini-
mum of four spacecraft is required to resolve the motion
and orientation in full 3-D. An alternative, and often
more flexible method, is the minimum residue method,
in which minimization of measurements are performed.
Although originally devised as single spacecraft methods,
measurements from any number of spacecraft can be
combined.
The simplest, and perhaps best known, residue method

is probably minimum variance of the magnetic field
(MVAB), in which the orientation minimizing divB and
dB/dt are calculated. For a nearly 1-D structure (e.g. Har-
ris like current sheets), this orientation is an estimate of the
boundary normal. The first practical application of this
technique was demonstrated in Sonnerup and Cahill
(1967), using magnetic field measurements from a single
spacecraft during a magnetopause crossing. Since the
magnetic field is frame independent, motion of a structure
cannot be derived fromMVAB but will have to be derived
from other measurements. A first attempt to determine
both orientation and velocity of a structure was based
on Faraday’s law of magnetic flux conservation; it was
presented in Terasawa et al. (1996). This method is now
commonly referred to as Minimum Faraday Residue
(MFR) and was cast into a least squares minimization
scheme by Khrabrov and Sonnerup (1998).
With the availability of more accurate measurements of

field and plasma moments, it became clear that various
other conservation laws (mass conservation, flux conser-
vation, charge conservation, etc.) could be applied in a
similar way to estimate the orientation and motion of a
plasma structure (Lepping and Argentiero, 1971; Vinas
and Scudder, 1984; Kawano and Higuchi, 1996). Indeed,
Sonnerup et al. (2006) formulated a generic approach to
the use of conservation laws for orientation and motion,
and demonstrated these using measurements from the
Cluster satellites during magnetopause traversals. In this
approach, known asGenericMinimumResidue Analysis,
generic conservation laws are expressed as:

δ

δt
ηi +

δ

δx j
qij = 0 (40.1)

where, ηi is the density component along the axis xi; (i = 1,
2, 3) of the conserved quantity and qij is the transport ten-
sor term. For example, conservation of charge, MVAJ
(Haaland et al. (2004a), Xiao et al. (2004)), would be
expressed as:

δ

δt
ρe + ∇∙ J (40.2)

where ρe is the charge density and J is the current density,
obtained either from the curlometer method described
above, or from well calibrated plasma moments (Perri
et al., 2017). Assuming a stationary structure with a con-
stant motion, un, the time derivative in expression (40.1)
can be transformed with a Galilean transformation to a
spatial derivative and the expression expressed in the
comoving frame as:

− un
d
dx

ηi +
d
dx

n jqij = 0 (40.3)

where x is a coordinate in the comoving frame along the
normal direction, n. Integrating equation (40.3) gives:

− ηiun + n jqij = Ci where, i = 1, 2, 3 (40.4)

andCi is a constant. Ideally, equation (40.4) should be sat-
isfied for all ηi, qij pairs, but this is unlikely to hold for an
ensemble of M samples by, e.g., a satellite traversing a
plasma structure. In practice, one therefore usually
defines a residue which is then minimized:

R =
1
M

m = M

m = 1

− η m
i un + η jq

m
ij −Ci

2
(40.5)

where (m) indicates a single sample of the given quantity.
The minimization of this residue, described in detail in
Sonnerup et al. (2006), is a multistep process in which
the optimal value C∗

i is determined first, then the optimal
velocity vector, U∗, and then finally the optimal value for
the residue:

R∗∗ = niQijn j (40.6)

where Qij is a symmetric covariance matrix:

Qij = δqki −U∗
i δηk δqkj −U∗

jδηk (40.7)

Minimization of R∗∗ implies finding a set of eigenvec-
tors and eigenvalues from the covariance matrix Qij and
is identical to the procedure used in MVAB (where the
transport terms vanish, and the covariance matrix ends
up as QMVAB = <δBiδBji>). The eigenvector of Qij corre-
sponding to the smallest eigenvalue is an estimate of the
normal vector, n. We note that the covariance matrix in
equation (40.7) is time independent. One can therefore
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mix samples in random order from different spacecraft
observations, add covariance matrices from several space-
craft or add covariance matrices from different methods,
for example:

QMV AB ALL = a QMV AB SC1 + b QMV AB SC2

+ c QMV AB SC3 + …

(40.8)

QMFR ALL = a QMFR SC1 + b QMFR SC2 + …

QTOT = a QMV AB + b QMFR + …

where a, b, c can be normalizations according to, e.g.,
the individual eigenvalue ratios or a priori knowledge
about particular result. Eigenvalues and eigenvectors
are thereafter calculated from these combined covari-
ance matrices. For velocities, U∗, similar combinations
can be made.
The above combination of methods or individual space-

craft work for an arbitrary number of spacecraft or meth-
ods provided that the underlying assumptions are
satisfied. These assumptions, however, are usually not
more stringent than those used for the timing or gradient
methods above (e.g. planarity, stationarity, 1-D, linear
variations between spacecraft). If measurements from
more than one spacecraft are available, the above meth-
ods can also be combined with triangulation methods.
This approach, now commonly referred to as the Dis-
continuity Analyzer (Dunlop and Woodward, 1998)
has been applied in various forms on dual spacecraft
configurations (Dunlop and Woodward, 1999), on three
spacecraft (Horbury et al., 2001) and on four space-
craft constellations (Dunlop et al., 2002b; Haaland
et al., 2004b).
Figure 40.7 (adapted from Sonnerup et al., 2006) shows

measurements from two of the Cluster spacecraft during
a dawn magnetopause crossing on 5 July 2001, around
0623 UT. The various minimum generic residue methods
described above make use of combinations of these
measurements to determine magnetopause orientation,
motion and acceleration. For this event, the calculated
motion was found to be very consistent between the var-
ious methods. Figure 40.8 illustrates the agreement in ori-
entation between the different methods. Each symbol
represent a normal orientation obtained from one of the
above generic residue methods, here presented as an angu-
lar deviation from a common reference orientation. For
both spacecraft, the orientations obtained from the meth-
ods utilizing plasmameasurements agree to within 6 . The
orientation obtained from the frequently used Minimum
Variance of Magnetic field (MVAB) fails completely for
Cluster 1 despite good eigenvalue ratios, and is approxi-
mately 9 off for Cluster 3.

40.4.2. Dimensional and Spatiotemporal Analysis
(MDD-STD)

MDDmethod. Using the measurements of a multispace-
craft system with at least four spacecraft, all nine compo-
nents of the magnetic gradient tensor G = ∇B (B can be
replaced by any vector field, e.g. VorE) at every observing
moment can be estimated using various methods of esti-
mation. Based on this, we can use a method called Mini-
mum directional derivative (MDD) analysis (Shi et al.,
2005, 2019) to determine the dimensionality (or dimen-
sion number) of the magnetic field and find the minimum
and maximum gradient direction of the field, which can
organize the data in a dimensionality-based coordinate
system. Since this coordinate system is frequently used
in theoretical works and simulations, the building of this
coordinate can greatly help us interpret the data through
some theoretical work or numerical simulations. The pur-
pose of theMDD approach is seeking for the extremum of

∂B ∂n
2
= ∂Bx ∂n 2 + ∂By ∂n

2
+ ∂Bz ∂n 2, which

is different to the MVA method, which is seeking the for
the extreme variation value of B2

n. In theMDD analysis, if
we find an eigenvalue equal to zero, it follows that

∂B ∂n
2
= ∂Bx ∂n 2 + ∂By ∂n

2
+ ∂Bz ∂n 2 = 0,

which means the derivatives of Bx, By, and Bz along this
eigenvector direction n should all be zero. This shows that
the MDD method can provide a sufficient condition for
one or two-dimensionality of a structure and then give
the invariant axis directions at the same time.
Here we summarize the practical steps of dimension

number determination and dim-based coordinate system
setup, containing the following steps. First, estimate the

field gradient tensor G = ∇B (B can be V or E) at every
moment by multipoint measurements. Second, find the
eigenvalues and eigenvectors of a symmetrical matrix

L = GGT = ∇B ∇B
T
. The three eigenvalues λmax,

λmid, and λmin represent the maximum, intermediate and
minimum values of the field directional derivatives, and
the three eigenvectors nmax, nmid and nmin represent the
corresponding directions. Third, based on these calcula-
tions we conclude: (1) if λmax, λmid, and λmin are similar
to each other (i.e. λmax/λmin, λmax/λmid ratios are small),
it is a 3-D structure; (2) if λmax, λmid >> λmin, we can deem
it as a quasi 2-D structure and its invariant direction is
along nmin, i.e., ∂/∂nmin = 0; (3) if λmax >> λmid, λmin, we
can regard it to be a quasi1-D structure, and its invariant
axes are any vectors in the plane of nmid and nmin, and the
only variant direction (or its normal direction) is along
nmax. Then the directions, nmax, nmid and nmin are able
to be used to build a dim-based coordinate system.
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STD Method. When performing the deHoffmann–Teller
(HT) analysis, we require the electric field to vanish in
the frame we want to find, which is too strict because in
some cases the electric field does not vanish but we only
find the curl of electric field disappears in a proper frame

where ∂B
∂t str

= 0. In addition, Timing andMTAmethods

etc. assume the dimension number of a structure before
performing the analysis. Trying to avoid these
problems, Shi et al. (2006) developed a method of velocity
calculation (or frame determination) for any structure
dimension number, known as the “Spatiotemporal Differ-
ence” (STD) analysis of the magnetic field (see applica-
tions also in: Shi et al., 2009a, 2009b, 2013; Sun et al.,
2010, 2012; Yao et al., 2016).
Here we summarize the practical steps needed to per-

form the STD analysis on actual data: First, the MDD
analysis is carried out to obtain the dimensionality
(dimension number) of the structure. Second, we solve
the problem by a method depending on the structure
dimension number. For a 3-D structure we can calculate
three components of the velocity vector after estimating
the magnetic gradient tensor G at every moment and
the time variation of the magnetic field, ∂B ∂t

sc
. For a

2-D (1-D) structure, we can solve the equations

∂B
∂t

sc

+ V str ∇B = 0 (the first term on the left is the tem-

poral variation caused by the motion through spatial gra-
dients of the magnetic field, subscript “sc” means the
calculation in the reference frame of the spacecraft, and

V str (to be determined) is the velocity of the structure
relative to the observer, that is, the spacecraft) in the
original coordinate system (e.g., in GSE) and then project
the velocity vector onto the eigenvectors calculated
from the MDD method, or calculate the velocity along
two (or one) directions, by solving equations

∂B
∂t

sc,MDD

∇B
T

MDD
= − V str

MDD
Λ ), where the

subscript “MDD” means the calculations in the coordi-
nate system determined by the eigenvectors of the

MDD analysis, Tr = n 1, n 2, n 3 (here “,” means dif-

ferent rows) is the transformationmatrix from the original
coordinate system (e.g., GSE) to the MDD eigenvector-

based coordinate system, Λ = Tr

T
∇B ∇B

T
Tr is a
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diagonal matrix, of which the diagonal terms are the three
eigenvalues λmax, λmid and λmin from the MDD analysis,

and V str
MDD

= V str Tr is the velocity vector in the basis

formed from eigenvectors. We emphasize here that the
setting of time step lengthΔt is sometimes very important,
and it should be set according to the characteristic length
of the observed structure (~1/10 of the characteristic
time scale of the structure). Finally, the velocity can be
obtained along the normal direction for a 1-D structure
or along the direction perpendicular to the invariant axis
for a 2-D structure.
In Figure 40.9 we show an MDD and STD calculation

using MMS data for a small-scale magnetosheath
flux rope event in GSE coordinates (Yao et al., 2018;
Shi et al., 2019, SSRs). From MDD calculation in
Figure 40.9b, we find that the flux rope is 2-D, since λmax,
λmid >> λmin. The flux rope axis is the invariant axis of
this 2-D structure. The axis direction versus time is shown
in Figure 40.9c. For this 2-D flux rope only two velocity
components can be calculated, as shown in Figure 40.9d
and Figure 40.9e, which can be combined to get its veloc-
ity perpendicular to the axis, i.e., velocity in the variant
plane, as shown in Figure 40.9f. From the results we
can see the velocity as a function of time, and then the
acceleration can also be derived accordingly.

40.5. MULTISPACECRAFT WAVE VECTOR
ANALYSIS TECHNIQUES

In this section, a brief introduction of the multispace-
craft techniques performed in the Fourier domain, or
more specifically, in the wave vector domain is given, as
compared to single spacecraft techniques. Applications
in the study of space plasma waves and turbulence are
then enumerated and the drawbacks and improvements
of the technique are discussed.

40.5.1. Fourier Domain Analysis

To understand the nature of the fluctuations in the wave
vector domain, certain assumptions are needed when ana-
lyzing the time series data from a single spacecraft. One
of these is the widely accepted Taylor “frozen-in flow”
hypothesis, which connects the frequency and wave num-
ber projected in the flow direction:

ωsc k ∙ V (40.9)

where ωsc represent the frequency in the spacecraft frame,
k is the wave vector, and V is the flow velocity. When the
frequency of the fluctuations in the plasma frame is much
smaller than theDoppler shift term k ∙V, this hypothesis is
supposed to be valid. For example, in the case of the solar
wind, the flow speed could reach up to one order of

magnitude higher than the local Alfvén speed. Hence,
most studies in the solar wind have assumed the validity
of Taylor assumption, especially when interpreting the
Kolmogorov-like power law spectrum at large scales
(Chen, 2016, and references therein). Despite its simplic-
ity, several fundamental properties of the fluctuations,
including the wave vector k, the wave frequency in the
plasma rest frame, and other related parameters, are over-
looked in the Taylor hypothesis. To overcome this short-
coming, advanced techniques utilizing observations from
three-dimensional space are developed. Based on simul-
taneous four-point measurement, the k-filtering/wave
telescope technique has been designed to estimate the dis-
tribution of energy in the frequency-wave vector domain
(Pincon and Lefeuvre, 1991; Motschmann et al., 1996), so
allowing the spatial properties of the fluctuations to be
approached directly for the first time. Here we present
only the basic principles of the technique; for more details
of the derivation and other dispersion-based methods
(i.e. Phase differencing in Balikhin et al., 1997), the reader
is referred to Pincon and Glassmeier, 2008.
By assuming the decomposition of the fluctuations as a

sum of plane waves with random phases, the fluctuation
power in the frequency and wave vector domain can be
determined from signals (i.e. magnetic field as shown
below) from an array of four sensors:

P ω, kn = Tr H∗ kn M − 1
B H kn

− 1
(40.10)

where H(kn) contains the phase information of a wave at
four spacecraft locations,MB(ω) is the cross-spectral den-
sity matrix of the magnetic field, which can be obtained
from the expected value of the matrix product of B(ω)
and its Hermitian adjoint B�(ω). B(ω) represents the
Fourier transformation of the measured time series.

H kn = Ieikn∙r1 , Ieikn∙r2 , Ieikn∙r3 , Ieikn∙r4
T

(40.11)

MB ω = E B ω B� ω (40.12)

B ω = b ω, r1 , b ω, r2 , b ω, r3 , b ω, r4
T (40.13)

Note that when the stationarity of the fluctuations is
satisfied (i.e. the mean field is almost constant), equation
(40.4) can be approximated by an average of the matrix
product MB ω = L

l = 1B ω B� ω L.
In practice, the P(ω, kn) estimation based on equation

(40.3) can be improved by considering the solenoidality
of the magnetic field as a constraint:

P ω, kn = Tr C∗ kn H∗ kn M − 1
B H kn C kn

− 1

(40.14)

where C kn = 1 + knkn k2n guarantees the solenoidality
of the magnetic field.
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40.5.2. Applications

By applying the wave vector analysis technique to the
electromagnetic field data from the Cluster mission,
new properties of the waves/turbulence have been
revealed in areas such as upstream of the bow shock
(Narita et al., 2006; Constantinescu et al., 2007; Tjulin

et al., 2005), magnetosheath (Glassmeier et al., 2001; Sah-
raoui et al., 2006), cusp (Grison et al., 2005; Wang et al.,
2014), magnetotail (Huang et al., 2010, 2012; Eastwood
et al., 2009; Wang et al., 2016), and solar wind
(Sahraoui et al., 2010b, Narita et al., 2011; Roberts
et al., 2013; Perschke et al., 2013). Dispersion relations
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and 3D wave vector spectra have been determined exper-
imentally and compared with theoretical predictions,
where most of the results show that turbulence is strongly
anisotropic (k⊥ k ). For example, Figure 40.10a shows
the static mirror structures at 0.3 < kρi < 3.5 (Sahraoui
et al., 2006), and Figure 40.10b presents the anisotropic
wave number spectra at 0.01 < kρi < 2 (Sahraoui
et al., 2010b).

40.5.3. Extension of the Technique

Three limitations/drawbacks of the k-filtering tech-
nique, which require inspection with care (see the detailed
discussion in Sahraoui et al. (2010a) and references
therein), are identified here. (1) Spatial aliasing deter-
mines the available wave number range. Under the space-
craft separation d, the investigated k needs to be restricted
to ~(2π/100d, 2π/2d); note that the investigated frequency
should also be restricted correspondingly. (2) A regular
tetrahedral configuration is preferred for equal sampling
of data in each spatial direction. (3) The waves with very
close wavelengths are difficult to resolve. Moreover, the
background noise of the k spectra may not be neglected
in certain circumstances (Figure 40.11).
To address these problems, an extended analysis

method named Multipoint Signal Resonator (MSR) has
been proposed (Narita 2011, 2016a). The MSR method
improves the signal-to-noise ratio of the solution by super-
posing a filter to the pervious results:

Pmsr ω, kn = P ω, kn ∗PEM max PEM (40.15)

where PEM = Tr{(C∗(kn)H
∗(kn)GΛ−2G∗H(kn)C(kn))

−1},

G = (e1, e2, , e12), Λ− 2 = diag λ1
λ12

− 2
, λ2

λ12

− 2
,

λ12
λ12

− 2
, ei and λi are the eigenvectors and eigenvalues

of MB.
The MSR method has been applied to density/magnetic

field strength to understand the compressible fluctuations
in the solar wind (Roberts et al., 2017). more recently, as
seen in Figure 40.12, The dispersion relation diagram has
been determined using observations from the magneto-
spheric multiscale (MMS) mission. finally, we note that,
compared to the ~100 KM resolution of cluster, the wave-
length resolution for mms has been increased to ~10 KM,
which allows us to investigate electron scale fluctuations
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(e.g., oblique whistler waves identified in Narita
et al., 2016B).

40.6. CONCLUSION

We have only been able to cover a limited set of applica-
tions, regions, and methods developed over the last two
decades of closely spaced multipoint observations. Other
applications have been covered elsewhere in this publica-
tion, however, as well as developments, in particular, to
the smaller-scale regimes of the MMS mission. The pur-
pose here has been to show where key applications of the
methods have been carried out. Much of the description
has focused on the manipulation of the four spacecraft
magnetic field data, but with the advent of fast plasma
measurements new associated methods are being devel-
oped (see Chapters 41 in this volume).
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